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Preface 


Though we did not know it at the time, this book’s genesis began with 
the arrival of Cris Calude in New Zealand. Cris has always had an intense 
interest in algorithmic information theory. The event that led to much of 
the recent research presented here was the articulation by Cris of a seem- 
ingly innocuous question. This question goes back to Solovay’s legendary 
manuscript [371], and Downey learned of it during a visit made to Victoria 
University in early 2000 by Richard Coles, who was then a postdoctoral fel- 
low with Calude at Auckland University. In effect, the question was whether 
the Solovay degrees of left-computably enumerable reals are dense. 

At the time, neither of us knew much about Kolmogorov complexity, but 
we had a distinct interest in it after Lance Fortnow’s illuminating lectures 
[148] at Kaikoura! in January 2000. After thinking about Calude’s question 
for a while, and eventually solving it together with André Nies [116], we 
began to realize that there was a huge and remarkably fascinating area of 
research, whose potential was largely untapped, lying at the intersection of 
computability theory and the theory of algorithmic randomness. 

We also found that, while there is a truly classic text on Kolmogorov 
complexity, namely Li and Vitányi [248], most of the questions we were in- 


1Kaikoura was the setting for a wonderful meeting on computational complexity. 
There is a set of lecture notes [112] resulting from this meeting, aimed at graduate 
students. Kaikoura is on the east coast of the South Island of New Zealand, and is 
famous for its beauty and for tourist activities such as whale watching and dolphin, seal, 
and shark swimming. The name “Kaikoura” is a Maori word meaning “eat crayfish”, 
which is a fine piece of advice. 
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terested in either were open, were exercises in Li and Vitányi with difficulty 
ratings of about 40-something (out of 50), or necessitated an archaeolog- 
ical dig into the depths of a literature with few standards in notation? 
and terminology, marked by relentless rediscovery of theorems and a sig- 
nificant amount of unpublished material. Particularly noteworthy among 
the unpublished material was the aforementioned set of notes by Solovay 
[371], which contained absolutely fundamental results about Kolmogorov 
complexity in general, and about initial segment complexity of sets in 
particular. As our interests broadened, we also became aware of impor- 
tant results from Stuart Kurtz’ PhD dissertation [228], which, like most of 
Solovay’s results, seemed unlikely ever to be published in a journal. Mean- 
while, a large number of other authors started to make great strides in our 
understanding of algorithmic randomness. 

Thus, we decided to try to organize results on the relationship between 
algorithmic randomness and computability theory into a coherent book. 
We were especially thankful for Solovay’s permission to present, in most 
cases for the first time, the details from his unpublished notes. We were 
encouraged by the support of Springer in this enterprise. 

Naturally, this project has conformed to Hofstadter’s Law: It always 
takes longer than you expect, even when you take into account Hofstadter’s 
Law. Part of the reason for this delay is that a large contingent of gifted 
researchers continued to relentlessly prove theorems that made it necessary 
to rewrite large sections of the book.* We think it is safe to say that the 
study of algorithmic randomness and dimension is now one of the most ac- 
tive areas of research in mathematical logic. Even in a book this size, much 
has necessarily been left out. To those who feel slighted by these omissions, 
or by inaccuracies in attribution caused by our necessarily imperfect. his- 
torical knowledge, we apologize in advance, and issue a heartfelt invitation 
to write their own books. Any who might feel inclined to thank us will find 
a suggestion for an appropriate gift on page 517. 

This is not a basic text on Kolmogorov complexity. We concentrate on 
the Kolmogorov complexity of sets (i.e., infinite sequences) and cover only 
as much as we need on the complexity of finite strings. There is quite a lot of 
background material in computability theory needed for some of the more 
sophisticated proofs we present, so we do give a full but, by necessity, rapid 
refresher course in basic “advanced” computability theory. This material 


2We hope to help standardize notation. In particular, we have fixed upon the notation 
for Kolmogorov complexity used by Li and Vitányi: C for plain Kolmogorov complexity 
and K for prefix-free Kolmogorov complexity. 

30f course, Li and Vitányi used Solovay’s notes extensively, mostly in the exercises 
and for quoting results. 

4It is an unfortunate consequence of working on a book that attempts to cover a 
significant portion of a rapidly expanding area of research that one begins to hate one’s 
most productive colleagues a little. 
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should not be read from beginning to end. Rather, the reader should dip 
into Chapter 2 as the need arises. For a fuller introduction, see for instance 
Rogers [334], Soare [366], Odifreddi [310, 311], or Cooper [79]. 

We will mostly avoid historical comments, particularly about events pre- 
dating our entry into this area of research. The history of the evolution of 
Kolmogorov complexity and related topics can make certain people rather 
agitated, and we feel neither competent nor masochistic enough to en- 
ter the fray. What seems clear is that, at some stage, time was ripe for 
the evolution of the ideas needed for Kolmogorov complexity. There is no 
doubt that many of the basic ideas were implicit in Solomonoff [369], and 
that many of the fundamental results are due to Kolmogorov [211]. The 
measure-theoretic approach was pioneered by Martin-Lof [259]. Many key 
results were established by Levin in works such as [241, 242, 243, 425] and 
by Schnorr [348, 349, 350], particularly those using the measure of domains 
to avoid the problems of plain complexity in addressing the initial segment 
complexity of sets. It is but a short step from there to prefix-free complexity 
(and discrete semimeasures), first articulated by Levin [243] and Chaitin 
[58]. Schnorr’s penetrating ideas, only some of which are available in their 
original form in English, are behind much modern work in computational 
complexity, as well as Lutz’ approach to effective Hausdorff dimension in 
[252, 254], which is based on martingales and orders. As has often been 
the case in this area, however, Lutz developed his material without be- 
ing too aware of Schnorr’s work, and was apparently the first to explicitly 
connect orders and Hausdorff dimension. From yet another perspective, 
martingales, or rather supermartingales, are essentially the same as contin- 
uous semimeasures, and again we see the penetrating insight of Levin (see 
[425]). 

We are particularly pleased to present the results of Kurtz and Solo- 
vay mentioned above, as well as hitherto unpublished material from Steve 
Kautz’ dissertation [200] and the fundamental work of Antonin Kuéera. 
Kuéera was a real pioneer in connecting computability and randomness, and 
we believe that it is only recently that the community has really appreciated 
his deep intuition. 

Algorithmic randomness is a highly active field, and still has many fasci- 
nating open questions and unexplored directions of research. Recent lists of 
open questions include Miller and Nies [278] and the problem list [2] arising 
from a workshop organized by Hirschfeldt and Miller at the American In- 
stitute of Mathematics in 2006. Several of the questions on these lists have 
already been solved, however, with many of the solutions appearing in this 
book. We will mention a number of open questions below, some specific, 
some more open ended. The pages on which these occur are listed in the 
index under the heading open question. 
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Introduction 


What does it mean to say that an individual mathematical object such 
as an infinite binary sequence is random? Or to say that one sequence is 
more random than another? These are the most basic questions motivat- 
ing the work we describe in this book. Once we have reasonable tools for 
measuring the randomness of infinite sequences, however, other questions 
present themselves: If we divide our sequences into equivalence classes of 
sequences of the same “degree of randomness”, what does the resulting 
structure look like? How do various possible notions of randomness relate 
to each other and to the measures of complexity used in computability the- 
ory and algorithmic information theory, and to what uses can they be put? 
Should it be the case that high levels of randomness mean high levels of 
complexity or computational power, or low ones? Should the structures of 
computability theory such as Turing degrees and computably enumerable 
sets have anything to do with randomness? The material in this book arises 
from questions such as these. Much of it can be thought of as exploring the 
relationships between three fundamental concepts: relative computability, 
as measured by notions such as Turing reducibility; information content, as 
measured by notions such as Kolmogorov complexity; and randomness of 
individual objects, as first successfully defined by Martin-Lof (but prefig- 
ured by others, dating back at least to the work of von Mises). While some 
fundamental questions remain open, we now have a reasonable insight into 
many of the above questions, and the resulting body of work contains a 
number of beautiful and rather deep theorems. 
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When considering sequences such as 
101010101010101010101010101010101010... 
and 
101101011101010111100001010100010111..., 


none but the most contrarian among us would deny that the second (ob- 
tained by the first author by tossing a coin) is more random than the first. 
However, in measure-theoretic terms, they are both equally likely. Further- 
more, what are we to make in this context of, say, the sequence obtained by 
taking our first sequence, tossing a coin for each bit in the sequence, and, 
if the coin comes up heads, replacing that bit by the corresponding one in 
the second sequence? There are deep and fundamental questions involved 
in trying to understand why some sequences should count as “random” and 
others as “lawful”, and how we can transform our intuitions about these 
concepts into meaningful mathematical notions. 

The roots of the study of algorithmic randomness go back to the work 
of Richard von Mises in the early 20th century. In his remarkable paper 
[402], he argued that a sequence should count as random if all “reason- 
able” infinite subsequences satisfy the law of large numbers (i.e., have 
the same proportion of 0’s as 1’s in the limit). This behavior is certainly 
to be expected of any intuitively random sequence. A sequence such as 
1010101010... should not count as random because, although it itself sat- 
isfies the law of large numbers, it contains easily described subsequences 
that do not. Von Mises wrote of “acceptable selection rules” for subse- 
quences. Wald [403, 404] later showed that for any countable collection of 
selection rules, there are sequences that are random in the sense of von 
Mises, but at the time it was unclear exactly what types of selection rules 
should be acceptable. There seemed to von Mises to be no canonical choice. 

Later, with the development of computability theory and the introduc- 
tion of generally accepted precise mathematical definitions of the notions 
of algorithm and computable function, Church [71] made the first explicit 
connection between computability theory and randomness by suggesting 
that a selection rule be considered acceptable iff it is computable. In a 
sense, this definition of what we now call Church stochasticity can be seen 
as the birth of the theory of algorithmic randomness. A blow to the von 
Mises program was dealt by Ville [401], who showed that for any countable 
collection of selection rules, there is a sequence that is random in the sense 
of von Mises but has properties that make it clearly nonrandom. (In Ville’s 
example, the ratio of 0’s to 1’s in the first n bits of the sequence is at least 
1 for all n. If we flip a fair coin, we certainly expect the ratio of heads to 
tails not only to tend to 1, but also to be sometimes slightly larger and 
sometimes slightly smaller than 1.) 

One might try to get around this problem by adding further specific 
statistical laws to the law of large numbers in the definition of random- 
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ness, but there then seems to be no reason not to expect Ville-like results 
from reappearing in this modified context. Just because a sequence respects 
laws A, B, and C, why should we expect it to respect law D? And law D 
may be one we have overlooked, perhaps one that is complicated to state, 
but clearly should be respected by any intuitively random sequence. Thus 
Ville’s Theorem caused the situation to revert basically to what it had been 
before Church’s work: intuitively, a sequence should be random if it passes 
all “reasonable” statistical tests, but how do we make this notion precise? 
Once again, the answer involved computability theory. In a sweeping gen- 
eralization, Martin-Léf [259] noted that the particular statistical tests that 
had been considered (the law of large numbers, the law of iterated loga- 
rithms, etc.) were special cases of a general abstract notion of statistical 
test based on the notion of an “effectively null” set. He then defined a 
notion of randomness based on passing all such tests (or equivalently, not 
being in any effectively null set). 

Martin-L6f’s definition turned out to be not only foundationally well- 
motivated but mathematically robust and productive. Now known as 
l-randomness or Martin-Lof randomness, it will be the central notion 
of randomness in this book, but not the only one. There are certainly 
other reasonable choices for what counts as “effectively null” than the 
one taken by Martin-Lof, and many notions of randomness resulting from 
these choices will be featured here. Furthermore, one of the most attrac- 
tive features of the notion of 1-randomness is that it can be arrived at 
from several other approaches, such as the idea that random sequences 
should be incompressible, and the idea that random sequences should be 
unpredictable (which was already present in the original motivation behind 
von Mises’ definition). These approaches lead to equivalent definitions of 
1-randomness in terms of, for example, prefix-free Kolmogorov complexity 
and computably enumerable martingales (concepts we will define and dis- 
cuss in this book). Like Martin-Lof’s original definition, these alternative 
definitions admit variations, again leading to other reasonable notions of al- 
gorithmic randomness that we will discuss. The evolution and clarification 
of many of these notions of randomness is carefully discussed in Michiel 
van Lambalgen’s dissertation [397]. 


The first five chapters of this book introduce background material that 
we use throughout the rest of the text, but also present some important 
related results that are not quite as central to our main topics. Chapter 
1 briefly covers basic notation, conventions, and terminology, and intro- 
duces a small amount of measure theory. Chapter 2 is a whirlwind tour 
of computability theory. It assumes nothing but a basic familiarity with 
a formalism such as Turing machines, at about the level of a first course 
on “theory of computation”, but is certainly not designed to replace dedi- 
cated texts such as Soare [366] or Odifreddi [310, 311]. Nevertheless, quite 
sophisticated computability-theoretic methods have found themselves into 
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the study of algorithmic randomness, so there is a fair amount of material 
in that chapter. It is probably best thought of as a reference for the rest of 
the text, possibly only to be scanned at a first reading. 

Chapter 3 is an introduction to Kolmogorov complexity, focused on those 
parts of the theory that will be most useful in the rest of the book. We 
include proofs of basic results such as counting theorems, symmetry of 
information, and the Coding Theorem, among others. (A much more gen- 
eral reference is Li and Vitányi [248].) As mentioned above, Martin-Lof’s 
measure-theoretic approach to randomness is not the only one. It can be 
thought of as arising from the idea that random objects should be “typi- 
cal”. As already touched upon above, two other major approaches we will 
discuss are through “unpredictability” and “incompressibility”. The latter 
is perhaps the least obvious of the three, and also perhaps the most mod- 
ern. Nowadays, with file compression a concept well known to many users 
of computers and other devices involving electronic storage or transmission, 
it is perhaps not so strange to characterize randomness via incompressibil- 
ity, but it seems clear that typicality and unpredictability are even more 
intuitive properties of randomness. Nevertheless, the incompressibility ap- 
proach had its foundations laid at roughly the same time as Martin-Lof’s 
work, by Kolmogorov [211], and in a sense even earlier by Solomonoff [369], 
although its application to infinite sequences had to wait a while. 

Roughly speaking, the Kolmogorov complexity of a finite string is the 
length of its shortest description. To formalize this notion, we use universal 
machines, thought of as “optimal description systems”. We then get a good 
notion of randomness for finite strings: a string ø is random iff the Kol- 
mogorov complexity of ø is no shorter than the length of o (which we can 
think of as saying that ø is its own best description). Turning to infinite 
sequences, however, we have a problem. As we will see in Theorem 3.1.4, 
there is no infinite sequence all of whose initial segments are incompress- 
ible. We can get around this problem by introducing a different notion of 
Kolmogorov complexity, which is based on machines whose domains are 
antichains, and corresponds to the idea that if a string 7 describes a string 
g, then this description should be encoded entirely in the bits of 7, not in 
its length. In Section 3.5, we further discuss how this notion of prefiz-free 
complexity can be seen as capturing the intuitive meaning of Kolmogorov 
complexity, arguably better than the original definition, and will briefly dis- 
cuss its history. In Chapter 6 we use it to give a definition of randomness 
for infinite sequences equivalent to Martin-Lof’s. 

In Chapter 4, we present for the first time in published form the details 
of Solovay’s remarkable results relating plain and prefix-free Kolmogorov 
complexity, and related results by Muchnik and Miller. We also present 
Gacs’ separation of two other notions of complexity introduced in Chapter 
3, a surprisingly difficult result, and a significant extension of that result 
by Day. Most of the material in this chapter, although quite interesting in 
itself, will not be used in the rest of the book. 
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In Chapter 5 we discuss effective real numbers, in particular the left 
computably enumerable reals, which are those reals that can be computably 
approximated from below. These reals play a similar role in the theory of 
algorithmic randomness as the computably enumerable sets in classical 
computability theory. Many of the central objects in this book (Martin-Lof 
tests, Kolmogorov complexity, martingales, etc.) have naturally associated 
left-c.e. reals. A classic example is Chaitin’s Q, which is the measure of the 
domain of a universal prefix-free machine, and is the canonical example of 
a specific 1-random real (though, as we will see, it is in many ways not a 
“typical” 1-random real). 


The next three chapters introduce most of the notions of algorithmic 
randomness we will study and examine their connections to computability 
theory. 

Chapter 6 is dedicated to l-randomness (and its natural generaliza- 
tion, n-randomness). We introduce the concepts of Martin-Lof test and 
of martingale, using them, as well as Kolmogorov complexity, to give def- 
initions of randomness in the spirit of the three approaches mentioned 
above, and prove Schnorr’s fundamental theorems that these definitions 
are equivalent. We also include some fascinating theorems by Miller, Yu, 
Nies, Stephan, and Terwijn on the relationship between plain Kolmogorov 
complexity and randomness. These include plain complexity characteriza- 
tions of both 1-randomness and 2-randomness. We prove Ville’s Theorem 
mentioned above, and introduce some of the most important tools in the 
study of 1-randomness and its higher level versions, including van Lambal- 
gen’s Theorem, effective 0-1 laws, and the Ample Excess Lemma of Miller 
and Yu. In the last section of this chapter, we briefly examine randomness 
relative to measures other than the uniform measure, a topic we return to, 
again briefly, in Chapter 8. 

In Chapter 7 we introduce other notions of randomness, mostly based 
on variations on Martin-Lof’s approach and on considering martingales 
with different levels of effectiveness. Several of these notions were originally 
motivated by what is now known as Schnorr’s critique. Schnorr argued 
that 1-randomness is essentially a computably enumerable, rather than 
computable, notion and therefore too strong to capture the intuitive notion 
of randomness relative to “computable tests”. We study various notions, 
including Schnorr randomness and computable randomness, introduced by 
Schnorr, and weak n-randomness, introduced by Kurtz. We discuss test set, 
martingale, and machine characterizations of these notions. We also return 
to the roots of the subject to discuss stochasticity, and study nonmonotonic 
randomness, which leads us to one of the most basic major open questions 
in the area: whether nonmonotonic randomness is strictly weaker than 1- 
randomness. 

Chapter 8 is devoted to the interactions between randomness and com- 
putability. Highlights include the Kuéera-Gacs Theorem that any set can 


Introduction XXV 


be coded into a 1-random set, and hence all degrees above 0’ contain 1- 
random sets; Demuth’s Theorem relating l-randomness and truth table 
reducibility; Stephan’s dichotomy theorem relating 1-randomness and PA 
degrees; the result by Barmpalias, Lewis, and Ng that each PA degree is the 
join of two 1-random degrees; and Stillwell’s Theorem that the “almost all” 
theory of the Turing degrees is decidable. We also examine how the ability 
to compute a fixed-point free function relates to initial segment complex- 
ity, discuss jump inversion for 1-random sets, and study the relationship 
between n-randomness, weak n-randomness, and genericity, among other 
topics. In addition, we examine the relationship between computational 
power and separating notions of randomness. For example, we prove the 
remarkable result of Nies, Stephan, and Terwijn that a degree contains a 
set that is Schnorr random but not computably random, or one that is 
computably random but not 1-random, iff it is high. We finish this chapter 
with Kurtz’ results, hitherto available only in his dissertation, on “almost 
all” properties of the degrees, such as the fact that almost every set is 
computably enumerable in and above some other set, and versions of some 
of these results by Kautz (again previously unpublished) converting “for 
almost all sets” to “for all 2-random sets”. 


The next five chapters examine notions of relative randomness: What 
does it mean to say that one sequence is more random than another? Can 
we make precise the intuition that if we, say, replace the even bits of a 
1-random sequence by 0’s, the resulting sequence is «t-random”? 

In Chapter 9 we study reducibilities that act as measures of relative ran- 
domness, focusing in particular, though not exclusively, on left-c.e. reals. 
For instance, we prove the result due to Kučera and Slaman that the 1- 
random left-c.e. reals are exactly the ones that are complete for a strong 
notion known as Solovay reducibility. These reals are also exactly the ones 
equal to Q for some choice of universal prefix-free machine, so this re- 
sult can be seen as an analog to the basic computability-theoretic result 
that all versions of the halting problem are essentially the same. We also 
prove that for a large class of reducibilities, the resulting degree structure 
on left-c.e. reals is dense and has other interesting properties, and dis- 
cuss a natural but flawed strengthening of weak truth table reducibility 
known as cl-reducibility, and a better-behaved variation on it known as 
rK-reducibility. 

In Chapter 10 we focus on reducibilities appropriate for studying the rel- 
ative randomness of sets already known to be l-random. We study K- and 
C-reducibility, basic measures of relative initial segment complexity intro- 
duced in the previous chapter, including results by Solovay on the initial 
segment complexity of 1-random sets, and later echoes of this work, as well 
as theorems on the structure of the K- and C-degrees. We introduce van 
Lambalgen reducibility and the closely related notion of LR-reducibility, 
and study their basic properties, established by Miller and Yu. We see that 
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vL-reducibility is an excellent tool for studying the relative randomness of 
l-random sets. It can be used to prove results about K- and C-reducibilities 
for which direct proofs seem difficult, and to establish theorems that help 
make precise the intuition that randomness should be antithetical to com- 
putational power. For instance, we show that if A <; B are both 1-random, 
then if B is n-random, so is A. Turning to LR-reducibility (which agrees 
with vL-reducibility on the 1-random sets but not elsewhere), we introduce 
an important characterization due to Kjos-Hanssen, discuss structural re- 
sults due to Barmpalias and others, and prove the equivalence between 
LR-reducibility and LK-reducibility, a result by Kjos-Hanssen, Miller, and 
Solomon related to the lowness notions mentioned in the following para- 
graph. We finish the chapter with a discussion of the quite interesting 
concept of almost everywhere domination, which arose in the context of 
the reverse mathematics of measure theory and turned out to have deep 
connections with algorithmic randomness. 

Chapter 11 is devoted to one of the most important developments in re- 
cent work on algorithmic randomness: the realization that there is a class 
of “randomness-theoretically weak” sets that is as robust and mathemat- 
ically interesting as the class of l-random sets. A set A is K-trivial if its 
initial segments have the lowest possible prefix-free complexity (that is, the 
first n bits of A are no more difficult to describe than the number n itself). 
It is low for 1-randomness if every 1-random set is 1-random relative to 
A. It is low for K if the prefix-free Kolmogorov complexity of any string 
relative to A is the same as its unrelativized complexity, up to an additive 
constant. We show that there are noncomputable sets with these proper- 
ties, and prove Nies’ wonderful result that these three notions coincide. 
In other words, a set has lowest possible information content iff it has no 
derandomization power iff it has no compression power. We examine sev- 
eral other properties of the K-trivial sets, including the fact that they are 
very close to being computable, and provide further characterizations of 
them, in terms of other notions of randomness-theoretic weakness and the 
important concept of a cost function. 

In Chapter 12 we study lowness and triviality for other notions of 
randomness, such as Schnorr and computable randomness. For instance, 
we prove results of Terwijn and Zambella, and Kjos-Hanssen, Nies, and 
Stephan, characterizing lowness for Schnorr randomness in terms of trace- 
ability, and Nies’ result that there are no noncomputable sets that are low 
for computable randomness. We also study the analog of K-triviality for 
Schnorr randomness, including a characterization of Schnorr triviality by 
Franklin and Stephan. 

Chapter 13 deals with algorithmic dimension. Lutz realized that Haus- 
dorff dimension can be characterized using martingales, and used that 
insight to define a notion of effective Hausdorff dimension. This notion 
turns out to be closely related to notions of partial randomness that allow 
us to say, for example, that certain sets are 4-random, and also has a pleas- 
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ing and useful characterization in terms of Kolmogorov complexity. We also 
study effective packing dimension, which can also be characterized using 
Kolmogorov complexity, and can be seen as a dual notion to effective Haus- 
dorff dimension. Algorithmic dimension is a large area of research in its own 
right, but in this chapter we focus on the connections with computability 
theory. For instance, we can formulate a computability-theoretic version of 
the quite natural question of whether randomness can be extracted from 
a partially random source. We prove Miller’s result that there is a set of 
positive effective Hausdorff dimension that does not compute any set of 
higher effective Hausdorff dimension, the result by Greenberg and Miller 
that there is a degree of effective Hausdorff dimension 1 that is minimal 
(and therefore cannot compute a 1-random set), and the contrasting result 
by Zimand that randomness extraction is possible from two sufficiently in- 
dependent sources of positive effective Hausdorff dimension. We also study 
the relationship between building sets of high packing dimension and array 
computability, and study the concept of Schnorr dimension. In the last 
section of this chapter, we look at Lutz’ definition of dimension for finite 
strings and its relationship to Kolmogorov complexity. 


The final three chapters cover further results relating randomness, 
complexity, and computability. 

One of the byproducts of the theory of K-triviality has been an increased 
interest in notions of lowness in computability theory. Chapter 14 discusses 
the class of strongly jump traceable sets, a proper subclass of the K-trivials 
with deep connections to randomness. In the computably enumerable case, 
we show that the strongly jump traceable c.e. sets form a proper subideal 
of the K-trivial c.e. sets, and can be characterized as those c.e. sets that are 
computable from every w-c.e. (or every superlow) 1-random set. We also 
discuss the general (non-c.e.) case, showing that, in fact, every strongly 
jump traceable set is K-trivial. 

In Chapter 15 we look at Q as an operator on Cantor space. In general, 
our understanding of operators that take each set A to a set that is c.e. 
relative to A but does not necessarily compute A (as opposed to the more 
usual “computably enumerable in and above” operators of computability 
theory) is rather limited. There had been a hope at some point that the 
Omega operator might turn out to be degree invariant, hence providing 
a counterexample to a long-standing conjecture of Martin that (roughly 
speaking) the only degree invariant operators on the degrees are iterates 
of the jump. However, among other results, we show that there are sets A 
and B that are equal up to finite differences, but such that 04 and Q? are 
relatively 1-random (and hence Turing incomparable). We also establish 
several other properties of Omega operators due to Downey, Hirschfeldt, 
Miller, and Nies, including the fact that almost every real is Q4 for some A, 
and prove Miller’s results that a set is 2-random iff it has infinitely many 
initial segments of maximal prefix-free Kolmogorov complexity. 
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Chapter 16 is devoted to the relationship between Kolmogorov complex- 
ity and c.e. sets. We prove Kummer’s theorem characterizing the Turing 
degrees that contain c.e. sets of highest possible Kolmogorov complexity, 
Solovay’s theorem relating the complexity of describing a c.e. set to its 
enumeration probability, and several results on the complexity of c.e. sets 
naturally associated with notions of Kolmogorov complexity, such as the 
set of nonrandom strings (in various senses of randomness for strings). 

As mentioned in the preface, we have included several open questions 
and unexplored research directions in the text, which are referenced in the 
index under the heading open question. 


Unlike the ideal machines computability theorists consider, authors are 
limited in both time and space. We have had to leave out many interesting 
results and research directions (and, of course, we are sure there are sev- 
eral others of which we are simply unaware). There are also entire areas 
of research that would have fit in with the themes of this book but had 
to be omitted. One of these is the uses of algorithmic randomness in re- 
verse mathematics. Another, related one, is the growing body of results on 
converting classical “almost everywhere” results in areas such as probabil- 
ity and dynamical systems into “for all sufficiently random” results (often 
precise ones, saying, for instance, that a certain statement holds for all 
2-random but not all 1-random real numbers). Others come from varying 
one of three ingredients of algorithmic randomness: the spaces we consider, 
the measures on those spaces, and the level of effectiveness of our notions. 
There has been a growing body of research in extending algorithmic ran- 
domness to spaces other than Cantor space, defining for example notions of 
random continuous functions and random closed sets. Even in the context 
of Cantor space, we only briefly discuss randomness for measures other than 
the uniform (or Lebesgue) measure (although, for computable continuous 
measures at least, much of the theory remains unaltered). The interaction 
between randomness and complexity theory is a topic that could easily fill 
a book this size by itself, but there are parts of it that are particularly close 
to the material we cover. Randomness in the context of effective descriptive 
set theory has also begun to be investigated. 

Nevertheless, we hope to give a useful and rich account of the ways 
computability theorists have found to calibrate randomness for individual 
elements of Cantor space, and how these relate to traditional measures 
of complexity, including both computability-theoretic measures of relative 
computational power such as Turing reducibility and notions from algo- 
rithmic information theory such as Kolmogorov complexity. Most of the 
material we cover is from the last few years, when we have witnessed an 
explosion of wonderful ideas in the area. This book is our account of what 
we see as some of the highlights. It naturally reflects our own views of what 
is important and attractive, but we hope there is enough here to make it 
useful to a wide range of readers. 


Part I 


Background 


1 


Preliminaries 


1.1 Notation and conventions 


Most of our notation, terminology, and conventions will be introduced as we 
go along, but we set down here a few basic ones that are used throughout 
the book. 


Strings. Unless specified otherwise, by a string we mean a finite binary 
string. We mostly use lowercase Greek letters toward the middle and end of 
the alphabet for strings. We denote the set of finite binary strings by 2<%, 
the set of binary strings of length n by 2”, and the set of binary strings of 
length less than or equal to n by 2S”. We denote the empty string by À, 
the length of a string o by |o|, and the concatenation of strings øo and 7 by 
either oT or o^r. 

The length-lexicographic ordering on 2<® is defined by saying that o is 
less than 7 (written ø <, T) if either |o| < |r| or else both |o| = |r| and 
a(n) =0 for the least n such that a(n) 4 T(n). 


Sets, sequences, and reals. Unless specified otherwise or clear from 
context, by a set we mean a set of natural numbers, by a sequence we 
mean an infinite binary sequence, and by a real we mean a real number in 
(0, 1]. For us, these three classes of objects are essentially the same, and we 
use them interchangeably. That is, we identify a set A with its characteristic 
function xa. (So, for instance, A(n) = 1 and n € A mean the same thing.) 
We then also identify A with the infinite binary sequence A(0)A(1)... and 
with the real 0.A(0)A(1).... We mostly use uppercase Roman letters or 
lowercase Greek letters toward the beginning of the alphabet for sets. 
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The fact that there are reals with more than one binary expansion will 
for the most part not matter to us, but in any case we make the following 
convention, which saves some work in proofs where we do not want to treat 
the rational case in some nonuniform manner, and do not wish to fuss about 
nonunique representations. In all cases, dealing with the rational case is 
completely straightforward, and omitting it is just a matter of convenience. 


Convention 1.1.1. Unless mentioned otherwise or clear from context, 
we assume that all reals are irrational, and hence have unique binary 
representations. 


We denote the natural numbers by N or w interchangeably, and the 
Cantor space of infinite binary sequences by 2”. We will discuss this space 
further in the next section. 

We use standard set-theoretic notation, but mention here some notation 
that may be lesser-known. We write A =* B to mean that A(n) = B(n) 
for all but finitely many n. We write A | n to mean the restriction of A 
to its first n bits (that is, the string A(0)... A(n — 1)), which we often 
identify with the finite set {m <n: m € A}. More generally, A | S is the 
restriction of A to the bits in S. We write A for the complement N \ A of 
A. 

For a set A of pairs, the domain of A, denoted by dom A, is the set of 
all x such that (x,y) € A for some y. 

We fix a 1-1 function taking a sequence of natural numbers (no,..., nk) 
to a natural number (no, ..., nk), and a canonical listing Do, Di,... of the 
finite sets. (The only thing that matters here is that we can effectively re- 
cover (no, . . -, x) from (no, ..., np} and Dn from n. That is, these functions 
are computable in the sense of the next chapter.) 

When considering max S for a set S, we adopt the convention that the 
max of an empty set is 0. 

We use the notation [x,y] for a closed interval (in N or R), (x,y) for an 
open interval, and (x, y] and [z,y) for half-open intervals. 

Let Alel = {(e,n) : (e,n) € A}. We call Al*l the eth column of A. 
Functions. For a function f, we write f™) to mean f composed with itself 
k many times. Thus, for example log?) n means log log n. By convention, 
f is the identity function. 

When we write logn, we mean the base 2 logarithm of n, rounded up to 
the nearest larger integer. By convention, log0 = 0. 

The graph of a function f is the set {(x,y): f(x) = y}. 

For functions f,g,h:N—N, we write: 


(i) f(n) < g(n) + O(A(n)) to mean that there is a constant c such that 
f(n) < g(n)+ c- h(n) for all n, 

(ii) f(n) = g(n) + O(h(n)) to mean that f(n) < g(n) + O(h(n)) and 
g(n) < f(n) + O(A(n)), and 
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(iii) f(n) < g(n) + o(h(n)) to mean that lim, fs = 0. 


We say that f and g are asymptotically equal if limn Lm 


g 
f ~g to mean that f(n) = O(g(n)) and g(n) = O(f(n)) 

Note that, in particular, f(n) = O(h(n)) means that there is a constant 
c such that f(n) < c- h(n) for all n. Similarly, f(n) = o(h(n)) means that 


= 1, and write 


Sometimes, when we write an expression such as f(n) < g(n)+O(h(n)), 
there is an extra additive constant on the right-hand side. Such a constant 
is of course absorbed into the O(h(n)) term, but only if h(n) > 0. So we 
make it a convention that, even if h(n) = 0, the O(h(n)) term is at least 
O(1), and hence still absorbs the constant. 

We also use this notation for other kinds of functions, such as functions 
from 2<” to N, in an analogous way. 

Logical notation. We will use standard logical notation, including the 
quantifiers 4° for “there exist infinitely many”, V°° for “for all but finitely 
many”, and J>% for “there exist at least k many”. We also use the usual À 
and p notation: Ax f(x, yo,---,Yn) is the function x œ f(z, Yo,.--,Yn) for 
fixed values yo,..., Yn and un R(n) is the least n such that R(n) holds. 
Lattices. Let (P,<) be a partial order. We say that z € P is the join 
of x,y E€ P if x,y < z and x,y S w => z < w. The join of x and y is 
denoted by x V y. We say that z € P is the meet of x,y € P if x,y > z 
and x,y >w => z 2 w. The meet of x and y is denoted by x A y. If every 
pair of elements of P has a join, then (P, <) is an uppersemilattice. If every 
pair of elements of P has a meet, then (P, <) is a lowersemilattice. If both 
conditions obtain, then (P, <) is a lattice. An ideal in an uppersemilattice 
(P, <) is a subset of P that is closed downward and under joins. 


1.2 Basics from measure theory 


We assume familiarity with the basic concepts of measure theory as given in 
initial segments of texts such as Oxtoby [313], but review a few important 
facts in this section. For simplicity of presentation, we study the Cantor 
space 2” of infinite binary sequences. For ø € 2<“ we denote by [øo] the set 
of all extensions of o in 2”. That is, [o] = {0X : X € 2”}. For A C 2<¥ 
we let [A] = Usealel. We say that A generates (or is a set of generators 
of) [AL 

The (sub-)basic open sets of Cantor space are [o] for o € 2<“. In this 
topology these sets are clopen, and the clopen sets are finite unions of such 
basic open sets. Although the real unit interval is not homeomorphic to 2” 
with this topology, it is well known that the two spaces are isomorphic in 
the measure-theoretic sense. (See also Convention 1.1.1.) 
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The (uniform or Lebesgue) measure of a basic open set [o] is p([o]) = 
27lel, A sequence of basic open sets {[o] : o € A} is said to cover a set 
C C 2” if C C [A]. The outer measure of C is 


u“ (C) = int Q-lenl : {fon] : n € N} covers ch. 


The inner measure of C is (C) = 1 — u*(C), where C is the complement 
2”\ C of C. If C is measurable, then y*(C) = p.(C), and we refer to this 
quantity as the measure u(C) of C. Null sets are those that have measure 
0. A set C has measure 0 iff there is a sequence of open covers of C whose 
measure goes to 0, that is, a collection {Vp }new of open sets such that 
lim, (Vn) = 0 and C C f),, Vn We will later effectivize this notion when 
we look at Martin-Lof randomness in Chapter 6. We will also effectivize 
the following fact, known as the (First) Borel-Cantelli Lemma. 


Theorem 1.2.1 (Borel-Cantelli Lemma). Let {Cn}new be a sequence of 
measurable sets such that >, (Cn) < œ. Then w({X : d°n(X € C,)}) = 
0. 


Proof. Let D = {X : IPn (X € Crn)}. Choose a sequence no, nı, ... such 
that X jsn, (C3) < 27t, For each i, we have D C U;>n; Ci, 80 D is a null 


set. O 


The following (simplified version of a) classical fact from measure theory, 
known as the Lebesgue Density Theorem, will be used often in this book. 
It implies that for every set A of positive measure there are basic open sets 
within which the measure of A appears to be arbitrarily close to 1. As we 
will see, this is the critical fact allowing for the existence of 0-1 laws in 
degree theory. Our proof follows the one in Terwijn [387]. 


Definition 1.2.2. A measurable set A has density d at X € 2” if 
lim 2”u( AN [X | nj) = d. 
Let D(A) = {X : A has density 1 at X}. 


Theorem 1.2.3 (Lebesgue Density Theorem). If A is measurable then so 
is D(A). Furthermore, the measure of the symmetric difference of A and 
D(A) is 0, so u(D(A)) = (A). 

Thus, if u(A) > 0 then for any q < 1 there is ao such that the relative 


measure © ie is greater than q. 


Proof. It suffices to show that A — D(A) is a null set, since D(A) — A C 
A— D(A) and A is measurable. For £ € QF, let 


Be = {X € A: liminf 2"u(AN [X J nj) < 1-e}. 


Then A— D(A) = U. Bz, so it suffices to show that each Be is null. 
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Suppose for a contradiction that there is an € such that Bz is not null, 
that is, u*(Be) > 0. It is easy to see that u*(B-) = inf{u(U): B. CU A 
U open}, so there is an open set U D Bz such that (1 — ¢)u(U) < p* (Be). 
Let 


I={o:fo] CUA ulan fjol) < (1 —2)27/7}. 
Then the following facts hold. 
(i) If X € B: then J contains X Ìn for infinitely many n. 


(ii) If o9,01,... is a sequence of elements of J such that [o;] A [o;] = 0 
for i Æ j, then u* (Be — U,[oi]) > 0. 


Fact (i) holds because U is open and contains B-. Fact (ii) holds because 


p (2.9Utal) < »(4n Utes) =Y Anfa 
l l i de — «27! < (1 — £). 


Construct a sequence go, 01,... as follows. Let og be any element of I. 
Given o; for i < n, let In = {0 € I: [o] A [oi] = 0 for all i < n}. By (i) 
and (ii), I, is infinite. Let dp = sup{27!2! : o € In} and let on41 be an 
element of J,, such that Q-lentil > da, 

Let X € Be — U,oi], which exists by (ii). By (i), there is a r € J with 
X € [7]. If [7] were disjoint from every [on], and hence contained in every 
In, then we would have 27!7! < dp < 27!%!+! for every n, contradicting 
the fact that p(U,,on]) < 1. So there is a least n such that [T]N [on] 4 4. 
Then either T < oy, or on x T. The minimality of n implies that Dlg 
dn—1 < 27!enl+1, so |r| > |on|. Thus on < 7, and hence [7] © [on]. But 
then X € [øn], contradicting the choice of X. Oo 


A tailset is a set A C 2” such that for all o € 2<% and X € 2%, if 
oX € Athen TX € A for all r with |r| = |o|. An important corollary to 
the Lebesgue Density Theorem is the following theorem of Kolmogorov. 


Theorem 1.2.4 (Kolmogorov’s 0-1 Law). If A is a measurable tailset, then 
either (A) = 0 or (A) = 1. 


Proof. Suppose that u(A) > 0. By Theorem 1.2.3, choose X € A such 
that A has density 1 at X. Let € > 0. Choose n sufficiently large so that 
2"u(ANLX | nj) > 1—e. Since A is a tailset, we know that 2” u( AN [o]) > 
1 — € for all ø of length n. Hence u(A) > 1 — e. Since € is arbitrary, 
(A) = 1. o 


2 
Computability Theory 


In this chapter we will develop a significant amount of computability theory. 
Much of this technical material will not be needed until much later in the 
book, and perhaps in only a small section of the book. We have chosen to 
gather it in one place for ease of reference. However, as a result this chapter 
is quite uneven in difficulty, and we strongly recommend that one use most 
of it as a reference for later chapters, rather than reading through all of it 
in detail before proceeding. This is especially so for those unfamiliar with 
more advanced techniques such as priority arguments. 

In a few instances we will mention, or sometimes use, methods or results 
beyond what we introduce in the present chapter. For instance, when we 
mention the work by Reimann and Slaman [327] on “never continuously 
random” sets in Section 6.12, we will talk about Borel Determinacy, and 
in a few places in Chapter 13, some knowledge of forcing in the context 
of computability theory could be helpful, although our presentations will 
be self-contained. Such instances will be few and isolated, however, and 
choices had to be made to keep the length of the book somewhat within 
reason. 


2.1 Computable functions, coding, and the halting 
problem 


At the heart of our understanding of algorithmic randomness is the notion 
of an algorithm. Thus the tools we use are based on classical computability 
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theory. While we expect the reader to have had at least one course in the 
rudiments of computability theory, such as a typical course on “theory of 
computation”, the goal of this chapter is to give a reasonably self-contained 
account of the basics, as well as some of the tools we will need. We do, 
however, assume familiarity with the technical definition of computability 
via Turing machines (or some equivalent formalism). For more details see, 
for example, Rogers [334], Salomaa [347], Soare [366], Odifreddi [310, 311], 
or Cooper [79]. 

Our initial concern is with functions from A into N where A CN, i.e., 
partial functions on N. If A = N then the function is called total. Looking 
only at N may seem rather restrictive. For example, later we will be con- 
cerned with functions that take the set of finite binary strings or subsets 
of the rationals as their domains and/or ranges. However, from the point 
of view of classical computability theory (that is, where resources such as 
time and memory do not matter), our definitions naturally extend to such 
functions by coding; that is, the domains and ranges of such functions can 
be coded as subsets of N. For example, the rationals Q can be coded in N 
as follows. 


Definition 2.1.1. Let r € Q \ {0} and write r = (le with p,q € N in 
lowest terms and ô = 0 or 1. Then define the Gödel number of r, denoted 
by #(r), as 2°3?5%. Let the Gödel number of 0 be 0. 


The function # is an injection from Q into N, and given n € N we 
can decide exactly which r € Q, if any, has #(r) = n. Similarly, if o 
is a finite binary string, say 0 = a1a2...an, then we can define #(0) = 
2%1+13a2+1 (pp) +1, where pn denotes the nth prime. There are myriad 
other codings possible, of course. For instance, one could code the string 
g as the binary number lo, so that, for example, the string 01001 would 
correspond to 101001 in binary. Coding methods such as these are called 
“effective codings” , since they include algorithms for deciding the resulting 
injections, in the sense discussed above for the Gödel numbering of the 
rationals. 

Henceforth, unless otherwise indicated, when we discuss computability 
issues relating to a class of objects, we will always regard these objects as 
(implicitly) effectively coded in some way. 

Part of the philosophy underlying computability theory is the celebrated 
Church-Turing Thesis, which states that the algorithmic (i.e., intuitively 
computable) partial functions are exactly those that can be computed by 
Turing machines on the natural numbers. Thus, we formally adopt the 
definition of algorithmic, or computable, functions as being those that are 
computable by Turing machines, but argue informally, appealing to the 
intuitive notion of computability as is usual. Excellent discussions of the 
subtleties of the Church-Turing Thesis can be found in Odifreddi [310] and 
Soare [367]. 
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There are certain important basic properties of the algorithmic partial 
functions that we will use throughout the book, often implicitly. Following 
the usual computability theoretic terminology, we refer to such functions 
as partial computable functions. 


Proposition 2.1.2 (Enumeration Theorem — Universal Turing Machine). 
There is an algorithmic way of enumerating all the partial computable 
functions. That is, there is a list Po, ®ı,... of all such functions such 
that we have an algorithmic procedure for passing from an index i to a 
Turing machine computing ®;, and vice versa. Using such a list, we can 
define a partial computable function f(x,y) of two variables such that 
f(x,y) = zly) for all x,y. Such a function, and any Turing machine 
that computes it, are called universal. 


To a modern computer scientist, this result is obvious. That is, given a 
program in some computer language, we can convert it into ASCII code, 
and treat it as a number. Given such a binary number, we can decode 
it and decide whether it corresponds to the code of a program, and if so 
execute this program. Thus a compiler for the given language can be used 
to produce a universal program. 

Henceforth, we fix an effective listing Po, ®;,... of the partial computable 
functions as above. We have an algorithmic procedure for passing from an 
index 7 to a Turing machine M; computing ®;, and we identify each ®; 

For any partial computable function f, there are infinitely many ways to 
compute f. If ®y is one such algorithm for computing f, we say that y is 
an index for f. 

The point of Proposition 2.1.2 is that we can pretend that we have all 
the machines ®1,®2,... in front of us. For instance, to compute 10 steps 
in the computation of the 3rd machine on input 20, we can pretend to 
walk to the 3rd machine, put 20 on the tape, and run it for 10 steps (we 
write the result as ®3(20)([10]). Thus we can computably simulate the action 
of computable functions. In many ways, Proposition 2.1.2 is the platform 
that makes undecidability proofs work, since it allows us to diagonalize 
over the class of partial computable functions without leaving this class. 
For instance, we have the following result, where we write ®,(y) | to mean 
that ®, is defined on y, or equivalently, that the corresponding Turing 
machine halts on input y, and ®,(y) T to mean that ©, is not defined on 


y. 


Proposition 2.1.3 (Unsolvability of the halting problem). There is no 
algorithm that, given x,y, decides whether ®,(y) |. Indeed, there is no 
algorithm to decide whether ®,(x) |. 
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Proof. Suppose such an algorithm exists. Then by Proposition 2.1.2, it 
follows that the following function g is (total) computable: 


fi if &,,(2) t 
aah ae +1 if ®,(x)|. 


Again using Proposition 2.1.2, there is a y with g = ®,. Since g is total, 
gy) |, so Py(y) |, and hence g(y) = ®y(y) +1 = gly) +1, which is a 
contradiction. O 


Note that we can define a partial computable function g via g(x) = 
(x) + 1 and avoid contradiction, as it will follow that, for any index 
y for g, we have ®,(y) T= g(y) T. Also, the reason for the use of partial 
computable functions in Proposition 2.1.2 is now clear: The argument above 
shows that there is no computable procedure to enumerate all (and only) 
the total computable functions. 

Proposition 2.1.3 can be used to show that many problems are algorith- 
mically unsolvable by “coding” the halting problem into these problems. 
For example, we have the following result. 


Proposition 2.1.4. There is no algorithm to decide whether the domain 
of By is empty. 


To prove this proposition, we need a lemma, known as the s-m-n theorem. 
We state it for unary functions, but it holds for n-ary ones as well. Strictly 
speaking, the lemma below is the s-1-1 theorem. For the full statement and 
proof of the s-m-n theorem, see [366]. 


Lemma 2.1.5 (The s-m-n Theorem). Let g(x,y) be a partial computable 
function of two variables. Then there is a computable function s of one 
variable such that, for all x,y, 


Piz) (y) = g(x, y). 


Proof. Given a Turing machine M computing g and a number x, we can 
build a Turing machine N that on input y simulates the action of writing 
the pair (x,y) on M’s input tape and running M. We can then find an 
index s(x) for the function computed by N. o 


Proof of Proposition 2.1.4. We code the halting problem into the problem 
of deciding whether dom(®,.) = Ø. That is, we show that if we could decide 
whether dom(®,) = @ then we could solve the halting problem. Define a 
partial computable function of two variables by 


oy = fi E20 
NEYE Vee fala): 


Notice that g ignores its second input. 
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Via the s-m-n theorem, we can consider g(x,y) as a computable collec- 
tion of partial computable functions. That is, there is a computable s such 
that, for all x,y, 


® 6x) (y) = g(x,y). 
Now 


N if ®, 
dom(® (z)) = $ ; a 


so if we could decide for a given x whether ®,(,) has empty domain, then 
we could solve the halting problem. O 


We denote the result of running the Turing machine corresponding to ®e 
for s many steps on input x by ®e(x)[s]. This value can of course be either 
defined, in which case we write ®e(x)[s] |, or undefined, in which case we 
write ®e(x)[s] f. 

We will often be interested in the computability of families of functions. 
We say that fo, fı,... are uniformly (partial) computable if there is a (par- 
tial) computable function f of two variables such that f(n,x) = fn(x) 
for all n and zx. It is not hard to see that fo, fi,... are uniformly partial 


computable iff there is a computable g such that fn = ®,(,) for all n. 


2.2 Computable enumerability and Rice’s Theorem 


We now show that the reasoning used in the proof of Proposition 2.1.4 can 
be pushed much further. First we wish to regard all problems as coded by 
subsets of N. For example, the halting problem can be coded by 


O = {x : (x) |} 


(or if we insist on the two-variable formulation, by {(x, y} : Baly) |}). Next 
we need some terminology. 


Definition 2.2.1. A set A C N is called 
(i) computably enumerable (c.e.) if A = dom(®e) for some e, and 
(ii) computable if A and A = N \ A are both computably enumerable. 


A set is co-c.e. if its complement is c.e. Thus a set is computable iff 
it is both c.e. and co-c.e. Of course, it also makes sense to say that A 
is computable if its characteristic function xa is computable, particularly 
since, as mentioned in Chapter 1, we identify sets with their characteristic 
functions. It is straightforward to check that A is computable in the sense 
of Definition 2.2.1 if and only if x4 is computable. 

We let We denote the eth computably enumerable set, that is, dom(®,), 
and let W.[s] = {x < s : ®.(x)[s] |}. We sometimes write W.[s] as We,s. 
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We think of W.[s] as the result of performing s steps in the enumeration 
of We. 

An index for a c.e. set A is an e such that W, = A. 

We say that a family of sets Ao, A1,... is uniformly computably enumer- 
able if A, = dom( fn) for a family fo, f1,...of uniformly partial computable 
functions. It is easy to see that this condition is equivalent to saying that 
there is a computable g such that A, = Won) for all n, or that there is 
a c.e. set A such that A, = {x : (n,x) € A} for all n. A family of sets 


Ao, Ai,... is uniformly computable if the functions y4,,XA,,--- are uni- 
formly computable, which is equivalent to saying that both Ao, A1,... and 
Ao, Ai,... are uniformly c.e. 


Definition 2.2.1 suggests that one way to make a set A noncomputable 
is by ensuring that A is coinfinite and for all e, if We is infinite then 
ANW. #9. A c.e. set A with these properties is called simple. An infinite 
set that contains no infinite c.e. set is called immune. (So a simple set is 
a c.e. set whose complement is immune.) Not all noncomputable c.e. sets 
are simple, since given any noncomputable c.e. set A, the set {2n : n € A} 
is also c.e. and noncomputable, but is not simple. 

The name computably enumerable comes from a notion of “effec- 
tively countable”, via the following characterization, whose proof is 
straightforward. 


Proposition 2.2.2. A set A is computably enumerable iff either A = Ú or 
there is a total computable function f from N onto A. (If A is infinite then 
f can be chosen to be injective.) 


Thus we can think of an infinite computably enumerable set as an effec- 
tively infinite list (but not necessarily in increasing numerical order). Note 
that computable sets correspond to decidable questions, since if A is com- 
putable, then either A € {0, N} or we can decide whether x € A as follows. 
Let f and g be computable functions such that f(N) = A and g(N) = A. 
Now enumerate (0), 9(0), f(1),g(1),... until x occurs (as it must). If x 
occurs in the range of f, then x € A; if it occurs in the range of g, then 
cE A. 

It is straightforward to show that 0’ is computably enumerable. Thus, 
by Proposition 2.1.3, it is an example of a computably enumerable set that 
is not computable. As we will show in Proposition 2.4.5, 0’ is a complete 
computably enumerable set, in the sense that for any c.e. set A, there is 
an algorithm for computing A using 9’. We will introduce another “highly 
knowledgeable” real, closely related to @’ and denoted by Q, in Definition 
3.13.6. Calude and Chaitin [48] pointed out that, in 1927, Emile Borel 
prefigured the idea of such knowledgeable reals by “defining” a real B such 
that the nth bit of B answers the nth question in an enumeration of all 
yes/no questions one can write down in French. 

If A is c.e., then it clearly has a computable approximation, that is, a uni- 
formly computable family {As}sc. of sets such that A(n) = lim, A,(n) for 
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all n. (For example, {W.[s]}sew is a computable approximation of We.) In 
Section 2.6, we will give an exact characterization of the sets that have com- 
putable approximations. In the particular case of c.e. sets, we can choose 
the A, so that Ag C A; C Ap C---. In the constructions we discuss, when- 
ever we are given a c.e. set, we assume we have such an approximation, and 
think of A, as the set of numbers put into A by stage s of the construc- 
tion. In general, whenever we have an object X that is being approximated 
during a construction, we denote the stage s approximation to X by X[s]. 
An indez set is a set A such that if x € A and ®, = ®, then y € A. For 
example, {x : dom(®,) = Ý} is an index set. An index set can be thought 
of as coding a problem about computable functions (like the emptiness 
of domain problem) whose answer does not depend on the particular al- 
gorithm used to compute a function. Generalizing Proposition 2.1.4, we 
have the following result, which shows that nontrivial index sets are never 
computable. Its proof is very similar to that of Proposition 2.1.4. 


Theorem 2.2.3 (Rice’s Theorem [332]). An index set A is computable 
(and so the problem it codes is decidable) iff A=N or A= 9. 


Proof. Let A ¢ {0,N} be an index set. Let e be such that dom(®,) = 0. 
We may assume without loss of generality that e € A (the case e € A being 
symmetric). Fix i € A. By the s-m-n theorem, there is a computable s(x) 
such that, for all y € N, 


saly) = f wy if nee l 


If a(x) | then Pss) = ©; and so s(x) € A, while if 6, (x) f then Psr) = Be 
and so s(x) ¢ A. Thus, if A were computable, ’ would also be computable. 
Oo 


Of course, many nontrivial decision problems (such as the problem of 
deciding whether a natural number is prime, say) are not coded by index 
sets, and so can have decidable solutions. 


2.3 The Recursion Theorem 


Kleene’s Recursion Theorem (also known as the Fixed Point Theorem) 
is a fundamental result in classical computability theory. It allows us to 
use an index for a computable function or c.e. set that we are building in a 
construction as part of that very construction. Thus it forms the theoretical 
underpinning of the common programming practice of having a routine 
make recursive calls to itself. 


Theorem 2.3.1 (Recursion Theorem, Kleene [209]). Let f be a total com- 
putable function. Then there is a number n, called a fixed point of f, such 
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that 


and hence 
Wr = Wan): 
Furthermore, such an n can be computed from an index for f. 


Proof. First define a total computable function d via the s-m-n Theorem 
so that 


© (k) Z 5. (e) (k) if ®.(e) | 
ae) T if de(e) f. 
Let i be such that 
®; = f (0) d 


and let n = d(i). Notice that ©; is total. The following calculation shows 
that n is a fixed point of f. 


Pn = Paci) = Poia) = P foali) = Pin): 
The explicit definition of n given above can clearly be carried out 
computably given an index for f. O 


A longer but more perspicuous proof of the recursion theorem was given 
by Owings [312]; see also Soare [366, pp. 36-37]. 

There are many variations on the theme of the recursion theorem, such 
as the following one, which we will use several times below. 


Theorem 2.3.2 (Recursion Theorem with Parameters, Kleene [209]). Let 
f be a total computable function of two variables. Then there is a total 
computable function h such that ®py) = finty), y) and hence Wry) = 
Wen(y),y), for all y. Furthermore, an index for h can be obtained effectively 
from an index for f. 


Proof. The proof is similar to that of the recursion theorem. Let d be a 
total computable function such that 


Paley) l(k) = ee if ®,((z,y))1 


T if ,((z,y))T . 
Let i be such that 


®;((x,y)) = f(d(z,y), y) 
for all x and y, and let h(y) = d(i, y). Then 
Pry) = Baliy) = Ba ((i,y)) = Or diy).y) = PF (rW),y) 


for all y. The explicit definition of h given above can clearly be carried out 
computably given an index for f. O 
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It is straightforward to modify the above proof to show that if f is a par- 
tial computable function of two variables, then there is a total computable 
function h such that ®p(y) = ® ¢(ncy),y) for all y such that f(h(y),y) l. 

In Section 3.5, we will see that there is a version of the recursion theorem 
for functions computed by prefiz-free machines, a class of machines that 
will play a key role in this book. 

Here is a very simple application of the recursion theorem. We show 
that ’ is not an index set. Let f be a computable function such that 
Piin (n) | and ® ¢(,)(m) T for all m # n. Let n be a fixed point for f, so 
that ®, = @,/,). Let m # n be another index for ®,. Then ®,(n) | and 
hence n € @’, but ®,,(m) ft and hence m ¢ 9’. So @ is not an index set. 
Note that this example also shows that there is a Turing machine that halts 
only on its own index. 

The following is another useful application of the recursion theorem. 


Theorem 2.3.3 (Slowdown Lemma, Ambos-Spies, Jockusch, Shore, and 
Soare [7]). Let {Ue s}e,scw be a computable sequence of finite sets such that 
Ue s C Ue s+1 for all e and s. Let Ue = |J, Ues. There is a computable 
function g such that for all e,s,n, we have Woe) = Ue and ifn ¢ Ue,s then 
n ¢ W(e),s+1- 


Proof. Let f be a computable function such that W,;,-) behaves as fol- 
lows. Given n, look for a least s such that n € Ue,s. If such an s is found, 
ask whether n € W;,,. If not, then enumerate n into W¢(;,¢). By the recur- 
sion theorem with parameters, there is a computable function g such that 
We) = We(g(e),e) for every e. If n ¢ Ue,s, then n ¢ Woe). If n € Ue,s then 
for the least such s it cannot be the case that n E€ W,,¢),., since in that 
case we would have n ¢ Wf (g(e),e) = Wa(e)- Sone Wf (g(e),e) = Wg(e) but 

O 


n ¢ Wa(e),s- 


We will provide the details of applications of versions of the recursion 
theorem for several results in this chapter, but will assume familiarity with 
their use elsewhere in the book. 


2.4 Reductions 


The key concept used in the proof of Rice’s Theorem is that of reduction, 
that is, the idea that “if we can do B then this ability also allows us to do 
A”. In other words, questions about problem A are reducible to ones about 
problem B. We want to use this idea to define partial orderings, known as 
reducibilities, that calibrate problems according to computational difficulty. 
The idea is to have A < B if the ability to solve B allows us also to solve 
A, meaning that B is “at least as hard as” A. In this section, we introduce 
several ways to formalize this notion, beginning with the best-known one, 
Turing reducibility. For any reducibility Sr, we write A =, B, and say 
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that A and B are R-equivalent, if A <r B and B <r A. We write A <r B 
if A <r Band B €, A. Finally, we write A |r B if A £r Band Bg, A. 


2.4.1 Oracle machines and Turing reducibility 


An oracle (Turing) machine is a Turing machine with an extra infinite read- 
only oracle tape, which it can access one bit at a time while performing 
its computation. If there is an oracle machine M that computes the set A 
when its oracle tape codes the set B, then we say that Ais Turing reducible 
to B, or B-computable, or computable in B, and write A <+ B.' Note that, 
in computing A(n) for any given n, the machine M can make only finitely 
many queries to the oracle tape; in other words, it can access the value of 
B(m) for at most finitely many m. The definition of relative computability 
can be extended to functions in the obvious way. We will also consider 
situations in which the oracle tape codes a finite string. In that case, if the 
machine attempts to make any queries beyond the length of the string, the 
computation automatically diverges. All the notation we introduce below 
for oracle tapes coding sets applies to strings as well. 

For example, let E = {x : dom(®,) 4 Ø}. In the proof of Proposition 
2.1.4, we showed that Ọ' <+ E. Indeed the proof of Rice’s Theorem demon- 
strates that, for a nontrivial index set J, we always have 0’ <+ I. On the 
other hand, the unsolvability of the halting problem implies that 0’ <> 0. 
(Note that X <+ 0 iff X is computable. Indeed, if Y is computable, then 
X <- Y iff X is computable.) 

It is not hard to check that Turing reducibility is transitive and reflexive, 
and thus is a preordering on the subsets of N. The equivalence classes of 
the form deg(A) = {B : B =, A} code a notion of equicomputability and 
are called Turing degrees (of unsolvability), though we often refer to them 
simply as degrees. We always use boldface lowercase letters such as a for 
Turing degrees. A Turing degree is computably enumerable if it contains a 
computably enumerable set (which does not imply that all the sets in the 
degree are c.e.). The Turing degrees inherit a natural ordering from Turing 
reducibility: a < b iff A <+ B for some (or equivalently all) A € a and 
B € b. We will relentlessly mix notation by writing, for example, A <+ b, 
for a set A and a degree b, to mean that A <y B for some (or equivalently 
all) B € b. 

The Turing degrees form an uppersemilattice. The join operation is in- 
duced by ©, where A® B = {2n : n € A}U {2n +1 : n € B}. Clearly 
A,B <, A @ B, and if A,B <r C, then AGB <r C. Furthermore, if 


1We can also put resource bounds on our procedures. For example, if we count steps 
and ask that computations halt in a polynomial (in the length of the input) number of 
steps, then we arrive at the polynomial time computable functions and the notion of 
polynomial time (Turing) reducibility. We will not consider such reducibilities here; see 
Ambos-Spies and Mayordomo [10]. 
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A= Â and B => B, then AD B = A® B. Thus it makes sense to define 
the join a V b of the degrees a and b to be the degree of A ẹ B for some 
(or equivalently all) A € a and B € b. Kleene and Post [210] showed that 
the Turing degrees are not a lattice. That is, not every pair of degrees has 
a greatest lower bound. 

For sets Ag, A1,..., let @; Ai = {(i, n) : n € Aj}. Note that, while A; Sr 
Q, Ai for all j, the degree of GH; A; may be much greater than the degrees 
of the A,’s. For instance, for any function f, we can let A; = {f(2)}, in 
which case each A; is a singleton, and hence computable, but @, Ai =r f. 

We let 0 denote the degree of the computable sets. Note that each degree 
is countable and has only countably many predecessors (since there are only 
countably many oracle machines), so there are continuum many degrees. 

For an oracle machine ©, we write 64 for the function computed by 
® with oracle A (i.e., with A coded into its oracle tape). The analog of 
Proposition 2.1.2 holds for oracle machines. That is, there is an effective 
enumeration ®o, ®;,... of all oracle machines, and a universal oracle (Tur- 
ing) machine ® such that 64(2,y) = ®4(y) for all x,y and all oracles 
A. 

We had previously defined e to be the eth partial computable func- 
tion. However, we have already identified partial computable functions with 
Turing machines, and we can regard normal Turing machines as oracle ma- 
chines with empty oracle tape; in fact it is convenient to identify the eth 
partial computable function ®e with gp’. Thus there is no real conflict be- 
tween the two notations, and we will not worry about the double meaning 
of e. 

When a set A has a computable approximation {As}scw, we write 
P4 (n)[s] to mean the result of running ®, with oracle A, on input n for s 
many steps. 

We also think of oracle machines as determining (Turing) functionals, 
that is, partial functions from 2” to 2” (or w”). The value of the functional 
® on Ais 4. 

The use of a converging oracle computation ®4(n) is x+ 1 for the largest 
number gx such that the value of A(x) is queried during the computation. 
(If no such value is queried, then the use of the computation is 0.) We 
denote this use by y“(n). In general, when we have an oracle computation 
represented by an uppercase Greek letter, its use function is represented 
by the corresponding lowercase Greek letter. Normally, we do not care 
about the exact position of the largest bit queried during a computation, 
and can replace the exact use function by any function that is at least as 
large. Furthermore, we may assume that an oracle machine cannot query 
its oracle’s nth bit before stage n. So we typically adopt the following useful 
conventions on a use function y^. 


1. The use function is strictly increasing where defined, that is, p4(m) < 
y(n) for all m < n such that both these values are defined, and 
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similarly, when A is being approximated, y4(m)[s] < y4(n)[s] for all 
m < n and s such that both these values are defined. 


2. When A is being approximated, y4(n)[s] < y4(n)[#] for all n and 
s < t such that both these values are defined. 


3. y4(n)[s] < s for all n and s such that this value is defined. 
Although in a sense trivial, the following principle is quite important. 


Proposition 2.4.1 (Use Principle). Let 64(n) be a converging oracle com- 
putation, and let B be a set such that B | p4(n) = A [ yA(n). Then 
P(n) = 4(n). 


Proof. The sets A and B give the same answers to all questions asked 
during the relevant computations, so the results must be the same. O 


One important consequence of the use principle is that if A is c.e. and 
4 is total, then A can compute the function f defined by letting f(n) be 
the least s by which the computation of 64(n) has settled, i.e., 64(n)[t] |= 
4(n)[s] | for all t > s. The reason is that f(n) is the least s such that 
#4(n)[s] | and At gA(n)[s] = As t p^s]. 

For a set A, let 


A’ = {e: B2 (e) |}. 


The set A’ represents the halting problem relativized to A. The general 
process of extending a definition or result in the non-oracle case to the 
oracle case is known as relativization. For instance, Proposition 2.1.3 (the 
unsolvability of the halting problem) can be relativized with a completely 
analogous proof to show that A’ £+ A for all A. Two good (but not hard) 
exercises are to show that A <, A’ and that if A <, B then A’ <+ 
B'. Another important example of relativization is the concept of a set B 
being computably enumerable in a set A, which means that B = dom(®4) 
for some e. Most results in computability theory can be relativized in a 
completely straightforward way, and we freely use the relativized versions 
of theorems proved below when needed. 


2.4.2 The jump operator and jump classes 


We often refer to A’ as the (Turing) jump of A. The jump operator is the 
function A + A’. The nth jump of A, written as A™, is the result of 
applying the jump operator n times to A. So, for example, A?) = A” and 
A@) = A” Ifa = deg(A) then we write a’ for deg(A’), and similarly for the 
nth jump notation. This definition makes sense because A =; B implies 
A’ =, B’. Note that we have a hierarchy of degrees 0 < 0’ < 0” <--- 

We also define the w-jump of A as AY) = @,„ A\™. (We could continue 
to iterate the jump to define a-jumps for higher ordinals a, but we will not 
need these in this book.) 
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The halting problem, and hence the jump operator, play a fundamental 
role in much of computability theory. Closely connected to the jump opera- 
tor, and also of great importance in computability theory, are the following 
jump classes. 


Definition 2.4.2. A set A is low, if A™ =, 0™. The low, sets are called 
low. 

A set A <r W is high, if A™ =, 0+. The high; sets are called high. 
More generally, we call an arbitrary set A high if A’ >, 0”. 


These classes are particularly well suited to studying @’-computable sets. 
The following classes are sometimes better suited to the general case. 


Definition 2.4.3. A set A is generalized low, (GLn) if AM =, (A® 
Byers 
A set A is generalized high, (GHn) if AM =, (ASW)™. 


Note that if A <+ 0’, then A is GL, iff it is low,, and GH, iff it is high,,. 
A degree is low if the sets it contains are low, and similarly for other jump 
classes. 

While jump classes are defined in terms of the jump operator, they often 
have more “combinatorial” characterizations. For example, we will see in 
Theorem 2.23.7 that a set A is high iff there is an A-computable function 
that dominates all computable functions, where f dominates g if f(n) > 
g(n) for all sufficiently large n. 


2.4.3 Strong reducibilities 


The reduction used in the proof of Rice’s Theorem is of a particularly 
strong type, since to decide whether x € @’, we simply compute s(x) and 
ask whether s(x) € A. Considering this kind of reduction leads to the 
following definition. 


Definition 2.4.4. We say that A is many-one reducible (m-reducible) to 
B, and write A <,, B, if there is a total computable function f such that 
for all z, we have x € A iff f(x) € B.? 


If B is Ø or N then the only set m-reducible to B is B itself, but we will 
ignore these cases of the above definition. If the function f in the definition 
of m-reduction is injective, then we say that A is 1-reducible to B, and 


In the context of complexity theory, resource bounded versions of m-reducibility are 
at the basis of virtually all modern NP-completeness proofs. Although Cook’s original 
definition of NP-completeness was in terms of polynomial time Turing reducibility, the 
Karp version in terms of polynomial time m-reducibility is most often used. It is still 
an open question of structural complexity theory whether there is a set A such that the 
polynomial time Turing degree of A collapses to a single polynomial time m-degree. 
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write A <, B. Note that if B is c.e. and A <,, B then A is also c.e. Also 
note that Ø is m-complete, and even 1-complete, in the following sense. 


Proposition 2.4.5. If A is c.e. then A <, W. 


Proof. It is easy to define an injective computable function f such that for 
each n, the machine Ẹ p(n) ignores its input and halts iff n enters A at some 
point. Then f witnesses the fact that A <, W. o 


It is not difficult to construct sets A and B such that A <- B but 
A £m B. For example, Ù < W, but F £m 0’, since D is not c.e. It is also 
possible to construct such examples in which A and B are both c.e. Thus 
m-reducibility strictly refines Turing reducibility, and hence we say that 
m-reducibility is an example of a strong reducibility (which should not be 
confused with the notion of strong reducibility of mass problems introduced 
in Section 8.9). There are many other strong reducibilities. Their definitions 
depend on the types of oracle access used in the corresponding reductions. 
We mention two that will be important in this book. 

One of the key aspects of Turing reducibility is that a Turing reduction 
may be adaptable, in the sense that the number and type of queries made of 
the oracle depends upon the oracle itself. For instance, imagine a reduction 
that works as follows: on input x, the oracle is queried as to whether it 
contains some power of x. That is, the reduction asks whether 1 is in the 
oracle, then whether z is in the oracle, then whether 2? is in the oracle, and 
so on. If the answer is yes for some x”, then the reduction checks whether 
the least such n is even, in which case it outputs 0, or odd, in which case 
it outputs 1. 

Note that there is no limit to the number of questions asked of the oracle 
on a given input. This number depends on the oracle. Indeed, if the oracle 
happens to contain no power of x, then the computation on input x will 
not halt at all, and infinitely many questions will be asked. 

Many naturally arising reductions do not have this adaptive property. 
One class of examples gives rise to the notion of truth table reducibility. A 
truth table on the variables v1, v2,... is a (finite) boolean combination ø of 
these variables. We write AF ø if ø holds with vn interpreted as n € A. 
For example, ø might be ((v1 A v2) V (v3 > v4)) A us), in which case AF ø 
iff 5 € A and either (1 € A and 2 € A) or (3 ¢ A or 4 € A) (or both). Let 
00,01,--- be an effective list of all truth tables. 


Definition 2.4.6. We say that A is truth table reducible to B, and write 
A Sa B, if there is a computable function f such that for all a, 


x € A iff BE ogg). 


Notice that an m-reduction is a simple example of a tt-reduction. The 
relevant truth table for input n has a single entry vy(,), where f is the 
function witnessing the given m-reduction. 

The following characterization follows easily from the compactness of 2”. 
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Proposition 2.4.7 (Nerode [293]). A Turing reduction ® is a truth table 
reduction iff ®* is total for all oracles X. 


This characterization is particularly useful in the context of effective 
measure theory, as it means that truth table reductions can be used to 
transfer measures from one space to another. Examples can be found in the 
work of Reimann and Slaman [327, 328, 329] and the proof of Demuth’s 
Theorem 8.6.1 below. 

Concepts defined using Turing reducibility often have productive analogs 
for strong reducibilities. The following is an example we will use below. 


Definition 2.4.8. A set A is superlow if A’ =,, 0’. 


One way to look at a tt-reduction is that it is one in which the oracle 
queries to be performed on a given input are predetermined, independently 
of the oracle, and the computation halts for every oracle. Removing the 
last restriction yields the notion of weak truth table reduction, which can 
also be thought of as bounded Turing reduction, in the sense that there is a 
computable bound, independent of the oracle, on the amount of the oracle 
to be queried on a given input. 


Definition 2.4.9. We say that A is weak truth table reducible (wtt- 
reducible) to B, and write A Swu B, if there are a computable function f 
and an oracle Turing machine ® such that 6? = A and y? (n) < f(n) for 
all n. 


Definitions and notations that we introduced for Turing reducibility, such 
as the notion of degree, also apply to these strong reducibilities. In par- 
ticular, we have the notions of truth table functional and weak truth table 
functional. For a Turing functional ® to be a wtt-functional, we require 
that there be a single computable function f such that for all oracles B, if 
P(n) | then y?(n) < f(n). The best way to think of a tt-functional is as 
a total Turing functional, that is, a functional ® such that ®? is total for 
all oracles B. 

The reducibilities we have seen so far calibrate sets into degrees of greater 
and greater fineness, in the order T, wtt, tt, m, 1. 


2.4.4 Myhill’s Theorem 


The definition of 0’ depends on the choice of an effective enumeration of 
the partial computable functions. By Proposition 2.4.5, however, any two 
versions of ()’ are 1-equivalent. The following result shows that they are in 
fact equivalent up to a computable permutation of N. 


Theorem 2.4.10 (Myhill Isomorphism Theorem [291]). A =, B iff there 
is a computable permutation h of N such that h(A) = B. 


Proof. The “if” direction is immediate, so assume that A <, B via f and 
B <, Avia g. We define h in stages. We will ensure that the finite partial 
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function hs defined at each stage is injective and such that m € A iff 
hs(m) € B for all m € dom hs. 

Let ho = 0. Suppose we have defined hs for s even. Let m be least such 
that hs(m) is not defined. List f(n), fohzto f(n), fohztofohztof(n),... 
until an element k ¢ rng hs is found. Note that each element of this list, and 
in particular k, isin B iff n € A. Extend hs to hs+1 by letting hs+ı(m) = k. 

Now define hs+2 in the same way, with f, hs, dom, and rng replaced by 
g, hzi, rng, and dom, respectively. 

Let h = U, hs. It is easy to check that h is a computable permutation of 
N and that h(A) = B. o 


Myhill [291] characterized the 1-complete sets using the following notions. 


Definition 2.4.11 (Post [316]). A set B is productive if there is a partial 
computable function h such that if We C B then h(e) |e B \ We. 
A c.e. set A is creative if A is productive. 


The halting problem is an example of a creative set, since Ø is productive 
via the identity function. 


Theorem 2.4.12 (Myhill’s Theorem [291]). The following are equivalent 
for a set A. 


(i) A is creative. 
(ii) A is m-complete (i.e., m-equivalent to 0’). 
(iii) A is 1-complete (i.e., 1-equivalent to 0’). 
(iv) A is equivalent to 0’ up to a computable permutation of N. 


Proof. The Myhill Isomorphism Theorem shows that (iii) and (iv) are 
equivalent, and (iii) obviously implies (ii). To show that (ii) implies (i), 
suppose that ’ <,, A via f. Let g be a computable function such that 
Woe) = {n : f(n) € We} for all e, and let h(e) = f(g(e)). If We C A then 
Woe) € W, so gle) € W\ Ware), and hence h(e) € A\ We. Thus A is creative 
via h. 

To show that (i) implies (iii), we use the recursion theorem with param- 
eters. Since A is c.e., we have A <, 0, so it is enough to show that 0’ <, A. 
Let h be a function witnessing that A is productive. Let f be a computable 
function such that Winn) = {f(n)} if k € 0 and Wjin,k) = Ù otherwise. 
By the recursion theorem with parameters, there is an injective computable 
function g such that W(x) = We (g(x),~) for all k. Then 

kew => Waw) ={f(9(k))} > Woy ZA => fk) eA 
and 


kgb => Won =0 > Wæ CA > F(g(k)) € A. 
Thus W <, A via fog. o 
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We will see a randomness-theoretic version of this result in Section 9.2. 


2.5 The arithmetic hierarchy 


We define the notions of X? , II}, and A? sets as follows. A set A is X? if 


n? 


there is a computable relation R(a1,...,2n,y) such that y € A iff 


Fay Vto Jag Var4-++ Qntn R(T1,..., En, Y). 
a 


n alternating quantifiers 


Since the quantifiers alternate, Qn is 3 if n is odd and V if n is even. In 
this definition, we could have had n alternating quantifier blocks, instead 
of single quantifiers, but we can always collapse two successive existential 
or universal quantifiers into a single one by using pairing functions, so that 
would not make a difference. 

The definition of A being IT? is the same, except that the leading quan- 
tifier is a V (but there still are n alternating quantifiers in total). It is easy 
to see that A is I? iff A is 5°. 

Finally, we say a set is A? if it is both £? and II? (or equivalently, if 
both it and its complement are X? ). Note that the A}, 13, and ©} sets are 
all exactly the computable sets. The same is true of the A? sets, as shown 
by Proposition 2.5.1 below. 

These notions give rise to Kleene’s arithmetic hierarchy, which can be 
pictured as follows. 


¥ 
gS 
D 
$ 


a) 
C 
H) 


C 
Xi X3 
A set is arithmetic if it is in one of the levels of the arithmetic hierarchy. 
As we will see in the next section, there is a strong relationship be- 
tween the arithmetic hierarchy and enumeration. The following is a simple 
example at the lowest level of the hierarchy 


Proposition 2.5.1 (Kleene [208]). A set A is computably enumerable iff 
A is X29. 

Proof. Suppose A is c.e. Then A = dom(®,) for some e, so n € A iff 
Js ®.(y)[s] |. Thus A is X}. 

Conversely, if A is ©? then for some computable R we have n € A iff 
dx R(x,n). Define a partial computable function g by letting g(n) = 1 at 
stage s iff s > n and there is an x < s such that R(x,n) holds. Then n € A 
iff n € dom(g), so A is c.e. O 
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2.6 The Limit Lemma and Post’s Theorem 


There is an important generalization, due to Post, of Proposition 2.5.1. It 
ties in the arithmetic hierarchy with the degrees of unsolvability, and gives 
completeness properties of degrees of the form 0”), highlighting their im- 
portance. In this section we will look at this and related characterizations, 
beginning with Shoenfield’s Limit Lemma. 

Saying that a set A is c.e. can be thought of as saying that A has a com- 
putable approximation that, for each n, starts out by saying that n ¢ A, 
and then changes its mind at most once. More precisely, there is a com- 
putable binary function f such that for all n we have A(n) = lim, f(n, s), 
with f(n,0) =0 and f(n,s+1) # f(n,s) for at most one s. Generalizing 
this idea, the limit lemma characterizes the sets computable from the halt- 
ing problem as those that have computable approximations with finitely 
many mind changes, and hence are “effectively approximable”. (In other 
words, the sets computable from ’ are exactly those that have computable 
approximations, as defined in Section 2.2.) 


Theorem 2.6.1 (Limit Lemma, Shoenfield [354]). For a set A, we have 
A <r Ù iff there is a computable binary function g such that, for all n, 


(i) lims g(n, s) exists (i.e., |{s : g(n,s) Æ g(n,s+1)}| < co), and 
(ii) A(n) = lim, g(n, s). 


Proof. (=) Suppose A = ©”. Define g by letting g(n,s) = 0 if either 
©" [s] | or ©" [s] |Æ 1, and letting g(n,s) = 1 otherwise. Fix n, and let s 
be a stage such that Ø, | y(n) = 0 | y(n) for all t > s. By the use 
principle (Proposition 2.4.1), g(n,t) = ©" (n)[t] = 6% (n) = A(n) for all 
t > s. Thus g has the required properties. 

(<=) Suppose such a function g exists. Without loss of generality, we may 
assume that g(n,0) = 0 for all n. To show that A <+ 0’, it is enough to 
build a c.e. set B such that A <r B, since by Proposition 2.4.5, every c.e. 
set is computable in 0’. We put (n, k) into B whenever we find that 


l{s : g(n, s) # g(n,s + 1)}| > k. 


Now define a Turing reduction I as follows. Given an oracle X, on input 
n, search for the least k such that (n,k) ¢ X, and if one is found, then 
output 0 if k is even and 1 if k is odd. Clearly, TË = A. O 


As in the case of c.e. sets, whenever we are given a set A computable in 
Ø’, we assume that we have a fixed computable approximation Ao, Aj,... 
to A; that is, we assume we have a computable function g as in the limit 
lemma, and write A, for the set of all n such that g(n,s) = 1. We may 
always assume without loss of generality that Ag = Ø and A, C [0, s]. 

Intuitively, the proof of the “if” direction of the limit lemma boils down 
to saying that, since (by Propositions 2.4.5 and 2.5.1) the set 0’ can decide 
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whether ds > t (g(n,s) Æ g(n,s + 1)) for any n and t, it can also compute 
lim, g(n, s). 


Corollary 2.6.2. For a set A, the following are equivalent. 
(i) Aa W. 
Gi) A Swe W. 


(ii) There are a computable binary function g and a computable function 
h such that, for all n, 


(a) |{s : g(n, s) Æ g(n,s + 1)}| < h(n), and 
(b) A(n) = lim, g(n, s). 


Proof. We know that (i) implies (ii). The proof that (ii) implies (iii) is 
essentially the same as that of the “if” direction of Theorem 2.6.1, together 
with the remark that if ® is a wtt-reduction then we can computably bound 
the number of times the value of 6” [s] can change as s increases. The proof 
that (iii) implies (i) is much the same as that of the “only if” direction of 
Theorem 2.6.1, except that we can now make T into a tt-reduction because 
we have to check whether (n, k} € X only for k < h(n). o 


Sets with the properties given in Corollary 2.6.2 are called w-c.e., and 
will be further discussed in Section 2.7. 

As we have seen, we often want to relativize results, definitions, and 
proofs in computability theory. The limit lemma relativizes to show that 
A <y B’ iff there is a B-computable binary function f such that A(n) = 
lims f(n,s) for all n. Combining this fact with induction, we have the 
following generalization of the limit lemma. 


Corollary 2.6.3 (Limit Lemma, Strong Form, Shoenfield [354]). Let k > 
1. For a set A, we have A <s 0“) iff there is a computable function g of 
k+ 1 variables such that A(n) = lims, lims, ...lims, g(n, $1, 82,- -, Sk) for 
all n. 


We now turn to Post’s characterization of the levels of the arithmetic 
hierarchy. Let C be a class of sets (such as a level of the arithmetic hierar- 
chy). A set A is C-complete if A € C and B <, A for all B € C. If in fact 
B<,, A for all B € C, then we say that A is C m-complete, and similarly 
for other strong reducibilities. 


Theorem 2.6.4 (Post’s Theorem [317]). Letn > 0. 


(i) A set B is U9, & B is c.e. in some X}, set & B is c.e. in some TI}, 
set. 


(ii) The set Ø™ is O° m-complete. 
(iii) A set B is X}; iff B is c.e. in 0™. 
(iv) A set B is A}; iff B <r 0™. 
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Proof. (i) First note that if B is c.e. in A then B is also c.e. in A. Thus, 
being c.e. in a X? set is the same as being c.e. in a II? set, so all we need 
to show is that B is X}; iff B is c.e. in some TIS set. 

The “only if” direction has the same proof as the corresponding part of 
Proposition 2.5.1, except that the computable relation R in that proof is 
now replaced by a I? relation R. 

For the “if” direction, let B be c.e. in some II? set A. Then, by 
Proposition 2.5.1 relativized to A, there is an e such that n € B iff 


Js Jo < A (©? (n)|s] |). (2.1) 


The property in parentheses is computable, while the property o < A is 
a combination of a I? statement (asserting that certain elements are in 
A) and a ©? statement (asserting that certain elements are not in A), and 
hence is AY, ,. So (2.1) isa £}; statement. 

(ii) We proceed by induction. By Propositions 2.4.5 and 2.5.1, @’ is X} 
m-complete. Now assume by induction that 0 is £? m-complete. Since 
+D is ce. in O™, it is U9). C be X} |4. By part (i), C is c.e. in some 
£? set, and hence it is c.e. in 0°). As in the unrelativized case, it is now 
easy to define a computable sae f such that n € C iff f(n) € 0, 
(In more detail, let e be such that C = we, and define f so that for all 
oracles X and all n and z, we have Din (a )| iff n e Wx.) 

(iii) By (i) and (ii), and the fact that i X is c.e. in Y and Y <+ Z, then 
X is also c.e. in Z. 

iv) The set B is A}; iff B and B are both 2, ,, and hence both c.e. 
in 0 by (ii). But a set and its complement are both c.e. in X iff the set 
is computable in X. Thus B is A}; iff B <> gr, o 


Note in particular that the A$ sets are exactly the @’-computable sets, 
that is, the sets that have computable approximations. 

There are many “natural” sets, such as certain index sets, that are com- 
plete for various levels of the arithmetic hierarchy. The following result 
gives a few examples. 


Theorem 2.6.5. (i) Fin={e:W. is finite} is ©} m-complete. 


(ii) Tot = {e : ®, is total} and Inf = {e : We is infinite} are both TIS 
m-complete. 


(iii) Cof = {e: We is cofinite} is £9 m-complete. 


Proof sketch. None of these are terribly difficult. We do (i) as an example. 
We know that Ø” is £9 m-complete by Post’s Theorem, and it is easy to 
check that Fin is itself X$}, so it is enough to m-reduce Ø” to Fin. Using the 
s-m-n theorem, we can define a computable function f such that for all s 
and e, we have s € Wro iff there is a t > s such that either 6” (e)ft] f or 


11 ToL (e)[t] A 0, T ot (e)ft]. Then f(e) € Fin iff 6 (e) | iff e € 0”. 
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Part (ii) is similar, and (iii) is also similar but more intricate. See Soare 
[366] for more details. o 


2.7 The difference hierarchy 


The arithmetic hierarchy gives us one way to extend the concept of com- 
putable enumerability. Another way to do so is via the difference hierarchy, 
which is defined as follows. 


Definition 2.7.1. Let n > 1. A set A is n-computably enumerable (n-c.e.) 
if there is a computable binary function f such that for all x, 


(i) f(w,0) = 9, 
(ii) A(x) = lim, f(a, s), and 
(ii) rear 1) # flee} <n. 


Thus the 1-c.e. sets are simply the c.e. sets. The 2-c.e. sets are often called 
d.c.e., which stands for “difference of c.e.” , because of the easily proved fact 
that A is 2-c.e. iff there are c.e. sets B and C such that A= B\C. 

We have seen the following definition in Section 2.6. 


Definition 2.7.2. A set A is w-c.e. if there are a computable binary 
function f and a computable unary function g such that for all x, 


(i) f(w,0) = 90, 
(ii) A(x) = lim, f(x, s), and 
(iii) Hs: f(a,s+1) 4 f(a, s)}] < g(a). 


In Corollary 2.6.2, we saw that the w-c.e. sets are exactly those that are 
(w)tt-reducible to 0’. The following fact was probably known before it was 
explicitly stated by Arslanov [14]. 


Proposition 2.7.3 (Arslanov [14]). If A is w-c.e. then there isa B=,, A 
and a computable binary function h such that for all x, 


(i) h(w,0) = 0, 
(ii) B(x) = lim, h(x, s), and 
(iii) Hs: h(a,s +1) # h(a, s)}| < z. 


Proof. Let g be as in Definition 2.7.2. Without loss of generality, we may 
assume that g is increasing. Let B = {g(x) : x € A}. Then B clearly has 
the desired properties. O 


It is possible to define the concept of a-c.e. set for all computable ordi- 
nals a, forming what is known as the Ershov hierarchy. The details of the 
definition depend on ordinal notations. We will not use this concept in any 
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significant way, so for simplicity we assume familiarity with the definition 
of a computable ordinal and Kleene’s ordinal notations. For those unfamil- 
iar with these concepts, we refer to Rogers [334] and Odifreddi [310, 311]. 
See Epstein, Haas, and Kramer [140] for more on a-c.e. sets and degrees. 


Definition 2.7.4. Let a be a computable ordinal. A set A is a-c.e. relative 
to a computable system S of notations for a if there is a partial computable 
function f such that for all x, we have A(x) = f(x,b) for the S-least 
notation b such that f(a, b) converges. 


It is not hard to check that this definition agrees with the previous ones 
for a < w, independently of the system of notations chosen. 

As in the c.e. case, we say that a degree is n-c.e. if it contains an n-c.e. 
set, and similarly for w-c.e. and a-c.e. degrees. 


2.8 Primitive recursive functions 


The class of primitive recursive functions is the smallest class of functions 
satisfying the following properties (where a 0-ary function is just a natural 
number). 


(i) The function n > n+ 1 is primitive recursive. 


(ii) For each k and m, the function (no,...,2%-1) =œ m is primitive 
recursive. 

(iii) For each k and i < k, the function (no,...,m%-1) > ni; is primitive 
recursive. 

(iv) If f and go,...,gx—-1 are primitive recursive, f is k-ary, and the g; are 


all j-ary, then 
(no, S88 ,nj—1) a f(go(no, seus pA) a , Jk—-1 (N0, Rawy nj—1)) 
is primitive recursive. 


(v) If the k-ary function g and the (k + 2)-ary function h are primitive 
recursive, then so is the function f defined by 


f(0,no,...,Nnk-1) = g(no,---,Nk-1) 
and 
f+ 1,no,...,ng-1) = h(n, fi, no, ..-,nk-1), N0,- --;,Nk-1). 


It is easy to see that every primitive recursive function is computable. 
However, it is also easy to see that the primitive recursive functions are 
total and can be effectively listed, so there are computable functions that 
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are not primitive recursive.? A famous example is Ackermann’s function 


n+1 ifm=0 
A(m,n) = ¢ A(m— 1,1) ifm>0An=0 
A(m—1,A(m,n—1)) otherwise. 


Many natural computable functions are primitive recursive, though, and 
it is sometimes useful to work with an effectively listable class of total 
computable functions, so we will use primitive recursive functions in a few 
places below. 


2.9 A note on reductions 


There are several ways to describe a reduction procedure. Formally, A <+ 
B means that there is an e such that 6? = A. In practice, though, we 
never actually build an oracle Turing machine to witness the fact that 
A Xr B, but avail ourselves of the Church-Turing Thesis to informally 
describe a reduction I such that T? = A. One such description is given 
in the proof of the < direction of Shoenfield’s Limit Lemma (Theorem 
2.6.1). This proof gives an example of a static definition of a reduction 
procedure, in that the action of T is specified by a rule, rather than being 
defined during a construction. As an example of a dynamic definition of a 
reduction procedure, we reprove the < direction of the limit lemma. 

Recall that we are given a computable binary function g such that, for 
all n, 


(i) lims g(n, s) exists and 
(ii) A(n) = lim, g(n, s). 


We wish to show that A <r 0’, by building a c.e. set B and a reduction 
TË = A. 

We simultaneously construct B and I in stages. We begin with Bo = 0. 
For each n, we leave the value of T? (n) undefined until stage n. At stage 
n, we let TP (n)[n] = g(n,n) with use y?(n)[n] = (n,0) +1. 

Furthermore, at stage s > 0 we proceed as follows for each n < s. If 
g(n, 8) = g(n,s — 1), then we change nothing. That is, we let T? (n)[s] = 
T?(n)[s — 1] with the same use y?(n)[s] = y?(n)[s — 1]. Otherwise, we 
enumerate 7(n,s — 1) — 1 into B, which allows us to redefine TË (n)[s] = 
g(n, s), with use y?(n)[s] = (n, k) + 1 for the least (n, k) ¢ B. 

It is not hard to check that TË = A, and that in fact this reduction is 
basically the same as that in the original proof of the limit lemma (if we 


3We can obtain the partial computable functions by adding to the five items above 
an unbounded search scheme. See Soare [366] for more details and further discussion of 
primitive recursive functions. 
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assume without loss of generality that g(n,n) = 0 for all n), at least as far 
as its action on oracle B goes. 

More generally, the rules for a reduction AF to a c.e. set C are as follows, 
for each input n. 


1. Initially A7 (n)[0] f. 


2. At some stage s we must define AC (n)[s] |= i for some value i, with 
some use 5°(n)[s]. By this action, we are promising that AF (n) = i 
unless C | 6°%(n)[s] 4 Cs | 8C (n)f[s]. 


3. The convention now is that 6°(n)[t] = 5°(n)[s] for t > s unless 
Ci | 6°(n)[s] A Cs | 8C (n)ft]. Should we find a stage t > s such that 
Ci 18C (n)[s] 4 Cs | 5° (n)[t], we then again have AF (n)[t] f. 


4. We now again must have a stage u > t at which we define A (n)[u] |= 
j for some value j, with some use 6C (n)[u]. We then return to step 
3, with u in place of s. 


5. If AŬ is to be total, we have to ensure that we stay at step 3 per- 
manently from some point on. That is, there must be a stage u at 
which we define AC (n)[u] and 8° (n)[u], such that C | 5°(n)[u] = 
Cu | ôC (n)[u]. One way to achieve this is to ensure that, from some 
point on, whenever we redefine 8° (n)[u], we set it to the same value. 


In some constructions, C will be given to us, but in others we will build 
it along with A. In this case, when we want to redefine the value of the 
computation A? (n) at stage s, we will often be able to do so by putting 
a number less than 5@(n)[s] into C (as we did in the limit lemma example 
above). 

There is a similar method of building a reduction AC when C is not c.e., 
but merely A$. The difference is that now we must promise that if AC (n)[s] 
is defined and there is a t > s such that Ci | 6°(n)[s] = Cs | 6% (n)[s], then 
AC(n)[t] = AC(n)|[s] and ôC (n)[t] = 5C(n)s}. 

A more formal view of a reduction is as a partial computable map from 
strings to strings obeying certain continuity conditions. In this view, a 
reduction I? = A is specified by a partial computable function f : 2<° — 
2<” such that 


1. if o < B, then f(e) < A; 
2. for allo <7, if both f(c)| and f(r) |, then f(o) x f(T); and 
3. for all T < A there is a o < B such that 7 < f(o). 


The reduction in the proof of the < direction of the limit lemma can be 
viewed in this way by letting f (o) be the longest string 7 such that, for all 
n < |r|, there is a k with o((n,k)) = 0, and T(n) = 0 iff the first such k to 
be found is even. 
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Notice that this last method implies the following interesting observation: 
A function f : 2<% — 2<” is continuous iff it is computable relative to some 
oracle. 


2.10 The finite extension method 


In this section, we introduce one of the main techniques used in classical 
degree theory. We will refine this technique in the next section to what is 
known as the finite injury priority method. 

The dynamic construction of a reduction from B to A in the limit lemma, 
discussed in the previous section, has much in common with many proofs 
in classical computability theory. We perform a construction where some 
object is built in stages. Typically, we have some overall goal that we break 
down into smaller subgoals that we argue are all met in the limit. In this 
case, the goal is to construct the reduction TË = A. We break this goal into 
the subgoals of defining T? (n) for each n, and we accomplish these subgoals 
by using the information supplied by our “opponent”, who is feeding us 
information about the universe, in this case the values g(n, s). 

As an archetype for such proofs, think of Cantor’s proof that the col- 
lection of all infinite binary sequences is uncountable. One can conceive of 
this proof as follows. Suppose we could list the infinite binary sequences 
as S = {So,Si,...}, with Se = seo5e1.... It is our goal to construct a 
binary sequence U = uou,... that is not on the list S. We think of the 
construction as a game against our opponent who must supply us with S. 
We construct u in stages, at stage t specifying only uo... uz, the initial 
segment of U of length t+1. Our list of requirements is the decomposition 
of the overall goal into subgoals of the form 


Re: U £ Se. 


There is one such requirement for each e € N. Of course, we know how to 
satisfy these requirements. At stage e, we simply ensure that ue Æ Se,e by 
setting ue = 1 — See. This action ensures that U # Se for all e; in other 
words, all the requirements are met. This fact contradicts the assumption 
that S lists all infinite binary sequences, as U is itself an infinite binary 
sequence. 

Notice that if we define a real number to be computable if it has a com- 
putable binary expansion, then the above proof can be used to show that 
there is no computable listing of all the computable reals (modulo some 
unimportant technicalities involving nonunique representations of reals). 
We will return to the topic of effective real numbers in Chapter 5. 

Clearly, the proof of the unsolvability of the halting problem can also be 
similarly recast, where this time the eth requirement asks us to invalidate 
the eth member of some supposed list of all algorithms deciding whether 


®.(e) |. 
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While later results will be more complicated than these easy examples, 
the overall structure of the above should be kept in mind: Our constructions 
will be in finite steps, where one or more objects are constructed stage by 
stage in finite pieces. These objects will be constructed to satisfy a list of 
requirements. The strategy we use will be dictated by how our opponent 
reveals the universe to us. Our overall goal is to satisfy all requirements in 
the limit. 

To finish this section, we look at a slightly more involved version of this 
technique. While we know that there are uncountably many Turing degrees, 
the only ones we have seen so far are the iterates of the halting problem. 
Rice’s Theorem 2.2.3 shows that all index sets are of degree > 0’. In 1944, 
Post [316] observed that all computably enumerable problems known at the 
time were either computable or of Turing degree 0’. He asked the following 
question. 


Question 2.10.1 (Post’s Problem). Does there exist a computably 
enumerable degree a with 0 < a < 0’? 


As we will see in the next section, Post’s Problem was finally given a 
positive answer by Friedberg [161] and Muchnik [284], using a new and 
ingenious method called the priority method. This method was an effec- 
tivization of an earlier method discovered by Kleene and Post [210]. The 
latter is called the finite extension method, and was used to prove the 
following result. 


Theorem 2.10.2 (Kleene and Post [210]). There are degrees a and b, both 
below 0’, such that a | b. In other words, there are 0’-computable sets that 
are incomparable under Turing reducibility.* 


Proof. We construct A = lim, A, and B = lim, B, in stages, to meet the 
following requirements for all e € N. 


Roe: OAS B. 
R241 : oP A A. 


Note that if A <+ B then there must be some procedure ®, with oP =A. 
Hence, if we meet all our requirements then A £r B, and similarly B £r A, 
so that A and B have incomparable Turing degrees. The fact that A, B Sr 
Ø will come from the construction and will be observed at the end. 

The argument is by finite extensions, in the sense that at each stage s we 
specify a finite portion A, of A and a finite portion B, of B. These finite 
portions A, and B, will be specified as binary strings. The key invariant 
that we need to maintain throughout the construction is that A, < A, and 


4The difference between the Kleene-Post. Theorem and the solution to Post’s Prob- 
lem is that the degrees constructed in the proof of Theorem 2.10.2 are not necessarily 
computably enumerable, but merely AS. 
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B, x B, for all stages u > s. Thus, after stage s we can only extend the 
portions of A and B that we have specified by stage s, which is a hallmark 
of the finite extension method. 


Construction. 

Stage 0. Let Ao = Bo = À (the empty string). 

Stage 2e+ 1. (Attend to R2-.) We will have specified Ag. and Bo. at stage 
2e. Pick some number 2, called a witness, with x > |Bo-|, and ask whether 
there is a string o properly extending Aze such that 62 (2) |. 

If such a ø exists, then let Ag-+1 be the length-lexicographically least 
such ø. Let B2e+1 be the string of length x + 1 extending Bəe such that 
Boeri(n) = 0 for all n with |Boe| <n < x and B2e41(£) = 1 — 2 (x). 

If no such ø exists, then let Ase+1 = A2e0 and B2e+1 = B2e0. 

Stage 2e +2. (Attend to R241.) Define Az2e+2 and B2e+2 by proceeding in 
the same way as at stage 2e + 1, but with the roles of A and B reversed. 
End of Construction. 


Verification. First note that we have Aj < A; <--- and Bo < By, <:--, 
so A and B are well-defined. 

We now prove that we meet the requirement Rn for each n; in fact, we 
show that we meet Rn at stage n +1. Suppose that n = 2e (the case where 
n is odd being completely analogous). At stage n + 1, there are two cases 
to consider. Let x be as defined at that stage. 

If there is a ø properly extending An with ®2(x) |, then our action is 
to adopt such a o as An+ı and define Bn+1 so that pirt (x) Æ Bn41 (2). 
Since A extends An+1ı and prt (x) |, it follows that A and A,,+1 agree on 
the use of this computation, and hence ®4(x) = p+, Since B extends 
Bn+1, we also have B(x) = Bn+1(x). Thus ®4(x) 4 B(x), and Rn is met. 

If there is no ø extending An with ®2(x) |, then since A is an extension 
of An, it must be the case 64(x)t, and hence Rp is again met. 

Finally we argue that A, B <+ 0’. Notice that the construction is in fact 
fully computable except for the decision as to which case we are in at a given 
stage. There we must decide whether there is a convergent computation of 
a particular kind. For instance, at stage 2e + 1 we must decide whether the 
following holds: 


Iras [r > Ase A ®2(x)[s] |]. (2.2) 
This is a ©? question, uniformly in 2, and hence can be decided by %.5 O 
The reasoning at the end of the above proof is quite common: we often 


make use of the fact that @’ can answer any A} question, and hence any 
=! or II? question. 


5 More precisely, we use the s-m-n theorem to construct a computable ternary function 
f such that for all e, ø, x, and z, we have ®f(¢\¢,2)(z) | iff (2.2) holds. Then (2.2) holds 
iff f(e,o,x) E W. 
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A key ingredient of the proof of Theorem 2.10.2 is the use principle 
(Proposition 2.4.1). In constructions of this sort, where we build objects 
to defeat certain oracle computations, a typical requirement will say some- 
thing like “the reduction T is not a witness to A <+ B.” If we have a 
converging computation T? (n)[s] 4 A(n)[s] and we “preserve the use” of 
this computation by not changing B after stage s on the use y?(n)[s] (and 
similarly preserve A(n)), then we will preserve this disagreement. But this 
use corresponds to only a finite portion of B, so we still have all the numbers 
bigger than it to meet other requirements. In the finite extension method, 
this use preservation is automatic, since once we define B(x) we never rede- 
fine it, but in other constructions we will introduce below, this may not be 
the case, because we may have occasion to redefine certain values of B. In 
that case, to ensure that TË ¥ A, we will have to structure the construction 
so that, if TË is total, then there are n and s such that T? (n)[s] 4 A(n)[s] 
and, from stage s on, we preserve both A(n) and B | y?(n)[s}. 


2.11 Post’s Problem and the finite injury priority 
method 


A more subtle technique than the finite extension method is the priority 
method. We begin by looking at the simplest incarnation of this elegant 
technique, the finite injury priority method. This method is somewhat like 
the finite extension method, but with backtracking. 

The idea behind it is the following. Suppose we must again satisfy re- 
quirements Ro, R1,..., but this time we are constrained to some sort of 
effective construction, so we are not allowed to ask questions of a noncom- 
putable oracle during the construction. As an illustration, let us reconsider 
Post’s Problem (Question 2.10.1). Post’s Problem asks us to find a c.e. 
degree strictly between 0 and 0’. It is clearly enough to construct c.e. sets 
A and B with incomparable Turing degrees. The Kleene-Post method does 
allow us to construct sets with incomparable degrees below 0’, using a W 
oracle question at each stage, but there is no reason to expect these sets to 
be computably enumerable. To make A and B c.e., we must have a com- 
putable (rather than merely 0’-computable) construction where elements go 
into the sets A and B but never leave them. As we will see, doing so requires 
giving up on satisfying our requirements in order. The key idea, discovered 
independently by Friedberg [161] and Muchnik [284], is to pursue multiple 
strategies for each requirement, in the following sense. 

In the proof of the Kleene-Post Theorem, it appears that, in satisfying 
the requirement Rze, we need to know whether or not there is a o extending 
Age such that ®2(x) |, where x is our chosen witness. Now our idea is to 
first guess that no such ø exists, which means that we do nothing for Rae 
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other than keep x out of B. If at some point we find an appropriate o, we 
then make A extend o and put x into B if necessary, as in the Kleene-Post 
construction. 

The only problem is that putting x into B may well upset the action of 
other requirements of the form R2;+1, because such a requirement might 
need B to extend some string T (for the same reason that Rze needs A to 
extend g), which may no longer be possible. If we nevertheless put x into 
B, we say that we have injured R241. Of course, R2;+1 can now choose a 
new witness and start over from scratch, but perhaps another requirement 
may injure it again later. So we need to somehow ensure that, for each 
requirement, there is a stage after which it is never injured. 

To make sure that this is the case, we put a priority ordering on our 
requirements, by stating that R; has stronger priority than R; if j < i, 
and allow Ry to injure R; only if Rj has stronger priority than Ri. Thus 
Ro is never injured. The requirement Rı may be injured by the action of 
Ro. However, once this happens Ro will never act again, so if Ry is allowed 
to start over at this point, it will succeed. This process of starting over is 
called initialization. Initializing Rı means that we restart its action with 
a new witness, chosen to be larger than any number previously seen in the 
construction, and hence larger than any number Ro cares about. This new 
incarnation of 1 is guaranteed never to be injured. It should now be clear 
that, by induction, each requirement will eventually reach a point, following 
a finite number of initializations, after which it will never be injured and 
hence will succeed in reaching its goal. 

We may think of this kind of construction as a game between a team 
of industrialists (each possibly trying to erect a factory) and a team of 
environmentalists (each possibly trying to build a park). In the end we 
want the world to be happy. In other words, we want all desired factories 
and parks to be built. However, some of the players may get distracted by 
other activities and never decide to build anything, so we cannot simply 
let one player build, then the next, and so on, because we might then get 
permanently stuck waiting for a player who never decides to build. Members 
of the two teams have their own places in the pecking order. For instance, 
industrialist 6 has stronger priority than all environmentalists except the 
first six, and therefore can build anywhere except on parks built by the 
first six environmentalists. So industrialist 6 may choose to build on land 
already demarcated by environmentalist 10, say, who would then need to 
find another place to build a park. Of course, even if this event happens, a 
higher ranked environmentalist, such as number 3, for instance, could later 
lay claim to that same land, forcing industrialist 6 to find another place 
to build a factory. Whether the highest ranked industrialist has priority 
over the highest ranked environmentalist or vice versa is irrelevant to the 
construction, so we leave that detail to each reader’s political leanings. 

For each player, there are only finitely many other players with stronger 
priority, and once all of these have finished building what they desire, the 
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given player has free pick of the remaining land (which is infinite), and can 
build on it without later being forced out. 

In general, in a finite injury priority argument, we have a list of require- 
ments in some priority ordering. There are several different ways to meet 
each individual requirement. Exactly which way will be possible to imple- 
ment depends upon information that is not initially available to us but is 
“revealed” to us during the construction. The problem is that a require- 
ment cannot wait for others to act, and hence must risk having its work 
destroyed by the actions of other requirements. We must arrange things 
so that only requirements of stronger priority can injure ones of weaker 
priority, and we can always restart the ones of weaker priority once they 
are injured. In a finite injury argument, any requirement requires attention 
only finitely often, and we argue by induction that each requirement even- 
tually gets an environment wherein it can be met. As we will later see, there 
are much more complex infinite injury arguments where one requirement 
might injure another infinitely often, but the key there is that the injury 
is somehow controlled so that it is still the case that each requirement 
eventually gets an environment wherein it can be met. Of course, imposing 
this coherence criterion on our constructions means that each requirement 
must ensure that its action does not prevent weaker requirements from find- 
ing appropriate environments (a principle known as Harrington’s “golden 
rule”). 

For a more thorough account of these beautiful techniques and their uses 
in modern computability theory, see Soare [366]. 

We now turn to the formal description of the solution to Post’s Problem 
by Friedberg and Muchnik, which was the first use of the priority method. 
In Chapter 11, we will return to Post’s Problem and explore its connections 
with the notion of Kolmogorov complexity. 


Theorem 2.11.1 (Friedberg [161], Muchnik [284]). There exist computably 
enumerable sets A and B such that A and B have incomparable Turing 
degrees. 


Proof. We build A = J, As and B = J, Bs in stages to satisfy the same 
requirements as in the proof of the Kleene-Post Theorem. That is, we make 
A and B c.e. while meeting the following requirements for all e € N. 


Roe: OA Z B. 
R241 3 oP Æ A. 


The strategy for a single requirement. We begin by looking at the 
strategy for a single requirement Rəe. We first pick a witness x to follow 
Ree. This follower is targeted for B, and, of course, we initially keep it out 
of B. We then wait for a stage s such that 64(a)[s] |= 0. If such a stage 
does not occur, then either 64(x) T or 64(x) LÆ 0. In either case, since we 
keep x out of B, we have ®4(x) 4 0 = B(x), and hence Rx is satisfied. 
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If a stage s as above occurs, then we put x into B and protect As. 
That is, we try to ensure that any number entering A from now on is 
greater than any number seen in the construction thus far, and hence in 
particular greater than y4(z)[s]. If we succeed then, by the use principle, 
4 (x) = &4(x)[s] = 0 # B(x), and hence again Rze is satisfied. We refer 
to this action of protecting A, as imposing restraint on weaker priority 
requirements. 

Note that when we take this action, we might injure a requirement R2i+1 
that is trying to preserve the use of a computation P(x’), since x may 
be below this use. As explained above, the priority mechanism will ensure 
that this can happen only if 2i+ 1 > 2e. 

We now proceed with the full construction. We will denote by A, and 
B, the sets of elements enumerated into A and B, respectively, by the end 
of stage s. 


Construction. 
Stage 0. Declare that no requirement currently has a follower. 


Stage s+ 1. Say that R; requires attention at this stage if one of the 
following holds. 


(i) Rj currently has no follower. 


(ii) R; has a follower x and, for some e, either 


(a) j = 2e and ®4(x)[s] |= 0 = B(x) or 
(b) j = 2e+1 and 68(z)[s] |= 0 = A,(z). 


Find the least j < s with R; requiring attention. (If there is none, then 
proceed to the next stage.) We suppose that j = 2e, the odd case being 
symmetric. If Ryze has no follower, then let x be a fresh large number (that 
is, one larger than all numbers seen in the construction so far) and appoint 
x as Re-’s follower. 

If Roe has a follower x, then it must be the case that ®4(x)[s] |= 0 = 
B,(x). In this case, enumerate x into B and initialize all Ry with k > 2e 
by canceling all their followers. 

In either case, we say that Ree receives attention at stage s. 

End of Construction. 


Verification. We prove by induction that, for each j, 
(i) Rj receives attention only finitely often, and 
(ii) Rj is met. 


Suppose that (i) holds for each k < j in place of j. Suppose that j = 2e 
for some e, the odd case being symmetric. Let s be the least stage such 
that for all k < j, the requirement Rk does not require attention after 
stage s. By the minimality of s, some requirement Rp with k < j received 
attention at stage s (or s = 0), and hence R; does not have a follower at 
the beginning of stage s+1. Thus, R; requires attention at stage s+1, and 
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is appointed a follower x. Since R; cannot have its follower canceled unless 
some Rg with k < j receives attention, x is R;’s permanent follower. 

It is clear by the way followers are chosen that x is never any other 
requirement’s follower, so x will not enter B unless R; acts to put it into 
B. So if Rj never requires attention after stage s+ 1, then x ¢ B, and we 
never have 64(x){t] |= 0 for t > s, which implies that either P4(x) T or 
4 (zx) |# 0. In either case, Rj is met. 

On the other hand, if R; requires attention at a stage t+1 > s+1, then 
x € Band &4(z)[t] |= 0. The only requirements that put numbers into A 
after stage t+ 1 are ones weaker than R, (i.e., requirements Rẹ for k > j). 
Each such strategy is initialized at stage t + 1, which means that, when 
it is later appointed a follower, that follower will be bigger than y4(x)[¢]. 
Thus no number less than y4 (x)|t] will ever enter A after stage t+1, which 
implies, by the use principle, that 64(x) |= 64(a)[t] = 0 4 B(x). So in 
this case also, R; is met. Since x € Bi+2 and x is R,;’s permanent follower, 
Rj never requires attention after stage t+ 1. d 


The above proof is an example of the simplest kind of finite injury ar- 
gument, what is called a bounded injury construction. That is, we can 
put a computable bound in advance on the number of times that a given 
requirement R; will be injured. In this case, the bound is 2/ — 1. 

We give another example of this kind of construction, connected with 
the important concept of lowness. It is natural to ask what can be said 
about the jump operator beyond the basic facts we have seen so far. The 
next theorem proves that the jump operator on degrees is not injective. 
Indeed, injectivity fails in the first place it can, in the sense that there are 
noncomputable sets that the jump operator cannot distinguish from @. 


Theorem 2.11.2 (Friedberg). There is a noncomputable c.e. low set. 


Proof. We construct our set A in stages. To make A noncomputable we 
need to meet the requirements 


Pe: AZ We. 
To make A low we meet the requirements 


Ne: (A% s b4(e)[s] |) => (e)l. 


To see that such requirements suffice, suppose they are met and define 
the computable binary function g by letting g(e,s) = 1 if A(e)[s] | and 
g(e, s) = 0 otherwise. Then g(e) = lims g(e, s) is well-defined, and by the 
limit lemma, A’ = {e : g(e) = 1} <_ V. 

The strategy for Pe is simple. We pick a fresh large follower x, and keep 
it out of A. If x enters We, then we put x into A. We meet Nz by an 
equally simple conservation strategy. If we see ®A(e)[s] | then we simply 
try to ensure that A | y4(e)[s] = As | y4(e)[s] by initializing all weaker 
priority requirements, which forces them to choose fresh large numbers as 
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followers. These numbers will be too big to injure the ®4(e)[s] computation 
after stage s. The priority method sorts the actions of the various strategies 
out. Since Pe picks a fresh large follower each time it is initialized, it cannot 
injure any N; for j < e. It is easy to see that any Ne can be injured at 
most e many times, and that each Pe is met, since it is initialized at most 
2° many times. oO 


Actually, the above proof constructs a noncomputable c.e. set that is 
superlow. (Recall that a set A is superlow if A’ =,, W.) 


2.12 Finite injury arguments of unbounded type 


2.12.1 The Sacks Splitting Theorem 


There are priority arguments in which the number of injuries to each re- 
quirement, while finite, is not bounded by any computable function. One 
example is the following proof of the Sacks Splitting Theorem [342]. We 
write A = Ag U A; to mean that A = Ag U A; and Ag N Ai = Ó. Turing 
incomparable c.e. sets Ap and A; such that A = Ag U A; are said to form 
a c.e. splitting of A. 


Theorem 2.12.1 (Sacks Splitting Theorem [342]). Every noncomputable 
c.e. set has a c.e. splitting. 


Proof. Let A be a noncomputable c.e. set. We build A; =, Ai,s in stages 
by a priority argument to meet the following requirements for all e € N 
and i = 0,1, while ensuring that A = Ag U A). 


Rei: Of ZA. 
These requirements suffice because if A,_; Sr A; then A Sr Ai. 

Without loss of generality, we assume that we are given an enumeration 
of A so that exactly one number enters A at each stage. We must put 
this number z € As+1 \ As into exactly one of Ap or Aj, to ensure that 
A= Ao U Aj. 

To meet Rei, we define the length of agreement function 

I(e, i, s) = max{n : Vk < n(®4‘(k)[s] = A(k)[s])} 
and an associated use function 
ule, t, s) = pê (U(e, t, s) 3 1)[s}, $ 


using the convention that use functions are monotone increasing (with 
respect to the position variable) where defined. 


6Of course, in defining this set we ignore s’s such that l(e,i,s) = 0. We will do the 
same without further comment below. Here and below, we take the maximum of the 
empty set to be 0. 
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The main idea of the proof is perhaps initially counterintuitive. Let us 
consider a single requirement Re, in isolation. At each stage s, although 
we want 64: + A, instead of trying to destroy the agreement between 
4:[s] and Afs] represented by I(e,i,s), we try to preserve it (a method 
sometimes called the Sacks preservation strategy). The way we implement 
this preservation is to put numbers entering A [ u(e,2,s) after stage s into 
A,_; and not into A;. By the use principle, since this action freezes the A; 
side of the computations involved in the definition of I(e,7,s), it ensures 
that 64: (k) = P4: (k)[s] for all k < I(e,i, s). 

Now suppose that limsup, l(e,i,s) = oo, so for each k we can find 
infinitely many stages s at which k < l(e,i,s). For each such stage, 
P4 (k) = &4:(k)[s] = A(k)[s]. Thus A(k) = A(k)[s] for any such s. So 
we can compute A(k) simply by finding such an s, which contradicts the 
noncomputability of A. Thus limsup, I(e,i,s) < oo, which clearly implies 
that Re; is met. 

In the full construction, of course, we have competing requirements, 
which we sort out by using priorities. That is, we establish a priority list of 
our requirements (for instance, saying that Re, is stronger than Re’ i iff 
(e,i) < (e’,7’)). At stage s, for the single element x, entering A at stage s, 
we find the strongest priority Re with (e,i) < s such that x, < u(e, i, s) 
and put zs into Ay_;. We say that Re, acts at stage s. (If there is no such 
requirement, then we put x, into Ao.) 

To verify that this construction works, we argue by induction that each 
requirement eventually stops acting and is met. Suppose that all require- 
ments stronger than Re, eventually stop acting, say by a stage s > (e, i). At 
any stage t > s, if a; < u(e,i,t), then 2; is put into A,;_;. The same argu- 
ment as in the one requirement case now shows that if lim sup, (e, i, s) = œ 
then A is computable, so lim sup, I(e,7, s) < oo. Our preservation strategy 
then ensures that lim sup, u(e, 7,5) < oo. Thus Re; eventually stops acting 
and is met. O 


In the above construction, injury to a requirement Re, happens whenever 
Ls < u(e, i, s) but x, is nonetheless put into A;, at the behest of a stronger 
priority requirement. How often Re, is injured depends on the lengths of 
agreement attached to stronger priority requirements, and thus cannot be 
computably bounded. 

Note that, for any noncomputable c.e. set C, we can easily add require- 
ments of the form $4: 4 C to the above construction, satisfying them in 
the same way that we did for the R.;. Thus, as shown by Sacks [342], in 
addition to making Ao |r Ai, we can also ensure that A; Žr C for i = 0,1. 

Note also that the computable enumerability of A is not crucial in the 
above argument. Indeed, a similar argument works for any set A that has 
a computable approximation, that is, any A8 set A. Such an argument 
shows that if A and C are noncomputable A$ sets, then there exist Turing 
incomparable A§ sets Ap and A; such that A = Ao U A; and A; žr C 
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for i = 0,1. Checking that the details of the proof still work in this case is 
a good exercise for those unfamiliar with priority arguments involving A$ 
sets. 


2.12.2 The Pseudo-Jump Theorem 


Another basic construction using the finite injury method was discov- 
ered by Jockusch and Shore [193]. It involves what are called pseudo-jump 
operators. 


Definition 2.12.2 (Jockusch and Shore [193]). For an index e, let the 
pseudo-jump operator Ve be defined by VA = A@ WA for all oracles A. 
We say that Vz is nontrivial if A <+ VA for all oracles A. 


e 


The jump operator is itself a nontrivial pseudo-jump operator (up to 
degree). The following pseudo-jump inversion theorem is an important tool 
in the theory of pseudo-jump operators. 


Theorem 2.12.3 (Jockusch and Shore [193]). For any nontrivial pseudo- 
jump operator V, there is a noncomputable c.e. set A with V4 =, W. 


Proof. We build A = |J, As in stages. Let k be such that V¥ = X ẹ W# 
for all X. 
To ensure that V4 <, 0’, we meet the requirements 


Na : Is (n e WAl[s]) > ne WA, 


which imply that W/ is II3. Since Wf is necessarily X9 and V4 is the 
join of wf with a c.e. set, these requirements suffice to ensure that V4 is 
AS. To satisfy Mn, we have a restraint function r(n,s), which we define as 
follows. If n € Wf[s], then r(n, s) is the use of the computation ensuring 
this fact (that is, p4 (n)[s]). Otherwise, r(n, s) = 0. 

Let y(n, s) be the least element of NI"! greater than or equal to r(m, s) 
for all m < n. We use these numbers both to make A noncomputable and 
to ensure that Ø <+ V4. We will make sure that y(n) = lim, y(n, s) exists 
for all n. 

To make A noncomputable, we meet the requirements 


Re : We £ A, 


by putting 7(2e,s) into A if we have not yet satisfied Re and y(2e,s) € 
W.[s]. 

To have W <+ V4, we ensure that, for each n, we can V4-computably 
determine a stage u such that y(n, s) = y(n, u) for all s > u, and satisfy 


Painel = As(7(2n + 1,8) € A). 


To satisfy Pn, if n enters @ at stage s, then we put 7(2n + 1, s) into A. 
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Thus the full construction proceeds as follows at stage s: For each e such 
that W.[s] O A[s] = Ø and 7(2e, s) € W.[s], put y(2e, s) into A. For each n 
entering Q’ at stage s, put y(2n + 1, s) into A. 

We put at most one number into A for the sake of a given R- or P- 
requirement. By the definition of the y function, for each n there is an s 
such that, for all t > s, no number less than r(n,t) is put into A at stage 
t. It follows that lim; r(n,t) exists, and Mn is satisfied. 

Thus y(n) = lim, y(n, s) exists for all n, and the construction ensures 
that if We N A = then q(2e) € A iff y(2e) € We, so that Re is satisfied. 

It is also clear that each P-requirement is satisfied by the construction, so 
we are left with showing that for each n, we can V4-computably determine 
a stage u such that y(n,s) = y(n,u) for all s > u. Assume by induction 
that we have determined a stage t such that y(m, s) = y(m,t) for allm <n 
and s >t. Let u > t be a stage such that for all m < n, if m € wf then 
m € WA[u}. Clearly, such a u can be found V4-computably. Let m < n. If 
m € WA then r(m,s) = r(m,u) for all s > u, since no number less than 
r(m,u) enters A during or after stage u. Now suppose that m ¢ W/A. For 
each s > u, no number less than r(m, s) enters A during or after stage s, so 
if m were in W{‘[s] then it would be in Wf, and hence m ¢ W[s]. Thus 
in this case r(m, s) = 0 for all s > u. So we see that r(m, s) = r(m,u) for 
all m < n and s > u, and hence y(n, s) = y(n, u) for all s > u. o 


Jockusch and Shore [193, 194] used the pseudo-jump machinery to estab- 
lish a number of results. One application is a finite injury proof that there is 
a high incomplete c.e. Turing degree, a result first proved using the infinite 
injury method, as we will see in Section 2.14.3. The Jockusch-Shore proof of 
the existence of a high incomplete c.e. degree in fact produces a superhigh 
degree (where a set X is superhigh if 0” <,, X’), and runs as follows. Rela- 
tivize the original Friedberg theorem that there is a noncomputable set We 
of low (or even superlow) Turing degree, to obtain an operator Ve such that 
for all Y we have that Y <+ VY and VY is (super)low over Y. Then use 
Theorem 2.12.3 to obtain a c.e. set A with VA =, 0’. Then is (super)low 
over A and A <r Q, and hence A is (super)high and incomplete. We will 
use this pseudo-jump technique again in Section 11.8. See Jockusch and 
Shore [193, 194], Downey and Shore [132], and Coles, Downey, Jockusch, 
and LaForte [73] for more on the general theory of pseudo-jump operators. 


2.13 Coding and permitting 


Coding and permitting are two basic methods for controlling the degrees of 
sets we build. Coding is a way of ensuring that a set A we build has degree 
at least that of a given set B. As the name implies, it consists of encoding 
the bits of B into A in a recoverable way. One simple way to to do this is 
to build A to equal B@C for some C, but in some cases we need to employ 
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a more elaborate coding method. We will see an example in Proposition 
2.13.1 below. 

Permitting is a way of ensuring that a set A we build has degree at most 
that of a given set B. We will describe the basic form of c.e. permitting. 
For more elaborate forms of c.e. permitting, see Soare [366]. For a thorough 
exposition of the A? permitting method, see Miller [281]. 

Let B be a noncomputable c.e. set, and suppose we are building a c.e. 
set A to satisfy certain requirements while also ensuring that A <r B. At 
a stage s in the construction, we may want to put a number n into A. But 
instead of putting n into A immediately, we wait for a stage t > s such that 
Bir Ùn Æ Bı | n. At that stage, we say that B permits us to put n into 
A. If we always wait for permissions of this kind before putting numbers 
into A, then we can compute A from B as follows. Given n, look for an 
s such that B, | n = Bf n. Then n € A iff n € A,. Of course, one has 
to worry whether a particular requirement can live with this permitting 
strategy. But suppose that we have a requirement R that provides us with 
infinitely many followers n, and will be satisfied as long as one such n enters 
A. Suppose that we never get a permission to put such an n into A. Then 
we can compute B as follows. Given m, wait for a stage s such that R 
provides us with a follower n > m. Since we are assuming we are never 
permitted to put n into A, we have B [n= Bs | n. In particular, m € B 
iff m € Bs. Since we are assuming that B is noncomputable, some follower 
must eventually be permitted to enter A, and hence R is satisfied. 

The following proof illustrates both coding and permitting. Recall that a 
coinfinite c.e. set A is simple if its complement does not contain any infinite 
c.e. set. 


Proposition 2.13.1. Every nonzero c.e. degree contains a simple set. 


Proof. Let B be a noncomputable c.e. set. We may assume that exactly 
one element x, enters B at each stage s. We build a c.e. set A =; B to 
satisfy the simplicity requirements 


Re: |We| =% > W.NAFD. 


At stage s, let aĝ < aj <--- be the elements of ‘Aj. For each e < s, if 
Wes N As = 0 and there is an n € We s with n > 3e and n > zs, then put 
n into A. Also, put a3, into A. 

The set A is clearly c.e. Each Re puts at most one number into A, and 
this number must be greater than 3e, while for each x € B, the coding of 
B puts only one number into A, and this number is at least 3x. Thus A is 
coinfinite. 

For each n, if Bs | n+1 = B |] n+1, then n < z, for allt > s, son 
cannot enter A after stage s. As explained above, it follows that A <r B. 

Given x, the set A can compute a stage s such that af € A for all i < 3x. 
Then a$, = a$, for all t > s, so x € B iff either x € Bs or aĝ, € A. Thus 
B Sr A. 
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Finally, we need to show that each Re is met. Suppose that We is infinite 
but We A = Ø. Then we can computably find 3e < no < ny < +- and 
e < so < sı < +- such that n; E€ We,s; for all 7. None of the n; are ever 
permitted by B, that is, n; < x+ for alli and t > si. So B | nj = Bs, | ni 
for all 74, and hence B is computable, contrary to hypothesis. Thus each 
requirement is met, and hence A is simple. o 


2.14 The infinite injury priority method 


In this section, we introduce the infinite injury priority method. We begin 
by discussing the concept of priority trees, then give a few examples of 
constructions involving such trees. See Soare [366] for further examples. 


2.14.1 Priority trees and guessing 


The Friedberg-Muchnik construction used to prove Theorem 2.11.1 can be 
viewed another way. Instead of having a single strategy for each require- 
ment, which is restarted every time a stronger priority requirement acts, 
we can attach multiple versions of each requirement to a priority tree, in 
this case the full binary tree 2<%. 

Recall that the relevant requirements are the following. 


Roe: B4 A B. 
R241 oP x A. 


Attached to each node ø is a “version” Ro of Rio: We call such a version 
a strategy for Rjoj, and refer to ø itself as a guess, for reasons that will 
soon become clear. Thus there are 2° separate strategies for Re. 

Each strategy Ro has two outcomes, 0 and 1. The outcome 1 indicates 
that Rs appoints a follower but never enumerates this follower into its 
target set. The outcome 0 indicates that R, actually enumerates its follower 
into its target set. At a stage s, we have a guess as to which outcome is 
correct, depending on whether or not Ro has enumerated its follower into 
its target set. If this guess is ever 0, then we immediately know that 0 is 
indeed the correct outcome, so we regard the 0 outcome as being stronger 
than the 1 outcome. We order our guesses lexicographically, and hence if o 
is to the left of 7, then we think of ø as being stronger than 7. 

Figure 2.1 shows the above setup. For comparison, it also shows the 
setup for the Minimal Pair Theorem, which will be discussed in the next 
subsection. 

Here is how this mechanism is used. Consider R . We have two strategies 
for this requirement. One, which in this paragraph we write as Ryo) rather 
than Ro to avoid confusion with Ro, is below the 0 outcome of R) and 
the other, Ri), is below the 1 outcome of Ry. We think of these versions 


2.14. The infinite injury priority method 45 


For the Friedberg-Muchnik Theorem 


For the Minimal Pair Theorem 


Figure 2.1. The assignment of priorities and outcomes 


as guessing that R)’s outcome is 0 and 1, respectively. The strategy Ry1) 
believes that R) will appoint a follower, but will never enumerate it into 
its target set. Thus its action is simply to act immediately after its guess 
appears correct, that is, once Ry appoints its follower. At this point, Ry) 
can appoint its own follower, and proceed to act as Rı would have acted in 
the original proof of the Friedberg-Muchnik Theorem. Its belief may turn 
out to be false (i.e., Rà may enumerate its follower into its target set), 
in which case its action may be negated, but in that case we do not care 
about R,1). Indeed, in general, we only care about strategies whose guesses 
about the outcomes of strategies above them in the tree are correct. So we 
have the “back-up” strategy Rio), which believes that Ry will enumerate 
its follower into its target set. This strategy will act only once its guess 
appears correct, i.e., after R) enumerates its follower into its target set. 
Then and only then does this strategy wake up and appoint its follower. 
The above is extended inductively on the tree of strategies in a natural 
way. For instance, for o = 0110, there is a strategy Ro for R4, which guesses 
that Ry and Ro i; do not enumerate their followers, but Rp and Ro; do. 
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This strategy waits for R) and Ro, to appoint followers, and for Ro and 
Ro, to both appoint followers and then enumerate them. Once all of these 
conditions are met, it appoints its own follower and proceeds to act as R4 
would have acted in the original proof of the Friedberg-Muchnik Theorem. 

More precisely, at stage s, we have a guess gs of length s, which is defined 
inductively. Only those strategies R, with T < a, get to act at stage s. We 
say that such 7 are visited at stage s. Suppose we have defined gs | n. Let 
T = 0, | n. Then we allow R+» to act as follows. Let us suppose that n = 2e, 
the odd case being symmetric. If R- has previously put a number into B, 
then it does nothing. In this case, if n < s then o(n) = 0. Otherwise, R, 
acts in one of three ways. 


1. If R, does not currently have a follower, then it appoints a follower 
x, greater than any number seen in the construction so far. In this 
case, if n < s then s(n) = 1. 


2. Otherwise, if 64(x,)[s] |= 0 = B,(a,), then R, enumerates x, into 
B. In this case, if n < s then o,(n) = 0. 


3. Otherwise, R, does nothing. In this case, if n < s then o,(n) = 1. 


The strategy Ra has a true outcome i, which is 0 if it eventually enu- 
merates its witness into B, and 1 otherwise. Similarly, R; has a true 
outcome. The true path TP of the construction is the unique path such 
that TP(n) is the true outcome of Rrpin. Note that, in the above con- 
struction, TP(n) = lim, o;(n), but with an eye to more complicated tree 
constructions, we in general define the true path of such a construction as 
the leftmost path visited infinitely often (that is, the path extending those 
guesses T such that r is the leftmost guess of length |r| that is visited in- 
finitely often). The idea behind this definition is that the strategies on the 
true path are the ones that actually succeed in meeting their respective 
requirements. 

In the construction described above, it is easy to verify that this is indeed 
the case. Let r € TP. Again, let us assume that |r| = 2e, the odd case 
being symmetric. At the first stage s at which 7 is visited, a follower x, 
is appointed. Since followers are always chosen to be fresh large numbers, 
zx, will not be enumerated into B by any strategy other than R+. So if 
@4(x,) T or P(x) |= 1, then Rj),) is met. Otherwise, there is a stage 
t > s such that ®4(x,)[t] |= 0 = B(x) and 7 is visited at stage t. Then 
R, enumerates x, into B. 

Nodes to the right of 70 will never again be visited, so the corresponding 
strategies will never again act. Nodes to the left of 7 are never visited at 
all, so the corresponding strategies never act. Nodes extending 70 will not 
have been visited before stage t, so the corresponding strategies will pick 
followers greater than y4(a,)[#]. If n < |r| then there are two possibilities. 
If r(n) = 1 then 1 is the true outcome of R;;n, and hence that strategy 
never enumerates its witness. If T(n) = 0 then R,;, must have already 
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enumerated its witness by stage s, since otherwise 7 would not have been 
visited at that stage. In either case, we see that strategies corresponding 
to nodes extended by 7 do not enumerate numbers during or after stage t. 

The upshot of the analysis in the previous paragraph is that no strategy 
enumerates a number less than y4(x,)|{t] into A during or after stage t, so 
by the use principle, 64(x,) |= 0 # B(x,), and hence R, is met. 

It is natural to wonder why we should introduce all this machinery. For 
the Friedberg-Muchnik Theorem itself, as well as for most finite injury ar- 
guments, the payoff in new insight provided by this reorganization of the 
construction does not really balance the additional notational and concep- 
tual burden. However, the above concepts were developed in the past few 
decades to make infinite injury arguments comprehensible. 

The key difference between finite injury and infinite injury arguments is 
the following. In an infinite injury argument, the action of a given require- 
ments R may be infinitary. Obviously, we cannot simply restart weaker 
priority requirements every time R acts. Instead, we can have multiple 
strategies for weaker priority requirements, depending on whether or not 
R acts infinitely often. Thus, in a basic setup of this sort, the left outcome 
of R, representing the guess that R acts infinitely often, is visited each 
time R acts. 

In the Friedberg-Muchnik argument, the approximation to the true path 
moves only to the left as time goes on, since the guessed outcome of a 
strategy can change from 1 to 0, but never the other way. Thus, the true 
path is computable in 0’. In infinite injury arguments, the approximation 
to the true path can move both left and right. Assuming that the tree is 
finitely branching, this possibility means that, in general, the true path is 
computable only in Ø”. It clearly is computable in Ø” because, letting TP. 
be the unique string of length s visited at stage s, 


o < TP iff 3®s (o < TP.) A I<%®s (TP; <iex 0). 


In the following sections, we will give examples of infinite injury priority 
tree constructions to illustrate the application of this mechanism. 


2.14.2 The minimal pair method 


Our first example of infinite injury argument is the construction of a min- 
imal pair of c.e. degrees. A pair of noncomputable degrees a and b is a 
minimal pair if the only degree below both a and b is 0. 


Theorem 2.14.1 (Lachlan [231], Yates [408]). There is a minimal pair of 
c.e. degrees. 


Proof. We build noncomputable c.e. sets A and B such that every set 
computable in both A and B is computable. We construct A and B in 
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stages to satisfy the following requirements for each e. 
Re: A x We. 
Qe: B + We. 
Ne : 64 = 68 total > Pí computable.” 


We arrange these requirements in a priority list as in previous constructions. 

We meet the R- and Q-requirements by a Friedberg-Muchnik type strat- 
egy. For instance, to satisfy Re, we pick a follower x, targeted for A, and 
wait until x enters We. If this event never happens, then z € AM We, so 
Re is met. If x does enter We, then we put x into A, thus again meeting 
Re. 

The N-requirements are trickier to meet. We first discuss how to meet 
a single Ne in isolation, and then look at the coherence problems between 
the various requirements and the solution to these provided by the use of 
a tree of strategies. 

We follow standard conventions, in particular assuming that all uses at 
stage s are bounded by s. As in the proof of the Sacks Splitting Theorem 
2.12.1, we have a length of agreement function 


l(e, s) = max{n : Vk < n(®2(k)[s] |= 62 (k)[s] 1)} 
and an associated use function 
u(e,s) = max{pe(I(e,t) — Dit], v2 (Ue, t) — 1ft] : t< s}, 


using the convention that use functions are monotone increasing where 
defined. We now also have a maximum length of agreement function 


m(e, s) = max{l (e,t): t < s}, 


which can be thought of as a high water mark for the length of agreements 
seen so far. We say that a stage s is e-expansionary if l(e,s) > m(e,s—1), 
that is, if the current length of agreement surpasses the previous high water 
mark. 

The key idea for meeting Ne is the following. Suppose that n < I(e, s), 
so that ®4A(n)[s] |= Ë (n)[s] |. Now suppose that we allow numbers to 
enter A at will, but “freeze” the computation ®?(n)[s] by not allowing 


“Clearly, meeting the R- and Q-requirements is enough to ensure that A and B 
are noncomputable. As for the A’-requirements, it might seem at first glance that we 
need stronger requirements, of the form oA = $F total > oA computable. However, 
suppose that we are able to meet the V-requirements. Then we cannot have A = B, since 
the N-requirements would then force A and B to be computable. So there is an n such 
that A(n) 4 B(n). Let us assume without loss of generality that n € B. If f <r A,B 
then there are i and j such that oA = oP = f. But also, there is an e such that, for 
all oracles X, we have 6X = ox ifn ¢ X and 6X = ox ifn € X. For this e, we have 
oA = Ë = f. So if such an f is total, then Me ensures that it is computable. This 
argument is known as Posner’s trick. It is, of course, merely a notational convenience. 
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By 


Figure 2.2. The Me strategy 


any number to enter B below y? (n)[s] until the next e-expansionary stage 
t > s. At this stage t, we again have 64(n)[t] |= #2 (n)ft] |. But we also 
have ®?(n)|t] = #2 (n)[s], by the use principle. Now suppose that we start 
allowing numbers to enter B at will, but freeze the computation ®4(n)[t] 
by not allowing any number to enter A below y4(n)[t] until the next e- 
expansionary stage u > t. Then again 64(n)[u] |= ©? (n)[u] |, but also 
DA(n)[ul = OA(n)[e] = P(n] = BEms] = GA(n)|[s]. (Note that we 
are not saying that these computations are the same, only that they have 
the same value. It may well be that y4(n)[u] > g4(n)[s], for example.) So 
if we keep to this strategy, alternately freezing the A-side and the B-side 
of our agreeing computations, then we ensure that, if 64 = 67 is total 
(which implies that there are infinitely many e-expansionary stages), then 
(n) = 64(n)[s]. Thus, if we follow this strategy for all n, then we can 
compute ®4, and hence Me is met. Figure 2.2 illustrates this idea. 
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In summary, the strategy for meeting Ne is to wait until an e- 
expansionary stage s, then impose a restraint u(e,s) on A, then wait until 
the next e-expansionary stage t, lift the restraint on A, and impose a re- 
straint u(e,t) on B, and then continue in this way, alternating which set is 
restrained at each new e-expansionary stage. Note that there is an impor- 
tant difference between this strategy and the one employed in the proof of 
the Sacks Splitting Theorem. There we argued that the length of agreement 
associated with a given requirement could not go to infinity. Here, however, 
it may well be the case that lim, l(e, s) = œo, and hence lim, u(e, s) = co. 
Thus, the restraints imposed by the strategy for Ne may tend to infinity. 

How do the R- and Q-requirements of weaker priority deal with this 
possibility? Consider a requirement R; weaker than Me. We have two 
strategies for Ri. One strategy guesses that there are only finitely many 
e-expansionary stages. This strategy picks a fresh large follower. Each time 
a new e-expansionary stage occurs, the strategy is initialized, which means 
that it must pick a new fresh large follower. Otherwise, the strategy acts 
exactly as described above. That is, it waits until its current follower x 
enters W;, if ever, then puts x into A. 

The other strategy for R; guesses that there are infinitely many e- 

expansionary stages. It picks a follower x. If x enters W; at stage s, then 
it wants to put x into A, but it may be restrained from doing so by the 
strategy for Me. However, if its guess is correct then there will be an e- 
expansionary stage t > s at which the restraint on A is dropped. At that 
stage, x can be put into A. 
Coherence. When we consider multiple N-requirements, we run into a 
problem. Consider two requirements Me and N;, with the first having 
stronger priority. Let sọ < sı < --- be the e-expansionary stages and 
to < tı < --- be the ¢-expansionary stages. During the interval [so, s1), 
weaker strategies are prevented from putting certain numbers into A by 
Ne. At stage s1, this restraint is lifted, but if to < sı < tı, then at stage 
sı it will be M; that prevents weaker strategies from putting certain num- 
bers into A. When N; drops that restraint at stage t1, we may have a new 
restraint on A imposed by Ne (if say s2 < tı < s3). Thus, although indi- 
vidually Me and M; each provide infinitely many stages at which they allow 
weaker strategies to put numbers into A, the two strategies together may 
conspire to block weaker strategies from ever putting numbers into A. 

This problem is overcome by having two strategies for M;. The one guess- 
ing that there are only finitely many e-expansionary stages has no problems. 
The one guessing that there are infinitely many e-expansionary stages acts 
only at such stages, and in particular calculates its expansionary stages 
based only on such stages, which forces its expansionary stages to be nested 
within the e-expansionary stages. Thus the actions of Me and N; are forced 
to cohere. 

We now turn to the formal details of the construction. These details may 
at first appear somewhat mysterious, in that it may be unclear how they ac- 
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tually implement the strategies described above. However, the verification 
section should clarify things. 


The Priority Tree. We use the tree T = {00, f}<”. (Of course, this tree 
is the same as 2<”, but renaming the nodes should help in understanding 
the construction.) To each o € T, we assign strategies No, Ro, and Qo 
for Mop Rjop and Q),), respectively. (It is only the M-requirements that 
really need to be on the tree, since only they have outcomes we care about, 
but this assignment is notationally convenient.) Again we use lexicographic 
ordering, with oo to the left of f. 


Definition 2.14.2. We define the notions of o-stage, m(o,s), and 
a-expansionary stage by induction on |o]. 


(i) Every stage is a A-stage. 
(ii) Suppose that s is a T-stage. Let e = |r|. Let 
m(r, 8) = max{l(e,t) : t < s is a T-stage}. 


If l(e, s) > m(7, s) then we say that s is 7-expansionary and declare 
s to be a T~co-stage. Otherwise, we declare s to be a T^ f-stage. 


Let TP, be the unique ø of length s such that s is a o-stage. 


Definition 2.14.3. We say that Ro requires attention at a o-stage s > |o| 
if Wioj,s N As = 0 and one of the following holds. 


(i) Ro currently has no follower. 
(ii) Ro has a follower x € Wjol,s- 
The definition of Qo requiring attention is analogous. 


Construction. At stage s, proceed as follows. 

Step 1. Compute TP,. Initialize all strategies attached to nodes to the 
right of TP.. For the R- and Q-strategies, this initialization means that 
their followers are canceled. 

Step 2. Find the strongest priority R- or Q-requirement that has a strategy 
requiring attention at stage s. Let us suppose that this requirement is Re 
(the Q-requirement case being analogous), and that R, is the corresponding 
strategy requiring attention at stage s. (Note that s must be a o-stage.) 
We say that Ro acts at stage s. Initialize all strategies attached to nodes 
properly extending o. If Rọ does not currently have a follower, appoint a 
fresh large follower for Ro. Otherwise, enumerate R,’s follower into A. 
End of Construction. 


Verification. Let the true path TP be the leftmost path of T visited 
infinitely often. In other words, let TP be the unique path of T such that 


o < TP iff 3”®s (o ~TP,) A I<%®s (TPs <tex 0). 


We write 7 < TP to mean that 7 is either on or to the left of the true path. 
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Lemma 2.14.4. Each R- and Q-requirement is met. 


Proof. Consider Re (the Q-requirement case being analogous). Let o = 
TP | e. Assume by induction that the strategies attached to proper prefixes 
of o act only finitely often, and let s be the least stage such that 


1. no strategy attached to a proper prefix of o acts after stage s and 
2. TP; is not to the left of ø for all t > s. 


By the minimality of s, it must be the case that R, is initialized at stage 
s. Thus, at the next o-stage t > s, it will be assigned a follower x. Since 
Ros cannot be initialized after stage t, this follower is permanent. By the 
way followers are chosen, x will not be put into A unless x enters We. If 
x enters We at stage u > t, then at the first o-stage v > u, the strategy 
Ro will act, and x will enter A. In any case, Rọ succeeds in meeting Re. 
Note that R, acts at most twice after stage s, and hence the induction can 
continue. O 


Lemma 2.14.5. Each N -requirement is met. 


Proof. Consider Ne. Let o = TP | e. If of < TP then there are only 
finitely many e-expansionary stages, so ®e(A) # ®e(B), and hence Ne is 
met. 

So suppose that a~oo < TP and that oa is total. We will show that 4 
is computable. Let s be the least stage such that 


1. no strategy attached to a prefix of o (including o itself) acts after 
stage s and 


2. TP; is not to the left of ø for all t > s. 


To compute ®4(n), find the least o~oo-stage to > s such that I(e,s) > n. 
We claim that 64(n) = &A(n) [to]. 

Let to < ti < --- be the o~oo-stages greater than or equal to to. 
Each such stage is e-expansionary, so we have ®4(n)[t;] = ®3(n)[t;] for 
all i. We claim that, for each i, we have either ®A(n)[tj41] = &4(n)[ti] 
or 6? (n)[ti41] = ®F(n)[t,]. Assuming this claim, it follows easily that 
4(n) [to] = ®A(n)[ti] = ---, which implies that P4(n) = P4(n)fto]. 

To establish the claim, fix i. At stage t;, we initialize all strategies to the 
right of ooo. Thus, any follower of such a strategy appointed after stage 
ti must be larger than any number seen in the construction by stage ti, 
and in particular larger than yA(n)[t;] and y?(n)[t;]. By the choice of s, 
strategies above or to the left of ø do not act after stage s. Thus, the only 
strategies that can put numbers less than y4(n)[t;] into A or numbers less 
than yË (n)[t;] into B between stages t; and ti+ı are the ones associated 
with extensions of o~oo. But such a strategy cannot act except at a a~oo- 
stage, and at each stage at most one strategy gets to act. Thus, at most one 
strategy associated with an extension of o~oo can act between stages t; 
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and t;41, and hence only one of A | y4(n){ti] and B | pë (n)[t;] can change 
between stages t; and t;41. So either A | yA(n)[tisi1] = A T pA(n)[ti] or 
B } P (n)[tizi] = B | y2 (n)[ti], which implies that either ®4(n)[ti41] = 
4(n){ti] or PP (n)fti+1] = &?(n)[t;]. As mentioned above, it follows that 
@A(n) = OA(n)[to]. o 


These two lemmas show that all requirements are met, which concludes 
the proof of the theorem. o 


Giving a full proof of the following result is a good exercise for those 
unfamiliar with the methodology above. 


Theorem 2.14.6 (Ambos-Spies [5], Downey and Welch [135]). There is a 
noncomputable c.e. set A such that if CU D = A is a c.e. splitting of A, 
then the degrees of C and D form a minimal pair. 


Proof sketch. The proof is similar to that of Theorem 2.14.1, using the 
length of agreement function 


l(i, j,k, m, 8) = max{a : Vy < z [8;" (y)[s] |= OF" (y)[s] | 
A Yz < pi” (y)[s],07°" ()[5] (Wels] t zO Win[s] |z 


Í 
m 
x 
ep 


2.14.3 High computably enumerable degrees 


Another example of an infinite injury argument is the construction of an 
incomplete high c.e. degree. Recall that a c.e. degree a is high if a’ = 0”. 
We begin with a few definitions. Recall that Al‘! denotes the eth column 
{(e,n) : (e,n) € A} of A. 


Definition 2.14.7. A set A is piecewise trivial if for all e, the set All is 
either finite or equal to NI, 

A subset B of A is thick if for all e we have All =* Bll (i.e., the 
symmetric difference of All and Bl? is finite). 


Lemma 2.14.8. (i) There is a piecewise trivial c.e. set A such that All 
is infinite iff ®. is total. 


(ii) If B is a thick subset of such a set A, then B is high. 


Proof. (i) Let A = {(e,n):e € N A Vk < n®.(k) |}. Then A is c.e., and 
clearly Al] is infinite iff Ale] = NI" iff 6, is total. 

(ii) Define a reduction T by letting [*(e,s) = 1 if (e,s) € X and 
T'*(e,s) = 0 otherwise. If ®, is total then All = NI, so Bll is coinfi- 
nite, which implies that lim, T? (e, s) = 1. On the other hand, if ®e is not 
total then Al% is finite, so Bll is finite, which implies that lim, I? (e, s) = 0. 
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Thus, the function f defined by f(e) = lim, IP (e, s) is total. By the rela- 
tivized form of the limit lemma, f <+ B’. So B’ can decide whether a given 
®, is total or not. By Theorem 2.6.5, 0” <+ B’. o 


Thus, to construct an incomplete high c.e. degree, it suffices to prove the 
following result, which is a weak form of the Thickness Lemma discussed 
in the next section. 


Theorem 2.14.9 (Shoenfield [355]). Let C be a noncomputable c.e. set, 
and let A be a piecewise trivial c.e. set. Then there is a c.e. thick subset B 
of A such that C £= B. 


Proof. We construct B C A to meet the following requirements for all e. 
Re: |A! \ BEl| < oœ. 
N.: OF £C. 


We give the intuition and formal details of the construction, and sketch out 
its verification, leaving some details to the reader. 

To meet Re, we must make sure that almost all of the eth column of A 
gets into B. To meet Ne, we use the strategy already employed in the proof 
of the Sacks Splitting Theorem 2.12.1. That is, we measure the length of 
agreement 


I(e,s) = max{n : Vk < n (P (k)[s] = C.(k))}, 


with the idea of preserving Bs on the use Y? (n)[s] for all n < I(e, s). 

The problem comes from the interaction of this preservation strategy 
with the strategies for stronger priority 7-requirements, since these may 
be infinitary. It might be the case that we infinitely often try to preserve an 
agreeing computation ®?(n)[s] = C,(n), only to have some (i, x} enter A 
with i < e and (i, £) < y?(n)[s]. Since we must put almost every such pair 
into B to meet Rj, our strategy for meeting Me might be injured infinitely 
often. 

On the other hand, we do know that R; can do only one of two things. 
Either All is finite, and hence R; stops injuring Me after some time, or 
almost all of All is put into B. In the latter case, the numbers put into 
B for the sake of R; form a computable set (since A is piecewise trivial). 
It is easy to adapt the strategy for Ne to deal with this case. Let S be 
the computable set of numbers put into B for the sake of R;. We can 
then proceed with the Sacks preservation strategy, except that we do not 
believe a computation ®?(k)[s] unless B, already contains every element 
of S | yP (k)[s]. This modification prevents the action taken for R; from 
ever injuring the strategy for meeting Ne. 

Of course, we do not know which of the two possibilities for the action of 
R; actually happens, so, as before, we will have multiple strategies for Ne, 
representing guesses as to whether or not Al! is finite. There are several 
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ways to organize this argument as a priority tree construction. We give 
the details of one such construction. 

The N-strategies do not have interesting outcomes, so we use the same 
tree T = {œ, f}<” as in the proof of the Minimal Pair Theorem 2.14.1, 
with the same lexicographic ordering as before (i.e., the ordering induced 
by regarding oo as being to the left of f). To each o € T of length e we 
associate strategies Rọ and No for meeting Re and Ne, respectively. 


Definition 2.14.10. We define the notions of o-stage, o-believable compu- 
tation, o-restraint r(o,s), o-expansionary stage, and o-length of agreement 
I(a, 8) by induction on |o| and s as follows. 

Every stage is a A-stage, and r(c,0) = 0 for all ø. As usual, if we do not 
explicitly define r(o, s) at stage s, then r(a,s) = r(o,s — 1). 

Suppose that s > 0 is a o-stage, and let e = |o|. A computation 
62 (k)[s] = C.(k) is o-believable if for all Too =< o and all z, if 
r(T,s) < (|r|, £) < p8 (k)[s], then (|r|, £} € Bs. Let 


I(o, s) = max{n : Yk < n (ÐP (k)[s] = Cs(k) 
via a o-believable computation) }. 
Say that s is o-expansionary if l(a, s) > max{I(o,t) : t < s}. Let 
r(a,s) = max({r(7, 8) : T <tex o} U {p8 (k)[s] : k < Lo, s)}). 


Let t be the last o-stage before s, or 0 if there have been no such stages. If 
|All > | Ale) then s is a o~co-stage. Otherwise, s is a o^ f-stage. 


Construction. The construction is now rather simple. At stage s, let o, 
be the unique string of length s such that s is a o,-stage. For each e < s 
and each (e,z) € A, that is not yet in Bs, if (e, x} > r(os | i, s) then put 
(e, x) into B. 

End of Construction. 

We now sketch the verification that this construction succeeds in meeting 
all requirements. As usual, the true path TP of the construction is the 
leftmost path visited infinitely often. 

Let o € TP, let e = |o|, and assume by induction that lim; r(r,t) is 
well-defined for all T < ø. Let s be a stage such that 


1. r(7,t) has reached a limit r(T) by stage s for every T < Ø, 

2. the construction never moves to the left of o after stage s, 

3. B r(7) = Bs | r(r) for every T < ø, and 

81t is often the case in an infinite injury construction that we have substantive choices 
in defining the priority tree. In particular, some authors prefer to encode as much in- 
formation as possible about the behavior of a strategy into its outcomes, while others 


prefer to encode only the information that weaker strategies need to have. It is worth 
keeping this fact in mind when reading such constructions. 
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4, BË = Bl for all i < e such that o(é) = f. 


Note that item 4 makes sense because if o € TP and o(i) = f, then there 
is a 7 of length i such that T^f € TP, which means that Al is finite, and 
hence so is BË. 

It is now not hard to argue, as in the proof of the Sacks Splitting The- 
orem, that if t > s is a o-stage and n < I(o,t), then the computation 
P (n)[s] is preserved forever. (The key fact is that this computation is 
o-believable, and hence cannot be injured by stronger priority strategies.) 
Again as in the proof of the Sacks Splitting Theorem, it must be the case 
that lim; /(o,¢) exists, and hence Me is met. 

It is also not hard to argue now that r(o) = lim; r(g, t) is well-defined. Let 
u be a stage by which this limit has been reached. Then every (e, x) > r(c) 
that enters A after stage u is eventually put into B, and hence Re is 
met. oO 


A good exercise for those new to the techniques presented in this section 
is to combine the constructions of this subsection and the previous one to 
build a minimal pair of high c.e. degrees. 


2.14.4 The Thickness Lemma 


Theorem 2.14.9 is only a weak form of the real Thickness Lemma of 
Shoenfield [355]. To state the full version, we need a new definition. 


Definition 2.14.11. A set A is piecewise computable if Al] is computable 
for each e. 


Theorem 2.14.12 (Thickness Lemma, Shoenfield [355]). Let C be a non- 
computable c.e. set, and let A be a piecewise computable c.e. set. Then there 
is a c.e. thick subset B of A such that C £r B. 


Proof Sketch. We briefly sketch how to modify the proof of Theorem 2.14.9. 
Recall that in that result, we assumed that A was piecewise trivial. Now 
we have the weaker assumption that A is piecewise computable, that is, 
every column of A is computable. Thus, for each e, there is a c.e. set 
Woe) E Niel such that W, (ec) is the complement of All in NI? (meaning 
that Woe) u Alel = Niel). 

The key to how we used the piecewise triviality of A in Theorem 2.14.9 
was in the definition of o-believable computation. Recall that for ø with 
e = |o|, we said that a computation ®?(k)[s] = C,(k) at a o-stage s was 
o-believable if for all T~oo x ø and all z, if r(7,s) < (|r|, £) < p? (k)[s], 
then (|7|,2) € Bs. This definition relied on the fact that, if T~co € TP, 
then every (|r|, x} > r(7,s) was eventually put into B. The corresponding 
fact here is that every (|7|,2) > r(7,s) that is not in W,(\,|) is eventually 
put into B. 
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So in order to adjust the definition of o-believable computation, for each 
T < g, we need to know an index j such that W; = W,(\,|). Since we cannot 
compute such a j from |r|, we must guess it along the tree of strategies. 
That is, for each 7, instead of the outcomes oo and f, we now have an 
outcome j for each j € N, representing a guess that W; = Wq). The 
outcome j is taken to be correct at a stage s if j is the least number for 
which we see the length of agreement between NI! and Al U W; increase 
at stage s. 

Now a computation ®?(k)[s] = C,(k) at a o-stage s is o-believable if for 
all Tj x o and all z, if r(r, s) < (|T|, £} < p? (k)[s], then (|T|, £} € BsUW;. 
The rest of the construction is essentially the same as before. One important 
point is that, because the tree of strategies is now infinitely branching, the 
existence of the true path is no longer automatically guaranteed. However, 
if 7 is visited infinitely often then 7~j is visited infinitely often for the 
least j such that W; = Wq]; from which it follows that TP is well- 
defined. There are infinite injury constructions in which showing that TP 
is well-defined requires a careful proof. O 


We make some remarks for those who, like the senior author, were 
brought up with the “old” techniques using the “hat trick” and the “win- 
dow lemma” of Soare [366]. It is rather ironic that the very first result that 
used the infinite injury method in its proof was the Thickness Lemma, 
since, like the Density Theorem of the next section, it has a proof not us- 
ing priority trees that is combinatorially much easier to present. In a sense, 
this fact shows an inherent shortcoming of the tree technique in that often 
more information needs to be represented on the tree than is absolutely 
necessary for the proof of the theorem. To demonstrate this point, and 
since it is somewhat instructive, we now sketch the original proof of the 
Thickness Lemma. i 

We have the same requirements, but we define ®?(n)[s] to be 6? (n)[s] 
unless some number less than y?(n)[s] enters B at stage s, in which case 
we declare that 6? (n)[s] T. This is called the hat convention. Using this 
convention, we can generate the hatted length of agreement Te, s) with f 
in place of ®, and so forth. Finally, we define the restraint function 


F(e, s) = max{ 8P (n)[s] : n < Ie, s)}. 


The construction is to put (e, x} € As into B at stage s if it is not yet 
there and (e, x} > max{F(j,s): j < e}. 

To verify that this construction succeeds in meeting all our requirements, 
it is enough to show that, for each e, the injury set 


Fes = {a : du Ka <Fle,v) Ax € Bai \ By)} 


is computable, Ble] =* Alel, and Me is met, all by simultaneous induction, 
the key idea being the “window lemma”, which states that the liminf of 
the restraint R(e,s) = max{7r(j,s) : j < e} is finite. The key point is 
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that to verify these facts we do not actually need to know during the 
construction what the complement of Al‘! is. This knowledge is used only 
in the verification. See Soare [366, Theorem VIII.1.1] for more details. 

There is a strong form of the Thickness Lemma that is implicit in the 
work of Lachlan, Robinson, Shoenfield, Sacks, Soare, and others. We write 
Al<el for Uce All. 


Theorem 2.14.13 (Strong Thickness Lemma, see Soare [366]). Let C be 
such that 0 <+ C < 0’ and let A be c.e. There is a c.e. set B C A such that 
B <x A and for alle, if C £r Al<¢l then for all j < e we have C # oP and 
Bul =* All, Tt follows that if C oe Al<¢l for all e then C £r Band B isa 


thick subset of A. Furthermore, an index for B can be obtained uniformly 
from indices for A and C. 


Theorem 2.14.13 can be proved with much the same methods as those 
used to prove the Thickness Lemma. Soare [366] showed that many results 
of classical computability theory can be obtained from the Strong Thickness 
Lemma. Here is an example. 


Corollary 2.14.14 (Sacks [342]). Let ag < aı < --- be an infinite ascend- 
ing sequence of uniformly c.e. degrees. Then there is an incomplete c.e. 
degree b such that ag < ay < +--+ < b. Thus 0’ is not a minimal upper 
bound for any such sequence of degrees. 


Proof. Let h be a computable function such that a; = deg(Wp,;)) for all i. 
Let A = {(i,n) : n E€ Wna}. Let C = 0’ and apply the Strong Thickness 
Lemma to get a c.e. set B C A such that C r B and Bl! =* Al (which 
implies that deg( Bl!) = a;) for all i. Let b = deg(B). oO 


2.15 The Density Theorem 


One of the classic applications of the infinite injury method is to extend the 
Friedberg-Muchnik Theorem to show that not only are there intermediate 
c.e. degrees, but in fact the c.e. degrees form a dense partial ordering. It 
is possible to give a short and elegant proof of this result without using 
priority trees (see [366]), but it is quite hard to understand how that proof 
works. Therefore, in this section we give a proof using trees. 


Theorem 2.15.1 (Sacks Density Theorem [344]). For any c.e. sets B <r 
C, there are c.e. sets Ao |r Ai such that B <r Ai <r C for i= 0,1. 


Proof. We will construct Ao, Ai satisfying the following requirements for 
all e. 


Ree : go £ A. 
Ree+1 : oA Æ Ao. 
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Additionally, we must meet the global permitting requirement 
Ao, Ai Sr C 

and the global coding requirement 
B Xr Ao, Ai. 


Together with the incomparability of the A;, these global requirements 
imply that B <r Ai <r C for i= 0,1. 

To satisfy the coding requirement, we simply code B into the even bits 
of each A;. That is, whenever n enters B, we put 2n into A;, and we ensure 
that all other numbers entering A; are odd. 

To satisfy the R-requirements, we adopt a Friedberg-Muchnik type 
strategy, which we later modify to cope with the coding and permitting 
requirements. Consider the satisfaction of Rəe. We pick an odd follower 
n, wait until 64°(n)[s] |= 0, and if that ever happens, put n into A, and 
attempt to preserve Ag | y4°(n)[s]. This strategy is not correct as stated, 
but will serve as a basis for future modifications. The basic problems are 
that we cannot control B and that we can put numbers into A; only when 
permitted to do so by C. We deal with the latter issue first. 

In place of a single follower n, we will use a potentially infinite collection 
{n(i) : i € N} of followers or coding markers, picked inductively as follows. 
Suppose that we have already chosen n(j) for j < i, and that all of these 
have been realized (a concept that will be defined below). We choose a large 
fresh odd follower n(i) targeted for A1. Now we wait until ®4°(n(2))[s] |= 0. 
If that ever happens, we declare n(i) to be realized, attempt to preserve 
p£ (n(i))[s] by initializing weaker priority requirements, and repeat this 
procedure for i+ 1. 

We keep to this procedure until i enters C for some realized n(i), at which 
point we put n(i) into A,. Without considering the effect of B or stronger 
priority strategies, this strategy will be successful, because if infinitely many 
followers are realized, then eventually C must permit us to put one of them 
into A,, since otherwise we could compute C. 

Now let us consider the effect of the coding of B into Ap. After we realize 
a follower n(i) at stage s, we could be forced to change Ao | p4 (n(i))[s] 
by a change in B. We could attempt to cope with this possibility by sim- 
ply declaring n(i) to be unrealized and waiting for a new stage t such 
that P4 (n(i))[t] |= 0. We could then declare n(i) to be once again re- 
alized and attempt to preserve y4°(n(i))[t] by initializing weaker priority 
requirements. The problem is that again we could be forced to change 
Ao | y£ (n(i))[t] by a change in B. (Notice that y4°(n(i))[¢] could be 
much larger than y4°(n(i))[s].) If we keep to this strategy, we could in- 
finitely often realize n(i), then unrealize it, then realize it again, and so on. 
Of course, in this case, Roe is satisfied because P40 (n(i)) t. Unfortunately, 
weaker strategies are in trouble, as they are initialized infinitely often. In 
other words, we have won the R2--battle, but lost the war. 
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The solution to this dilemma is to notice that this ugly situation can 
happen only if the values of y4°(n(i))[s] are unbounded for some i. If we 
knew this to be the case, then we could do the construction ignoring Roe, 
as it would automatically be satisfied. Obviously, though, we cannot know 
whether this situation happens ahead of time. However, we can have an 
infinitary outcome for Ree, which guesses that this use is unbounded. The 
trick is to make the effect on the construction of this outcome computable, 
hence allowing strategies below it to live with the action of Rəe if it truly 
has this infinitary outcome. 

To make this idea more precise, we begin by presenting the basic module 
for the Rəe strategy described above, in the absence of stronger priority 
requirements. (Thus the single strategy for Ro, the strongest requirement, 
acts exactly as follows.) The basic module for R241 strategies is of course 
symmetric. 


1. If all currently defined followers are realized, then choose a large fresh 
odd follower n(i). 


2. If &4°(n(i))[s] |= 0, then declare n(i) to be realized and initialize 
weaker strategies. 


S 
= 


f n(i) is realized and i enters C, then put n(i) into Aı. In this case, 
stop choosing new followers unless n(i) later becomes unrealized. 


4. If n(i) is realized and the coding of B causes Ap to change below 
Ao (n(i))[t] at stage t, then, for the least i for which this is the case 
at this stage, cancel all n(j) for j > i (which will have different values 
if defined again later) and declare n(z) to be unrealized. 


aS) 


Note that at each stage s, the strategy for Rəe has realized followers 
n(0),...,n(¢—1) and an unrealized follower n(i). For each realized follower 
n(j), we have &4°(n(j))[s] |. 

To see that the above module succeeds in satisfying a single requirement 
Rr, suppose not, so that 64° = A,. Then each n(i) is eventually defined 
and reaches a final value, since all uses of the form y4°(n(i)) eventually 
settle. Moreover, we can compute these final values using B, since it is 
only the coding of B into Ao that can change these uses. Now we claim 
that B can compute C, contrary to hypothesis. Given i, we can use B 
to compute a stage s at which n(i) reaches its final value and becomes 
permanently realized. If i were to enter C after stage s, then n(i) would 
enter A, ensuring that Ao + Ay. Thus i € C iff i € Cy. 

The above also shows that this module has two possible kinds of out- 
comes. Either y4°(n(i)) is unbounded for some i, or ®4°(n(i)) # Aı(n(i)). 
We denote the former outcome by (i, u) and the latter by (i, f). We use 
these outcomes to generate the priority tree T = {(i, u), (i, f) : i € N}<*%, 
with a lexicographic ordering inherited from the ordering of outcomes 
(i,u) <z (i, f) <z (i+ 1,u). 
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We now discuss how weaker priority requirements can live in the environ- 
ments provided by Rze, by considering the case e = 0. The markers n(i) for 
the Ro strategy will now be denoted by n(A, 7) (since that strategy is asso- 
ciated with the empty sequence in 7). There are infinitely many strategies 
for Ri, one for each outcome. We denote the strategy below outcome o by 
Ros and its markers by n(o, i). 

A strategy living below (i, f) guesses that the strategy for Ro has finite 
action. Hence it can be initialized each time we realize n(A, j) for j < 4, 
and simply implements the basic module. 

A strategy Ro living below ø = (i,u) guesses that n(A,i) comes to a 
final value but no n(A,7) for j > i does, because we keep changing Ao 
below y£? (n(A, i))[s] for the sake of coding B. As in the Thickness Lemma, 
this strategy will believe a -computation only if the current value of 
n(à,i + 1) (and hence every n(A, j) for j > i) is greater than the use of 
that computation. 

However, there is a problem here. The strategy R, may want to put num- 
bers into Ap smaller than uses that the Ro strategy is trying to preserve. 
For instance, say a follower n(ø, j) is appointed, then followers n(A, k) with 
k > i are appointed and become realized with corresponding uses larger 
than n(o, j), then n(o, j) becomes realized and permitted by C. If the guess 
that (i, u) is the true outcome of the Ro strategy is correct, then there is 
no problem. We can put n(a, j) into Ao and still satisfy Ro. But otherwise, 
we cannot afford to allow the enumeration of n(o, j) to injure Ro. 

We now come to the main idea of this proof, Sacks’ notion of delayed 
permitting: Since Ro is guessing that (i, u) is the true outcome of the Ro 
strategy, it believes that any use larger than n(ø, j) that the Ro strategy is 
trying to preserve will eventually be violated by the coding of B into Apo. 
So once n(ø, j) is realized and C-permitted, instead of immediately putting 
n(c, j) into Ao, we merely promise to put it there if these uses do go away; 
that is, if R, becomes accessible again before n(o, 7) is initialized. 

This delayed permitting still allows C to compute Ao, because C can 
compute B, and hence know whether the relevant uses will ever be violated. 
That is, given a realized follower n(ø, j), the set C knows whether j € C. 
If not, then n(o,7) never enters Ao. Otherwise, C can check what the 
B-conditions are for R, to be accessible again, find out whether these 
conditions will ever obtain, and if so, go to that stage of the construction 
to check whether n(o, j) has not been initialized in the meantime, which is 
the only case in which n(ø, j) enters Apo. 

It is a subtle fact that, while the true path of the construction remains 
computable only from 0”, the fate of a particular follower is always com- 
putable from C. Furthermore, we can still argue that, if ø = (i, u) is in fact 
the true outcome of Ro strategy and R, fails, then B can compute C, in 
much the same way as before, since every C-permitted follower eventually 
has no restraint placed on it. 
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Construction. 

We code B by enumerating 2n into Ap and A, whenever n enters B. 

At a stage s, the construction proceeds in substages t < s. At each sub- 
stage t, some node a(s, t) of T will be accessible, beginning with a(s,0) = À. 
At the end of the stage (which might come before substage s), we will have 
defined a node a,. At substage t, the strategy Ras) for Ri will act. Let 
us assume that t = 2e, the odd case being symmetric, and let a = a(s,t). 
We say that s is an a-stage. 

If n(a,0) is currently undefined, then proceed as follows. Define n(a, 0) 
to be a fresh large odd number. Let a, = a(s,t +1) = a(s,t)~(0, f), 
initialize all T $, as, and end the stage. 

We say that the computation ®4°(2)[s] is a-correct if for all 8° (j, u) < a, 
if n(8, j) is currently defined, then it is greater than 4° [s]. Let &(a,s) be 
the a-correct length of agreement at stage s, that is, the largest m such that 
for all x < m, we have ®4°(x)[s] = Aı(x)[s] via an a-correct computation. 
Adopt the first among the following cases that obtains. 


1. For some i with n(a,i) realized (defined below), i has entered C 
since the last a-stage, and the a-correct length of agreement has 
exceeded n(a, i) since the last a-stage. Fix the least such i. Let as = 
a(s,t+1) = a(s,t)~ (i, f), and initialize all T $, as. Put n(a, i) into 
Ao and end the stage. 


2. For some i with n(a,i) realized, the computation 64°(n(a,i)) has 
been injured since the previous a-stage. Fix the least such 7. Declare 
n(a, i) to be unrealized. Cancel all n(a, j) for j > i. Let a(s,t +1) = 
a~(i,u). Initialize all 7 with T $; a(s,t +1) and a(s,t + 1) % 7. If 
t < s then proceed to the next substage. Otherwise let a, = a(s, t+1) 
and end the stage. 


3. For some unrealized n(a,i), we have (a, s) > n(a, i). Fix the least 
such i. Declare n(a,i) to be realized, define n(a,i+ 1) to be a fresh 
large odd number, and cancel all n(a, j) for j > i+ 1. Let a, = 
a(s,t+1)=a(it+1, f). Initialize all T $, a, and end the stage. 


4. Otherwise. Find the least (necessarily unrealized) n(a,7) that is de- 
fined. Let a(s,t+ 1) = a° (i, f). Initialize all r with T £1 a(s,t+ 1) 
and a(s,t +1) ¢ T. Ift < s then proceed to the next substage. 
Otherwise let as = a(s,t+ 1) and end the stage. 


End of Construction. 


Verification. We first show that the true path of the construction is well- 
defined, and all requirements are met. We say that a is on the true path if 
there are infinitely many a-stages but only finitely many s with as <, a. 

If there are infinitely many a stages, then the true outcome of Ra is 
the leftmost outcome y such that there are infinitely many a-stages s with 
a(s,|a|+1) = ary. 
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Lemma 2.15.2. Let a be on the true path, and let y be its true outcome. 
Then Ra succeeds in meeting Rjaj, there are infinitely many a-stages where 
the stage does not end at substage |a|, and Ra initializes strategies below 
avy only finitely often. 


Proof. Assume by induction that the lemma holds for strategies above a. 
Then, since a can be initialized only when a, <, a@ or when a strategy 
above it initializes it, there is a stage sọ such that a is not initialized after 
stage so. After this stage, no n(a,7) is canceled except for the sake of an 
n(a,j) with j < i. Now we can argue as in the basic module, but using 
a-correct computations at a-stages, to show that Ra succeeds in meeting 
Rial: 

If y = (i u) then Ra does not initialize strategies below a^y, and at 
every stage s > |a| at which a(s, |a| + 1) = a~7, the stage does not end at 
substage |a|. 

If y = (i, f), then the Ra-module acts only finitely often. o 


Thus, by induction, for each e there is an a of length e such that there 
are infinitely many a-stages but only finitely many s with as <, a, whence 
Re is met. 


Lemma 2.15.3. Ao, Ai Sr C. 


Proof. We do the Ao case, the A; case being symmetric. 

If n € Ao, then n must be chosen by stage n as n(a,7) for some a and i 
with |a| even and ¿į € C. If that is the case, let s be the stage at which 7 
enters C. Then n will be in Ao iff there is an a-stage t > s at which n(a, i) 
is still equal to n. So we may assume that s is not itself an a-stage and 
n(a, i) is not canceled at stage s, since otherwise we would already know 
whether n € Ap at stage s. Thus a <, as. Let 8 be the longest common 
initial segment of a and as. We have two cases. 

First suppose that 87 (k, f) < a for some k. Then 6~(j, 0) x a, for some 
j > k and o € {f,u}. Suppose there is a least G~(k, f)-stage t > s. If the 
construction moves to the left of G~(k, f) between stages s and t then a 
is initialized, so n ¢ Ao. Otherwise, either case 1 or case 3 above holds for 
GB at stage t, so again a is initialized and n ¢ Ao. Of course, if there is 
no 6° (k, f)-stage after s, then n ¢ Ao. Thus, in this case, we know that 
n ¢ Ap no matter what happens after stage s. 

Now suppose that 8°(k,u) x a for some k. After stage s, there can be 
an a-stage only if there is a 8° (k, u)-stage. Now C can use B to figure out 
whether the use of the relevant computation ®4‘(n(3,k)) is B-correct. If 
it is B-correct, then n ¢ Ao, since the only way for there to be a further 
BT (k, u)-stage is for a strategy above or to the left of 8~(k, u) to enumerate 
something into A;, which causes a to be initialized. If not, then go to a stage 
t where B changes below this use. If ¢ is not a 6° (k, u)-stage and n(a, t) is 
not canceled at stage t, then a; <, 8. Let 8’ be the longest common initial 
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segment of 3 and a. We can now repeat the above argument with 8’ in 
place of 8. 

It is a straightforward exercise to show that, proceeding in this manner, 
we eventually reach a stage at which we either can be sure that n ¢ Ao, 
or we have an a-stage, at which point n enters Ag. Since we do so using B 
and B <r C, we have Ag Sr C. O 


The two lemmas above complete the proof of the theorem. O 


2.16 Jump theorems 


We will see that the jump operator plays an important role in the study of 
algorithmic randomness. In this section, we look at several classic results 
about the range of the jump operator, whose proofs are combinations of 
techniques we have already seen. Of course, if d = a’ then d > 0’. The 
following result is a converse to this fact. 


Theorem 2.16.1 (Friedberg Completeness Criterion [160]). [fd > 0’ then 
there is a degree a such that a! =a\V 0! =d. 


Proof. This is a finite extension argument. Let D € d. We construct a set 
A in stages, and let a = deg(A). At stage 0, let Ao = À. 

At odd stages s = 2e+1, we force the jump (i.e., decide whether e € A’). 
We ask 0)’ whether there is a o > As—1 such that ®2(e) |. If so, we search 
for such a o and let A, = a. If not, we let A, = As—1. Note that, in this 
case, we have ensured that ®4(e) 1. 

At even stages s = 2e+2, we code D(e) into A by letting A, = As_D(e). 

This concludes the construction. We have AG’ <+ A’ (which is always 
the case for any set A), so we can complete the proof by showing that 
A Sr Dand DLL AGW. 

Since (’ <+ D, we can carry out the construction computably in D. To 
decide whether e € A’, we simply run the construction until stage 2e + 1. 
At this stage, we decide whether e € A’. Thus A’ <r D. 

A 0’ oracle can tell us how to obtain A2e+1 given Ase, while an A oracle 
can tell us how to obtain Ase+2 given Ase+1, so using A @ 9’, we can 
compute Aən+2 for any given n. Since D(n) is the last element of Agn+2, 
we can compute D(n) using AGW’. Thus D <r AG’. oO 


The above proof should be viewed as a combination of a coding argu- 
ment and the construction of a low set, done simultaneously. This kind of 
combination is a recurrent theme in the proofs of results such as the ones 
in this section. 

The following extension of the above result is due to Posner and Robinson 
[315]. We give a proof due to Jockusch and Shore [194]. 
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Theorem 2.16.2 (Posner and Robinson [315]). r Ifc >0 andd 20'Vec 
then there is a degree a such that a’ =aVc=d. 


Proof. By Proposition 2.13.1, there is an immune C € c. (Recall that the 
complement of a simple set is immune.) Let D € d. We build a set A by 
finite extensions. 

Let Ap = A. Given Án, proceed as follows. Let Sn = {a : Jo = 
A,0°1(®2(n) |)}. If Sn is finite then there is an z € C \ Sn. In this 
case, let An41 = A,0*1D(n). If Sn is infinite then, since Sn is c.e. and C 
is immune, there is an x € Sn \ C. In this case, let s be least such that 
do = A,071(®2(n)[s] |), let o be the length-lexicographically least string 
witnessing this existential, and let Ay; = o D(n). 

It is easy to see that from the sequence Ag, Ai,... we can compute the 
set A’, the set A @ C, and the set D. Thus, it is enough to show that this 
sequence can be computed from each of these three sets. Suppose we have 
computed An. 

Since D 2r Ù ® C, using D we can compute Sn and C and hence 
determine Án+1- 

If we have A’, then we have A, so we can determine the x such that 
A,071 < A. Then using Ý’ we can determine whether x € Sn, and hence 
determine Án+1- 

If we have AMC, then again we can determine the x such that A,,071 < A. 
By construction, x € Sn iff £x ¢ C, so we can then use C to determine 
An41- O 


It is not hard to show that if A <+ W then A’ is c.e. in Ø. Since also 0! <+ 
A’, we say that A’ is computably enumerable in and above 0’, abbreviated 
by CEA(6@’). The following theorem is an elaboration of Theorem 2.16.1. 


Theorem 2.16.3 (Shoenfield Jump Inversion Theorem [354]). If D is 
CEA(0’) then there is an A Sy Ù such that A’ =, D. 


We will briefly sketch a proof of the following stronger result. (We restrict 
ourselves to a sketch because, from a modern viewpoint, the proof contains 
no new ideas beyond what we have seen so far. See Soare [366] for a full 
proof.) 


Theorem 2.16.4 (Sacks Jump Inversion Theorem [341]). If D is CEA(() 
then there is a c.e. set A such that A! = D. 


Proof sketch. Let D be CEA(0’). Then D is ¥$, so there is an approxima- 
tion {D,}sew such that n € D iff there is an s such that n € D; for all 
t > s. Arguing as in the proof of Lemma 2.14.8, we have a c.e. set B such 
that Bl¢l is an initial segment of NI?! and equals NI¢ iff e ¢ D. 

We need to make the jump of A high enough to compute D, which we 
do by meeting for each e the requirement 


Pe : Alel =* Ble, 
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As in Lemma 2.14.8, this action ensures that A’ can compute D. We also 
need to keep the jump of A computable in D, which we do by controlling 
the jump as in Theorem 2.11.2. 

For Pe, we enumerate all elements of B lel into A as long as we are not 
restrained from doing so. This requirement has nodes on the priority tree 
T with outcomes {oo, f}. The first outcome corresponds to the case Bl! = 
Ni¢l, and the second to the case Ble] =* Ø. Naturally, in the end we need 
to argue that if the outcome on the true path is v~oo, then almost all of 
Bl] is enumerated into A. We refer to Pe nodes as coding nodes. 

A strategy N corresponding to a lowness requirement has a finite number 
of coding nodes above it with which it needs to contend. The strategy N 
does not have to worry about coding nodes with outcome f above it. But 
suppose there is a coding node P corresponding to Pe outcome oo above 
N. Then N assumes that all of NI enters A, except for numbers below the 
maximum r of the restraints imposed by strategies above P. Thus N does 
not believe any computation until it has seen all numbers in NI?! between 
r and the use of the computation enter Al. 

The full construction works in the standard inductive way. As with the 
density theorem, while D cannot figure out the true path of the construc- 
tion, it can sort out the fate of a given coding marker, by deciding whether 
a particular restraint is B-correct. O 


The above result can be extended to higher jumps as follows. 


Theorem 2.16.5 (Sacks [341]). If D is CEA(Ø®™) then there is a c.e. set 
A such that AM =, D. 


Proof. This result is proved by induction. Suppose that D is CEA(Q("+)). 
Then we know that there is a set B that is CEA(@™)) with B’ =, D, by 
the relativized form of Theorem 2.16.4. By induction, there is a c.e. set A 
with A™ =, B. Then A("+)) =, D. o 


There are even extensions of the above result to transfinite ordinals in 
place of n. 

We will later have occasion to use the fact that the proof of the Sacks 
Jump Inversion Theorem is uniform. That is, an index for the set A in 
Theorem 2.16.5 can be found effectively from an index for the c.e. operator 
enumerating D from 6. 

The Sacks Jump Inversion and Density Theorems have been extraordi- 
narily influential. They have been extended and generalized in many ways. 
Roughly speaking, any “reasonable” set of requirements on the ordering of 
a collection of c.e. degrees and their jumps that does not explicitly contra- 
dict obvious partial ordering considerations (such as a < b > a’ < b’) is 
realizable. Here is one example. 
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Theorem 2.16.6 (Jump Interpolation Theorem, Robinson [333]). Let C 
and D be c.e. sets with C <r D, and let S be CEA(D) with C' <+ S. Then 
there is a c.e. set A such that C <+ A <- D and A =, S. 


The methods for proving the Jump Interpolation Theorem are much the 
same as the ones we have seen. One can even prove vast generalizations for 
n-jumps with additional ordering requirements. For the latest word on this 
subject, see Lempp and Lerman [238, 239]. 


2.17 Hyperimmune-free degrees 


The notions of hyperimmune and hyperimmune-free degree have many ap- 
plications in the study of computability theory and its interaction with 
algorithmic randomness. There are several ways to define these notions. We 
will adopt what is probably the simplest definition, using the concept of 
domination. Recall that a function f dominates a function g if f(n) > g(n) 
for almost all n. It is sometimes technically useful to work with the following 
closely related concept. A function f majorizes a function g if f(n) > g(n) 
for all n. 


Definition 2.17.1 (Miller and Martin [282]). A degree a is hyperimmune 
if there is a function f <+ a that is not dominated by any computable 
function (or, equivalently, not majorized by any computable function). 
Otherwise, a is hyperimmune-free. 


While 0 is clearly hyperimmune-free, all other A$ degrees are hyperim- 
mune, as shown by the following result. 


Proposition 2.17.2 (Miller and Martin [282]). Ifa < b <a’ for some a, 
then b is hyperimmune. In particular, every nonzero degree below 0’, and 
hence every nonzero c.e. degree, is hyperimmune. 


Proof. We do the proof for the case a = 0. The general result follows by 
a straightforward relativization. Let B be a set such that 0 <+ B <+ W. 
Let g(n) = ps > n(B, [n= B Ìn). Notice that g(n) is not the stage s by 
which the approximation to B | n has stabilized (so that Bi | n is correct 
for all t > s), but rather the first stage s at which Bs | n is correct. Clearly, 
g Sr B. 

We claim that no computable function majorizes g. Suppose that h is 
computable and majorizes g. Then we claim that B is computable. To 
compute B | m, search for an n > m such that B; | m = Bn | m for all 
t € [n,h(n)]. Such an n must exist because there is a stage at which the 
approximation to B | m stabilizes. By the definition of g and the choice of 
h, we have g(n) € [n, h(n)], so B | m = Byin) | m = Bn Ìm. Thus B is 
computable, which is a contradiction. O 


On the other hand, there do exist nonzero hyperimmune-free degrees. 
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Theorem 2.17.3 (Miller and Martin [282]). There is a nonzero hyperim- 
mune-free degree. 


Proof. We define a noncomputable set A of hyperimmune-free degree, using 
a technique known as forcing with computable perfect trees. A function tree 
is a function T : 2<“ — 2<” such that T(o0) and T(c1) are incompatible 
extensions of T(c). For a function tree T, let [T] be the collection of all X 
for which there is a B € 2” such that T(o) < X for all o < B. We build 
a sequence {T;}icw of computable function trees such that [To] 2 [Ti] 2 
[Tə] 2 +--+. Since each [Tj] is closed, (),,[In] #4 0. We will take A to be any 
element of this intersection. At stage 2e +1, we ensure that A 4 We, while 
at stage 2e + 2, we ensure that 64 is majorized by a computable function. 

At stage 0, we let To be the identity map. 

At stage 2e + 1, we are given Tze. Let i € {0,1} be such that To.(7) 4 
We | |Toe(i)|. Since To-(0) and T2-(1) are incompatible, such an 7 must 
exist. Now define T2-+1 by letting Tze+1(0) = Toe(io). Notice that [T.41] 
consists exactly of those elements of [Tze] that extend Tze(i), and hence, if 
A G [Toe41] then A Æ We. 

At stage 2e+2, we are given a computable function tree T>-+1. It suffices 
to build Təe+2 to ensure that either 


(i) if A € [Toe42] then 4 is not total, or 


(ii) there is a computable function f such that if A € [Tze+2] then 
64 (n) < f(n) for all n. 

First suppose there are n and o such that Pelin)? for all T > ø. 
Then define T2-+42 by letting T2e+2(v) = Tee+1(ov). This definition clearly 
ensures that if A € [Toe42] then ®4(n) 1T. 

Now suppose there are no such n and ø. Then define Toe+2 as follows. 
For the empty string À, search for a a) such that prela) (0) | and 
define Toe42(A) = Tae+i(o,). Having defined o,, search for incompati- 
ble extensions 0,79 and 0,1 of o, such that greri lor) (V7) | for i = 0,1, 
and define To-42(Ti) = T2oe+1(07i). This process ensures that for all n and 
all r of length n, we have palin) |. Furthermore, it ensures that 
T2e+2 is computable, so that we can define a computable function f by 
letting f(n) = max{8 tOn) : |7| = n}. Thus if A € [Toe42] then 
Di (n) < f(n). o 


Note that the above construction can be carried out effectively using 0” 
as an oracle, so there are nonzero A$ hyperimmune-free degrees. It is also 
possible to adapt the construction to prove the following result. 


Theorem 2.17.4 (Miller and Martin [282]). There are continuum many 
hyperimmune-free degrees. 


2.17. Hyperimmune-free degrees 69 


On the other hand, we will see in Section 8.21.1 that the class of sets of 
hyperimmune-free degree has measure 0. 

The name “hyperimmune degree” comes from the notion of a hyperim- 
mune set, which we now define.? A strong array is a computable collection 
of pairwise disjoint finite sets {F;}ien (which means not only that the F; 
are uniformly computable, but also that the function i + max F; is com- 
putable). An infinite set A is hyperimmune if for all strong arrays {F;}ien, 
there is an i such that F; C A. A c.e. set is hypersimple if its complement 
is hyperimmune. 

Given the terminology, one would expect that a hyperimmune degree is 
one that contains a hyperimmune set. We will show that this is indeed the 
case by first introducing another equivalent characterization of the hyper- 
immune degrees. The principal function of a set A = {ap < a1 <---} is 
the function py defined by pa(n) = an. 


Lemma 2.17.5 (Miller and Martin [282]). A degree a is hyperimmune iff a 
contains a set A such that pa is not majorized by any computable function. 


Proof. Since pa Sr A, the “if” direction is obvious. For the other direction, 
suppose that there is a function f <+ a that is not majorized by any 
computable function. We may assume that f is increasing. Let B € a and 
let bo < bı < +--+ be the elements of B. Let A = {f(bn) : n € N}. Using 
the fact that f is increasing, it is easy to show that A =, B. Thus A € a, 
and pa(n) > f(n) for all n, so pa is not majorized by any computable 
function. O 


Theorem 2.17.6 (Kuznecov [230], Medvedev [264], Uspensky [393]). A 
degree is hyperimmune iff it contains a hyperimmune set. 


Proof. Suppose that A is not hyperimmune. Then there is a strong array 
{Fi}ien such that AN F; # 0 for all i. Let f(n) = max |;<n Fi. Then f is 
computable, and pa(n) < f(n) for all n. So if no set in a is hyperimmune, 
then it follows from Lemma 2.17.5 that a is not hyperimmune. 

Now suppose that a is not hyperimmune and let A € a. By Lemma 
2.17.5, there is a computable function f such that pa(n) < f(n) for all n. 
Let Fo = (0, f(0)]. Given F;, let ki = max F; +1 and let Fi+ı = (ki, f (ki). 
Then pa(k;) € AN F; for all i, so A is not hyperimmune. m 


The following is a useful characterization of the hyperimmune-free 
degrees. 


9Some authors have argued that the adoption of the term “hyperimmune-free degree” 
is a historical accident, and that a more descriptive one, based on domination properties, 
should be used. Nies, Barmpalias, and Soare, for example, have all used the term com- 
putably dominated. Earlier, authors such as Gasarch and Simpson used the term almost 
recursive. 
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Proposition 2.17.7 (Jockusch [187], Martin [unpublished]). The following 
are equivalent for a set A. 


(i) A has hyperimmune-free degree. 
(ii) For all functions f, if f Sr A then f Su A. 
(iii) For all sets B, if B Sr A then B <,, A. 


Proof. To show that (i) implies (ii), suppose that A has hyperimmune-free 
degree and f = ®4, and let g(n) be the number of steps taken by the 
computation @4(n). Then g S+ A, so there is a computable function h 
that majorizes g. Let W be the functional defined as follows. On oracle 
X and input n, run the computation 6X(n) for h(n) many steps. If this 
computation converges, then output its value, and otherwise output 0. Then 
W is a truth table functional, and U4 = 64 = f. 

Clearly (ii) implies (iii). To show that (iii) implies (i), assume that A 
does not have hyperimmune-free degree and let g S+ A be a function not 
dominated by any computable function. We build a set B <r A such that 
B an A. Let 09,01,... be an effective list of all truth tables. For each 
e and n, proceed as follows. If ®.((e,n))[g(n)] | then let (e,n) € B iff 
AF 7. ((e,n)): Note that this definition ensures that ®e does not witness a 
truth table reduction from A to B. If ®.((e,))[g(n)]t then let (e,n) € B. 
Clearly B <r A. Assume for a contradiction that B <,, A. Then there is an 
e such that ®, witnesses this fact. This ®, is total, so there is a computable 
function h such that ®.((e,n))[h(n)] | for all n. Since h does not dominate 
g, there is an n such that ®.((e,n))[g(n)] |. For this n, we have (e,n) € B 
iff A ¥ o@.(/en)), contradicting the choice of e. O 


The above result cannot be extended to wtt-reducibility. Downey [99] 
constructed a noncomputable c.e. set A such that for all sets B, if B <+ A 
then B Swa A. Since A is noncomputable and c.e., it has hyperimmune 
degree. 


2.18 Minimal degrees 


The proof of Theorem 2.17.3 uses ideas that go back to a fundamental 
theorem of Spector [374]. 


Definition 2.18.1. A degree a > 0 is minimal if there is no degree b with 
0<b<a. 


Theorem 2.18.2 (Spector [374]). There is a minimal degree below 0”. 


Proof. As with Theorem 2.17.3, the proof uses forcing with computable 
perfect trees. As before, we build a sequence {T; }icw of computable function 
trees such that [To] 2 [Ti] 2 [T2] D ---, and take our set A of minimal 
degree to be any element of (),, [Tn]. 
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At stage 0, we let To be the identity map. 

The action at stage 2e + 1 is exactly the same as in the proof of Theorem 
2.17.3. That is, we let i € {0,1} be such that T2-(i) A We | |T2e(2)| and 
define T2-41 by letting To.41(0) = Telio). As before, this action ensures 
that A # We. 

At stage 2e + 2, we are given T2e+1 and want to meet the requirement 


Re: PÅ total > Pl =, ý V A Lr På. 


The first thing we do is follow the method used in the proof of Theorem 
2.17.3 to try to force the nontotality of 64. We ask Ø” whether there are 
n and o such that BPH) n)? for all r = o. If so, we define Toe42 by 
letting Tre42(v) = T2e41(cv). This definition clearly ensures that ®A(n) T, 
and hence that Re is met. 

If there are no such n and a, then we try to ensure that if 64 is total 
then it is computable. The critical question to ask Ø” is whether there is a 
c such that for all n and all 79,71 & o, if B22" (n) | for i = 0,1, then 
peo) (7) = PPD n), If this question has a positive answer, then 
we define Tze+2 by letting T2e+2(v) = Tre41(ov). Then, to compute ®4(n) 
(assuming ®4(n) |), we simply need to find a u such that pein) i 
and we are guaranteed that BA(n) = 622+?) (n). Thus, in this case, P4 
is computable if total, and hence Re is met. 

If the answer to the above question is negative, then we need to ensure 
that A <p på. The crucial new idea is Spector’s notion of an e-splitting 
tree. 10 


Definition 2.18.3. We say that a function tree T is e-splitting if for each 
g, there is an n such that 62°" (n) |4 62) (n) |. 


The crucial fact about e-splitting trees is the following. 


Lemma 2.18.4. Let T be e-splitting and let B € [T]. If ®? is total then 
P >, B. 

Proof. Suppose we are given P , and that P is total. Search for an no 
such that 62 (no) LA 62) (no) |. Let i be such that 6? (no) = DTO (no). 
Then we know that T(i) < B. Now find an nı such that Bo) (n) IFA 
&2 (m1) |. Let j be such that ®3(n,;) = 62“ (n1). Then T(ij) < B. 
Continume in this way, we can compute more and more of B. Thus B a 
F. 


So to meet Re, it is enough to ensure that T2e+2 is e-splitting. But 
recall that we are now in the case in which for each ø there are n and 


10We are being a bit free and easy with history. The notion of being e-splitting was 
first used by Spector, but the influential use of trees in the construction of a minimal 
degree actually first occurred in Shoenfield’s book [356]. 
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To, T1 > g such that pre (o) fn) [e pP) in) |. So we can define T2e+2 
as follows. Let The+2(A) = Tee41(A). Suppose we have defined Tze+2(4) 
to equal Tze+1ı(0) for some ø. Search for 7 and 7 as above and de- 
fine Toe+2( ui) = Toe+1(Ti) for i = 0,1. Then Tze+2 is computable and 
e-splitting. O 


As with hyperimmune-free degrees, there are in fact continuum many 
minimal degrees. A crucial difference between hyperimmune-free degrees 
and minimal degrees is given by the following result. (We say that a degree 
b bounds a degree a if a < b.) 


Theorem 2.18.5 (Yates [410], Cooper [76]). Every nonzero c.e. degree 
bounds a minimal degree. 


In particular, there are minimal degrees below 0’ (which was first shown 
by Sacks [342]), and hence hyperimmune minimal degrees. The method 
used to prove Theorem 2.18.5, known as the full approximation method, is 
quite involved and would take us a little too far afield. See Lerman [240] 
or Odifreddi [311] for more details. 

Minimal degrees form a very interesting class. We finish by quoting two 
important results about their possible Turing degrees. 


Theorem 2.18.6 (Jockusch and Posner [192]). All minimal degrees are 
GL. That is, if a is a minimal degree then a” < (a v O'Y. 


This result improved an earlier one by Cooper [77], who showed that no 
minimal degree below 0’ can be high. (There are low minimal degrees, as 
well as minimal degrees below 0’ that are not low; see [192] for a discussion 
of these and related results.) Cooper [77] also proved the following definitive 
result. 


Theorem 2.18.7 (Cooper [77]). [fb > 0! then there is a minimal degree 
a with a' = b. 


Thus there is an analog of the Friedberg Completeness Criterion (The- 
orem 2.16.1) for minimal degrees. It is not possible to prove an analog of 
the Shoenfield Jump Inversion Theorem since Downey, Lempp, and Shore 
[124] showed that there are degrees CEA(@’) and low over 0’ that are not 
jumps of minimal degrees below 0’. Cooper [78] claimed a characterization 
of the degrees CEA(Q’) that are jumps of minimal degrees below 0’, but no 
details were given. 


2.19 TI and £? classes 


2.19.1 Basics 


A tree is a subset of 2<” closed under initial segments. A path through a 
tree T is an infinite sequence P € 2” such that if o < P then o € T. The 
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collection of paths through T is denoted by [T]. A subset of 2” is a IT? 
class if it is equal to [T] for some computable tree T.1! 

An equivalent formulation is that C is a II? class if there is a computable 
relation R such that 


C= {Ae 2% :Vn RA] n)}. 


It is not hard to show that this definition is equivalent to the one via 
computable trees. 

There is a host of natural examples of important IT? in several branches 
of logic. For example, let A and B be disjoint c.e. sets. The collection of 
separating sets {X : X D A A XAB = O} is a IT? class. An important 
special case is an effectively inseparable pair, that is, a pair of disjoint c.e. 
sets A and B for which there is a computable function f such that for all 
disjoint c.e. We D A and W; D B, we have f(e,j) ¢ We U Wj. This is 
the two variable version of a creative set. One example of an effectively 
inseparable pair is the sets {e : ®e(e) |= 0} and {e : e(e) |= 1}. The 
function f witnessing the effective inseparability of this pair is not hard to 
build: given e and j, using the recursion theorem we can find an 7 such that 
©;(i) |= 1if ie We and ®;(7) |= 0 if i € W;.'* We then let f(e, j) =i. 

Another example of a IT? class is the class of (codes of) extensions of a 
complete consistent theory. By the proof of Godel’s Incompleteness Theo- 
rem (see e.g. [139]), for a theory such as Peano Arithmetic (PA), the set 
A of sentences provable from PA and the set B of sentences refutable from 
PA form an effectively inseparable pair. 

It is easy to check that the intersection of two II? classes is again a II? 
class, as is their union. 

The complement of a II? class is a £} class. Thus C is a X? class iff there 
is a computable relation R such that 


C={A:inR(A] n)}. 


We can think of ©? classes as the analogs for infinite sequences of c.e. sets 
of finite strings. Indeed, an important fact about 9 classes is that they 
are exactly the subsets of 2” generated by c.e. sets of finite strings, in the 
following sense. (Here we use the notation of Section 1.2.) 


11Sometimes a 19 class is defined to be the set of paths through a computable subtree 
T of wS”. Such a class is computably bounded if there is a computable function f such 
that for each o € T, if on € T then n < f(c). The study of computably bounded 
T9 classes reduces to the study of the special case of II subclasses of 2”, since every 
computably bounded TI class is computably equivalent to a II subclass of 2”. We will 
restrict our attention to such classes, so for us a I9 class will mean a 19 subclass of 2”. 

12Tn greater detail: Let g be a computable function such that for each k, the machine 
® (x) ignores its input and waits until k enters either We or Wj, at which point the 
machine returns 0 if k € We and 1 if k € Wj (while if k € We UW, then the machine 
does not return). By the recursion theorem, there is an i such that ®; = ,,,). For this 
i, we have ®;(i) |= 1 if i € We and ®;(2) |= 0 if i € Wj. 


g(i 
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Definition 2.19.1. A set A C 2<% is prefiz-free if it is an antichain with 
respect to the natural partial ordering of 2<%; that is, for all ø € A and all 
T properly extending o, we have T ¢ A. 


Prefix-free sets will play an important role in this book, for example in 
the definition of prefix-free Kolmogorov complexity given in Section 3.5. 
Clearly, a set C C 2” is open iff it is of the form [A] for some prefix-free 
AC 2%., The following result is the effective analog of this fact. 


Proposition 2.19.2. A set C C 2” is a ©} class iff there is a c.e. set 
W C 2<” such that C = [W]. This fact remains true if we require W to 
be prefix-free. 


Proof. Given a X} class C, let T be a computable tree such that C = [T]. 
Let W be the set of minimal elements of T, that is, strings o ¢ T such that 
every proper substring of o is in T. Then W is prefix-free and C = [W]. 
Conversely, let W C 2<” be a c.e. set. Then [W] = {A : A(n,s) (A> ne 
W,)}, so [W] is a £} class. Oo 


Thus we can think of ©} classes as effectively open sets, and of IT? classes 
as effectively closed sets. So when we have a ©} class C, we assume that we 
have fixed a c.e. set W C 2<” such that C = [W] and let C[s] = [W[s]]. 
Similarly, for the II? class P = C, we let P[s] = C{s]. 

It is a potentially confusing fact that Proposition 2.19.2 remains true if 
we require W to be computable, rather than merely c.e. The reason for this 
fact is that if W C 2<% is prefix-free and c.e., then 


V = {0 : 3r € Woj \ Wol (T 3 2) } 


is computable and prefix-free, and |V] = [W]. 

We say that the ©} classes Co, C1, ... are uniformly ©}, and their com- 
plements are uniformly TIÌ, if there are uniformly c.e. sets Vo, Vi,... C 25% 
such that C; = [Vj] for all i. It is not hard to see that Po, Pi,... are uni- 
formly II? classes iff there are uniformly computable trees Ty, 71, ... such 
that P; = [T;] for all i. 

As one might imagine, a A? class is one such that both it and its com- 
plement are X9. It is not hard to see that C is a AÌ class iff C = [F] for 
some finite F C 2<“, so a AÌ class is just a clopen subset of 2”. The classes 
Co, C1,... are uniformly A} if there are uniformly computable finite sets 
Fo, Fi,... C 2” such that C; = [Fi] for all i. 

We will not need all that much of the extensive theory of II? and ©? 
classes, but a few facts will be important, such as the following bits of 
folklore. For more on the subject, see for instance Cenzer [55] or Cenzer 
and Remmel [57]. 

A path P through a tree T is isolated if there is a ø < P such that no 
other path through T extends o. 
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Proposition 2.19.3. Let T be a computable tree and let P be an isolated 
path through T. Then P is computable. 


Proof. Let o < P be such that no path through T other than P extends ø. 
For any n > |ø|, there is exactly one T > ø such that the portion of T above 
T is infinite (by Konig’s Lemma, which says that if a finitely branching tree 
is infinite, then it has a path). So to compute P | n for n > |o|, we look 
for an m > n such that exactly one T > o of length n has an extension of 
length m in T. Then P În =r. O 


Corollary 2.19.4. Let C be a II? class with only finitely many members. 
Then every member of C is computable. 


Proof. Let T be a computable tree such that C = [T]. Then T has only 
finitely many paths, so every path through T is isolated. O 


Proposition 2.19.5. Let C be a nonempty TÌ class with no computable 
members. Then |C| = 25°. 


Proof. Let T be a computable tree such that C = [T]. Let S be the set of 
extendible elements of T, that is, those ø such that there is an extension 
of o in [T]. If every o € S has two incompatible extensions in S, then it is 
easy to show that there are continuum many paths through T. Otherwise, 
there is a ø € S with a unique extension P € [T]. As in the previous proof, 
P is computable. O 


Note also that the question of whether a given computable tree T is finite 
is an existential one, since it amounts to asking whether there is an n such 
that no string of length n is in T, and hence it can be decided by 9’. 

The Cantor-Bendixson derivative of a II) class C is the class C” obtained 
from C by removing the isolated points of C (i.e., those elements X € C 
such that for some n, we have [X | n] NC = {X}. Let C© = C. For an 
ordinal 6, let CC+D = (C®)’, and for a limit ordinal 6, let C® = N < C. 
The rank of X € C is the least 6 such that X € CC® \ COD, if such 
a ô exists. Note that, by Proposition 2.19.3, if X has rank 0, then it is 
computable. If all the elements of C have ranks, then the rank of C is the 
supremum of the ranks of its elements (or, equivalently, the least 6 such 
that C+) = Q). 


2.19.2 TI? and X? classes 


There is a hierarchy of classes, akin to the arithmetic hierarchy of sets. 


Definition 2.19.6. A set C C 2” is a II? class if there is a computable 
relation R such that 


C = {A : Vki k2- Qkn R(A | k1, A | k2,..., AT kn)), 
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where the quantifiers alternate and hence Q = V if n is odd and Q = J if 
n is even. 
The complement of a II? class is a X} class. 


These definitions can be relativized to a given set X (by letting R 
be X-computable) to obtain the notions of IT°* class and ©°* class. 


. (n) : . 
A TÌ, class is also a To” class, since every predicate of the form 


Jka ---Qkn R(A [ kı, A | k2,..., A | kn) with R computable is computable 
in 0. Similarly, every X’; class is also a oe class. The converse, 


however, is not always true, because every nm class is closed (indeed, 
every in class is closed for any X), but there are I$ classes that are not 
closed, such as the class C of all A with A(m) = 1 for infinitely many m, 
which can be written as {A : Vkidm(m>k A A(m) = 1)}. 

Indeed, even a closed TIS class can fail to be a Te” class. Doug Cenzer 
[personal communication] provided us the following example. It is not hard 
to build a computable subtree T of N<“ with a single infinite path f £r W. 
Let T = {1%0+101m+10 |, ,17++10™ : (no,..., np) € T, m € N}. It is easy 
to check that T is a computable subtree of 25%. Let P = [T] N C, where 
C is as in the previous paragraph. Then P is a IT9 class (because, as with 
II? classes, the intersection of two I? classes is again a I? class, as is their 
union). Furthermore, P has a single member A = 1/©)+101/@+19.... But 
A=, f,so A r W. Thus P cannot be a ne class by the relativized form 
of Corollary 2.19.4. 


(n) 
Since go’ sets are the same as 2 sets, the relativized form of Propo- 


sition 2.19.2 says that a class is goo iff it is of the form [W] for some 
E? set W C249, 

We fix effective listings S8, S?,... of the X}, classes by letting S? = {A : 
Jkı Vko- --Qkn R(A | kı, A | k2,..., A | kn)} where e is a code for the 
n-ary computable relation R. By an index for a X} class S we mean an i 
such that S = S?. Similarly, by an index for a I? class P we mean an i 
such that P = S”. We do the same for relativized classes in the natural 
way. We then say that the classes Co,C1,... are uniformly ° if there 
is a computable function f such that C; = SP) for all i, and uniformly 


TI? if their complements are uniformly £9. This definition agrees with the 
definition of uniformly ©? classes given in the previous section because the 
proof of Proposition 2.19.2 is effective, as we now note. 


Proposition 2.19.7. From an index for aX} class C, we can computably 
find an index for a (prefir-free) c.e. set W C 2<” such that C = [W], and 


vice versa. 


Another way to look at this hierarchy of classes is in terms of effective 
unions and intersections. For example, in the same way that II? and X? 
classes are the effective analogs of closed and open sets, respectively, T9 
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and Ð} classes are the effective analogs of Gs and F, sets, respectively 
(where a set is Gs if it is a countable intersection of open sets and F, if it 
is a countable union of closed sets). More precisely, C is a I$ class iff there 
are uniformly X} classes Up, Ui,... such that C = Nn Un- Similarly, C is a 
X$ class iff there are uniformly II} classes Po, P;,... such that C = U,, Pn. 
The same is true for any n in place of 1 and n+ 1 in place of 2. It is also 
easy to check that we can take Up 2 U; D --- and P C Pi C --- if we 
wish. 


2.19.3 Basis theorems 


A basis for the I$ classes is a collection of sets C such that every nonempty 
II? class has an element in C. One of the most important classes of results 
on IT? classes is that of basis theorems. A basis theorem for II? classes states 
that every nonempty IT? class has a member of a certain type. (Henceforth, 
all IT? classes will be taken to be nonempty without further comment.) For 
instance, it is not hard to check that the lexicographically least element of a 
II? class C (i.e., the leftmost path of a computable tree T such that [T] = C) 
has c.e. degree.!? This fact establishes the Computably Enumerable Basis 
Theorem of Jockusch and Soare [195], which states that every IT? class has 
a member of c.e. degree, and is a refinement of the earlier Kreisel Basis 
Theorem, which states that every IT? class has a A} member. 
The following is the most famous and widely applicable basis theorem. 


Theorem 2.19.8 (Low Basis Theorem, Jockusch and Soare [196]). Every 
TI? class has a low member. 


Proof. Let C = [T] with T a computable tree. We define a sequence T = 
To 2 Tı D--- of infinite computable trees such that if P € (),[T-] then P 
is low. (Note that there must be such a P, since each [Te] is closed.) 

We begin with To = 2<”. Suppose that we have defined Te, and let 


Ue = {0 : 22 (e)Ilol] TH. 


Then Ue is a computable tree. If UeNTe is infinite, then let Te+1 = TeN Ue. 
Otherwise, let T.41 = Te. Note that either 6? (e) f for all P € [Te41] or 
6? (e)l for all P € [Te44]. 

Now suppose that P € (),[T-]. We can perform the above construction 
computably in @’, since Ø’ can decide the question of whether Ue N Te is 
finite. Thus Ø’ can decide whether ©? (e) | for any given e, and hence P is 
low. m 


The above proof has a consequence that will be useful below. Recall that 
a set A is superlow if A’ =,, @’. Marcus Schaefer observed that the proof 
of the low basis theorem actually produces a superlow set. 


13Such an element is in fact a left-c.e. real, a concept we will define in Chapter 5. 
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Corollary 2.19.9 (Jockusch and Soare [196], Schaefer). Every II? class 
has a superlow member. 


The following variation on the low basis theorem will be useful below. 


Theorem 2.19.10 (Jockusch and Soare [196]). Let C be a II) class and 
let X be a noncomputable set. Then there is an A € C such that X £r A 
and A! L<- XWV. 


Proof. Let C = [T] with T a computable tree. As in the proof of the 
low basis theorem, we define a sequence T = Tọ D Ti D --- of infinite 
computable trees. 

We begin with Ty = 2<“. Suppose that we have defined Th. to be a 
computable tree. We first proceed as in the proof of the low basis theorem. 
Let Ue = {0 : ®2(e)[|o|] T}. If U.N Tze is infinite, then let Th.41 = Toe N Ue. 
Otherwise, let The41 = Toe. As before, To-41 is a computable tree. 

We now handle cone-avoidance as follows. We X @ @’/-computably search 
until we find that one of the following holds. 


1. There are an n and an extendible o € T2-+1 such that ®3(n) |A X(n). 
2. There is an n such that Toe41 N {0 : ®2(n) T} is infinite. 


We claim one of the above must hold. Suppose not, and fix n. The fact 
that 2 does not hold means that we can find a k such that ®2(n) | for all 
o € M419 2*. The fact that 1 does not hold means that, for each such ø, 
if Z (n) A X(n), then Tze+1 is finite above ø. Thus we can compute X (n) 
by searching for a j such that for all o, T € Toe41. 2’, we have ®2 (n) |= 
®7(n) |, which by the above must exist. Since X is noncomputable, either 1 
or 2 must hold. If we find that 1 holds, then let To¢42 = T2oe41N {T : 0 =< T}. 
Otherwise, let Tre+2 = Toe+1 N {0 : ®2(n) T}. 

Now let A € (),[T-]. It is easy to check that we can perform the above 
construction computably in X @ Ø’, so as in the proof of the low basis 
theorem, we have A’ <+ X @ W. Furthermore, the definition of the trees 
Toe+2 ensures that X £r A. oO 


Corollary 2.19.9 and Theorem 2.19.10 cannot be combined. That is, there 
are a II? class C and a noncomputable set X such that X is computable 
from every superlow member of C. We will see examples in Section 14.4. 

Another important basis theorem is provided by the hyperimmune-free 
degrees. 


Theorem 2.19.11 (Hyperimmune-Free Basis Theorem, Jockusch and 
Soare [196]). Every II? class has a member of hyperimmune-free degree. 


Proof. Let C be a I? class, and let T be a computable tree such that 
C = |T]. We can carry out a construction like that in the proof of Miller 
and Martin’s Theorem 2.17.3 within T. We begin with Tọ = T. We do 
not need the odd stages of that construction since we do not need to force 
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noncomputability (as O is hyperimmune-free). Thus we deal with ®, at 
stage e+ 1. 
We are given Te and we want to build 7.41 to ensure that either 


(i) if A € |[Te41] then 4 is not total, or 


(ii) there is a computable function f such that if A € [Te41] then ®4(n) < 
f(n) for all n. 


Let 
U? = {0 : ®2(n)T}- 


There are two cases. 

If there is an n such that U? A Te is infinite, then let Te+ı = U? O Te. In 
this case, if A € [T.41] then ®4(n)f. 

Otherwise, let Te+1 = Te. In this case, for each n we can compute a 
number /(n) such that no string o € Te of length I(n) is in U}. For any 
such g, we have ®2(n) |. Define the computable function f by 


f(n) = max{®?(n):a€ Te A |o| = U(n)}. 


Then A € [7.41] implies that 64(n) < f(n) for all n. 
So if we let A € e [Te], then A is a member of C and has hyperimmune- 
free degree. O 


In the above construction, if [T] has no computable members, then 
Proposition 2.19.5 implies that each Te must have size 2°., It is not hard 
to adjust the construction in this case to obtain continuum many members 
of C of hyperimmune-free degree. Thus, a II? class with no computable 
members has continuum many members of hyperimmune-free degree. 

The following result is an immediate consequence of the hyperimmune- 
free basis theorem and Theorem 2.17.2, but it was first explicitly articulated 
by Kautz [200], who gave an interesting direct proof. Recall that a set A is 
computably enumerable in and above a set X (CEA(X)) if A is c.e. in X 
and X <, A. A set A is CEA if it is CEA(X) for some X <r A. 


Corollary 2.19.12 (Jockusch and Soare [196], Kautz [200]). Every I? 
class has a member that is not CEA. 


Although the existence of minimal degrees (Theorem 2.18.2) was proved 
by techniques similar to those used to prove the hyperimmune-free basis 
theorem, there is no “minimal basis theorem”, since there are II? classes 
with no members of minimal degree. An example is the IT? class of all com- 
plete extensions of Peano Arithmetic, by Theorem 2.21.9 below. However, 
using techniques beyond the scope of this book, Groszek and Slaman [173] 
proved the following elegant result. 


Theorem 2.19.13 (Groszek and Slaman [173]). There is a I) class such 
that every member either is c.e. and noncomputable, or has minimal degree. 
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We end this section by looking at examples of nonbasis theorems. 


Proposition 2.19.14. The intersection of all bases for the II? classes is 
the collection of computable sets, and hence there is no minimal basis. 


Proof. If A is a computable set then {A} is a IT? class, so every basis for 
the II? classes must include A. On the other hand, if B is noncomputable 
then, by Corollary 2.19.4, {B} is not a II? class, so every IT? class must 
contain a member other than B, and hence the collection of all sets other 
than B is a basis for the IT? classes.‘4 Oo 


For our next result, we will need the following definition and lemma. 


Definition 2.19.15. An infinite set A is effectively immune if there is a 
computable function f such that for all e, if We C A then |W.| < f(e). 


Post gave the following construction of an effectively immune co-c.e. set 
A. At stage s, for each e < s, if W.[s] C A, and there is an x € We[s] such 
that x > 2e, then put the least such x into A. Then A is infinite, and is 
effectively immune via the function e+ 2e. 


Lemma 2.19.16 (Martin [258]). If a c.e. set B computes an effectively 
immune set, then B is Turing complete. 


Proof. Let B be c.e., and let A <r B be effectively immune, as witnessed 
by the computable function f. Let T be a reduction such that T? = A. 

For each k we build a c.e. set W, (x), where the computable function h is 
given by the recursion theorem with parameters. Initially, W),(,) is empty. 
If k enters @’ at stage t then we wait until a stage s > t at which there is a 
q such that TË (n)[s]] for all n < q and there are more than f(h(k)) many 
numbers in I? [s] | q. We then let W),(4) =I? [s] | g.1° This action ensures 
that |Wrx)| > f(h(k)), so we must have Wax) É A. Thus, 


T?[s] a= Wr) Alq =I? fa. 


So to compute @’(k) from B, we simply look for a stage s at which there 
is a q such that B, | y?(n)[s] = B | y?(n)[s] for all n < q and there are 
more than f(h(k)) many numbers in IF? [s] | q. If k is not in 0’ by stage s, 
it cannot later enter 0)’. o 


14 Another way to prove this fact is to note that, by Theorem 2.17.2, the only sets that 
are both low and hyperimmune-free are the computable ones. 

15In greater detail: For each i and k, we define a c.e. set Ci, k as follows. Initially, C'i% 
is empty. If k enters 0’ at stage t then we wait until a stage s > t at which there is 
a q such that TP (n)[s] | for all n < q and there are more than f(i) many numbers in 
TË [s] | q. We then let Ci k = TĒ [s] | q. It is easy to see that there is a computable 
function g such that g(i, k) is an index for Cj, for all i and k. By the recursion theorem 
with parameters, there is a computable function h such that Wag) = Wg(h(k),k) for all 
k. This h has the required properties. 
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Theorem 2.19.17 (Jockusch and Soare [195]). (i) The incomplete c.e. 
degrees do not form a basis for the TI} classes. 


(ii) Let a be an incomplete c.e. degree. Then the degrees less than or equal 
to a do not form a basis for the II? classes. 


Proof. By Lemma 2.19.16, to prove both parts of the theorem, it is enough 
to find a II? class whose members are all effectively immune. Let A be 
Post’s effectively immune set described after Definition 2.19.15. An infinite 
subset of an effectively immune set is clearly also effectively immune, so it 
is enough to find a II? class all of whose members are infinite subsets of A. 

It is clear from the construction of A that [A | 2e| < e for all e. Thus 
An [2* —1,2*+1 — 2] # Ø for all k.1® Let 


P={B: BCAA Vk(Bn[2* —1,2"+1 — 2] 4 0)}. 


Since A is co-c.e., P is a II? class, and it is nonempty because A € P. 
Furthermore, every element of P is an infinite subset of A. As explained in 
the previous paragraph, these facts suffice to establish the theorem. O 


2.19.4 Generalizing the low basis theorem 


We would like to extend the low basis theorem to degrees above 0’. Of 
course, we cannot hope to prove that for every degree a > 0’, every I? 
class has a member whose jump has degree a, since there are I? classes 
whose members are all computable. We can prove this result, however, if 
we restrict our attention to special II? classes, which are those with no 
computable members. 


Theorem 2.19.18 (Jockusch and Soare [196]). If C is a TI) class with 
no computable members and a > 0’, then there is a P € C such that 
deg(P’) = deg POW =a. 


Proof. Let C = [T] with T a computable tree and let A € a. By Proposition 
2.19.5, T has 28° many paths. We A-computably define an infinite sequence 
of computable trees Ty D T} D ---, each with 2° many paths. We begin 
with To =T. 

Given Toe, let 


Uze = {0 € Tre : ®2(e) [lol] T} 


If Uze is finite then let T2e+1 = Tze. Otherwise, since U2, is a subtree of T, 
it has no computable paths, and hence has 2° many paths. In this case, 
let The41 = Uze. Notice that we can A-computably decide which case we 
are in because A >, W. 


16Notice that this fact shows that A is not hyperimmune. In fact, it is not hard to 
show that a co-c.e. set X is not hyperimmune iff there is a II class all of whose members 
are infinite subsets of X. 
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Now let oo <, 01 be the length-lexicographically least pair of incompara- 
ble strings in T2e+1 such that for each i < 2, the subtree of To-41 above c; 
is infinite (and hence has 2° many paths). Notice that we can find 00,01 
using A, again because A >, @’. Let Toe42 be the subtree of T2e+1 above 
Oo A(e)- 

Having defined the Te, let P € (),[T.]. The choice of T2-+1 determines 
whether Ø? (e) |, so, since the entire construction is A-computable, P’ <> 
A. On the other hand, we can also perform the construction (P © @’)- 
computably, since all the steps can be done @!’-computably, except the choice 
of which g; to extend in defining T>-+2, which can be done P-computably, 
since the g; we choose at that stage is the one extended by P. Furthermore, 
that choice determines the eth bit of A. Thus A <+ POO’ <+ P’, and hence 
P=, POW =, A. o 


Corollary 2.19.19 (Jockusch and Soare [196]). For each a > 0’, the sets 
with degrees in {b : b' = a} U {0} form a basis for the TI} classes. 


2.20 Strong reducibilities and Post’s Program 


The concept of hypersimplicity, which we defined in Section 2.17, was in- 
troduced by Post [316] as part of an attempt to solve Post’s Problem. 
Although hypersimple sets can be Turing complete, Post [316] showed that 
no hypersimple set can be tt-complete. Later, Friedberg and Rogers [162] 
proved that no hypersimple set can be wtt-complete. This result has been 
extended as follows. A set A is wtt-cuppable if there is a c.e. set W <wu 0’ 
such that AGW Sve W. 


Theorem 2.20.1 (Downey and Jockusch [119]). No hypersimple set is 
wtt-cuppable. 


Proof. Suppose that A is hypersimple, W is c.e., W Swu 0’, and ADW Sy. 
0’. We show that W >w 0’. We will build a c.e. set B. By the recursion 
theorem, we may assume that we have a wtt-reduction Tr4®W = B with 
computable use g.‘’ Without loss of generality, we may assume that g(n) 
is increasing and even for all n and write h(n) for lok 

We define a strong array {Fi}ien as follows, writing m(i) for max Fj. 
Let Fo = [0,h(0)]. Given F;, pick m(i) + 1 many fresh large numbers 
DET se Nt ee OG) and let Fi}ı = (max Fi, hot) Since the F; form a 
strong array, there are infinitely many i with F; C A. We can therefore 


17In greater detail: We can think of the ensuing construction as building a c.e. set 
We) given a parameter e, taking as I’ a wtt-functional such that PAsw — We. (It is 
not hard to see that indices for I and for a computable function bounding its use can be 
found effectively from e.) By the recursion theorem, there is an e such that We = Wee), 
and we let B = We. 
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enumerate an increasing computable sequence ig < i1 < --- such that 
Fy G A for all k. 

Now for each k, we act as follows. Let b = Be We wait until a stage 
sp such that Fj,41 C As, If k enters 0’ at a stage tk > sp, we wait for a 
stage s such that [4®[s] | (b+ 1) = B, | (b +1), then put btt into 
B. If later A changes below h(b), we again wait for a stage s such that 
T4W[s] | (6+1) = B, | (b+1), then put bit" into B. We continue in this 
manner, enumerating one more geet into B each time A changes below 
h(b) and the computation [4° } (b+ 1) recovers. Since Fy, 41 C As,, we 
cannot have more than m(i,) +1 many changes in A below h(b) after stage 
Sk, SO We never run out of pees, Since we change B | (b+ 1) after the 
last time A f h(b) changes, W | h(b) must change at that point to ensure 
that PAS” | (b+1)=Bf (b+1). 

Thus W f[ h(b) changes at least once after stage ty, so we can wtt- 
compute Ú’ using W as follows. Given k, wait for a stage s > sz, such that 
Ws | h(b) = W f h(b). Then k € W iff k € Of. o 


Post’s original program for solving Post’s Problem was to find a “thin- 
ness” property of the lattice of supersets of a c.e. set (under inclusion) 
guaranteeing Turing incompleteness of the given set. It was eventually 
shown that this approach could not succeed. Although Sacks [343] con- 
structed a maximal set (i.e., a coinfinite c.e. set M such that if W D M is 
c.e. then either W is cofinite or W \ M is finite) that is Turing incomplete, 
it is also possible to construct Turing complete maximal sets. Indeed, Soare 
[365] showed that the maximal sets form an orbit of the automorphisms 
of the lattice of c.e. sets under inclusion, and hence there is no definable 
property that can be added to maximality to guarantee incompleteness. 
Eventually, Cholak, Downey, and Stob [66] showed that no property of the 
lattice of c.e. supersets of a c.e. set can by itself guarantee incompleteness. 
Finally, Harrington and Soare [176] did find an elementary property of c.e. 
sets (that is, one that is first-order definable in the language of the lattice of 
c.e. sets) that guarantees incompleteness. There is a large amount of fasci- 
nating material related to this topic. For instance, Cholak and Harrington 
[68] have shown that one can define all “double jump” classes in the lattice 
of c.e. sets using infinitary formulas. The methods are intricate and rely 
on analyzing the failure of the “automorphism machinery” first developed 
by Soare and later refined by himself and others, particularly Cholak and 
Harrington. 

Properties like simplicity (defined in Section 2.2) and hypersimplicity do 
have implications for the degrees of sets related to a given c.e. set. For 
instance, Stob [383] showed that a c.e. set is simple iff it does not have c.e. 
supersets of all c.e. degrees. Downey [100] showed that if A is hypersimple 
then there is a c.e. degree b < deg(A) such that if Ag U A; is a c.e. splitting 
of A, then neither of the A; has degree b. 
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In this section, we assume familiarity with basic concepts of mathematical 
logic, such as the notion of a first-order theory, the formal system of Peano 
Arithmetic, and Gédel’s Incompleteness Theorem, as may be found in an 
introductory text such as Enderton [139]. Those unfamiliar with this ma- 
terial may take Corollary 2.21.4 below as a definition of the notion of a PA 
degree (which makes Theorem 2.21.3 immediate). 

The class of complete extensions of a given computably axiomatizable 
first-order theory is a I? class. (We assume here that all theories are con- 
sistent.) Jockusch and Soare [195, 196] showed that, in fact, for every IT? 
class P there is a computably axiomatizable first-order theory T such that 
the class of degrees of members of P coincides with the class of degrees of 
complete extensions of T. (This result was later extended by Hanf [174] to 
finitely axiomatizable theories.) As we will see, there are II? classes P that 
are universal, in the sense that any set that can compute an element of P 
can compute an element of any nonempty IT? class. A natural example of 
such a class is the class of complete extensions of Peano Arithmetic. The 
degrees of elements of this class are known as PA degrees. 


Definition 2.21.1. A degree a is a PA degree if it is the degree of a 
complete extension of Peano Arithmetic. 


Theorem 2.21.2 (Scott Basis Theorem [352]). Ifa is a PA degree then 
the sets computable from a form a basis for the TI? classes. 


Proof. Let S be a complete extension of PA of degree a.!8 Let T be an 
infinite computable tree. We compute a path through T using S by defining 
a sequence 09 ~ 01, ~::- ET. 

Let op = À. Suppose that on» has been defined in such a way that there 
is a path through T extending on. If there is a unique 7 such that oni € T, 
then let on41 = Oni. Otherwise, both o,0 and o,1 are in T. For i = 0,1, 
let 6; be the sentence 


4m (oni has an extension of length m in T but o,,(1 — i) does not). 


These sentences can be expressed in the language of first-order arithmetic, 
by the kind of coding used in the proof of Gédel’s Incompleteness Theorem. 

Within PA, we can argue as follows. Suppose that 69 and 6; both hold. 
Then for each i = 0,1, there is a least m; such that oni has an extension 
of length m; in T but o,(1 — i) does not. Let i be such that m; > m1_;. 
Then o,,(1 — i) has an extension of length mı—;, and hence one of length 
mi, which contradicts the choice of m;i. 


18We do not actually need S to be complete, but only consistent and deductively 
closed. 
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Thus PA F (6p A 61), so there is a least i such that 6;_; ¢ S. Let on4i1 = 
Ont. There must be a path through T extending o,+1, since otherwise we 
would have PA F 6;_;, and hence 6;_; € S. o 


In unpublished work, Solovay showed that, in fact, the property in The- 
orem 2.21.2 exactly characterizes the PA degrees. This fact, which we will 
state as Corollary 2.21.4 below, follows immediately from the following 
result, which is important in its own right. 


Theorem 2.21.3 (Solovay [unpublished]). The class of PA degrees is 
closed upwards. 


Proof. Let A be the set of (Gödel numbers of) sentences provable in PA and 
B the set of (Gödel numbers of) sentences refutable from PA. We follow 
the proof in Odifreddi [310], which uses the fact that A and B form an 
effectively inseparable pair of c.e. sets (which recall means that there is a 
computable function f such that for all disjoint c.e. We D A and W; 2 B, 
we have f(e,i) We UW;). 

Let T be a complete extension of PA computable in a set X. Using T, 
we will build finite extensions Fẹ of PA for ø € 2<” so that |J Fy isa 
complete extension of PA with the same degree as X. 

Let Yo, ¥1,... be an effective listing of the sentences of arithmetic. Let 
F = PA. Suppose that we have defined F, to be a finite consistent exten- 
sion of PA. Let yọ be an existential sentence of arithmetic expressing the 
statement that 


onX 


dm (m codes a proof of yn in Fy 


and no k < m codes a proof of ay, in Fo). 


Let pı be the same with the roles of yn and -y,, interchanged. 

We have y; € T iff y; is true, and at most one y is true. If Wo € T then 
let FY = Fo U {yn} and otherwise let F} = Fs U {ayy}. 

Let C be the sentences provable in F} and D the sentences refutable 
from F’. Then C and D are c.e. sets containing A and B, respectively, 
and we can effectively find indices for C and D. Since A and B form an 
effectively inseparable pair, we can compute a sentence v ¢ C U D. Let 
Foo = F} U {v} and Foi = F} U {a7}. 

Let S = U,2x Fo. Then S is a complete extension of PA, and is X- 
computable, since T is X-computable. Given $, we can compute X as 
follows. Assume by induction that we have computed X | n and Fyn. We 
know which of Yn and ~ọn is in S, so we know Fẹ în: Thus we can compute 
v. We know which of v and =v is in S, so we know X | n+ 1 and Fx m41- 
Thus S =, X. O 


Since the complete extensions of PA form a II? class, if the sets com- 
putable from a degree a form a basis for the II? classes, then in particular 
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a computes a complete extension of PA, and hence, by the above theorem, 
is itself a PA degree. Thus we have the following result. 


Corollary 2.21.4 (Solovay). A degree is PA iff the sets computable from 
it form a basis for the II? classes. 


A useful way to restate this corollary is that a degree a is PA iff every 
computable infinite subtree of 2<“ has an a-computable path. 

Another way to characterize PA degrees is via effectively inseparable 
pairs of c.e. sets. Let A and B form such a pair. As previously mentioned, 
the class of all sets that separate A and B is a IT? class, so every PA degree 
computes such a set. Conversely, given a set C separating A and B, we 
can use the following useful lemma to obtain a C-computable complete 
extension of PA. 


Lemma 2.21.5 (Muchnik [285], Smullyan [362]). Let C be a separating 
set for an effectively inseparable pair of c.e. sets A and B, and let X and 
Y be disjoint c.e. sets. Then there is a C-computable set separating X and 
Y. 


Proof. Let f be a total function witnessing the effective inseparability of 
A and B. It is not hard to see that we may assume that f is 1-1. Using the 
recursion theorem with parameters, we can define computable 1-1 functions 
g and h such that for all n we have 

Z ee ifneY 


Wan 
a(n) A otherwise 


and 


19 


W, — J BYU), A(n))} ifne X 
Be B otherwise. 


n),h(n)) € C}. If n € X then f(g(n),h(n)) € 
Won) U Wan), so a (n) and Wprin) cannot be disjoint. It follows that 
f(g(n),h(n)) E€ A C C, so n € D. The same argument shows that if 
n EY then f(g(n),h(n)) € B, son ¢ D. Thus D is a separating set for X 
and Y. m 


Theorem 2.21.6 (Jockusch and Soare [196]). If C is a separating set for 
an effectively inseparable pair then C has PA degree. Thus a degree is PA 
iff it computes a separating set for an effectively inseparable pair. 


Proof. Let X be the set of sentences provable in PA and Y the set of 
sentences refutable from PA. By the above lemma, there is a C-computable 
set D separating X and Y. Let Yo, %1,... be an effective listing of the 


19Tt is a useful exercise to work out the full details of the application of the recursion 
theorem in this case. 
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sentences of arithmetic. Let To = Ø. Suppose we have defined the finite set 
of sentences Tn. Let Y = (Ayer, Y) > Yn- If Y E D then we know y is 
not refutable from PA, so (Aper, 2) > “Yn is not provable from PA, and 
we can let Tr41 = Tn U {yn}. Otherwise, y% is not provable from PA, so we 
can let Tr41 = Tn U {Yn}. Let T = U,, Tn. It is easy to check that T is a 
D-computable (and hence C-computable) complete extension of PA. O 


The following result follows immediately from the Low Basis Theorem 
2.19.8. (Indeed, this result was Jockusch and Soare’s first application of 
their theorem.) 


Theorem 2.21.7 (Jockusch and Soare [196]). There is a low PA degree. 


By upward closure, 0’ is a PA degree. However, combining Theorems 
2.19.17 and 2.21.2, we see that it is the only c.e. PA degree. 


Theorem 2.21.8 (Jockusch and Soare [195]). No incomplete c.e. degree 
is PA. 


The following is another useful fact about the distribution of PA degrees. 


Theorem 2.21.9 (Scott and Tennenbaum [351]). A PA degree cannot be 
minimal. 


Proof. Let P = {A® B : Ve(A(e) 4 ele) A Ble) 4 &A(e))}. If a set S 
has PA degree then there is an A® B € P such that AOD B <» S. It follows 
from the definition of P that 0 <r A <r A® B <- S, so S does not have 
minimal degree. m 


2.22 Fixed-point free and diagonally 
noncomputable functions 


A total function f is fized-point free if Wye) # We for all e. By the re- 
cursion theorem, no computable function is fixed-point free, and indeed 
the fixed-point free functions can be thought of as those that avoid having 
fixed points in the sense of the recursion theorem. As we will see (in Section 
8.17, for example), fixed-point free functions have interesting ramifications 
in both classical computability theory and the theory of algorithmic ran- 
domness. A related concept is that of a diagonally noncomputable (DNC) 
function, where the total function g is DNC if g(e) # ®e(e) for all e. A 
degree is diagonally noncomputable if it computes a DNC function. 


Theorem 2.22.1 (Jockusch, Lerman, Soare, and Solovay [191]). The 
following are equivalent. 


(i) The set A computes a fixed-point free function. 
(ii) The set A computes a total function h such that ®pe) A Be for all e. 


88 2. Computability Theory 


(iii) The set A computes a DNC function. 


(iv) For each e there is a total function h Sr A such that h(n) 4 e(n) 
for all n. 


(v) For each total computable function f there is an index i with ®4 total 
and ®A(n) # saln) for alln. 


Proof. We begin by proving the equivalence of (i)—(iii). 

Clearly (i) implies (ii), since if Ware) A We then ®j(-) £ Be. 

To show that (ii) implies (iii), suppose that h is as in (ii). Define ®q,,) 
as in the proof of the recursion theorem. That is, ®4(,,)(z) is ®o,(u)(z) if 
®,,(u) |, and Pacu) (z) T otherwise. As we have seen, we can choose d to be a 
total computable function. Let g = h o d. Note that g S+ A. Suppose that 
g(e) = ®e(e). Then by (ii) we have 


Pace) F Pn(ae)) = Poe) = Boe) = Bale), 


which is a contradiction. So g is DNC. 

To show that (iii) implies (i), fix a partial computable function w such 
that, for all e, if We Æ @ then w(e) € We, and let q be partial computable 
with ®,(<)(¢(e)) = W(e) for all e. Let g Sr A be DNC, and define f <r A 
so that We) = {g(q(e))}. Suppose that We = Wyre). Then We # 9, so 
w(e) € We, which implies that w(e) = g(q(e)). But g is DNC, so g(q(e)) 4 
®,(e)(¢(e)) = W(e), which is a contradiction. So f is fixed-point free. 

We now prove the equivalence of (iv) and (v). 

To show that (iv) implies (v), let f be a computable function, and let e 
be such that ®.((i, 7)) = ja (j). Fix h <r A satisfying (iv) for this e. For 
all i and n, let hi(n) = h((i,n)). Then there is a total computable function 
p with Si j= h; for all i. By the relativized form of the recursion theorem, 


there is an 2 such that Dha = 04. Then é is total, and 


Diin) = D (n) = A((i,n)) # Be((i,n)) = Bra ln). 


To show that (v) implies (iv), assume that (iv) fails for some e. Let 
f (i) = e for all i. Then for all i such that © is total, there is an n such 
that Pf (n) = e(n) = Pj (n), so (v) fails. 

Finally, we show that (iii) and (iv) are equivalent. 

To show that (iii) implies (iv), given e, let f be a total computable 
function such that ® p(n) (x) = e(n) for all n and x. Let g Sr A be DNC 
and let h = go f. Then 


Seln) = Piin (F (n)) # g (n)) = k(n). 


To show that (iv) implies (iii), let e be such that ®e(n) = ®,(n) for all 
n, and let h be as in (iv). Then h(n) 4 e(n) = n(n) for all n, so h is 
DNC. O 
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Further results about DNC functions, including ones relating them to 
Kolmogorov complexity, will be discussed in Chapter 8, particularly in 
Theorem 8.16.8. 

For DNC functions with range {0,1}, we have the following result. 


Theorem 2.22.2 (Jockusch and Soare [195], Solovay [unpublished]). A 
degree is PA iff it computes a {0,1}-valued DNC function. 


Proof. It is straightforward to define a I? class P such that the character- 
istic function of any element of P is a {0,1}-valued DNC function. So by 
the Scott Basis Theorem 2.21.2, every PA degree computes a {0, 1}-valued 
DNC function. 

Now let A compute a {0,1}-valued DNC function g. Then g is the 
characteristic function of a set separating the effectively inseparable pair 
{e : ®.(e) = 0} and {e : ®e(e) = 1}. So by Lemma 2.21.6, g has PA degree. 
Since the class of PA degrees is closed upwards, so does A. m 


The following is a classic result on the interaction between fixed-point 
free functions and computable enumerability. 


Theorem 2.22.3 (Arslanov’s Completeness Criterion [13]). A c.e. set is 
Turing complete iff it computes a fixed-point free function. 


Proof. It is easy to define a total Ọ'-computable fixed-point free function. 
For the nontrivial implication, let A be a c.e. set that computes a fixed- 
point free function f. By speeding up the enumeration of A, we may assume 
we have a reduction T4 = f such that P'4(n)[s]| for all s and n < s. 

For each n we build a set Wj ,), with the total computable function h 
given by the recursion theorem with parameters. Initially, Wan) = 0. If 
n € Ø; then for every x E€ Wpa(nn))isj[5], we put x into Whim) if it is not 
already there. (The full details of the application of the recursion theorem 
are much as in the footnote to the proof of Theorem 2.19.16.) 

We claim we can compute @’ from A using h. To prove this claim, fix n. 
If n € Ø, then consider the stage s at which n enters Q’. If the computation 
T4(h(n)) has settled by stage s, then every x € Wra(n(n)) is eventually put 
into Wj), while no other x ever enters Wain). So We(n(ny) = Wracn(n)) = 
Wh(n), contradicting the choice of f. Thus it must be the case that the 
computation [4(h(n)) has not settled by stage s. 

So, to decide whether n € Ø, we simply look for a stage s by which 
the computation [4(h(n)) has settled (which we can do computably in A 
because A is c.e.). Then n € @ iff n € Ø}. oO 


The above argument clearly works for wtt-reducibility as well, so a c.e. 
set is wtt-complete iff it wtt-computes a fixed-point free function. Arslanov 
[14] has investigated similar completeness criteria for other reducibilities 
such as tt-reducibility. 

Antonin Kuéera realized that fixed-point free functions have much to say 
about c.e. degrees, even beyond Arslanov’s Completeness Criterion, and, 
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as we will later see, about algorithmic randomness. In particular, in [216] 
he showed that if f <+ 0’ is fixed-point free, then there is a noncomputable 
c.e. set B Sr f. We will prove this result in a slightly stronger form after 
introducing the following notion. 


Definition 2.22.4 (Maass [256]). A coinfinite c.e. set A is promptly simple 
if there are a computable function f and an enumeration {As }sew of A such 
that for all e, 


[Wel z > 4° x As (x E W-.|[s] \ We[s — 1] ATE Af(s))- 


The idea of this definition is that x needs to enter A “promptly” after 
it enters We. We will say that a degree is promptly simple if it contains a 
promptly simple set. The usual simple set constructions (such as that of 
Post’s hypersimple set) yield promptly simple sets. 

We can now state the stronger form of Kučera’s result mentioned above. 
Theorem 2.22.5 (Kučera [216]). If f <r Ý is fixed-point free then there 
is a promptly simple c.e. set B Sr f. 

Proof. Let f <+ @ be fixed-point free. We build B <+ f to satisfy the 
following requirements for all e: 


Re: |We| = œ => Ards (x € Wels] \ Wels — 1] A z € Bs). 


To see that these requirements suffice to ensure the prompt simplicity of 
B (assuming that we also make B c.e. and coinfinite), notice that it is not 
hard to define a computable function g such that for all e and sufficiently 
large n, there is an i such that W; = We N {n,n + 1,...} and for x > n, if 
x € Wels] \ Wels — 1] then x € Wilg(s)]\ Wilg(s)— 1]. So if the requirements 
are satisfied, then for each e and n, 


|W.| =œ => Jr > nds (x € Wels] \ W.[s — 1] A £ € Bysy). 


During the construction, we will define an auxiliary computable function 
h using the recursion theorem with parameters. (We will give the details of 
this somewhat subtle application of the recursion theorem after outlining 
the construction.) 

At stage s, act as follows for each e < s such that 


1. Re is not yet met, 
2. some xz > max{2e, h(e)} is in Wefs] \ We[s — 1], and 
3. fs(h(e)) = fi(A(e)) for all t witha < t < s. 


Enumerate x into B (which causes Re to be met). Using the recursion 
theorem with parameters, let Wp (e) = WF, (n(e))- 

In greater detail, we think of the construction as having a parameter 
i and enumerating a set B;. We define an auxiliary partial computable 
function g, which we then use to define h. 

At stage s, act as follows for each e < s such that 


2.22. Fixed-point free and diagonally noncomputable functions 91 


1. Re is not yet met (with B; in place of B), 
2. some x > max{2e, i} is in W.[s] \ W.[s — 1], and 
3. fs(t) = fi(t) for allt witha < t < s. 


Enumerate x into B; (which causes Re to be met) and let g(i,e) = f(t). 
Using the recursion theorem with parameters (in the version for partial 
computable functions mentioned following the proof of Theorem 2.3.2), let 
h be a total computable function such that Whe) = Wocn(e),e) Whenever 
g(h(e),e) |. Let B = Bye). It is not hard to check that h is as above. 

Having concluded the construction, we first verify that B is promptly 
simple. Clearly, B is c.e., and it is coinfinite because at most one number 
is put into B for the sake of each Re, and that number must be greater 
than 2e. As argued above, it is now enough to show that each Re is met. 
So suppose that |W.| = oo. Let u be such that f;(h(e)) = f(h(e)) for all 
t > u. There must be some z > max{2e,h(e),u} and some s such that 
x E€ Wels] \ Wefs — 1]. If Re is not yet met at stage s, then x will enter B 
at stage s, thus meeting Re. 

We now show that B <+ f. Let 


q(x) = uu > xy <S x(fuly) = fly))- 


Then q Sr f. We claim that x € B iff £ € Bg(,). Suppose for a contradiction 
that x € B \ Byz). Then x must have entered B for the sake of some Re 
at some stage s > q(x). Thus f,(h(e)) = fi(h(e)) for all t witha <S t < s. 
However, x < q(x) < S, SO Warce) = Wf, (n(e)) = W fæ (h(e)) = W(n(e)): 
contradicting the fact that f is fixed-point free. O 


As Kučera [216] noted, Theorem 2.22.5 can be used to give a priority-free 
solution to Post’s Problem: Let A be a low PA degree (which exists by the 
low basis theorem). By Theorem 2.22.2, A computes a DNC function, so by 
Theorem 2.22.1, A computes a fixed-point free function. Thus A computes 
a promptly simple c.e. set, which is noncomputable and low, and hence a 
solution to Post’s Problem. 

Prompt simplicity also has some striking structural consequences. A c.e. 
degree a is cappable if there is a c.e. degree b > O such that aN b = 0. 
Otherwise, a is noncappable. 


Theorem 2.22.6 (Ambos-Spies, Jockusch, Shore, and Soare [7]). Every 
promptly simple degree is noncappable. 


Proof. Let A be promptly simple, with witness function f. Let B be a 
noncomputable c.e. set. We must build C <+ A, B meeting 


Re: We £C 


for all e. To do so we build auxiliary c.e. sets Ve = Wie) with indices h(e) 
given by the recursion theorem with parameters. Analyzing the proof of 
the recursion theorem, we see that there is a computable function g such 
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that for almost all n, if we decide to put n into Ve at a stage s, then n 
enters Wh(e) before stage g(s). 

Our strategy for meeting Re is straightforward. We pick a follower n 
targeted for C. If we ever see a stage s such that n € We s, we declare n 
to be active. If We N Cs = 0, then we pick a new follower n’ > n. For an 
active n, if some number less than n enters B at a stage t, we enumerate 
n into Ve. If n € Ag(g(z)) then we put n into C. In any case, we declare n 
to be inactive. 

Assume for a contradiction that We = C. Then infinitely many followers 
become active during the construction. Since B is noncomputable, infinitely 
many of these enter Whe), so by the prompt simplicity of A, some active 
follower enters C, whence W, 4 C. 

The strategies for different requirements act independently, choosing fol- 
lowers in such a way that no two strategies ever have the same follower. 
Thus all requirements are met. Whenever we enumerate n into C at a stage 
t, this action is permitted by a change in B below n at stage t and by n 
itself entering A by stage f(g(t)). Since f is computable, C <r A,B. O 


Ambos-Spies, Jockusch, Shore, and Soare [7] extended the above result 
by showing that the promptly simple degrees and the cappable degrees 
form an algebraic decomposition of the c.e. degrees into a strong filter 
and an ideal. (See [7] for definitions.) Furthermore, they showed that the 
promptly simple degrees coincide with the low cuppable degrees, where a 
is low cuppable if there is a low c.e. degree b such that aU b = 0’. The 
proofs of these results are technical, and would take us too far afield. 


Corollary 2.22.7 (Kučera [216]). Let a and b be A$ degrees both of which 
compute fixed-point free functions. Then a and b do not form a minimal 
pair. 


Proof. By Theorem 2.22.5, each of a and b bounds a promptly simple 
degree. By Theorem 2.22.6, these promptly simple degrees are noncappable, 
and hence do not form a minimal pair. Thus neither do a and b.?° o 


Kučera [217] introduced the following variation of the notion of DNC 
function. 


Definition 2.22.8 (Kučera [217]). A total function f is generally 
noncomputable (GNC) if f((e,n}) A ®e(n) for all e and n. 


We can argue as before to show that the degrees computing {0,1}- 
valued GNC functions are exactly the degrees computing {0,1}-valued 
DNC functions, that is, the PA degrees. 


20Kuéera’s original proof of this result was direct, in the style of the proof of Theorem 
2.22.5, and used the (double) recursion theorem. 
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Theorem 2.22.9 (Kučera [217]). Let A be a TI? class whose elements are 
all {0,1}-valued GNC functions, and let C be a set. There is a function 
g € A and an index e such that g((e,n)) = C(n) for all n. Furthermore, e 
can be found effectively from an index for A. 


Proof. Using the recursion theorem, choose e such that ®,.(n) is defined as 
follows. Suppose there is a 7 € 2<“ such that 


AN{f:¥n < |r| (F((e,n)) = 7(n))} = 4. 


This condition is c.e., so we can choose the first 7 we see satisfying it and 
let e(n) = 1 — T(n) for n < |r| and e(n) = 0 for n > |r|. If there is no 
such 7, then let ®.(n) 7 for all n. 

If there is such a 7, then for each {0, 1}-valued GNC function f we have 
f((e,n)) = T(n) for all n < |r|, and hence AN {f : Vn < |r| (f((e,n)) = 
7(n))} = A #9, contradicting the definition of r. Thus there is no such 7, 
and hence for every o there is a g € A such that g((e,n)) = o(n) for all 
n < |o|. By compactness, there is a g € A such that g((e,n)) = C(n) for 
all n. oO 


Kučera [217] remarked that the use of (e,n) with ®e(n)f for all n is an 
analog of the use of what are known as flexible formulas in axiomatizable 
theories, first introduced and studied by Mostowski [283] and Kripke [214], 
in connection with Gédel’s Incompleteness Theorem. 

In unpublished work,?! Kučera also noted that the above proof can be 
combined with the proof of the low basis theorem to show that if c is a 
low degree then there is a low PA degree a > c. Combining this result 
with Kuéera’s priority-free solution to Post’s Problem, we see that for any 
low degree c there is a c.e. degree b such that b Uc is low. This result is 
particularly interesting in light of the fact that Lewis [245] has constructed 
a minimal (and hence low2) degree c such that bUc = 0’ for every nonzero 
c.e. degree b. Kuéera has also used the above method to construct PA 
degrees in various jump classes. 


2.23 Array noncomputability and traceability 


In this section, we discuss the array noncomputable degrees introduced 
by Downey, Jockusch, and Stob [120, 121]. The original definition of this 
class was in terms of very strong arrays. Recall that a strong array is a 
computable collection of pairwise disjoint finite sets {Fn : n € N} (which 
recall means not only that the Fn are uniformly computable, but also that 
the function i + max F; is computable). 


?1This work is now mentioned as example 2.1 in Kučera and Slaman [222]. In unpub- 
lished work, Kučera and Slaman have also shown that there is a lowo degree that joins 
all AS fixed-point free degrees to 0’. 
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Definition 2.23.1 (Downey, Jockusch, and Stob [120]). 


(i) A strong array {Fn : n € N} is a very strong array if |Fn| > |Fim| for 
all n >m. 


(ii) For a very strong array F = {Fn : n € N}, we say that a c.e. set A is 
F-array noncomputable (F-a.n.c.) if for each c.e. set W there is a k 
such that W N Fk = AN Fẹ. 


Notice that for any c.e. set W and any k there is a c.e. set W such that 
W N Fk Æ W A Fk but W (n) = W (n) for n ¢ Fy. From this observation 
it follows that if A is F-a.n.c. then for each c.e. set W there are infinitely 
many k such that W N Fk = AN Fp. 

This definition was designed to capture a certain kind of multiple per- 
mitting construction. The intuition is that for A to be F-a.n.c., A needs 
|Fę| many permissions to agree with W on Fp. As we will see below, 
up to degree, the choice of very strong array does not matter. Downey, 
Jockusch, and Stob [120] used multiple permitting to show that several 
properties are equivalent to array noncomputability. For example, the a.n.c. 
c.e. degrees are precisely those that bound c.e. sets A1, A2, B1, B2 such that 
A, NA2 = Bı N Be = Ú and every separating set for A1, A2 is Turing incom- 
parable with every separating set for B,, B2. (There are a number of other 
characterizations of the array noncomputable c.e. degrees in [120, 121].) 
We will see two examples of this technique connected with algorithmic 
randomness in Theorems 9.14.4 and 9.14.7 below. 

In Downey, Jockusch, and Stob [121], a new definition of array noncom- 
putability was introduced, based on domination properties of functions and 
not restricted to c.e. sets. 


Definition 2.23.2 (Downey, Jockusch, and Stob [121]). A degree a is 
array noncomputable (a.n.c) if for each f Swa @’ there is a function g 
computable in a such that g(n) > f(n) for infinitely many n. Otherwise, a 
is array computable. 


Note that, using this definition, the a.n.c. degrees are clearly closed 
upwards. The following results give further characterizations of array non- 
computability. They also show that, for c.e. sets, the two definitions of 
array noncomputability coincide and the first definition is independent of 
the choice of very strong array up to degree. Let mg (n) be the least s such 
that W [n= în. 


Theorem 2.23.3 (Downey, Jockusch, and Stob [121]). Let a be a degree, 
and let {Fr }new be a very strong array. The following are equivalent. 


(i) The degree a is a.n.c. 


(ii) There is a function h computable in a such that h(n) > mø (n) for 
infinitely many n. 
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(iii) There is a function g computable in a such that for each e there is an 
n for which We N Fn = We,gin) N Fn- 


Proof. To prove that (i) — (iii), let f(n) = us Ye < n (WeNFn = We, sOFn). 
Then f Swa 0’, so there is an a-computable function g such that g(n) > 
f(n) for infinitely many n. 

To prove that (ii) — (i), let f <we @’, and let h satisfy (ii). Fix e and a 
computable function b such that f(n) = ®® (n) with use at most b(n) for all 
n. We may assume without loss of generality that h and b are increasing. We 
define a function g such that g(n) > f(n) for infinitely many n as follows. 
Given n, let s be minimal such that s > h(b(n + 1)) and ©’ (n)[s] | with 
use at most b(n), and let g(n) = ©” (n)[s]. Clearly g is computable in a. 
Let n and k be such that b(n) < k < b(n +1) and h(k) > mø (k), and let s 
be as in the definition of g(n). We have s > h(b(n+1)) > h(k) > mø (k) > 
mgr(b(n)), so 0%, t o (a)l) = 0" T Y% (n)[s], and hence g(n) = f(n). Since 
there are infinitely many j with h(j) > mø (j), there are infinitely many n 
for which there is a k as above, and hence g(n) = f(n) for infinitely many 
n. 

It remains to show that (iii) > (ii). Let g be as in (iii). We claim that for 
each e there are infinitely many n with We N Fn = We g(n) N Fn. Suppose 
otherwise. Let i be such that ©; is defined as follows. If x € Fn for one of the 
finitely many n such that WeN Fn = We,g(n) Fn, then let ®;(x) converge in 
strictly more than g(n) steps. Otherwise, if ®.(x) | then let ®;(2) converge 
in at least the same number of steps as ®e(x), and if Pe(x) T then let 
©;(x) T. Then there is no n such that W; N Fa = W; g(n) N Fn, contradicting 
the choice of g. Thus the claim holds, so it suffices to show that there is an 
e such that us (We, s N Fn+1 = We N Fnii) > Mmg (n) for all n, since it then 
follows that (ii) holds with h(n) = g(n + 1). 

Define a c.e. set V as follows. At stage s, let Cn,s be the least element (if 
any) of Fn+1 \ Ve. For each n < s, if 06, [n AW, l n then enumerate cp, 
into V. Also enumerate css into V. 

Note that |Fn4iNV| < {8s : Ii < n (i € Cy WWL S n1 < |Fr4il, 
SO Cn,s is defined for all n and s. It follows that us (VsN Fn+1 = VOFn4i) = 
mø (n). By Theorem 2.3.3, there is an e such that We = V and We s C V; 
for all s. Then us (Wes Pr41 = WeNFn4i) 2 us (Vs Fra = VOFn4i) = 
mø (n) for all n, as required. o 


Since the truth of item (i) in Theorem 2.23.3 does not depend on a choice 
of very strong array, neither does the truth of item (iii). 


Theorem 2.23.4 (Downey, Jockusch, and Stob [120, 121]). Leta be a c.e. 
degree and let F = {Fn }nen be a very strong array. Then a is a.n.c. in the 
sense of Definition 2.23.2 iff there is an F-a.n.c. c.e. set A € a. 


Proof. (<=) Let A € a be an F-a.n.c. c.e. set. We show that item (iii) in 
Theorem 2.23.3 holds with g(n) = us (As N Fn = AN Fa). For each e, 
let Ve = {x : Js (x € We s \ As)}. Each Ve is c.e., so there is an n such 
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that AN Fa = Ve N Fn. If x enters We N Fn after stage g(n), then we 
have two cases: if x € A then x € Agn), so £ É Ve, while if x ¢ A then 
x € Ve. Both these possibilities contradict the fact that AN Fn = Ve N Fn, 
so We N Fn = We g(n) Fn. 

(=) Let a be an a.n.c. c.e. degree and let {Fn }nen be a very strong array. 
Let f(n) = psVe < n (Wes N Fie+i,n) = We N Fretiyn))- Clearly f Swn W, 
so there is an a-computable g such that g(n) > f(n) for infinitely many n. 
Since g is a-computable and a is c.e., there is a computable function h(n, s) 
and an a-computable function p such that g(n) = h(n, s) for all s > p(n). 
We now define the c.e. set A. 

First, we let B € a be c.e. and put U,„eg Fion) into A. We will not put 
any other elements of any F(o,n) into A, so this action ensures that A has 
degree at least a. 

Now it suffices to ensure that if n > e and g(n) > f(n), then AN 
Fretin) = We N Fretin). Whenever h(n, s) # h(n,s +1) and e < n < s, 
we put all elements of We n(n,s+1) N Fre+1,n) into A at stage s. 

The definition of A ensures that if x E€ AN Fe41,n) then x E€ Ap(n), so A is 
computable in p and hence A € a. Suppose now that n > e and g(n) > f(n). 
It follows from the definition of f that We gin) N Flezisny = We N retin): 
Choose s as large as possible so that h(n,s) # h(n,s+ 1). (There is no 
loss of generality in assuming there is at least one such s > n.) Then 
h(n, s +1) = g(n) and so 


Agi N Fle+1,n) = We h(n,s+1) N Fle+1,n) 


= WVe+1,9(n) N Fle+1,n) =W. N Fierin 


Furthermore, by the maximality of s, no elements of F(.41,,) enter A after 
stage s+ 1, so AN Fresin) = We N Fre4tyn)- O 


Corollary 2.23.5 (Downey, Jockusch, and Stob [120, 121]). Let F and 
G be very strong arrays. Then a degree contains an F-a.n.c. c.e. set iff it 
contains a G-a.n.c. c.e. set. 


We do not need to consider all wtt-reductions in the definition of array 
noncomputability, but can restrict ourselves to reductions with use bounded 
by the identity function. 


Proposition 2.23.6 (Downey and Hirschfeldt, generalizing [120]). A de- 
gree a is a.n.c. iff for every f that is computable from Ọ' via a reduction 
with use bounded by the identity function, there is an a-computable function 
g such that g(n) > f(n) for infinitely many n. 


Proof. The “only if” direction is obvious. We prove the “if” direction. Sup- 
pose that T” = f with use bounded by the increasing computable function 
p. Let ©” (n) = max{I (m) : p(m) < n}. Then g (n) < n, so there is an 
a-computable increasing function g such that g(n) > ©" (n) for infinitely 
many n. Let g(m) = g(p(m + 1)). Since p is computable, J Sr A. Further- 


2.23. Array noncomputability and traceability 97 


more, if g(n) > $” (n) then for the largest m such that p(m) < n, we have 
G(m) = g(p(m + 1)) > g(n) > $ (n) > T” (m) = f(m), so Xm) > f(m) 
for infinitely many m. m 


Martin [258] gave a characterization of the GL2 sets quite close to the 
definition of array computability, as a consequence of the following result. 
Recall that a function f dominates a function g if f(n) > g(n) for all 
sufficiently large n. A function is dominant if it dominates all computable 
functions. 


Theorem 2.23.7 (Martin [258]). A set A is high iff there is a dominant 
function f Sr A. 


Proof. Recall that Tot = {e : ®e is total}. This set has degree Ø”, so A 
is high iff Tot <+ A’ iff there is an A-computable function h such that 
lim, h(e, s) = Tot(e) for all e. 

Suppose that A is high, and let h be as above. Define an A-computable 
f as follows. Given n, for each e < n, look for an s > n such that either 


1. &.(n)[s] | or 
2. h(e,s) =0. 


For each e < n, one of the two must happen. Define f(n) to be larger than 
e(n) for all e < n such that 1 holds. If ®, is total then h(e,s) = 1 for 
all sufficiently large s, so f(n) > ®.(n) for all sufficiently large n. Thus f 
dominates all computable functions. 

Now suppose that there is a function f <+ A that dominates all com- 
putable functions. Define h <+ A as follows. Given e and s, check whether 
®.(n)[f(s)] | for alln < s. If so, let h(e, s) = 1, and otherwise let h(e, s) = 0. 
If e ¢ Tot then clearly h(e, s) = 0 for all sufficiently large s. If e € Tot and 
s is sufficiently large then f(s) is greater than the stage by which ®,(n) 
converges for all n < s, since the latter is a computable function of s. So 
h(e,s) = 1 for all sufficiently large s. Thus lim, h(e,s) = Tot(e) for all 
e. O 


Corollary 2.23.8 (Martin [258]). A set A is GLa iff there is a function 
f <r A9 that dominates all A-computable functions. 


Proof. A set A is GLa iff (A 6 0’)’ =, A” iff A@ 0’ is high relative to A. 
Thus the corollary follows by relativizing Theorem 2.23.7 to A. O 


By Corollary 2.23.8, if a set A is not GLə then for each function f Sr 
A@® @ there is a function g Sr A such that g(n) > f(n) for infinitely 
many n. Thus if a degree is not GLə then it is a.n.c. In particular, every 
array computable A$} degree is lows. In [121], Downey, Jockusch, and Stob 
demonstrated that many results previously proved for non-GLə degrees 
extend to a.n.c. degrees. However, the a.n.c degrees do not coincide with the 
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non-GLz degrees, nor do the a.n.c. c.e. degrees coincide with the nonlow2 
c.e. degrees. 


Theorem 2.23.9 (Downey, Jockusch, and Stob [120]). There is a low 
a.n.c. c.e. degree. 


Proof. The proof is a straightforward combination of lowness and array 
noncomputability requirements. Let F = {Fn : n € N} be a very strong 
array with |F,,| = n + 1. We build a c.e. set A to satisfy the requirements 


Re: In (We N Fn = AN Fy) 


and 
Ne : IVs P4 (e)fs] | > BA(e)|. 


For the sake of Re we simply pick a fresh n to devote to making We N Fn = 
AN Fa. We do so in the obvious way: Whenever a new element enters 
We N Fn, we put it into A. Such enumerations will happen at most n + 1 
many times. Each time one happens we initialize the weaker priority M- 
requirements. Similarly, each time we see a computation ®4(e)[s] | we 
initialize the weaker priority R-requirements, which now must pick their 
n’s to be above the use of this computation. The result follows by the usual 
finite injury argument. O 


On the other hand, an easy modification of Martin’s proofs above shows 
that if A is superlow then there is a function wtt-computable in @ that 
dominates every -computable function, and hence A is array computable. 

Array computability is also related to hyperimmunity. 


Proposition 2.23.10 (Folklore). Ifa is hyperimmune-free then a is array 
computable. 


Proof. If A is of hyperimmune-free degree then every f S+ A is dominated 
by some total computable function. It is easy to construct a function g Swe 
Ø that is a uniform bound for all partial computable functions. (That is, 
for each e, we have e(n) < h(n) for almost all n such that e(n) |.) 
Then every function f Sr A is dominated by g, and hence A is array 
computable. O 


The following concept, closely related to both hyperimmune-freeness and 
array computability, is quite useful in the study of algorithmic randomness. 


Definition 2.23.11 (Zambella [416], see [386], also Ishmukhametov [184]). 
A set A, and the degree of A, are c.e. traceable if there is a computable 
function p (called a bound) such that, for each function f <+ A, there is a 
computable function h (called a trace for f) satisfying, for all n, 


(i) |Wacny| < p(n) and 
(ii) f(n) € Wrin). 
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Since one can uniformly enumerate all c.e. traces for a fixed bound p, 
there is a universal trace with bound p?, say. By a universal trace we 
mean one that traces each function f Sr A on almost all inputs. As the 
following result shows, the above definition does not change if we replace 
“there is a computable function p” by “for every unbounded nondecreasing 
computable function p such that p(0) > 0”. 


Proposition 2.23.12 (Terwijn and Zambella [389]). Let A be c.e. traceable 
and let q be an unbounded nondecreasing computable function such that 
q(0) > 0. Then A is c.e. traceable with bound q. 


Proof. Let A be c.e. traceable with some bound p. Let g S+ A. For each 
m, let rm be such that q(rm) > p(m+1), and let f(m) = (g(0),..-,9(%m)). 
Let h be as in Definition 2.23.11. Let h be a computable function such 
that Win) is defined as follows. For each m, if rm <n < rm4i, then 
enumerate into Wz) all the nth coordinates of elements of Wp (m+1). Then 
[Wiinyl S [Warem] < p(m + 1) < arm) < a(n). Furthermore, g(n) is the 
nth coordinate of f(m + 1), and f(m +1) € Wr(m+1), 50 g(n) € Wiin) 
We have not yet defined Wiin) for n < ro, but since there are only finitely 
many such n, we can define Wen) = {g(n)} for such n. Then for all n we 
have Wo inl < q(n) and g(n) € Wyn) aS required. o 


Ishmukhametov [184] gave the following characterization of the array 
computable c.e. degrees. 


Theorem 2.23.13 (Ishmukhametov [184]). A c.e. degree is array com- 
putable iff it is c.e. traceable. 


Proof. Let A be a c.e. traceable c.e. set. Let f S+ A. Let p and h be as 
in Definition 2.23.11. Let g(n) = max Wp(n). Then g Swe 0’, since we can 
use p(n) to bound the @’-oracle queries needed to compute g(n), and g 
dominates f. Since f is arbitrary, A is array computable. 

Now let A be an array computable c.e. set. By Proposition 2.23.6, there 
is a function g computable from 0’ with use bounded by the identity that 
dominates every A-computable function. Let f = 64. Let F(n) be the 
least s such that &4(n)[t] = ®A(n)[s] for all t > s. Then F <r A, so 
by modifying g at finitely many places, we obtain a function G that is 
computable in ’ with use bounded by the identity function and such that 
G(n) > F(n) for all n. Since Ø | n can change at most n many times during 
the enumeration of @’, there is a computable approximation Go, G1,... 
to G that changes value at n at most n times. Let h be a computable 
function such that Win) = {®2(n)[Gs(n)] : s € NA ®A(n)[G5(n)] |}. Then 
|Wrin)| < n and f(n) € Win). Since f is arbitrary, A is c.e. traceable. O 


Using this characterization, Ishmukhametov proved the following re- 
markable theorem, which shows that if the c.e. degrees are definable in 
the global structure of the degrees, then so are the a.n.c. c.e. degrees. A 


100 2. Computability Theory 


degree m is a strong minimal cover of a degree a < m if for all degrees 
d < m, we haved <a. 


Theorem 2.23.14 (Ishmukhametov [184]). A c.e. degree is array com- 
putable iff it has a strong minimal cover. 


Definition 2.23.11 can be strengthened as follows. Recall that Do, Di,... 
is a canonical listing of finite sets, as defined in Chapter 1. 


Definition 2.23.15 (Terwijn and Zambella [389]). A set A, and the degree 
of A, are computably traceable if there is a computable function p such that, 
for each function f Sr A, there is a computable function h satisfying, for 
all n, 


(i) [Drin] < p(n) and 
(ii) f(n) € Drin): 


As with c.e. traceability, the above definition does not change if we 
replace “there is a computable function p” by “for every unbounded 
nondecreasing computable function p such that p(0) > 0”. 

If A is computably traceable then each function g Sr A is dominated 
by the function f(n) = max Da(n), where h is a trace for f. Thus, every 
computably traceable degree is hyperimmune-free. One may think of com- 
putable traceability as a uniform version of hyperimmune-freeness. Terwijn 
and Zambella [389] showed that a simple variation of the standard con- 
struction of hyperimmune-free sets by Miller and Martin [282] (Theorem 
2.17.3) produces continuum many computably traceable sets. Indeed, the 
proof we gave of Theorem 2.17.3 produces a computably traceable set. 


2.24 Genericity and weak genericity 


The notion of genericity arose in the context of set-theoretic forcing. It was 
subsequently “miniaturized” to obtain a notion of n-genericity appropriate 
to computability theory. Although the original definition of n-genericity 
was in terms of forcing, the following more modern definition is the one 
that is now generally used.?? Let S C 2<”. A set A meets S if there is an 


2? The original definition of n-genericity, dating back to Feferman [143], is as follows. 
Let £ be the usual first-order language of number theory together with a set constant 
X and the membership relation €. Let ø € 2<“. For sentences Y% in £, we define the 
notion “g forces p”, written a IF Y, by recursion on the structure of w as follows. 


(i) If Ww is atomic and does not contain X, then ø IF ~ iff w is true in arithmetic. 
(ii) olkne€ X iff o(n) =1. 
(iii) øl- Wo V 41 iff o IF do or o Ik 41. 
(iv) o lk ay iff Yr > o (r Ky). 
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n such that Af n € S. A set A avoids S if there is an n such that for all 
Te Alfn, wehaver és. 


Definition 2.24.1 (Jockusch and Posner, see Jockusch [188]). A set is 
n-generic if it meets or avoids each X? set of strings. 
A set is arithmetically generic if it is n-generic for all n. 


It is easy to construct n-generic A? ,, sets, and arithmetically generic 
sets computable from 0). Indeed, it does not require much computational 
power to build a 1-generic set. 


Proposition 2.24.2. Every noncomputable c.e. set computes a 1-generic 
set. 


Proof. The proof is a standard permitting argument. Let So, 5 ,... be an 
effective listing of the c.e. sets of strings. We build G <r A to satisfy the 
requirements 


Re : G meets or avoids Se. 


Associated with each Re is a restraint re, initially set to 0. We say that 
Re requires attention through n at stage s if n > re and G, | n has an 
extension in Se[s]. For each e, we also have a set Me of numbers through 
which Re has required attention. 

Initially, we have Go = 0. At stage s, let e < s be least such that Re is 
not currently satisfied and either 


1. there is an n > re such that Gs [ n has an extension o in S,[s] and 
As+1 Ùn # As [nor 


2. Re requires attention through some n not currently in Me. 


(If there is no such e then let Gs+41 = Gs and proceed to the next stage.) 
In the first case, let Gs+1 extend o and declare Re to be satisfied. In the 
second, put n into Me and let Gs+1 = Gs. In either case, for all i > e, 
declare R; to be unsatisfied, empty M;, and let r; be a fresh large number. 
We say we have acted for e. 

Let G = lims, Gs. Once numbers less than n have stopped being enu- 
merated into A, we cannot change G below n, so G is well-defined and 
A-computable. Assume by induction that there is a stage s after which we 
never act for any 7 < e. If we ever act for e after stage s and are in case 1 


(v) ol- 3z%(z) iff there is an n € N such that o Ik y(n). 


For a set A, we have A IF w iff there is some o < A such that ø IF 4. 

A set A is n-generic if for each 59 sentence w of £, either A IF p or A IF ~y. As 
Jockusch and Posner showed (see Jockusch [188]), it is not hard to see that this definition 
is equivalent to the one in Definition 2.24.1 using the result due to Matijacevic [261] that 
each X? subset of N is defined by a ©? formula in £. 
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of the construction, we permanently satisfy Re by ensuring that G meets 
Se. In that case, Re never again acts, so the induction can proceed. 

So suppose we never act for e in case 1 of the construction after stage 
s. Assume for a contradiction that we act infinitely often for e. At each 
stage t > s at which we act for e, we find a new n such that Gi [| n 
has an extension in Seft]. Since we then increase all restraints for weaker 
priority requirements, G [| n = G, | n. Since we never reach case 1 of the 
construction for e, we must have A [ n = A; [ n. From this fact it is easy 
to see that A is computable, which is a contradiction. 

Thus we act only finitely often for e. But if G | n has an extension in Se, 
then Re requires attention through n at all large enough stages t. Thus no 
sufficiently long initial segment of G has an extension in Se, so G avoids 
Se. O 


A degree is n-generic if it contains an n-generic set, and arithmetically 
generic if it contains an arithmetically generic set. An interesting fact about 
arithmetically generic degrees, shown by Jockusch [188], is that if a and 
b are arithmetically generic, then the structures of the degrees below a 
and of the degrees below b are elementarily equivalent. There is a wealth 
of results on n-generic sets and degrees, many of which are discussed in 
the survey Jockusch [188]. Kumabe [224] also contains several results on 
n-genericity. 

The following is an important property of n-generic sets. 


Theorem 2.24.3 (Jockusch [188]). If A is n-generic then A™ =, ASO™. 
In particular, every l-generic set is GLi. 


Proof. Assume by induction that the theorem is true for n — 1. (The base 
case n = 0 is trivial, as it says that A =, APÍ for all A.) Let A be n-generic. 
By the inductive hypothesis, it is enough to show that (A ẹ 0079Y =, 
A@0™. One direction of this equivalence is immediate, so we are left with 
showing that (A @ 0°)’ <r AB O™. 

Let Re = {0 : BZC Ne (e) |} and Se = {0 : Yr } o (T ¢ Re)}. The 
Re are c.e. in Ø”) and hence are £}. So for each e, we have e € (A 
g(r)’ iff A meets Re iff A does not meet Se, the last equivalence following 
by n-genericity. But it is easy to check that the Re and Se are uniformly 
0(”)-computable, so using A @ 0), we can compute (A @ 0798Y. o 


The above result is an example of the phenomenon that, in many cases, a 
construction used to show that a set with a certain property (such as being 
GL) exists actually shows that the given property holds of all sufficiently 
generic sets. For example, the requirements of a finite extension argument 
are usually ones that ask that the set being constructed meet or avoid some 
open set of conditions. 

A related phenomenon is the fact that genericity requirements can often 
be added to finite extension constructions. For instance, it is straightfor- 
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ward to modify the construction in the proof of Theorem 2.16.2 to obtain 
the following result. 


Theorem 2.24.4. If C > 0 and D>, 0' C then there is a 1-generic set 
A such that A! =, AG C =, D. 


The following result exemplifies the fact that generic sets are quite 
computationally weak. 


Theorem 2.24.5 (Demuth and Kučera [96]). If a set is 1-generic then it 
does not compute a DNC function. 


Proof. Let G be 1-generic and let F = f. Let 
S={o Ew” : Yn < |o| (a(n) 4 ®,(n))}. 
Note that S is co-c.e. Let 
X = {r: Jo ($7 [loll=caAc€S)}. 


Then X is c.e., so G either meets or avoids X. If G meets X then there is 
a T< G anda Ew” such that ®7 | |o||=o and o ¢ S. Since ®° = f, 
we have o < f, and hence f is not DNC. Thus it is enough to assume that 
G avoids X and derive a contradiction. 

Let v < G be such that if 7 € X then v £ T. Let 


Y ={o:dp(v~<pA ? | joll|=o)}. 


Then Y is a c.e. subset of S, and it is infinite because every initial segment 
of f is in Y. So we can computably find 09,01,... E€ S such that |o;| > 7. 
Let g(t) = c(i). Then g is computable and, by the definition of S, it is 
DNC, which is a contradiction. O 


By Theorem 2.22.2, we have the following result. 
Corollary 2.24.6. No PA degree is computable from a 1-generic degree. 


Since the hyperimmune-free basis theorem implies that there is a DNC 
function of hyperimmune-free degree, we have the following. 


Corollary 2.24.7 (Downey and Yu [137]). There is a hyperimmune-free 
degree not computable from any 1-generic degree. 


Corollary 2.24.7 should be contrasted with the following result, whose 
proof uses a special notion of perfect set forcing. 


Theorem 2.24.8 (Downey and Yu [137]). There is a hyperimmune-free 
degree computable from a 1-generic degree. 


Recall that a set A is CEA if it is computably enumerable in some X <+ 
A. By Theorem 2.17.2, no set of hyperimmune-free degree can be CEA. 
There are also noncomputable A$ sets that are not CEA. For example, let 
A be co-c.e. If A is c.e. in X, then A is computable in X, so A is not CEA. 
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The following result will be of interest in Section 8.21.3, where we show that 
being CEA is in fact a property of almost all sets, in the measure-theoretic 
sense. 


Theorem 2.24.9 (Jockusch [188]). Every 1-generic set is CEA. 


Proof.?3 Let A be 1-generic. Let X = {2(i,7) : i € A A 2(i,j) ¢ A}. 
Clearly, X <r A. For each i, the set {ø : 3j (a(2(i,7)) = 0)} is computable 
and dense, so for each i there is a j such that 2/i, j) ¢ A. Thus i € A iff 
Jj (2(i, j) € X), whence A is c.e. in X. So A is CEA(X), and thus we are 
left with showing that A <> X. 

Let © be the unique string of length |o| such that (n) = 1 iff n = 2(2, 7) 
for i and j such that o(¢) = 1 and o(2(i,7)) = 0. We claim that if v < o 
and n > |v| is odd, then there is a string T > v such that T(n) = 1 and 
o XT. 

If a(n) = 1 then we can take 7 = øg, and if n > |o| then we can take any 
T > o such that T(n) = 1. So suppose that o(n) = 0. Let S be the smallest 
set under inclusion such that n € S, and if i € S, then 2(i, 7) € S if o(i) = 0 
and 2(i,7) < |a|. Let T be the string of length |o| such that 7(k) = 1 iff 
either o(k) = 1 or k € S. Then v = 7. We need to show that o = 7. Let 
k < |o|. If k is odd then (k) = 7(k) = 0, so assume that k = 2(i, j} for 
some 7 and j. 

If o(k) = 0, then either a(i) = 0 or o(2(i,7)) = 1. In the latter case, 
7(2(i,7)) = 1, so T(2(i,7)) = 0. Now suppose that o(t) = 0. If i € S, 
then 2(i,7) € S, so 7(2(2,7)) = 1, and hence 7(2(i,7)) = 0. If i ¢ S, then 
T(t) = 0 and hence 7(2(2, 7)) = 0. 

If (k) = 1, then o(t) = 1 and o(2(i,7)) = 0. Since a(i) = 1, we have 
T(i) = 1. Furthermore, it follows easily by induction that S contains no 
numbers of the form 2(d, q) with o(d) = 1. Since o(2(i, 7)) = 0 and 2(i, 7) ¢ 
S, we have 7(2(i,7)) = 0, and hence 7(k) = 1. 

We have established our claim. Now assume for a contradiction that 
6X = A for some Turing functional 6. Let V = {o : o | °}. Then V 
is c.e. and A extends no string in V, so, since A is 1-generic, there is a 
v < A such that no extension of v is in V. Let n > |v| and o = v be such 
that n is odd and 67(n) = 0. (Such a ø must exist because {p : In > 
\v| (n odd A p(n) = 0)} is computable and dense, so there is an odd n > |p| 
such that ®*(n) = A(n) = 0.) Then there is a r = v such that T(n) = 1 
and @ < T. We have 67(n) = 0 and r(n) = 1, so 7 € V, contradicting the 
choice of v. O 


We now consider a weaker notion of genericity. A set of strings D is dense 
if every string has an extension in D. Recall that a set A meets D if there 
is ao € D such that øo < A. Similarly, a string r meets D if there is a 


23 Jockusch [188] attributes the idea behind this proof to Martin. 
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oa € D such that ø = T. Given the set-theoretic definition of genericity in 
terms of meeting dense sets, the following definition is natural. 


Definition 2.24.10 (Kurtz [228, 229]). A set is weakly n-generic if it meets 
all dense £? sets of strings. A degree is weakly n-generic if it contains a 
weakly n-generic set. 


As noted by Jockusch (see [228, 229]), it is not hard to show that A is 
weakly (n+ 1)-generic iff A meets all dense A? , , sets of strings iff A meets 
all dense ITI? sets of strings. 

Clearly, if a set is n-generic then it is weakly n-generic. The following 
result is slightly less obvious. 


Theorem 2.24.11 (Kurtz [228, 229]). Every weakly (n+ 1)-generic set is 
n-generic. 


Proof. Let A be weakly (n + 1)-generic. Let S be a £} set of strings. Let 
R= {0:0 € S V Yr %0 (rT ¢ S)}. Then R is a dense X}; set of strings, 
and hence A meets R, which clearly implies that A meets or avoids S. Thus 
A is n-generic. m 


Thus we have the following hierarchy: weakly 1-generic <4 1-generic < 
weakly 2-generic <= 2-generic <4 weakly 3-generic < ---. We now show that 
none of these implications can be reversed, even for degrees, by exploring 
the connection between weak genericity and hyperimmunity. Recall that a 
degree a is hyperimmune relative to a degree b if there is an a-computable 
function that is not majorized by any b-computable function. 


Theorem 2.24.12 (Kurtz [228, 229]). If A is weakly (n+1)-generic, then 
the degree of A is hyperimmune relative to 0”), 


Proof. Let pa be the principal function of A. (That is, pa(n) is the nth 
element of A in the natural order.) We show that no 0“)-computable func- 
tion majorizes p4. Let f be a 0-computable function. For a string ø, let 
Po be the principal function of {n < |o| : a(n) = 1} (which is a partial 
function, of course). Let Sp = {0 : In (po(n)|> f(n))}. Then S¥ is a dense 
A? set, so A meets Sy, and hence f does not majorize pa. O 


Corollary 2.24.13 (Kurtz [228, 229]). There is an n-generic degree that 
is not weakly (n + 1)-generic. 


Proof. There is an n-generic degree that is below 0™, and hence not 
hyperimmune relative to 0). O 


Theorem 2.24.14 (Kurtz [228, 229]). A degree b is the nth jump of a 
weakly (n + 1)-generic degree iff b > 0™ and b is hyperimmune relative 
to 0%, 


Proof. Suppose that b = a) with a weakly (n + 1)-generic. By Theo- 
rem 2.24.12, a is hyperimmune relative to 0), and the class of degrees 
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that are hyperimmune relative to 0 is clearly closed upwards. Thus b is 
hyperimmune relative to 0. Clearly, b > 0, so in fact b > 0™. 

The proof of the converse is a variant of the proof of the Friedberg 
Completeness Criterion (Theorem 2.16.1). Let b > 0 be hyperimmune 
with respect to 0. Let h be a b-computable function that is not majorized 
by any 0)-computable function. We may assume that h is increasing and 
has degree exactly b, and let B = rngh, so that h = pg and deg(B) = b. 
Let fo, fi,-.. be uniformly 0)-computable functions such that {rng f; : 
i € N} is the collection of all nonempty £? , , sets of strings. Let S; = rng fi 
and let S$ = {0 : Jk < pp(s) (fi(k) = o)}. 

We build a set A by finite extensions co < 0; x +- so that A™ =, B 
and A is weakly (n + 1)-generic. We meet the requirements 


Re : If Se is dense then A meets Se. 


We say that Re requires attention at stage s if os does not meet S$, but 
there is a string T = o,01°*10 that meets S$. Our construction is done 
relative to B, which can compute Ø), and hence we can test whether a 
given requirement requires attention at a given stage. 

The peculiar form that 7 must have comes from the coding of B into 
A. The number e encodes which requirement is being addressed, which 
will allow us to “unwind” the construction to recover the coding. We will 
say that a stage s is a coding stage if we act to code information about B 
into A at stage s. Let c(s) denote the number of coding stages before s. 

At stage 0, declare that 0 is a coding stage and let op = B(0). 

At stage s +1, if no requirement Re with e < s+ 1 requires attention 
then let 0,41 = gs and declare that s+ 1 is not a coding stage. Otherwise, 
let Re be the strongest priority requirement requiring attention. Let mo 
be the least m such that f.(m) = 0,01°*10. If |fe(mo)| > s+ 1, then let 
Os+1 = Os and declare that s+ 1 is not a coding stage. Otherwise, let 
Os+41 = fe(mo)~ B(c(s + 1)) and declare that s + 1 is a coding stage. 

Let A=, os. 


W 


Lemma 2.24.15. Re requires attention only finitely often. 


Proof. Assume by induction that there is a stage s after which no require- 
ment stronger than Re requires attention. Suppose Re requires attention 
at a stage t+1 > s, and let mo be the least m such that fe(m) = o+01°+t0. 
If |fe(mo)| < s +1 then Re is met at stage t + 1 and hence never again 
requires attention. Otherwise, Re continues to be the strongest priority re- 
quirement requiring attention until stage |fe(mo)| — 1, at which point it is 
met, and never again requires attention. O 


Lemma 2.24.16. A is weakly (n + 1)-generic. 


Proof. Assume that Se is dense. Let g(s) be the least k such that for each 
o € 28+! there is a j < k such that f.(j) extends 001°+!0. Then g <> 0. 
Let s be a stage after which no requirement stronger than Re ever requires 
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attention. Since pp is not majorized by any 0”)-computable function, there 
is at > s such that pg(t) > g(t). At stage t, the requirement Re requires 
attention unless it is already met, and continues to be the strongest priority 
requirement requiring attention from that stage on until it is met. O 


Lemma 2.24.17. A™ <, B. 


Proof. Since Ø) <+ B, the construction of A is computable from B. By 
the previous lemma, A is weakly (n + 1)-generic and hence n-generic, so by 
Theorem 2.24.3, AM =, A@O™ <, AG B = B. o 


Lemma 2.24.18. B <, A™. 


Proof. Note that A is infinite, as it is weakly (n + 1)-generic. Elements 
are added to A only during coding stages, and there are thus infinitely 
many such stages so < sı < ---. During stage sk we define os, so that 
Os, (|0s | — 1) = B(k). Thus it is enough to show that the function g 
defined by g(k) = |as,| is computable from A”), 

We have g(0) = 1. Assume that we have computed g(k) using A™. We 
know that os,,, = Os 01°t10 for some e, and we can determine this e 
from A, since (A [ g(k))~01°+!0 < A. Since 0 < A(™, we can compute 
from A\) the least m such that f.(m) = o5,01°+!0, which must exist. By 
construction, g(k + 1) = |f-(m)| +1. oO 


Together, the three previous lemmas imply the theorem. O 


Taking n = 0 in the theorem above, we have the following special case, 
which will be useful below. 


Corollary 2.24.19 (Kurtz [228, 229]). A degree is weakly 1-generic iff it 
is hyperimmune. 


Corollary 2.24.20 (Kurtz [228, 229]). There is a weakly (n + 1)-generic 
degree that is not (n + 1)-generic. 


Proof. By the theorem, there is a weakly (n + 1)-generic degree a such 
that a™ = 0®+1), so that a+?) = 0®+2), Since a < 0®+1), we have 
a®+1) > av0+1), so by Theorem 2.24.3, a is not 1-generic. o 


Downey, Jockusch, and Stob [121] introduced a new notion of genericity 
related to array computability. Let f Sp» C mean that f can be computed 
from oracle C by a reduction procedure with a primitive recursive bound on 


the use function. It is easy to show that f <p» 0’ iff there is a computable 


function Fin, s) and a primitive recursive function p such that lim, Fin, s) = 
f(n) and |{s: f(n,s) 4 f(n,s + 1)}| < p(n). Most proofs yielding results 
about array noncomputable degrees that use functions f Swe 0’ actually 


use functions f Sp W. 
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Definition 2.24.21 (Downey, Jockusch, and Stob [121]). (i) A set of 
strings S is pb-dense if there is a function f <,» Ø such that f (o) =o 
and f(a) € S for all ø. 


(ii) A set is pb-generic if it meets every pb-dense set of strings. A degree 
is pb-generic if it contains a pb-generic set. 


For every e, the set {0:0 € We V Vr = o(r ¢ We)} is pb-dense, so 
every pb-generic set is 1-generic. If f <,» 0’, then the range of f is X9, so 
every 2-generic set is pb-generic. 

The main result about pb-genericity of relevance to us is the following. 


pb 


Theorem 2.24.22 (Downey, Jockusch, and Stob [121]). 
(i) Ifa is a.n.c., then there is a pb-generic set A Sx a. 
(ii) If A is pb-generic, then deg(A) is a.n.c. 


To prove this theorem, we need a lemma. A sequence {Sn}new of sets 
of strings is uniformly wtt-dense if there is a function d Sw 0’ such that 
d(n,o) = o and d(n,o) € Sn for all n and ø. 


Lemma 2.24.23 (Downey, Jockusch, and Stob [121]). Ifa is a.n.c. and 
{Sr}new is uniformly wtt-dense, then there is an A Sr a that meets each 
Shn- 


Proof. Let d(n,o) witness the uniform wtt-density of the Sn. Let d and 


n~ 


b be computable functions such that lim, d(n,o,s) = d(n,o) and |{s : 


d(n,o,s) £ d(n,o,s + 1)}| < b(n, o). We may assume that d(n,o,s) = o 
for all ø, n, and s. Let h(n,o) = psVt > s (d\n, ø, t) = An, 0, s)). Let 
f(n) = max{h(e,c) : e,|o| < n}. We have f Swa 0’, since d Swa W. Fix a 
function g computable in a such that g(n) > f(n) for infinitely many n. 
We obtain A as (J, as, where |o,;| = s. The basic strategy for n at 


a 


a stage s > n is to let o = d(n,os,g(s)) | t for all t such that 
s<t< Idin, os, 9(8))|, at which point we declare S» to be satisfied. 
If at any stage u > s we find that for some t € (g(s),g(u)], we have 
dln, os, t) + d(n,os,9(s)), then we declare Sp to be unsatisfied and repeat 
the strategy. This strategy can be interrupted at any point by the strat- 
egy for an Sm with m < n. If this situation happens, we wait until Sm is 
satisfied and repeat the strategy. 

Clearly, A <+ a, and if Sn is eventually permanently satisfied, then A 
meets Sn. To see that every Sn is indeed eventually permanently satisfied, 
assume by induction that there is a least stage sg > n by which all Sm with 
m < n are permanently satisfied. Let s > so be such that g(s) > f(s). If an 
iteration of the strategy for Sn begins at stage s, then it will clearly lead 
to Sn becoming permanently satisfied. Otherwise, there must be a stage 
v E€ [so, s) such that a strategy for Sn is started at stage v and for all t € 
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(glv), 9(s)], we have d(n,oy,t) = d(n, oy, 9(v)). But then g(v) > h(n, ov), 
so Sn is again permanently satisfied. O 


Proof of Theorem 2.24.22. (i) Let po, pı,... be a uniformly computable 
listing of the primitive recursive functions. If g” m) | with use at 
most p;(m) for all m < n, then let g(e,i,n) = 6% (n). Otherwise, let 
gle, i n) = 0. Clearly, g Swe 0’ and each function f <p» Ø has the form 
n> g(e,i,n) for some e and i. Let co, 01, ... be an effective listing of 2<”. 
Let h(e,i n) = g(e,i,n) if og(e,in) 2 On, and otherwise let h(e,i,n) = n. 
Let Sei = {0h(e, in) : n E N}. Then the sets Se, are uniformly wtt-dense, 
and every pb-dense set is equal to Se, for some e and 7. By Lemma 2.24.23, 
there is a set A computable in a that meets each Se, which makes A 
pb-generic. 

(ii) Let A = {ao < ay < ---} be pb-generic. Recall that the principal 
function p4 of A is defined by p4(n) = an, and that mø (n) is the least s 
such that 0’ [| n = 04 [ n. We show that pa(n) > mø (n) for infinitely many 
n, which by Theorem 2.23.3 suffices to conclude that deg(A) is a.n.c. For a 
string øg, let io < i1 <+- < i;,~1 be all the numbers such that o(i,) = 1. 
Let po(n) = in if n < jo and let p,(n) 7 otherwise. Fix k. We show that 
there is an n > k such that pa(n) > mø (n). Let 


S = {0 : In > k(po(n) > mø (n))} 


Then S is pb-dense, as witnessed by the function f defined by f(e) = 
o1komeGe+)1, Thus A meets S, which means that there is a ø such that 
f(o) < A. Then pa(jo + k) > Mmg (jo + k). o 


Since each nonzero c.e. degree bounds a 1-generic degree, but no 2-generic 
degree is below 0’, pb-genericity is an intermediate notion between 1- and 
2-genericity. 


Corollary 2.24.24 (Downey, Jockusch, and Stob [121]). There is a 1- 
generic degree that is not pb-generic, and a pb-generic degree that is not 
2-generic. 


3 


Kolmogorov Complexity of Finite 
Strings 


This chapter is a brief introduction to Kolmogorov complexity and the the- 
ory of algorithmic randomness for finite strings. We will concentrate on a 
few fundamental aspects, in particular ones that will be useful in dealing 
with our main topic, the theory of algorithmic randomness for infinite se- 
quences. A much fuller treatment of Kolmogorov complexity can be found 
in Li and Vitányi [248]. We will not discuss the philosophical roots of Kol- 
mogorov complexity. See Li and Vitányi [248] and van Lambalgen [397, 398] 
for a thorough discussion of the foundations of the subject. 

We will mainly deal with two kinds of Kolmogorov complexity: plain 
and prefix-free (both defined below). There are two notational traditions 
in algorithmic information theory. One uses C for plain Kolmogorov com- 
plexity and K for prefix-free Kolmogorov complexity (sometimes referred to 
as prefix Kolmogorov complexity). The other uses K for plain Kolmogorov 
complexity and H for prefix-free Kolmogorov complexity. In line with [248], 
we adopt the former convention. 


3.1 Plain Kolmogorov complexity 


The main idea behind the theory of algorithmic randomness for finite 
strings is that a string ø is random if and only if it is “incompressible” , that 
is, the only way to generate o by an algorithm is to essentially hardwire 
g into the algorithm, so that the minimal length of a program to generate 
g is essentially the same as that of ø itself. For instance, 01000000 can be 
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described by saying that we should repeat 0 1000000 times, an algorithm 
that can easily be described in less than 1000000 bits. On the other hand, 
if we were to toss a coin 1000000 times and record the outcome as a binary 
string, we would not expect this string to have a very short description. 

We formalize this notion, in a sense first due to Solomonoff [369], but 
independently to Kolmogorov [211], as follows. Let f : 2<” — 2<” bea 
partial computable function. The Kolmogorov complexity of a string o with 
respect to f is 


Cy(o) = min{|7|: f(r) =o}, 


where this minimum is taken to be oo if the set is empty. We say that ø is 
random relative to f if C(a) > lol. 

Here we think of f as a “description system”. Relative to this system, the 
string described (or generated) by a given string 7 is f(r) (if this value is 
defined). Thus ø is random relative to f if and only if it has no descriptions 
shorter than itself, relative to the description system f. 

We would like to get rid of the dependence on f by choosing a universal 
description system. Such a system should be able to simulate any other de- 
scription system with at most a small increase in the length of descriptions. 
Thus we fix a partial computable function U : 2<” — 2<” that is universal 
in the sense that, for each partial computable function f : 25% — 2<%, 
there is a string pf such that 


Vo [U(pro) = f(o)]." 


We call py the coding string and |py| the coding constant of f in U. As 
usual, we identify partial computable functions and Turing machines, and 
hence often refer to U as a universal (Turing) machine. (These definitions of 
universal partial computable function and universal Turing machine are not 
exactly the same as the ones given in Proposition 2.1.2, but are essentially 
equivalent to those, so we do not bother to make a distinction.) 

It is easy to check that for any partial computable function f : 25° > 
2<”, we have 


Cu(xz) < C(x) + [of], 


so U is a universal description system in the sense discussed above. Thus, it 
makes sense to define the (plain) Kolmogorov complexity (or C-complexity) 
of a binary string o to be 


C(o) = Cu(o). 


1Such a function, and the corresponding Turing machine, are sometimes called uni- 
versal by adjunction, to distinguish them from a more general notion of universality, 
where we say that U is universal if for each partial computable f : 2<” — 2<% there is 
a c such that for each o € dom(f) there is a r with |r| < |o| + c and U(r) = f(c). The 
distinction between these two notions is irrelevant in most cases, but not always, and it 
should be kept in mind that it is the stronger one that we adopt. 
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Of course, a different choice of U would yield a different definition of C, 
but the two definitions would agree up to an additive constant. 
The following results are not hard to prove. 


Proposition 3.1.1 (Kolmogorov [211]). 
(i) C(e) < |a| + O(1). 
(ii) C(oo) < C(o) + O(1). 
(iii) [fh : 25% — 2<” is computable then C(h(a)) < C(a) + O(1). 


To prove (i), let f : 2<” — 2<” be the identity function. Then C(c) < 
C;(o) + O(1) = |o| + O(1). The other two parts of the lemma are equally 
straightforward to prove. 

We can think of n € N as a binary string o (namely, its representation 
in binary), and define C(n) = C(a). By part (iii) of Proposition 3.1.1, it 
would not really matter if we chose to define C(n) to be C(0”), say. Note 
that C(n) < logn + O(1), since the length of the binary representation of 
n is logn. 

We will denote C((o,r)) by C(o,rT). By part (iii) of Proposition 3.1.1, 
the particular choice of pairing function does not matter, up to an additive 
constant. 

Suppose that C(o) = k. Then there is a first string 7 of length k such 
that the computation of U(r) converges with value ø. More precisely, there 
is a least stage s such that U(r)[s] |= o for one or more strings 7 of length 
k. We fix the lexicographically least such T and denote it by o@. 

The following fact is easy to check, since from o% we can compute both 
o and C(o) = |o@|, and from C(c) and o we can compute 0%. 


Proposition 3.1.2. C(o,C(a)) = C(aé) + O(1). 


We wish to say that a binary string ø is C-random if it is random relative 
to U, that is, C(a) > |a|. However, it is more convenient (and reasonable, 
given the arbitrary choice of U) to relax this definition a little by fixing a 
constant d and defining o to be C-random if C(c) > |o|— d. The following 
result says that C-random strings exist. 


Proposition 3.1.3 (Solomonoff [369], Kolmogorov [211]). For each n there 
exists a o with |o| =n and C(o) > n. 


Proof. There are only 2” — 1 binary strings of length less than n, so there 
are at most 2” — 1 binary strings with Kolmogorov complexity less than 
n. O 


Notice that the same kind of counting argument shows that, for any k 
and n, 


Ho € 2": O(c) > |o| — k} > 2" — 27). 
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For instance, the number of strings of length 1000 that are “half-random” 
(i.e., those with Kolmogorov complexity at least 500) is greater than 
21000(1 — 2-500), Thus, heuristically, almost every string is half-random. 

We would like to have C(or) < C(o) + C(r) + O(1), but this is not the 
case. The problem is that we cannot simply concatenate descriptions of o 
and 7, since we would have no way of knowing where one description ends 
and the other begins. In fact, sufficiently long strings always have fairly 
compressible initial segments, as we now see. 


Theorem 3.1.4 (Martin-Léf, see Kolmogorov [212] and Li and Vitányi 
(248]). Fiz k. If u is sufficiently long then there is an initial segment o of 


u such that C(c) < |o| — k. Thus, for any fixed d, we have u = oT such 
that C(u) > C(o) + C(7) +d. 


Proof. Let v be an initial segment of u, and let n be such that v is the 
nth string in the length-lexicographic ordering of 2<”. Let p be the string 
consisting of the next n bits of u following v, and let o = vp. To generate 
g we need only know p, since the length n of p will then give us v, so there 
is a constant c such that C(o) < |p| +c, where c does not depend on the 
choice of u or v.? On the other hand, |o| = |v| + |p|, so if we choose v so 
that |v| > c+ k, then C(a) < |o] — k. 

For the second part of the lemma, let c be such that C(T) < |r| +c for all 
7, and let k = c+d. Let u bea sufficiently large string such that C(u) > |u|. 
By the first part of the lemma, we can write u = o7 so that C (0) < |o|—k. 
Then C(u) > |u| = lo] +|7] > C(o) +k 4+ C(7) —c = Clo) 4+ C(7) +d. O 


On the other hand, we do have the following bound, which has been 
shown to be fairly sharp, using techniques like that in the proof of Theorem 
3.1.4. 


Proposition 3.1.5. C(oT) < C(a,T) < C(a) + C(t) + 2 log C(c) + O(1). 


Proof. That C(or) < C(a,T) is clear, since if we know both o and 7 then 
we know oT. 

For a string v = aga, ... am, let V = apanaia,...AmG,01. That is, 7 is 
the result of doubling each bit of v and adding 01 to the end. Intuitively, 
the second inequality in the lemma follows because we can describe o and 
T by giving o% and TŽ together with the length of a6, that is, C(o). If 
we code this length as a binary string p, then we can give this length in 
an unambiguous way as p, because each string u has at most one initial 
segment of the form 7 for some vy, so pogTé unambiguously describes (ø, 7). 


?It may be useful to those unfamiliar with this kind of argument to give a more 
detailed justification here: For a string T, let m = |r| and let f(T) = ÇT, where ¢ is the 
mth string in the length-lexicographic ordering of 2<“. Then f is a computable function 
and f(p) = vp = o. So Cr(c) < |p|, and hence C(o) < |p| +c, where c is the coding 
constant of f in our fixed universal function U. 
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More formally, let f : 257 — 2<° be defined as follows. On input yp, 
search for Ho, H1, H2, p Such that 


1. p = Poppa, 
- Ho =P, 
. p is the binary representation of |], 


- U(m) l, and U(p2) |. 


If these strings are found then let f(u) = (U (u1), U (u2)). 
Letting p be the binary representation of C (o), we have f(foG7é) = 
(a, T}, so C(o,T) <S |poeTé|+ O11) = C(o) + C(7) + 2logC(c)+O0(1). O 
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We will use Kolmogorov complexity to study issues related to the rel- 
ative algorithmic randomness of infinite sequences, but it has also found 
many other applications. For instance, there is a well-developed theory 
applying incompressibility to avoid counting in combinatorial arguments. 
This method is extensively used for lower bound arguments in complex- 
ity theory, and is one of the principal reasons for much of the interest in 
C-complexity. We will not dwell on such applications of Kolmogorov com- 
plexity here, since they are not directly related to our central theme, but 
will give a short but interesting example: the construction of an immune 
set, that is, a set with no infinite c.e. subset. For more on applications of 
Kolmogorov complexity, see Chapter 6 of [248]. 

Let A = {0 : C(o) > ll}, Then A is immune. Indeed, suppose that A 
has an infinite c.e. subset B. Let h(n) be the first string of length greater 
than n to enter B. Then C(h(n)) > wl > 4, since h(n) € A, but we can 
generate h(n) given n simply by running the enumeration of B until a string 
of length greater than n appears, so C(h(n)) < C(n)+0(1) < logn+O(1). 
For large enough n, this is a contradiction. 


3.2 Conditional complexity 


It is often useful to measure the compressibility of a string given another 
string. To do so, we fix a universal oracle machine, that is, an oracle Turing 
machine U such that for each oracle Turing machine M there is a coding 
string pm such that 


YX Vo [U* (pmo) = MX* (o), 


where X ranges over all oracles, both finite and infinite. For strings o and 
T, the (plain) Kolmogorov complexity of o given T is 


C(o | T) = min{|u| : U7 (u) = o}, 
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where 7 is as defined in the proof of Proposition 3.1.5. (The reason we 
use 7 instead of 7 is the following. By the way we have defined the action 
of oracle machines on finite oracles in Section 2.4.1, for any such machine 
M and any p, the set of oracles p such that M?(y) | is prefix-free, as 
defined in Definition 2.19.1. It is not hard to use this fact to show that 
min{|u| : U7 (u) = o} does not behave as we would expect conditional 
complexity to behave. For example, min{|ju| : U” (u) = a} is not bounded 
by a constant, but we of course want to have C(a | a) < O(1). With the 
definition we have given, we do have this property, since it is easy to define 
an oracle Turing machine M such that M?(A) = ø for all ø.) 

Notice that this notion of conditional Kolmogorov complexity reduces to 
unconditional Kolmogorov complexity by letting 7 = A, the empty string. 
That is, C(o) = C(o | A) + O(1). 

In Proposition 3.1.2, we saw that C(aé) = C(a,C(c)) + O(1). We can 
say a little more using conditional complexity. 


Proposition 3.2.1. C(aé | 7) = C(C(a) | o) + O(1). 


The proof is essentially the same as that of Proposition 3.1.2. 
Easy counting arguments give us the following basic result relating the 
size of a finite set to the complexity of its elements. 


Theorem 3.2.2 (Kolmogorov [211]). 


(i) Let A C 25% be finite. Then for each T there is aa € A such that 
C(a | 7) > log |Al. 


(ii) Let B C 2<” x 2<” be an infinite computably enumerable set such 
that each set of the form B, = {o0 : (o,T) € B} is finite. Then for 
every T and every o € B,, we have C(o |T) < log|B,|+ O(1), where 
the constant term is independent of both o and T. 


Proof. Part (i) is a counting argument, as in the proof of Proposition 3.1.3. 
For part (ii), given 7, we can describe o € B, by giving its position in the 
enumeration of B, derived from a fixed enumeration of B. This position 
is less than or equal to |B,|, and hence can be coded by a string of length 
less than or equal to log|B-,|. O 


Universal oracle machines also allow us to relativize the notion of plain 
Kolmogorov complexity to any oracle A, by letting U be such a machine 
and defining C4(c) = min{|r| : U4(r) = co}. All the basic properties of 
plain complexity continue to hold in the relativized case, with the same 
proofs. It is also easy to show that if B >, A then C? (o) < C4(a)+ O(1). 
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3.3 Symmetry of information 


The (plain) information content of a string T in a string ø is defined as 
I¢(o :T) = C(t) —C(7r |0). 

This notion is meant to capture the difference between the intrinsic dif- 

ficulty of producing 7 given o and that of producing 7 without o. The 


following famous result expresses concisely the relationship between Ic(o : 
T) and Ic(T : 0). 


Theorem 3.3.1 (Symmetry of Information, Levin and Kolmogorov, see 
[425]). 


Ic(o : 7) = Ic(T : o) O(log C(o,7)). 


Note that it follows immediately from this result that Ic(o : T) = Ic('T : 
a) O(log n), where n = max{|r], |o|}. 
Theorem 3.3.1 follows easily from the following restated version. 


Theorem 3.3.2 (Symmetry of Information, Restated). 
C(o,T) = C(t | o) + C(a) + O(log C(a,7)). 


To obtain Theorem 3.3.1 from Theorem 3.3.2, we argue as follows. We 
have 


C(o,T) = C(r | c) + C(o) + O(log C(o,7)) 


and 
C(1,0) = C(o | rT) + C(r) + O(log C(7, 0)). 
But C(o,T) = C(T,o) + O(1), so 


Ic(o :T) = C(r) — C(r |o) = C(o) — Clo |T) O(log Ca, 7)) 
T O(log C(o,7)). 


ae 
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We now proceed with the proof of Theorem 3.3.2, which follows that 
given by Li and Vitányi [248]. 


Proof of Theorem 8.3.2. It is easy to see that 
C(a,7) < C(a) + C(z | a) + O(log C(a,7)), 
since we can describe (ø, T} via a description of ø, a description of T given o, 
and an indication of where to delimit the two descriptions, as in Proposition 
3.1.5. 
For the other direction, let 
A= {(u,v) : C(u,v) < C(a,7)} 
and 


A, = {v: (u,v) € A}. 
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The set A is finite, and there is a uniform procedure (over all choices of 
o and T) for enumerating it given C (ø, T). Similarly, the sets A,, are finite 
and there is a uniform procedure (again over all choices of ø and 7) for 
enumerating them given C(a,7) and u. Hence, one can describe 7 given o 
and C(o,7), along with 7’s place in the enumeration order of As. Thus 


C(r | a) < log|A,| + 2log C(a,7) + O(1). 


Let N = 2!es|4el-1, (Recall our convention that when we write log n, we 
mean the base 2 logarithm of n, rounded up to the nearest integer. Thus we 
do not necessarily have N = |A,|/2. However, it is the case that N < |Aq|.) 
Since log N = log|A,| — 1, 

C(r | o) < log N + O(log C(a,7)). (3.1) 

Now consider the set B = {u : |A | > N}. We have ø € B. Furthermore, 
there is a uniform procedure (over all choices of ø and 7) for enumerating B 
given C(o,T) and N, and |B| < Lal < AENA, Thus, to describe o, we need 
only give C(a,T) and N, along with o’s place in the enumeration order of 
B. Now, N can be specified with log log|A,| many bits, so 


C(o,T 


) 
C(c) < log + 2log log |A,| + 2log C(a,7) + O(1). 


But |A,| < 2©(%7), so 
C(a) < C(o,T) — log N + O(log C(o,7)). (3.2) 
Combining (3.1) and (3.2), we have 
C(o) + C(r | a) < C(o,T) + O(log C(a,7)), 


as required. o 


3.4 Information-theoretic characterizations of 
computability 


In this section, we establish some combinatorial facts about the number 
of strings of a specified complexity, and show that one can use Kol- 
mogorov complexity to provide information-theoretic characterizations of 
computability. We begin with a result of Loveland [250]. If A is a com- 
putable set then we can generate A | n simply by running the computation 
of A(i) for alli < n. Thus C(A | n | n) = O(1), where the constant depends 
on A. Loveland’s result is a converse to this fact. 


Theorem 3.4.1 (Loveland [250]). Let X be an infinite computable set. For 
each e, there are only finitely many sets A such that C(A [ n|n) < e for 
alln € X, and each such A is computable. 
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Proof. Let U be our universal Turing machine. Fix e. For each n, let kn = 
{r € 25° | U(r) |}. Since kn < 2°+? for all n, there is a largest m such 
that kn = m for infinitely many n € X, and there is an / such that kn < m 
for all n € X with n > l. Furthermore, there is a computable sequence 
no < nı < +- € X such that no > l and kn; = m for all i. Note that the 
sets 


S: = {u | C(u | ni) < e} 


are uniformly computable, since for each i we can wait until we see m 
strings T € 2S° with U™ (r) |, at which point we know that S; is exactly 
the collection of values of U”: (r) for such 7. 

Let T be the tree consisting of all ø such that 


Vn; <S lol (o [ ni € Si). 


If C(A [ n |n) < e for all n € X then in particular A [ n; € S; for all 
i, so A is a path of T. But the tree T is computable, and has width at 
most m, since for each n; there are at most m strings of length n; on T, 
so T has only finitely many paths, which means that each path of T is 
computable. O 


It is interesting to note that Loveland [250] also showed that one cannot 
weaken the hypothesis of the above theorem to simply say that C(A Ìn | 
n) < e for infinitely many n. The key fact here is the following. Let #(c) 
denote the position of ø in the length-lexicographic ordering of 2<”, and let 
G = o0#(7)—I¢l, Then for any ø, given |¢| = #(c) we know ø, and hence G. 
Thus there is an e such that C(@ | |a|) < e for all ø. Now for any set B we 
can form a sequence oo < a1 < +- by taking oo = à and oj41 = Gj B(i). 
Letting A = U; oi, we have C(A | n | n) < e for infinitely many n. But 
because the choice of B was arbitrary, there are continuum many such A. 

One of the keys to Theorem 3.4.1 is the uniformity implicit in having 
C(A [ n | n) bounded by a constant. We now turn to a more interesting 
theorem, due to Chaitin [60], which also gives an information-theoretic 
characterization of computability, but at the same time indicates a hidden 
uniformity in plain complexity. We begin with two lemmas of independent 
interest. 

Let D : 2<¥ — 2<” be partial computable. Then 7 is a D-description of 
a, or a D-program for o, if D(r) =o. 


Lemma 3.4.2 (Chaitin [60]). Let D : 2<” — 2<% be partial computable. 
There is a constant c such that letting h(d) = 24+, for each o € 259, 


HT: Dir) =a A |r| < C(a) + d}| < h(d). 


That is, the number of D-descriptions of o of length at most C(c) + d is 
OCF). 
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Proof. The intuition behind this proof is that if there are too many short 
D-descriptions of ø, then using a listing of these we can give a description 
of ø shorter than C(c), which is impossible. 

For each m and k, let LE, be the set of all 7 that have at least 2” many 
D-descriptions of length at most k. Then |L*,| < 2*-™, and the LE, are 
uniformly c.e. Thus we can describe any element of L8, by giving m and 
a string of length 2*—™, indicating its position in the enumeration of L*,. 
Such a description can be given in at most 2logm + k — m + O(1) many 
bits, where the constant term depends only on D. So there is a c such that 
if o € LE, then C(c) < 2logm + k — m + c. We may assume that c > 3. 
Let h(d) = 22°: 

Let m = h(d) and k = C(c) + d. If o € LE, then C(o) < 2logh(d) + 
C(o)+d—h(d)+c, and hence h(d) < 2log h(d)+d+ c= 3(d+c), which is 
not the case. Thus o ¢ LE . In other words, the number of D-descriptions 
of o of length at most C(c) + d is less than h(d). o 


Lemma 3.4.3 (Chaitin [60]). There is a computable function h with h(d) = 
O(2¢) such that, for alln and d, 


Ho € 2": C(a) < C(n) +d} < Ald). 


Proof. Let D be the partial computable function defined by D(r) = 1/4, 
where U is our universal Turing machine, and let h be as in Lemma 3.4.2. If 
C(a) < C(n)+d then o@ is a D-description of n of length at most C(n)+d. 
There are at most h(d) many such descriptions, and hence at most h(d) 
many o with C(o) < C(n) + d. Oo 


Thus, although one might expect that, as the size of o increases, the 
number of descriptions of o of length close to C(o) would grow, we see 
that this is not the case. 


Theorem 3.4.4 (Chaitin [60]). A set A is computable iff C(A [ n) < 
C(n) + O(1). Furthermore, for each k there are only O(27) many A such 
that C(A | n) < C(n) +d. 


Proof. If A is computable, then clearly C(A [ n) < C(n) + O(1). Now let 
e be such that C(n) < logn + e for all n. Fix d and let 


T = {0o :Yr <o(C(r) < log|7| + d+ e)}. 


The tree T is c.e. We want to transform it into a computable tree. We 
assume we have an enumeration of T such that each T, is closed under 
substrings. 

Let Ip be the interval (2%, 2+1], and let mz = min{|2” O T| : n € Ik}. 
Each J, contains some n such that C(n) > logn. For this n, we have 
|2” AT| < h(d + e), so mk < h(d + e) for all k. Let c < h(d + e) be 
the largest number such that m, = c for infinitely many k, and let | be 
such that mą < c for all k > l. Let 1 < ko < kı < --- and sọ, s1,... be 
computable sequences such that for each i we have |2” A T;,| > c for all 
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n € Iz,. Let a; be the least element of Ip, such that |2” O T;,| = c, which 
must exist since mz, = C. 
Let 


S={a:Va; < |o|(o | ai € Ts,)}. 


Then S is a computable tree. If P € [S] then P | a; € T for alli, so P € [T]. 
Conversely, suppose that a string ø of length a; is not in T;,. Let n € Ix, 
be such that |2” N T| = c. Then n > a;, and there is no extension of o of 
length n in T. So if P € [T] then P [ a; € Ts, for all i, and hence P € [S]. 
Thus [S] = [T]. 

If C(A | n) < C(n) + d for all n then A € [T], so A € [S]. But S has 
width c < h(d+ e) = O(2%), so there are only O(2%) many such A, and 
they are all computable. Oo 


Note that the above theorem remains true (with a similar proof) if we 
weaken the latter condition by requiring that C(A | n) < C(n) + O(1) 
only for an infinite computable set of n, or if we replace it by C(A [ n) < 
logn + O(1) (for all n or for an infinite computable set of n), since if 
C(A | n) < logn + d for all n then A € [T] for the tree T defined in the 
above proof. We record the former variation for later use. 


Theorem 3.4.5 (Chaitin [60]). A set A is computable iff there is an infinite 
computable set S such that C(A [| n) < C(n) + O(1) for allne sS. 


Merkle and Stephan [270] observed that this theorem relativizes to show 
that, for any infinite S, if C(A [ n) < C(n) + O(1) for all n € S then 
A Sr S. 

There are several other counting results along the lines of Lemma 3.4.3, 
many due to the Moscow school of algorithmic information theory. We 
prove one that will be useful below. (It is possible this result was known 
earlier than the given reference.) 


Theorem 3.4.6 (Figueira, Nies, and Stephan [147]). Let o € 25%. Then 
Hr: C(o,T) < C(c) + d}| < O(d*2%), where the constant does not depend 
ono. 


Proof. Let no be the position of ø in a fixed effective enumeration of 2<“. 
Let c be such that C(o) < no + c for all ø. Let f(o,7,d) be a partial 
computable function defined as follows. Given ø, T, and d, enumerate all 
the strings 4o, 41,... with C(u) < no + d + c. If there is an i such that 
Hi = T, let v be a binary representation of i with enough initial zeroes so 
that |v| = no +d+c+41. Such a v must exist because there are at most 
gretdtet+l many uj. Let f(o,7,d) = v. Of course, if C(T) > no +d+c then 
flor, 4) 7. 
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Now suppose that C(o,r) < C(a) +d. Then C(o,T) S no + d + c, so 
f(o,7, d) |. We have 
C((0,7,d)) < C(o,7) + 2logd + O(1) 
< C(o)+ d+ 2logd + O(1) 
< C(ng+d+e+1)+d+4logd+ O(1). 
(The last inequality follows since we can compute o from ng +d+c+41 
and d.) For fixed o and d, the map T +> f(0,7,d) is injective, so 
Hr: C(a,T) < C(o) + d}| 
< {o € "etit O(c) < C(ng +d+e4+1)+d+ 4logd+ O(1)}| 
< O(d*2%), 


the last inequality following by Lemma 3.4.3. O 


3.5 Prefix-free machines and complexity 


In this section, we introduce the notion of prefix-free Kolmogorov complex- 
ity. Our main reason for working with this notion is to use it in studying 
algorithmic randomness of infinite sequences. However, some have argued 
that prefix-free complexity is the correct notion of descriptive complexity 
even for finite strings. 

One argument for the inadequacy of plain Kolmogorov complexity is the 
following. The intended meaning in saying that 7 is a description of ø is 
that the bits of 7 contain all the information necessary to obtain o. But 
a Turing machine M might produce o by using not only the bits of r but 
also its length. In this way, T actually represents |r| + log |r| many bits of 
information. Indeed, this fact was exploited in the proof of Theorem 3.1.4. 

Another way to make this argument is that, if M is allowed to use the 
length of 7 in computing o, then there must be some kind of termination 
symbol T (such as a blank space) on M’s input tape following the bits of r. 
Thus, to output a word in the alphabet {0,1}, our machine uses an input 
in the alphabet {0,1,7}, which we may view as cheating. If one accepts 
this argument then one ought to try to circumvent this shortcoming of 
plain Kolmogorov complexity. First Levin [241, 243] and later Chaitin [58] 
suggested using prefix-free machines to do so. 

Recall from Definition 2.19.1 that a set A C 2“ is prefix-free if it is an 
antichain with respect to the natural partial ordering of 2<”, that is, if for 
all o € A and all 7 properly extending c, we have r ¢ A. Joe Miller has 
pointed out that the set of valid telephone numbers is a real-world example 
of a prefix-free set. Note that this prefix-freeness allows us to give a phone 
number using only the alphabet {0,...,9}. Anil Nerode has remarked that 


122 3. Kolmogorov Complexity of Finite Strings 


there have been phone numbering systems in the past that were not prefix- 
free. In such a system, to give a phone number, we also need a termination 
symbol, such as a blank space. 

A prefiz-free function is one whose domain is prefix-free. Similarly, a 
prefiz-free (Turing) machine is one whose domain is prefix-free. It is usual 
to consider such a machine as being self-delimiting, which means that it 
has a one-way read head that halts when the machine accepts the string 
described by the bits read so far. The point is that such a machine is 
forced to accept strings without knowing whether there are any more bits 
written on the input tape. This is a purely technical device that forces 
the machine to have a prefix-free domain, but it also highlights how using 
prefix-free machines circumvents the use of the length of a string to gain 
more information than is present in the bits of the string.? To highlight 
the role of machines in the definition of Kolmogorov complexity, we will 
sometimes refer to general Turing machines as plain machines. 

A partial computable prefix-free function U is universal if for each partial 
computable prefix-free function f : 2<” — 2<”, there is a string pr such 
that 


Vo [U (pfo) = f(o)].- 


As in the non-prefix-free case, we call pz the coding string and |p| the cod- 
ing constant of f in U. As the following result shows, we can identify partial 
computable prefix-free functions and prefix-free machines, and hence often 
refer to U as a universal prefix-free machine.* 


Proposition 3.5.1. (i) If ® is a prefiz-free partial computable function, 
then there is a prefix-free (self-delimiting) machine M such that M 
computes ®. 


(ii) There is a universal (self-delimiting) prefix-free machine. 


3 Another way to achieve this goal is to require the complexity measure to be “contin- 
uous”. This requirement gives rise to the notions of monotone complexity and process 
complexity, which we will discuss in Section 3.15. Another related notion, which we will 
not discuss in this book, is uniform complexity; see Li and Vitányi [248] and Barzdins 
[29] for more details. Another example of a notion of complexity that we will not discuss 
is Loveland’s decision complexity Kd. It is defined by considering a machine as a c.e. col- 
lection of pairs (ø, T), thinking of ø as a description of 7, but now insisting that if (ø, T) 
occurs in our collection, then so does (ø, p) for all p < T. As with most complexities, 
Loveland’s variant gives further insight into descriptional complexity. See [250] for more 
details. Notice that Kd(o) < C(c) + O(1), and in fact it is possible to have Kd(c) be 
much less than C(c), so C is not the minimal complexity measure to have been studied. 
For more on this topic see Uspensky and Shen [396]. Notions such as decision complexity 
and uniform complexity have much less developed theories than prefix-free complexity 
and plain complexity. 

4 As in the non-prefix-free case, we sometimes refer to these functions and machines 
as universal by adjunction. See footnote 1 on page 111. 
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Proof. (i) Let ® be partial computable and prefix-free. We build a self- 
delimiting machine M in stages. Initially, WM works on the empty string. 
At a given point in the action of M, let ø be the string consisting of the 
bits read by M so far. The read head does not scan the next symbol unless 
it sees some extension 7 of ø such that ®(7) |. At this point, M scans the 
next symbol 7 on the read tape. If the string o’ = oi remains an initial 
segment of 7, then M reads the next symbol and repeats the above process 
with o’ in place of ø. Otherwise, M goes back to waiting for a string 7’ 
extending o’ upon which ® halts. Of course, if the string o consisting of 
the bits read by M so far is ever such that ®(c) |, then M simply outputs 
(o). 

(ii) Let Ye be the partial computable function defined by letting 
Pels] = efs] if dom efs] is prefix-free and W,[s] = U.[s — 1] otherwise. 
Then {V.}-e, is an enumeration of all (and only) the prefix-free partial 
computable functions. We can then define 


(1°00) = Ye(0), 


which is evidently prefix-free and universal. By part (i), there is a self- 
delimiting machine computing WV. O 


By the same argument as above, there is a universal prefiz-free ora- 
cle machine U, that is, one such that for each prefix-free oracle machine 
M, there is a coding string pm such that for every oracle X, we have 
Vo [U* (pmo) = m*(c)| (where X is either a finite or an infinite oracle). 


Definition 3.5.2. Henceforth in this book, we fix a universal prefix-free 
oracle machine U. We write U(c) for U’ (o), and thus also think of U as a 
universal prefix-free machine in the unrelativized case. All our results will 
be independent of the choice of U. 


Fix the enumeration Yo, ¥1,... of prefix-free partial computable func- 
tions given in the proof of Proposition 3.5.1. We will use the following 
version of the recursion theorem below. 


Theorem 3.5.3 (Recursion Theorem for Prefix-Free Machines). Let h : 
2<¥ x N — 2<” be a partial computable function such that for each e, the 
function Ao.h(o, e) is prefiz-free. From an index for h, we can compute an 
index e such that Ye = do.h(o,e). 


Proof. Let f be a total computable function such that ®f(-) = A0.h(a, e) 
for all e. By the recursion theorem, there is an e (which can be computed 
from an index for f, and hence from an index for h) such that ®f(.) = Be. 
Since ®,(.) is prefix-free, so is ®e, and hence Ye = ®,. Thus we have 
Ve. = P fe) = Ao-A(a, e). o 


The machine U is minimal, in the sense that, if M is any prefix-free 
machine, then Culo) < Cu(o) + O(1). Thus we can define the prefix-free 
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Kolmogorov complexity of a string o to be 
K(r) = Cy(o). 


Similarly, we can define the prefix-free Kolmogorov complexity K (o | T) of 
o given T and the prefix-free Kolmogorov complexity K4(c) of ø relative 
to A as we did for plain complexity. As in the case of plain complexity, the 
choice of universal prefix-free machine does not affect the definition of K, 
up to an additive constant. 

When M is a prefix-free machine, we will sometimes write Km instead 
of C M. 

As we did for plain complexity, we associate a natural number n with 
its binary representation o and let K(n) = K(o), and similarly for other 
notation introduced in the case of plain complexity. 

As was the case for plain complexity, we have the following simple but 
important result. 


Proposition 3.5.4. If h : 2<% — 2<” is computable then K(h(c)) < 
K(o) + O(1). 


Suppose that K(c) = n. Then there is a first string 7 of length n such 
that the computation of U/(7) converges with value ø. More precisely, there 
is a least stage s such that U/(r)[s] |= o for one or more strings 7 of length 
n. We fix the lexicographically least such 7 and denote it by o*. 

One of the most important facts about K is that it can be approximated 
from above. Specifically, let Ks(o) = min{|r| : U(T)[s] [= o}. In other 
words, K,(c) is the length of the shortest description of ø provided by U in 
at most s many steps. Of course, there may be no such description. How- 
ever, it will be technically useful to assume that K,(c) is always defined. 
It is easy to show that there is a c such that K(o) < 2|o|+ c for all ø. 
(We will give much better upper bounds below.) Thus, if there is no r with 
U(r)[s] |= ø, then let Ks(o) = 2|o| + c. The important properties of this 
approximation are that 


1. The function (s,0) + Ks(o) is computable, 
2. Ks(o) > Ks41(c) for all s and ø, and 
3. K(o) = lims K,(c) for all ø. 


On the other hand, we have the following fact (which is also true for 
plain complexity, with the same proof). 


Proposition 3.5.5. There is no partial computable f with unbounded 
range such that f(a) < K(o) whenever f(c) is defined. 


Proof. Define a prefix-free machine M as follows. For each k, look for a 
op such that f(op) > 2k and let M(0*1) = op. Then K(op) < Cu(ox) + 
O(1) <k+O(1) < 2k < f(ok) < K(ox) for all sufficiently large k, which 
is a contradiction. Oo 
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We will develop some further basic properties of prefix-free Kolmogorov 
complexity after discussing an important indirect way to build prefix-free 
machines in the next section. 


3.6 The KC Theorem 


A central tool in building prefix-free machines is an effective interpretation 
of an inequality of Kraft [213].° If So, S1,... C 2” are disjoint measur- 
able sets then u(U,, Sn) = Xn u(Sn), so if A C 2<” is prefix-free then 
Xea 270l = ([A]) < 1. Conversely, suppose that we have a sequence 
{d;}ie. of natural numbers such that S23 < 1. Since we are not ar- 
guing effectively, by rearranging the d; if necessary, we may assume that 
do < dı S d2 <---. Let g; be the leftmost string of length d; that does not 
extend any g; with j < i. An easy induction shows that such a string al- 
ways exists. Thus we see that, for any sequence {d;}ie. of natural numbers 
such that X`; 27%: < 1, there is a prefix-free sequence {o;}icw of strings 
such that |o;| = d; for all i. The KC Theorem is an effectivization of this 
fact. 


Theorem 3.6.1 (KC Theorem, Levin [241], Schnorr [350], Chaitin [58]). 
Let (di, Ti)iew be a computable sequence of pairs (which we call requests), 
with di E€ N and T; € 2<”, such that X$ ;27% < 1. Then there is a prefix- 
free machine M and strings ci of length d; such that M(o;) = 7; for alli 
and dom M = {c; : i E€ w}. Furthermore, an index for M can be obtained 
effectively from an index for our sequence of requests. 


Proof. It is enough to define effectively a prefix-free sequence of strings 
00,01,... with |o,| = dn. The following organizational device is due to 
Joe Miller. For each n, let x” = x? ...xm be a binary string such that 
0.x... £7 =1- jcn 274i, We will define the o,, so that the following 
holds for each n: for each m with zh = 1 there is a string um of length m 
so that Sn = {0; : i <S n} U {u3 : £h, = 1} is prefix-free. 


m 


5This result is usually known as the Kraft-Chaitin Theorem, as it appears in Chaitin 
[58], but it appeared earlier in Levin’s dissertation [241], as stated in Levin [243], where 
it is proved using Shannon-Fano codes (giving slightly weaker constants). There is also 
a version of it in Schnorr [350, Lemma 1, p. 380]. In Chaitin [58], where the first proof 
explicitly done for prefix-free complexity seems to appear, the key idea of that proof 
is attributed to Nick Pippinger. Thus perhaps we should refer to the theorem by the 
rather unwieldy name of Kraft-Levin-Schnorr-Pippinger-Chaitin Theorem. Instead, we 
will refer to it as the KC Theorem. Since it is an effectivization of Kraft’s inequality, one 
should feel free if one wishes to regard the initials as coming from “Kraft’s inequality 
(Computable version)”. Recently, some authors such as Nies have referred to this result 
as the Bounded Request Theorem, and to what we call a KC set as a bounded request 
set. 
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We begin by letting ap be 0“. Notice that z}, = 1 iff 0 < m < do, so if 
we define u}, = 0™711, then {oo} U {u2, : x2, = 1} is prefix-free. 


Now assume we have defined oo,...,¢, and py, for x}, = 1 so that 
Sn = {o;i : i S n} U {u7 : a” = 1} is prefix-free. 


If £}, = 1 then 2”*? is the same as x” except that 277! = 0. So 
we can let Ong = M4, ,, and um = Hm for all m # dny1, and then 
Sni = {o;i : i < n+1}U {put : atl = 1} is equal to Sn, and hence is 
prefix-free. 

Otherwise, find the largest j < dn+ı such that x = 1. Such a j must 
exist since otherwise 1 — J ;<n 274; < 27+, which would mean that 
<ni 274; > 1. In this case xt" is the same as z” except for positions 

n+1 


J,- -,dn41, where we have aT" = 0 and aff? = 1 for j < m < dni. 


Let Oni = pOT, For m < j or m > dnẹ1, let ptt! = u”, and 


for j < m <S Graig let pp = peor TL. Then Sni = {0 : i Sn 
1} U {um : aft! = 1} is the same as Sn except that wẹ is replaced by a 
pairwise incomparable set of superstrings of u}. This fact clearly ensures 
that S,41 is prefix-free. 

This completes the definition of the o;. Each finite subset of {00, 01,...} 
is contained in some Sn, and hence is prefix-free. Thus the whole set is 
prefix-free. Since the g; are chosen effectively, we can define a prefix-free 
machine M by letting M(o;) = 7; for each i. oO 


The weight of a request (d,7) is 2~!7!. The weight of a computable se- 
quence of requests (d;,7;)iew is the sum of the weights of the requests, i.e., 
yo If this weight is less than or equal to 1, then we say that this 
sequence is a KC set. The beauty of using the KC Theorem to define a 
prefix-free machine is that we need only build a KC set, issuing requests 
and ensuring that the weight is kept less than or equal to 1; the prefix-free 
machine itself is built implicitly for us. 

The following is a very useful immediate consequence of the KC Theorem. 
(Recall that we denote the measure of A C 2” by pu(A).) 


Corollary 3.6.2. Let (di, Ti)icw be a KC set. Then K(7;) < di + O(1). 


Proof. Let M be as in the KC Theorem. Then K(7;) < Kus(7i) + O(1) < 
di + O(1). o 


If a computable sequence of requests (di, Ti)icw has finite weight, then 
there is a c such that (di + c, Ti)icw has weight less than or equal to 1, and 
hence is a KC set. Thus Corollary 3.6.2 still holds for such a sequence. We 
will sometimes abuse terminology and refer to such a sequence as a KC set. 

A simple application of the KC Theorem is the following. Let To, 71,... 
be an effective enumeration of 2<”, with To being the empty string. Let 
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do = 2 and for i > 0 let d; = |7;| + 2 log |7;| + 3. Then 
1 OATH oo Bt» Ji, A 1 
ae Aa a ssa Hats — <1. 
ds rA ta See yaar ear Ste 
i i>0 n>0 n>0 
Thus {(d;,7:)}iew is a KC set, so we have the following upper bound on 
K(r), which we will improve on in Theorem 3.7.4 below. 


Proposition 3.6.3. K(r) < |r| + 2log|r| + O(1). 

The following is another useful application of the KC Theorem. 
Proposition 3.6.4. Let Ao, A1,... C 2<”% be nonempty, pairwise disjoint, 
and uniformly c.e. Then K(n) < — log sea, 27lel + O(1). 


Proof. Let f(n) = Xoca, 2-l¢l and f(n,s) = oy ae 2-lel, where An, 
is the stage s approximation to An. Note that because the A, are pairwise 
disjoint, $`, f(n) < 1. 

Build a KC set L as follows. For each n and k, if there is an s such that 
f(n,s) > 27}, then enumerate a request (k + 1,n) into L. The weight of L 


is bounded by 
Do eS Sic, 


n k<—log f(n) 


so L is indeed a KC set. 


For each n there is an s such that f(n, s) > iw, so L contains a request 
(k+1,n) with k < — log f(n) + 1, which implies, by Corollary 3.6.2, that 
K(n) < — log f(n) + O(1). o 


Corollary 3.6.5. Let Co, C1,... be nonempty, pairwise disjoint uniformly 
E} classes. Then K(n) < — log u(Cn) + O(1). 


Corollary 3.6.6. Let Bo, Bi,... C 2<% be nonempty, pairwise disjoint, 
and uniformly c.e. Then K(n) < — log >? eg, 2750) + O(1). 


Proof. Let An = {0 :U(o) € Bn}. The A, are nonempty, pairwise disjoint, 
and uniformly c.e. Since r* € A, for all r € Bn, 


K(n) < -log XO 27l + 011) < -log XC 27/7"! + 02) 
oEAn TEBn 


= — log D 2750) + O(1). 


TEBn 


O 


One technique that we will employ several times is to build a KC set 
and assume, by the recursion theorem, that we have an index for the cor- 
responding prefix-free machine. The legitimacy of this assumption requires 
a brief comment. It is certainly the case that, when we enumerate a c.e. set 
of requests L, we can use the recursion theorem to assume that we have an 
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index for L. If L is a KC set, then the KC Theorem tells us that from this 
index we can effectively pass to an index for the corresponding prefix-free 
machine. But if L is not a KC set, then there is no corresponding machine, 
so we have a problem unless we can ensure that our construction always 
builds a KC set, regardless of the parameter it is provided. Fortunately, this 
issue is easily bypassed. Whenever we say that we are building a KC set L 
using the recursion theorem, we have an additional unstated rule that if we 
ever wish to add a request to L that would drive its weight above 1, we do 
not do so, and immediately halt the construction. A construction with this 
rule always produces a KC set, no matter what the parameter, and in the 
constructions below, we will always implicitly show that the construction 
never halts if provided with the correct parameter (i.e., with an index for 
the machine corresponding to the KC set it builds). 


3.7 Basic properties of prefix-free complexity 


We begin with the following simple but quite fundamental result. 
Proposition 3.7.1. J oe2<% 27K(0) <1. 


Proof. Since U is prefix-free, yj c9<u JER Aredmu 27i <1. o 


We now show that the upper bound in Proposition 3.6.3 cannot be 
improved too much. 


Proposition 3.7.2. For any d, there are o with K(c) > |o| + log |o| + d. 
Proof. Suppose that K (0) < |o| + log|o| + d for all o. Then 


= jo|—d Q-n— 
Sorte a e ey 
o |o|>0 n>0 n>0 
contradicting Proposition 3.7.1. O 


In fact, the argument in the above proof shows the following. 


Corollary 3.7.3. Let f : 2s” — N be such that P pegu 2710) = ov. 
Then K(o) > |o| + f(lo|) for infinitely many o. 


The most precise bound on K (ø) is given by the following result. 
Theorem 3.7.4 (Chaitin [58]). K(0o) < |jo| + K(|o|) + O(1). 


Proof. Consider the prefix-free machine M that, on input u, searches for 
strings o and 7 such that u = To and U(r) |= |o|, and, if such a pair is 
found, outputs ø. Note that, since U is prefix-free, there can be at most 
one such pair o,7 for any given u. Furthermore, it is easy to check that M 
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is prefix-free. Thus, letting vo be a minimal-length U/-program for |c|, we 
have 


K(o) < Cu (oc) + O(1) = |v5| + |o| + OC) = K (Io) + Jo] + O(1). 
oO 


This result immediately gives us the bound of Proposition 3.6.3, but we 
can do better by proceeding iteratively. That is, letting ||c|| be the length 
of the binary representation of |o|, we have K (øo) < |a|+|lo|| + K(|lo|]) + 
O(1) < |o| + log |a| + 2 log log |a| + O(1). Continuing in this way, we have 
the following. 

Corollary 3.7.5. For any k and € > 0, we have K(c) < |a|+ log|o| + 
log log |o| + --- + (1 + £) log |o| + O(1). 

Chaitin [58] showed that the bound given in Theorem 3.7.4 is tight, as 

part of the following result. 


Theorem 3.7.6 (Counting Theorem, Chaitin [58]). 
(i) max{K(o) : jo] =n} = n + K(n) + O(1). 


(ii) Ho : Jo] =n A K(c) < n+ K(n) —r}| < 27-7+°,, where the 
constant does not depend on n and r. 


Of course, part (i) of the Counting Theorem follows from part (ii). The 
most elegant way to prove part (ii) was given by Chaitin [63], and works by 
way of the minimality of K as an information content measure, as we now 
explain. The concept of information content measure is more or less the 
same as the earlier one of computably enumerable discrete semimeasure, 
introduced by Levin [243], as we will see in Section 3.9. 


Definition 3.7.7 (Chaitin [63], after Levin [243]). An information content 
measure (i.c.m.) is a partial function F : 2<” — N such that 


1. Drie 2-7 <1 and 
2. {(0,k): F(a) < k} is ce. 


Notice that K is an information content measure. 

As with prefix-free machines, we can enumerate the information content 
measures as Fo, F,,... in such a way that the corresponding sets given in 
item 2 of Definition 3.7.7 are uniformly c.e. We can then define a minimal 
information content measure 


K(o) = min {F, k+1}. 
(o) ont klo) +k +1} 


It is easy to check that K is indeed an information content measure, and 
that it is minimal in the sense that, for any information content measure 
F, we have K(o) < F(o) + O(1) for o € domF. In particular, K(o) < 
K(o) + O(1). 
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On the other hand, we can easily translate information content measures 
to prefix-free machines, using the KC Theorem. That is, given an infor- 
mation content measure F, the set {(k + 1,0) : F(a) < k} is a KC set, 
so there is a prefix-free machine M such that for each o there is a 7 of 
length F(c) +1 with M(r) =o. In particular, this fact holds for F = K, 
so K(o) < (o) + O(1). Thus we see that K and K are the same up to 
an additive constant, and so we will henceforth identify K and R with- 
out further comment. We note the result we have just proved for future 
reference. 


Theorem 3.7.8 (Chaitin [63]). Let F be an information content measure. 
Then K(a) < F(a) + O(1) for o € dom F. 


Chaitin found some clever proofs exploiting the minimality of K. Be- 
fore turning to the proof of the Counting Theorem, we give an example, 
Chaitin’s proof of Theorem 3.7.4. Since 


5 g-(lel+K (Jol) — 5 gnrg—(n+K(n)) — 5 27K) <1, 


the map o + |o| + K(|o|) is an information content measure, so K (0o) < 
|o| + K(\o|) + O(1) by the minimality of K. 


Proof of Theorem 8.7.6. As mentioned above, it is enough to prove part 
(ii). Let F(n) = [- log(} „ezn 27-%™)]. Then 


yoo eee < 5y y 9-K(0) T D 97K (0) <1, 
m n oe2” oEe2<e 


and {(n, k) : F(n) < k} is c.e. Thus F is an information content measure. 
(Here we are thinking of n as a binary string by identifying it with its 
binary representation.) So, by the minimality of K, there are c and £ > 0 
such that 


gQ-K(n) > g-F(n)-e =% 5 97K (0) 


Now suppose that there are more than 2”7"+00) strings of length n 
with K(o) < n+ K(n) — r. In other words, suppose that there exists an 
unbounded binary function f such that, for 


Snir = {o € 2”: K(a) < n+ K(n) =r}, 
we have |Sn,r| > f(n,r)2”7" for all n and r. Then for each n and r, 


97K(n) >e bD 97K (0) >e 5 97K (0) 


oe2” ES nr 
>ef(n, me ee aa =ef(n, r)2 7E, 
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Since f(n,r) is unbounded, we have a contradiction.’ O 


Notice that the proof above also establishes the following. 


Corollary 3.7.9 (Chaitin [63]). There is a constant c such that 2-*(™)+¢ > 
De abn 27K) for alln. 


Miller and Yu [279] gave an extension of the Counting Theorem, though 
for all applications the authors are aware of, the original counting theorem 
suffices. 


Theorem 3.7.10 (Miller and Yu [279]). {o € 2”: K(a) < n+ K(n) - 
m}| < gn—m—K(m|n*)+O(1) | 


Proof. Let c be as in Corollary 3.7.9 and define 


nN 


K(m |7) = 
n+c—m-—log(|{o € 2”: K(o) <n+|r|—m}|) if U(r) l=n 
o0 otherwise. 


nN 


Note that {(k,m): K(m | T) < k} is c.e., uniformly in 7. Furthermore, 


Ko 2-Kimmln") = 9-8-2 Solo € 2%: K(a) < n+ K(n) — m}| 


= 270E 5 5 gm gne 5 gn+K (n)—K(e) 


o€2” m<n+K(n)—K(o) aoeE2nr 
= 2K me J 9K) <1, 
aEe2” 


where the last inequality follows from Corollary 3.7.9. Therefore, there is 
a d such that VnVm (K(m | n*) < K(m | n*) + d). So for all n and m, 


g—K(m|n*) > 2 K(m|n*)-d _ g-nt+m—c-d l{o € 2": Klo) <n+K(n)—m}I. 
Multiplying both sides by 2"~™+¢+4 completes the proof. oO 


Miller and Yu [279] showed that their Improved Counting Theorem is 
tight up to a multiplicative constant. 


Theorem 3.7.11 (Miller and Yu [279]). Ho € 2": K(a) < n+ K(n) - 
m}| > gn—m—K(m|n*)—O(1) | 


To prove this theorem, we need the following lemma. 


8It would also be possible to prove this result using the KC Theorem. The key step 
in the above proof is showing that 2750) > OW sean 2-K(*)), We can do this by 
monitoring [—log(S? , can 2-K())], and each time this value drops to a new low p, 
enumerating a KC request (p, n). The details are straightforward. 
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Lemma 3.7.12. There is ac such that if 6 € 2” ends in at least m+ K(m | 
n*) + c many zeroes, then K(8) < n+ K(n) —m. 


Proof. We define a prefix-free machine M. By the recursion theorem, we 
may assume that we know in advance the prefix p by which our universal 
prefix-free machine U simulates M. Let c = |p| + 1. The domain of M 
consists of strings oTv for which there are n,m E€ w with |v| = n—m—|r|—c 
such that U (o) |= n and U(r | o) |= m. Note that the set of all such strings 
is prefix-free. For ørv and n,m as above, define M (ørv) = voll, 

Now fix n,m € w and let 6 = vo™tK(mln")+¢ be a string of length 
n. Let o = n* and let r be a minimal program for m given n*. Note 
that |v| = n — m — |r| — c, so we have M(orv) = v0"~!”! = 5. Therefore, 
K(6) < jorv|+c-1 = K(n)+|r|+(n-—m—|r|—c)+c-1 = n+K(n)-—m-1, 
as required. o 


Proof of Theorem 3.7.11. Let c be the constant from Lemma 3.7.12. That 
lemma guarantees that there are 2”7™-K(mlIn*)-¢ many distinct strings of 
length n with complexity less than n + K(n)— m (assuming that n — m — 
K(m | n*)— c> 0). o 


Thus we see that in certain aspects, such as upper bounds, prefix-free 
complexity is more difficult to deal with than plain complexity. There are 
trade-offs, however, in that prefix-free complexity simplifies certain results, 
such as the following (cf. the discussion beginning in the paragraph before 
Theorem 3.1.4). 


Proposition 3.7.13. K(or) < K(o,T) < K(o) + K(r) + O(1). 


This property of prefix-free complexity is known as subadditivity. Proving 
that it holds is not difficult, but can be a useful exercise. For this and similar 
facts about prefix-free complexity, see Li and Vitányi [248] or Fortnow 
[148]. We will sharpen the estimate of Proposition 3.7.13 when we consider 
symmetry of information in Theorem 3.10.2. 


3.8 Prefix-free randomness of strings 


There are two possibilities for defining prefix-free randomness of strings. 
One is to regard o as random if it is random relative to U in the sense of 
Section 3.1, that is, if K(o) > |o|. As with C-randomness, we relax this 
condition a bit by choosing a constant d and calling o weakly K-random if 
K(o) = |o| — d. 

The other possibility is to regard ø as random if its shortest description 
is essentially as large as possible, that is, if for a fixed d, we have K (o) > 
\o| + K(|o|) — d. We call such o strongly K-random. 

We will see below that there is a real difference between these two no- 
tions of prefix-free randomness. Since every prefix-free machine is a plain 
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machine, every C-random string is weakly K-random for some choice of 
constant. The converse is definitely not true. In fact, in Corollary 6.6.5, we 
will see that there are infinitely many strings ø such that K(c) > |o| but 
C(o) < |o| — log |o|. On the other hand, in Corollary 4.3.3 we will see that 
every strongly K-random string is C-random for some choice of constant. 


3.9 The Coding Theorem and discrete 
semimeasures 


Chaitin’s information content measures are more or less the same as the 
computably enumerable discrete semimeasures introduced by Levin [243] 
(see also Gacs [164]), and in a sense Solomonoff [369]. 


Definition 3.9.1 (Levin [243] (see also Gács [164]), Solomonoff [369]). 
A discrete semimeasure is a function m : 25% — R>? such that 
D oez<o m(o) < 1. 

A discrete semimeasure m is computably enumerable if it is approximable 
from below; that is, there are uniformly computable functions Ms : 25° > 
Q such that for all s and o we have ms41(7) > ms(o) and lims ms(o) = 
m(a).” 

A c.e. discrete semimeasure m is maximal if m(o) > O(m(c)) for each 
c.e. discrete semimeasure M. 


Theorem 3.9.2 (Levin [243]). There is a maximal c.e. discrete semimea- 
sure. 


Proof. It is not hard to see that there is an effective enumeration mo, ™1,... 
of the c.e. discrete semimeasures, and that m(a) = )0,,27"mny(a) is a 
maximal c.e. discrete semimeasure. O 


The Coding Theorem, due to Levin [241, 243] and Chaitin [58] (and in 
a sense Solomonoff [369]), relates prefix-free Kolmogorov complexity and 
maximal c.e. discrete semimeasures. We present it in a stronger form, which 
also involves the probability that U outputs a given string. Fix a maximal 
c.e. discrete semimeasure m. 


Definition 3.9.3. For a prefix-free machine M, let Qu(o) = m([{T : 
M(r) |= o}]). That is, Qu(c) is the probability that M outputs o. We 
write Q(c) for Qu(o). 


Theorem 3.9.4 (Coding Theorem, Solomonoff [369], Levin [241, 243 
Chaitin [58], see also Gács [164]). K(o) = — log m(a)4O(1) = — log Q(o)+ 
O(1). 


"In the terminology of Definition 5.2.1 below, a discrete semimeasure is c.e. if it is 
c.e. as a function. 
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Proof. The function Q is a c.e. discrete semimeasure, so m(a) > O(Q(a)), 
whence —logm(o) < —logQ(a). Since U(o*) = o, we have Q(c) > 
2710] = 2-K (7), so —log Q(a) < K(o). Finally, [—logm(c)] is an infor- 
mation content measure, so K(o) < [—logm(c)] + O(1) < —logm(c) + 
O(1).8 o 


One informal interpretation of the Coding Theorem is that if a string 
has many long descriptions then it also has a short description. 


3.10 Prefix-free symmetry of information 


As with plain complexity, we can explore the notion of symmetry of infor- 
mation for prefix-free Kolmogorov complexity. In the same spirit as for C, 
we may define the prefiz-free information content of T in o as 


Ik(o:7) = K(r)— K(T |0). 


For the rest of the section, we will drop the subscript K from Ig. 
First note that the results of Section 3.3 hold for K in place of C, since 
K and C agree up to a log factor. In addition, we have the following. 


Theorem 3.10.1 (Symmetry of Information, Levin and Gács [164], 
Chaitin [58]). I( lo, K(a)) : T) = I((7, K(7)) : o) + O(1). 

Note that given the relationship K(p, K(p)) = K(p*)  O(1), the Sym- 
metry of Information Theorem for prefix-free complexity may be neatly 
rewritten as 


I(o* : 7) = I(T* : 0). 
As with the C case, the Symmetry of Information Theorem follows from 


a reformulated version. 


Theorem 3.10.2 (Symmetry of Information, Restated). K(o,7) = K(a)+ 
K(r|o,K(o)) OQ) = K(o) + K(7r | o*) + O(1). 


Theorem 3.10.2 gives us Theorem 3.10.1 as follows: 
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,T)+0(1) 
= K(7,o) + 0(1) = K(7) + K(o | T, K(7)) + 0(1), 


and hence, 


K(T)— K(r |o, K(o)) = K(o)— K(o | 7, K(7)) + 0(1). 


We now turn to the proof of Theorem 3.10.2. 


8Technically, [—logm(c)] may not quite be an i.c.m., since we might not have 
lims[—logms(o)] = [—logm(c)] if —logm(c) is an integer. But the function that 
takes ø to 1 + lims[— log ms(c)] is an i.c.m., and is within O(1) of — log m(o). 


3.10. Prefix-free symmetry of information 135 


Proof of Theorem 8.10.2. The second equality is clear, so it is enough to 
show that K(o,7) = K(a) + K(7 | o*) + O(1). 
We first prove that 


K(o,T) < K(o) + K(r | 0*) + O(1). 


Let p be a minimal length description of 7 given o*. Then we can construct 
a prefix-free machine M that, on input o*p, first computes o from o*, then 
computes 7 from o* and p, and finally outputs (0,7). 

We now prove that 


K(o,T) > K(o) + K(r | o*) — O(1). 
To do this, we prove that 
K(r | o*) < K(o,7T) — K(o) + O(1). 


Let v, v1,... be a computable ordering of the domain of U and let os 
and Ts be such that Vs = (os, Ts}. Let Wo = {s: os = o}. Given n and o, 
build a KC set by enumerating requests (|vs|—, Ts) for s € Wo, as long as 
the weight of these requests does not exceed 1. Call the resulting prefix-free 
machine Mn. 

By the Coding Theorem 3.9.4, there is a constant c such that 


20T Q((a,7)) <1 


for all ø, where Q is as in Definition 3.9.3. (To see this, consider the machine 
V that has V(v) = o whenever U(v) = (0,7) for some T. Then Qy(c) = 
$ Q((9,7)), so X, Q((a,7)) < Q(a) + O(1).) Since 


o el lah ee Se Oa, mh) Sal 


sEWo T 


all relevant requests will be enumerated for the machine Mk(o)-c,o- 

Now define the oracle prefix-free machine M as follows. With p on the 
oracle tape, M first looks for a ø such that U(p) = o. Then it simulates 
M\p\-c,0- 

If M has o* on its oracle tape, then it will simulate Mg(o)—c,o; Since 
there is an s € W, such that v, = (0,T)*, the KC set defining this machine 
has as one of its requests (K(o,T) — K(o) + ¢,7), so 


K(t | o*) < Kult | 0*) < K(0,7) — K(o) + O(1). 
m 


It is sometimes useful to apply symmetry of information to o7 rather than 
(o, T}. By Theorem 3.10.2, K(o,7) = K(0,0orT) + O(1) = K(or)+ K(o | 
(aT)*) + O(1), so we have the following. 


Corollary 3.10.3. K(ar) = K(a,7)—K(o | (o7)*)4O0(1) = K(o)+K(o | 
T*)— K(o | (or)*) + O(1). 
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A similar result holds for C in place of K. 
We finish this section with a useful “mixed” theorem for the complexity 
of o7, relating C and K in the spirit of Chapter 4. 


Proposition 3.10.4 (Folklore, see [308]). C(ar) < K(o) + C(r) + O(1). 


Proof. Let V be a universal plain machine. Define a plain machine M as 
follows. On input p, look for pp and pı such that pop; = p and both 
U(po) | and V(p1) |. If found, then output U/(po)V(p1). Then C(or) < 
Cu(or) + O(1) < K(o) + C(7r) + O(1). Oo 


3.11 Initial segment complexity of sets 


It follows from Theorem 3.1.4 that there is no set A such that C(A | n) > 
n — O(1). Recall that the idea of the proof of Theorem 3.1.4 was to take 
a string o7 such that the length of 7 codes ø, and use 7 alone to describe 
ot. This reasoning is refined in the following results of Martin-Löf [260], 
the proofs here being drawn from Li and Vitányi [248]. 


Lemma 3.11.1 (Martin-Lof [260], see Li and Vitányi [248] and Staiger 
[376]). Let f be a computable function such that J, 2-4(™ = oo. Then for 
any set A there are infinitely many n such that C(A [n|n) <n- f(n). 


Proof. Let g be a computable function such that >>, 2-9) = oo and 
lim, g(n) — f(n) = Se It is easy to see that such a function must exist. Let 
G(n) = Vien 2” s(n), Think of [0,1] as a circle with 0 and 1 identified and 
In be the a [G(n), G(n + 1)) mod 1 on this circle. Let C, = {0 € 
: Jo] O In 4 0}, where we think of [o] as a subset of [0,1]. Note that 
Se Cn are uniformly computable and |C,,| < 2"(G(n + 1) — G(n)). 
Thinking of A as a real, there are infinitely many n such that A € In, 
since lim, G(n) = oo. Thus there are infinitely many n such that A | n € 
Cn. Given n, we can describe any element of Cn by its position in Ch, 
ordered lexicographically. Thus there are infinitely many n such that 


C(A în |n) < log |Cn| + O(1) < log(2"(G(n + 1) — G(n))) + O(1) 
=n-—g(n)+O(1). 
For all such n that are sufficiently large, C(A [n|n) <n-— f(n). o 


Theorem 3.11.2 (Li and Vitányi [248], after Martin-Löf [260]). Let 
computable function such that $, 2-1 = œ and C(n | n— f(n)) 
Then for any set A there are infinitely many n such that C(A 


Proof. It is enough to show that there are infinitely many n such that 
C(A | n) < n— f(n) + O(1), where the constant term does not depend 
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on f, because if f satisfies the hypotheses of the theorem, then so does 
n> f(n) —c for any constant c. 

Let on be a minimal length U/"-program from A | n. Let Tn be a minimal 
length U"-f(™-program for n, and let tn be the position of mn in a fixed 
effective list of finite strings. Let un = 1'00,. By Lemma 3.11.1, there are 
infinitely many n such that |o,| < n — f(n). Since tn is bounded, there is 
a constant c and infinitely many n such that |un| <n—  f(n) +c. For such 
n, let vn = O-FM+erlenl un. Then |vn| =n — f(n) +e. 

We can now easily define a Turing machine, which does not depend on 
f, that on input vn first obtains n — f(n) from |v,|, then decodes 7, and 
obtains n, then decodes on and obtains A [ n. Thus there are infinitely 
many n such that C(A f n) < |u| + O(1) = n — f(n) + O(1), where the 
constant term does not depend on f. O 


Corollary 3.11.3. For any set A there are infinitely many n such that 
C(A în) < n- logn. 


Proof. The function n—logn + n is computable, so C(n | n—logn) = O(1). 
Furthermore, „27 logn — oo, so we can apply Theorem 3.11.2. O 


There has been much work on C-complexity oscillations related to the 
above results. See Li and Vitányi [248, page 138] for more on this topic. 
The following is a prefix-free analog of the above results. 


Theorem 3.11.4 (after Solovay [371]). If g is computable and >, 2-9 = 
oo, then for every set X there are infinitely many n such that K(X în) < 
n+ K(n) — g(n)+ O(1). 


Proof. Let Io,),... C N be a uniformly computable sequence of pair- 
wise disjoint finite sets such that >7,¢7, 2-9") > 1 for all n. Let mj = 
max{g(n) : n € Ij}. Effectively split 2™ into (not necessarily pairwise dis- 
joint) sets SÍ for n € I; so that |S}| = 2-9 and every element of 2” 
is in at least one S’. For a given X and j, let n be such that X extends a 
string in SÍ. Then we can describe X | n given n by specifying which of the 
271-9") many strings in SJ is extended by X, and then giving X | [m;, n). 
Thus K(X în |n) < m;—g(n)+n-—m,;+O0(1) = n- g(n) + O(1), and 
hence K(X [ n) < n+ K(n) — g(n) + O(1). O 


3.12 Computable bounds for prefix-free complexity 


Ignoring additive constants, we have seen that for plain complexity, there is 
a computable upper bound on C(a), namely |ø], that is achieved infinitely 
often. The analogous bound on K(c), however, is |o| + K(|o|), which is 
not computable, and approximations to this bound, such as |o| + 2 log |o| 
or |o| +log |o| + 2log® |o|, are not achieved infinitely often. It is tempting 


138 3. Kolmogorov Complexity of Finite Strings 


to conjecture that there is no computable upper bound on K(c) that is 
achieved infinitely often. This conjecture is false, however. 


Theorem 3.12.1 (Solovay [371], see also Gács [163]). There is a 
computable function g : 2<” — N such that 


(i) K(o) < glo) for all o, and 
(ii) K(o) = glo) for infinitely many o. 


Proof. It will be notationally convenient to build g : N —> N so that K(n) < 
g(n) for almost all n and K(n) = g(n) for infinitely many n. Since we 
can identify binary strings with natural numbers via Gödel numbers, this 
construction will be enough to establish the theorem. We will in fact first 
build an auxiliary function g, then modify it slightly to obtain g. 

We can construct a prefix-free machine M such that, for each 7 and 
n, if s is least such that U(r)[s] |= n, then M(r) |= (n,s). Since U is 
universal, there is a constant c such that, for each such 7,n,s, we have 
U(w) |= (n, s} for some u with |u| < |r|+c. We can now define a computable 
function f such that for all 7, n,s, if s is least such that U(r)[s] |= n, then 
U(u)[f(s)] l= (n,s) for some u with |u| < |r| +c. Thus, if s is least such 
that K(n) = K.(n), then Kje ((n, s)}) < K(n) +c. 

Now define g as follows. Given x, find the unique n and s such that 
x = (n, s), and let g(x) = Kfe) (£). Clearly, K(x) < g(x) for all z. 

On the other hand, suppose that x is one of the infinitely many integers 
of the form (n, s} where s is least such that K(n) = K;(n). Then g(x) = 
Ky s)(@) < K(n)+O(1) < K(x) + O(1), the latter inequality coming from 
the fact that the function (n, s} + n is computable. Thus there is a constant 
d € N such that K(x) = g(x) — d for infinitely many x and K(x) < g(x) —d 
for all but finitely many x. Define g(m) = g(m) — d, then modify finitely 
many values of g to ensure that K(m) < g(m) for all m. o 


Note that there is a critical difference between the computable bound 
|o|+ O(1) for C(c) and the computable bound g(c) of Theorem 3.12.1. For 
the appropriate choice of constant c, we know that for each n there is some 
string o of length n with C (o) = |a| +c. For g, however, we know only that 
there are infinitely many o with K(c) = g(c), and apparently only @’ can 
figure out where these g are. This difference will be important, especially 
in Chapter 11, where we discuss a class of sets (the K-trivial sets) that 
show that Chaitin’s Theorem 3.4.4 fails for K in place of C. 

Bienvenu, Downey, and Merkle [39, 40] began a systematic study 
of computable upper bounds for K. These bounds admit a simple 
characterization. 


Lemma 3.12.2 (Bienvenu and Downey [39]). Let f: N — N be 
computable. The following are equivalent: 


(i) K(n) < f(n) + O(1). 
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(ii) E, 2-F™ < o. 


Proof. (i) => (ii) is trivial, as $ „27#™ < 1. The other direction follows by 
the minimality of K as an information content measure, Theorem 3.7.8. O 


Definition 3.12.3 (Bienvenu and Merkle [40]). A computable function f 
is a Solovay function if >, 2-™ < œ and liminf,, f(n) — K(n) < oo (in 
other words, there is a c such that f(n) < K(n) +c for infinitely many n). 


As we will see in Theorem 9.4.1, Solovay functions are exactly those 
computable functions f for which >, 2-f(”) is a 1-random real, as defined 
in Chapter 6. They will play a part in several chapters below. We will refer 
to the Solovay function built in the proof of Theorem 3.12.1 as “Solovay’s 
Solovay function”. 

For a computable function t, the prefix-free Kolmogorov complexity of o 
with time bound t, denoted by K*(c), is min{|r| : U(r)[t({o])] |= a}, where 
U is a universal prefix-free function that efficiently simulates every partial 
computable prefix-free function f, in the sense that there are a string pf and 
a constant cy such that for all ø and s, if f(c)[s] | then U(p;o) [cys] |= f(o), 
while if f(a) t then U(p;c) f. Letting K be the function Ky.) from the 
proof of Theorem 3.12.1, we see that there is a quadratic time version? K 
of K such that K(n) = K(n) for infinitely many n. Hölzl, Kraling, and 
Merkle [183] showed that this fact has the following consequence, whose 
proof is along the lines of that of Theorem 3.12.1. 


Theorem 3.12.4 (Holzl, Kraling, and Merkle [183]). Ift is any superlinear 
time bound, then the time-bounded version Kt of K is always a Solovay 
function. 


3.13 Universal machines and halting probabilities 


In this section, we prove results of Solovay [371] giving estimates of the 
sizes of some basic sets associated with U. Recall that o* is the first string 
T of length K(c) such that U(T) |= ø. (A more precise definition was given 
in Section 3.5.) Recall also that we write f ~ g to mean that f(n) = 
O(g(n)) and g(n) = O(f(n)). We slightly abuse notation by writing, for 
instance, f(n) ~ 2” to mean that f ~ n — 2”. We begin with the following 
fixed-point result for U. 


Lemma 3.13.1 (Solovay [371]). For each n there are at least O(2"-*(™) 
many strings o of length n such that U(o) |= o. 


Proof. We define a prefix-free machine M with coding string p given by 
the recursion theorem. On input ø, the machine M looks for r € domU 


°Superlinear would work as well. 
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and u such that o = ru. Then M interprets U(r) as a natural number 
n. If |u| < n — |p| — |r| then M does not halt. Otherwise, M outputs 


pT(u | (n — |p| — |7l)). 
Given n, let Sn = {pn*v : [v| = n — |p| — K(n)}. If pn*v € Sn then 
U(pn*v) = M(n*v) = pn*v, and |S,,| = 2l EK) = O(27-K(), o 


Theorem 3.13.2 (Solovay [371]). Let 

(i) p(n) = [to € 2” :U(o) 1}, 

(ii) P(n) = Ho € 25" :U(o) L}, 

(ii) p'(n) = Ho : K(o) = n}l, and 

(iv) a(n) = [fo : K(0) < n}. 
Then p(n) ~ P(n) ~ d(n) ~ 250), Furthermore, there is a number k 
such that nese p' (j) ~ 2n—K(n) 10 
Proof. Let An = {0 € 2": U(o) |}. The An are pairwise disjoint, uniformly 
c.e. subsets of the prefix-free set dom U. By Proposition 3.6.4, 

K(n) < -log D 2717 + O(1) = —log(p(n)2™™) + 0(1), 
OEAn 

so p(n) < O(2"-*™), By Lemma 3.13.1, in fact p(n) = O(2”7 


Since p(n) < P(n), we have the lower bound P(n) > O(2”7 ee For 
the upper bound, first notice that there is a c such that 


= Xo pin — j) <S y OPTISKE), 


j<n j<n 


Now, K(n) < ls j)+K(j)+0(1), so —K (n—j) < —K(n)+2 log j+O(1). 
Thus there is a c’ such that 


<$ 2" j—-K(n)4+2 log j = /2"- oe J = O(Qr-K(), 


jxn 


as )), 3°27? converges. So P(n) = OOP), 

Clearly, d(n) < P(n) < O(2"-*™), and it follows from Lemma 3.13.1 
that d(n) > O(2"-*™), so d(n) = O(2"-*™), 

Finally, we consider p(n)’. For a fixed k, we have the upper bound 
Cacicrn PO) < Plat k) = OREK) = O("-KO). We now 
establish the necessary lower bound. 


l0Solovay remarked that the machine-dependence of the definition of p(n)’ means that 
we cannot have an estimate such as p(n)’ ~ 2n—-K(n) in general. For instance, it is easy 
to define a universal prefix-free machine relative to which K(c) is always odd. Solovay 
also remarked that he did not know of a natural universal prefix-free machine relative 
to which p(n)! ~ 227K), 
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Since d(n + k) = O(2"+#-K(+4)) | there is a c such that, for any n and 
k, we have d(n + k) > car+k-K(m)—Ollogk) | Also, there is a c’ such that 
d(n) < 2”-*™) for all n. Let k be large énough so that c2*— Oleg) > ac’, 
Then d(n+k) > d(n)+c'2"-*) for all n. Thus, there are at least dK) 
many strings o for which n < K (ø) < n+ k, and hence >), <j;<n44 POY 2 
gn—-K(n) : O 


As pointed out by Solovay, there is another way to look at the last part 
of Theorem 3.13.2. First we need a lemma. 


Lemma 3.13.3. There is a c such that if m > c, then for each o there is 
ar €2kK()t™ with U(r) =o. 


Proof. We define a prefix-free machine M with coding string p given by 
the recursion theorem. On input ø, the machine M looks for 7, u E€ domU 
and v such that o = Tuv. Then M interprets U (u) as a natural number m. 
If |v] A m — |u| — |p|, then M does not halt. Otherwise, M outputs U(r). 
Let c be large enough so that m > K(m) + |p| for all m > c. Then if 
m > cand v is any string of length m — K(m) — |p|, we have |po*m*v| = 
lol + K(o) + K(m) + (m — K(m) — |p|) = K(o) +m and U(po*m*v) = 
M(o*m*v) =o. O 


Say that 7 is a d-minimal program for o if U(r) = o and |r| < K(c) +d, 
and that 7 is a d-minimal program if it is a d-minimal program for some ø. 
We claim that there is a d such that the number of d-minimal programs of 
length n is O(2"-*™). This number is bounded above by the function p(n) 
from Theorem 3.13.2, and hence is no greater than O(2"-*™), Now let c 
be as in Lemma 3.13.3 and let k be such that )7,, <jcni 4 P/U) ~ 2” ” Kin), 

as in Theorem 3.13.2. If n < K(o) < n+ k, then by Lemma 3.13.3 there is 
a U-program for o of length exactly n + k + c. Each one of these programs 
is (k + c)-minimal. So the claim holds with d = k + c. 

We now turn to further results of Solovay [371] concerning the sets Dn = 
{o € 2S" :U(c) |}. We have P(n) = |D,,| as in Theorem 3.13.2. Since the 
Dp are uniformly c.e., we can uniformly compute D, given n and P(n). 
Thus 


K(Dn) < K(n, P(n)) + O(1) < K(n) + K(P(n) | n*) + 0(1)." 
By Theorem 3.13.2, there is a c such that P(n) < 2”~*(™+¢, so if we know 
n — K(n) then we can describe P(n) with a string of length n — K(n) + c. 
Furthermore, K(n — K(n) | n*) = O(1), so 
K(P(n) | n*) <n-—K(n)+ K(n-— K(n) | n*) +00) =n- K(n)+ O(1). 
Thus K(D,) < K(n) +n— K(n) + O(1) = n+ O(1). We now show that 
this estimate is sharp. 


11For a finite set F, we can take K(F) to be the minimum of K (n) over all n such 
that F is equal to the canonical finite set Dn. We can similarly define F*. 


142 3. Kolmogorov Complexity of Finite Strings 


Theorem 3.13.4 (Solovay [371]). K(Dn) =n+O(1). 


Proof. By the above argument, it is enough to show that K(D,) > n— 
O(1). We define a prefix-free machine M with coding string p given by the 
recursion theorem. On input ø, the machine M looks for r € domU and u 
such that o = Ty. Then it interprets U(r) as a finite set of strings E (via a 
fixed encoding of finite sets of strings into strings). Let m be the length of 
the longest string in E. If m — |p| — |T| < 0 or |u| < m — |p| — |r|, then M 
does not halt. Otherwise, M checks whether pr(u | (m— |p| —|r|)) € E. If 
not, then M outputs 0, and otherwise M does not halt. 

Suppose that K(D,,) < n — |p|, let r = (D,)*, and let u be a string of 
length n — |p| — K(D,). Then pru € Dn iff tu € dom M iff pry ¢ E iff 
pru ¢ Dn, which is a contradiction. Thus K(D,,) > n — |p| for aln. O 


Corollary 3.13.5 (Solovay [371]). K((Dn)* | Dn) = O(1). 


Proof. We can determine (D,,)* given K(Dn) and n, so K((Dn)* | Dn) < 
K(K(Dn) | Dn) + O(1). But K(D,) = n+ O(1), so K(K(Dn) | Da) = 
K(n | Da) +O(1) = O(1), since n is the length of the longest string in D 
and hence we can determine n given Dp. 


ae 


3 


7 


The sets D, are closely related to Chaitin’s famous number 2, whose 
properties we will further explore in Section 6.1. (See Calude and Chaitin 
[48] for an expository discussion of this number.) 


Definition 3.13.6 (Chaitin [58]). The halting probability Q of U is 
j([domU}) = i sedémntl 2-\e); 


Of course, the value of Q depends on the choice of U, much as @’ de- 
pends on the choice of enumeration of the partial computable functions. 
We have seen in Myhill’s Theorem 2.4.12 that all versions of 0’ are the 
same up to computable permutations of N. In Section 9.2 we will see that, 
as with @’, all versions of Q are quite closely related, and it does make 
sense to ignore the machine-dependence of 2 in most circumstances. Let 
Q= Du cdonula 2-l¢l, Note that Q = lim, Qs. 


Theorem 3.13.7 (Solovay [371]). 
(i) K(D, |Q Tn) = O(1). (Indeed, Dn can be computed from Q fn.) 
(i) K(Q |n | Da+K(ny) = OC). 


Proof. (i) It is easy to see that Q is not computable (since otherwise we 
would be able to compute the domain of U). So in particular Q ¢ Q, which 
implies that, for each n, we must have Q, | n = Q | n for some s. Given 
Q | n, look for such an s. Then o € D,, iff o € domU/[s]. 

(ii) Given n, let D = D4 (n)- We may assume that n is large enough so 
that D 4 0. Using D, we can find the least j such that j+ K (j) =n+K(n). 
We have |n— j| = |K(n) — K(j)| < K(|n—Jl) +O) $ 2log|n—j| +00), 
so |n — j| + O(1). Thus K(n | D) = O(1). 
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We define a prefix-free machine M with coding string p given by the 
recursion theorem. On input g, the machine M looks for r E€ domU and u 
such that o = Tu. Then M interprets U(r) as a number n. If |u| 4 n then 
M does not halt. Otherwise, M interprets 7 as a number m € [0,2"~+) and 
looks for an s such that Q, > m27”. If such an s is found, then M outputs 
0, and otherwise M does not halt. 

Let c be such that |p| + K(n—c)+n—c< n+ K(n) for all sufficiently 
large n, which must exist because K(n — d) < K(n) + O(log d). Then 
Q > m2-"—9) iff (n—c)*u € dom M, where u € 2"~© codes m as a number 
in [0,2"~°—+). Since |p(n — o*u] = |p| + K(n-—c) +n-—cK< n+ K(n), it 
follows that Q > m2-("—© iff p(n — c)*u € D. Since K(n | D) = O(1), we 
have K(Q [ (n — c) | D) = O(1), so K(Q în | D) = O(1). oO 


3.14 The conditional complexity of o* given o 


In this section, we investigate how difficult it is to produce o* given o. 
This question is equivalent to asking how difficult it is to produce K(o) 
given g, as shown by the following lemma, which has the same proof as the 
analogous Proposition 3.2.1. 


Proposition 3.14.1. K(o* | o) = K(K(c)|o)+0O(1). 


It follows from this result that K(o* | o) < log |o| + O(log |a|). The 
following result shows that this bound is not too far from optimal. 


Theorem 3.14.2 (Gács [164], Solovay [371]). For all sufficiently large n, 
there is a o € 2” such that 


K(o* | o) > logn — log?) n — 3. 


Before proving this theorem, we need a combinatorial lemma. To simplify 
notation, for the remainder of this section, we let k(n) = log n—log?) n—3, 
and assume that n is sufficiently large for k(n) to be positive. 


Lemma 3.14.3. X; orn) n” < 2”. 


ghk(n)+2 
n , SO 


Proof. Let M = Yo; comm n“. Then M < jcak(ny+2 ni < 
log M < 2*(™)+2 log n, and hence log?) M < k(n)+2 +log® n = logn — 1. 
Thus M < 2”. o 


Corollary 3.14.4. Suppose that 2” is divided into 2¥®) disjoint pieces 
Ao,...,Agkiny_1. Then there is an i < 210) such that |A;| > n“. 
For the least such i, we have X; |A;| = O(n*-P). 
Proof. If |Ai| < n” for all i, then 2" = D>, oxy [Ail <S Dojcgucny n“ < 2”. 
Now let i be least such that |A;| > n“. Then Vie lAl S dy ns = 
O(nt =D), m 


j<i 


<a 
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Proof of Theorem 8.14.2. Assume for a contradiction that K(o* | a) < 
k(n) for all o € 2”. 

We say that r € 2<*( is active for ø if there is a u such that U? (T) = u 
and U(u) = o. Note that for each ø € 2”, there is a 7 that is active for o 
such that U7 (T) = o*. 

Since the active strings all have length less than k(n), the number of 
strings that are active for a given ø is in [1,2(")). Let 


A; = {o € 2” : there are exactly 2"(™ — i many strings active for o}, 


and let 5; =U jci Aj. Note that the S; are uniformly c.e. (More precisely, 
we have a different collection of S; for each n. All of these collections 
together are uniformly c.e.) Let S; s be the stage s approximation to Sj. 

By Corollary 3.14.4, there is a least i such that |.A;| > n“, and for this 
i we have |,9;| = O(n4-Y). 

Since |A;| > n“, there must be a ø € A; such that K(c) > 4ilogn. Now 
suppose that we know the parameters i, |S;|, and n. Then we can wait until 
a stage s such that Si s = Si, and hence compute S;. Every string entering 
Si41 that is not in S; is in A;, so we can computably enumerate A;. But 
once we know that ø € A;, we can find the 2*(™ — i many strings T active 
for o, and compute U?(r) for all such 7. One of these computations will 
produce o*, and hence we can determine K(ca). Let o be the first string 
to enter our enumeration of A; with K(c) > 4ilogn. We have just argued 
that we can compute o given i, |.S;|, and n. Thus K(o) < K(i)+ K(|Si|) + 
K(n) + O(1), so to arrive at a contradiction, it is enough to show that 
4ilogn £ K(i) + K(|S:|) + K(n) + O(1) if n is sufficiently large. 

Now, K(n) < logn + O(log?) n), and i < 2*(™, so 


K(i) < k(n) + O(log k(n)) 
= logn — log?) n — 3 + O(log(log n — log?) n — 3)) 
< logn + O(log n). 
Finally, |S;| = O(n40—), so 
K(|Si]) < log(|$i|) + O(log |Si|) < 4(é — 1) logn + O(log”) n). 


Thus K(i) + K(|Si|) + K(n) = (4i — 2)logn + O(log?) n), and hence 
4ilogn $ K(i) + K(|S;|) + K(n) + O(1) for sufficiently large n, as 
desired. O 


The same proof also gives the analogous result for plain complexity. 


Theorem 3.14.5 (Gacs [164], Solovay [371]). For all sufficiently large n, 
there is a o € 2” such that C(C(a) | o) > logn — log?) n — 3. 


Note that this lower bound is close to the obvious upper bound C(C(c) | 
o) < C(C(a)) + O(1) < log |o| + O(1). 
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Chaitin conjectured the following, which implies the above and was also 
conjectured correct by Solovay. 
Conjecture 3.14.6. There is an infinite sequence go, 01,... such that 
(i) lonl =n, 
(ii) K(on) ~n, and 
(iii) K(o% | on) ~ logn. 


Solovay pointed out that these on might well satisfy K(on) < 
say. 


ono 
log?) n? 


3.15 Monotone and process complexity 


The original machine characterization of randomness was due to Levin 
(241, 242], and involved what are called monotone machines, and a resulting 
notion of monotone complexity. A related notion is the process complexity 
of Schnorr [350], which uses a different kind of monotone machine.!* We 
will discuss both of these concepts in this section. 

Here, we are viewing Cantor space as a continuous sample space, and 
thinking of a sequence as a limit of computable sequences, rather than a 
limit of strings. 

Levin [241, 242] considered machines with possibly infinite outputs. On 
a given input ø, such a machine M either halts with a finite output or 
computes forever, producing a potentially infinite sequence. (So, given a 
fixed input, if at some stage M outputs some 7, and then at a later stage it 
outputs T, then T x T.) We write M(o) | if M has either of these behaviors 
after reading exactly o from its input tape. For a standard Turing machine 
M (which we will call a discrete machine in this section), we may always 
assume that if M halts on input ø, then M reads all of o from its input tape, 
and then ceases activity, so this notation agrees with our usual notation in 
the discrete case. Following Levin [241, 242], we call a machine monotone 
if its action is continuous, that is, for all o < 7, if M(o) | and M(r) | 
then M(c) < M(r).'8 Another way of thinking of such machines is to 
define them as a computably enumerable W collection of pairs of strings 


12A concept similar to monotone machines was also introduced by Solomonoff [369]. 

131¢ is perhaps helpful to have a particular machine model for discrete machines in 
mind. We can think of them as machines with a one-way read-only input tape, a one-way 
write-only output tape, and work tapes. The input is read one bit at a time, and the 
output written one bit at a time, with the one-way nature of the output tape allowing no 
revisions. For such a machine M, we have M (o) |= a, where a € 2<” and a € 2<“U2%, 
if either M halts after reading the bits of o from the input tape, and a is what is on 
the output tape at that point, or M computes forever after reading exactly the bits of 
o, and a is what is on the output tape in the limit. 
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(o,7) such that for all pairs (o,r) and (4,7) in W, if o = G, then 7 is 
compatible with 7. Note that this allows for the possibility that o = @ yet 
7 <7 for infinitely many 7. Note that (discrete) prefix-free machines are 
monotone; their definition simply asks that for each o there be at most one 
T with (0,7) € W. Discrete monotone machines are also known as process 
machines. 

A simple but important fact is that we can enumerate all monotone 
machines, and hence use the standard method of constructing a universal 
one. We fix a universal monotone machine M and a universal discrete 
monotone machine D. Using these machines we can define two varieties of 
monotone Kolmogorov complexity. 


Definition 3.15.1 (Levin [241, 242], Schnorr [349, 350]). 
(i) The monotone complexity of o is Km(c) = min{|T|: o <x M(r) |}. 
(ii) The process complexity of o is Kmp(o) = min{|t| : D(r) |= o}. 


The latter notion was introduced by Schnorr in [349] and further de- 
veloped by him in [350], where process complexity was used to obtain a 
characterization of 1-randomness. Schnorr called it process complexity be- 
cause he regarded information as being given with a direction. As he put it 
in [350], “he who wants to understand a book will not read it backwards, 
since the comments or facts which are given in its first part will help him to 
understand subsequent chapters (this means they help him to find regular- 
ities in the rest of the book). Hence anyone who tries to detect regularities 
in a process (for example an infinite sequence or an extremely long finite 
sequence) proceeds in the direction of the process. Regularities that have 
ever been found in an initial segment of the process are regularities for 
ever. Our main argument is that the interpretation of a process (for exam- 
ple to measure the complexity) is a process itself that proceeds in the same 
direction.” 

It is interesting to note that, even earlier and echoing work of Solomonoff 
[369], Levin had also developed a notion of process complexity, as can be 
seen in Zvonkin and Levin [425]. To make things clear, we will use the term 
strict process machine for Levin’s definition. 


Definition 3.15.2 (Levin, see [425], Solomonoff [369]). A strict process 
machine is a partial computable function M : 2<“ — 2<% such that if 
T €dom(M) and T’ x 7, then 7’ € dom(M) and M(r’) < M(t). 

Let U be a universal strict process machine. The strict process complexity 
Kms(o) of o is Cy (o). 


As pointed out by Adam Day, a natural model corresponding to Levin’s 
definition is almost identical to one described in the first paper on algorith- 
mic randomness by Solomonoff [369]. Take a three-tape Turing machine M 
with a read-only one-way input tape, a one-way write-once output tape, 
and a work tape. The first square of the input tape is blank and the input 
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head starts on that square. Let the machine run. If at any stage M wants 
to move the input head of the tape, we first define M(r) = ø, where T is 
the input string read so far and ø is the current output on the output tape. 

The distinction between a strict process machine and a process ma- 
chine is almost completely unimportant in this book save for a theorem 
of Day [88] on the complexity of collections of non-random strings, The- 
orem 16.3.31. Until we reach that section, all theorems we state hold for 
both measures, and we will stick to Schnorr’s definition. Little is known 
about the relationship between Schnorr’s and Levin’s complexities. 

We now give some results relating Km and Kmp to C and K. The precise 
nature of the interaction between these notions is not fully known. Some 
results can be found in Uspensky and Shen [396], but there are no sharp 
estimates akin to those of Solovay’s relating C to K, which we will discuss 
in Chapter 4. 

Clearly, Km(o) < Kmp(o)+O(1) < K(o)+O(1) and C(a) < Kmp(o)+ 
O(1). Furthermore, the identity machine is monotone, so Kmp(a) < |o|+ 
O(1). 

The following easy result was noted by several authors, including Gacs 
(implicit in [166]) and Calhoun [46]. 


Proposition 3.15.3. Km(0"1) = Kmp(0"1) + O(1) = K(1") + O(1). 


Proof. We have observed that Km(o) < Kmp(c) + O(1) < K(c) + O(1) 
for all ø, and clearly K(0"1) = K(1”) + O(1), so it is enough to show that 
K(1") < Km(0"1) + O(1). The minimal-length M-descriptions of 0”1 over 


all n form a prefix-free set, so if we let L = {(k +1,1”) : dr € 2" (0"1 x 
M(r))}, then L is c.e. and 


y 27+) < y y g-(k+1) — ya Km(0"1) <1, 


(k+1,1”)EL n k>Km(0"1) 
so L is a KC set. Furthermore, (Km(0”1)+1,1”) € L for all n, so K(1”) < 
Km(0”1) + O(1). O 


Since C(o) < Kmp(c) + O(1) < K(c) + O(1), some results come for 
free. For instance, the estimate in Lemma 4.2.1 below shows that for any 
o and i > 0, we have K(o) < Kmp(a) + log |o| + log log(|o|) +---+ (+ 

£) log (|o|). Actually, the strengthening of this result to Km is also true. 


Theorem 3.15.4 (Uspensky and Shen [396]). For any o and £ > 0, we 
have K(o) < Km(c) + log |a| + log log(|o|) +--+» + (1 + £) log (\o}). 


Proof. The proof uses a device introduced in the proof of Proposition 
3.1.5. As in that proposition, for a string v = aoaı...@m, let V = 
A0a9G141...AmA,01. This encoding is a prefix-free representation of v 
of length 2|v| + O(1). To improve on it, we can represent v as |v|v, 
which has length |v| + 2log|v| + O(1), or as |lv|||v|v (where ||v|| is the 
length of the binary representation of the length of v), which has length 
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\v| + log |v| + 2loglog|v| + O(1) < |v| + (1 + £)log|v| for any € > 0. 
So for any k, we have a prefix-free representation r(v) of v of length 
log |a| + log log |o| +--+ + (1 + £) log™ |o]. 

Now let N be a prefix-free machine defined as follows. On input 7, look 
for To and Tı with T = ToT, and such that To = r(|o|) for some o < M(71). 
If these are found, then output o. If p is a minimal-length program such 
that o x M(p), then N(r(|o|)p) = o. O 


In some ways, the theory of monotone complexity is smoother than those 
of plain complexity and prefix-free complexity. For example, we have the 
following simpler version of Chaitin’s Theorem 3.4.4. 


Proposition 3.15.5. A set A is computable iff Km(A | n) = O(1). 


Proof. If A is computable then there is a monotone machine that on input 
A outputs A, so Km(A | n) = O(1). Conversely, if Km(A | n) = O(1) then 


there are computable sets Bo,..., Bp such that for each n there is ani < k 
for which A [ n < B;. But that clearly implies that A = B; for some i < k, 
so A is computable. Oo 


For process complexity, we have the following analogous result. 


Theorem 3.15.6. A set A is computable iff Kmp(A [ n) < Kmp(1") + 
O(1) for alln. 


Proof. Let M be a machine such that for each øo we have M(o) |= 1” 
where n is the position of ø in the length-lexicographic ordering of 2<”. 
Then M is a discrete monotone machine, so Kmp(1") < logn + O(1). 
Since monotone machines are Turing machines, at C-random n we have 
Kmp(1") = logn  O(1). Now we simply follow the proof of Theorem 
3.4.4. O 


We have Km(1") = O(1) and Km(0”) = O(1) for all n, but for each 
c we can find an n such that Km(0"1") > c, so Km is not subadditive. 
However, it is possible to recover a mild form of subadditivity by mixing 
complexities. 


Theorem 3.15.7. Km(ar) < K(o) + Km(r) + O(1). 


Proof. Let N be a machine defined as follows. On input p, the machine 
N looks for u and v such that p = uv and U(u) |. Then N computes 
U(u)M(v). (In other words, N writes U(u) on its output tape, then pro- 
ceeds to emulate M on input v.) The machine N is monotone. If p is a 
minimal-length U-program for g and v is a minimal-length M-program 
such that r <x M(v) |, then or =< N(uv) |, so Km(or) < |uv| + O11) = 
K(o) + Km(r) + O(1). Oo 


Process complexity is also not subadditive. The usual argument for plain 
complexity uses complexity oscillations applied to a long random string. 


3.15. Monotone and process complexity 149 


This argument is not available for process complexity, but it is nevertheless 
possible to show that subadditivity fails. 


Theorem 3.15.8 (Day [90]). For any d there are o and T such that 
Kmp(ot) > Kmp(o)+ Kmp(r) +d. 


We will prove this theorem by giving short descriptions to many strings, 
and arguing combinatorially that one of these strings ø must have an exten- 
sion oT with the desired property. The following lemma expresses a basic 
combinatorial fact about process machines. 


Lemma 3.15.9 (Day [90]). If A C 25% is prefix-free then 


5 2- Kmp(o) <1. 
oEcA 


Proof. Let B = {Ts : o € A}, where 7, is a minimal-length description of o 
with respect to the fixed universal discrete monotone machine D. If 7, and 
T2 are distinct elements of B, then D(7) and D(72) are incompatible, so B 
is also prefix-free. Thus D „e4 27 Xm?) =E eg 2-11 = p([B])) <1. O 


For o = ao,.--,@n—1, let M(o) = apaoaia1...An—1@n—1. Let An = 
{M(c) : o € 2”}. Since M is a discrete monotone machine, there is a c 
such that for all r E€ An, we have Kma(t) < Ku(o) +o=n+e. 

For all n and m > 2n+2, let B? = {0 € 2™ : dp € A; (p01 Xo V p10 X 
o)}. Note that ifn 4 n’ then B? N B™ = 0, and |B”| = 2-2™-2"-2)/ An | = 
2™—-"-1 We will use the following lemma to find the extension we want. 


Lemma 3.15.10 (Day [90]). For each e there are m, n, and o € BY” such 
that Kmp(o) > |jo|-—n+e. 


Proof. Let m = 2°+3 and assume that no such n and ø exist. Then 


5 97 Kmp(o) > 5 5 9- Kmp(o) > 5 5 g-lol+n—e 


elm n<% oceBm n<% oceBm 
SNe Baler a= yr aS ae >i, 
n<% n<% 
which contradicts Lemma 3.15.9. O 


Proof of Theorem 3.15.8. Let c be as above, and let d be such that 
Kmp(t) < |r| + d for all 7. Fix k and let e = k + c+ d. By the previ- 
ous lemma, there exist m, n, and v € B® such that Kmp(v) > |v| —n+e. 
Let o = v [ 2n. Then o € An, so Kmp(o) < |o| —n+c. Let T be such that 
oT = v. Then 


Kmp(o)+ Kmp(T)+k < |oļ|-n+c+|r|+d+k 
= |oT| -n +e < Kmp(or). 


O 
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There is comparatively little known about process and monotone com- 
plexity; their study seems to be a fertile area of research, particularly in 
view of the basic natural intuition behind them. 


3.16 Continuous semimeasures and 
KM-complexity 


In Section 3.9, we defined the notion of a discrete semimeasure. This notion 
is not compatible with the usual measure on Cantor space. Its continuous 
analog is the following. 


Definition 3.16.1. A continuous semimeasure is a function 6: {o] : o € 
2<“1 — R?° such that 


(i) 6([A]) < 1 and 
(ii) (lol) > 6([o0]) + 6(Jol]) for all ø. 


To simplify notation, we often think of ô as a function from 2<” to R>? 
and write d(c) for d([o]). 

Of course, there is a big difference between continuous semimeasures and 
the discrete semimeasures of Section 3.9. For example, if we let 6([0*]) = 1 
for all k and 6([o]) = 0 for all other ø € 2<”, then 6 is a continuous 
semimeasure, but }°, 5([a]]) = 0c. 

Continuous semimeasures are closely connected to the important notion 
of supermartingale, which we discuss in Chapter 6 (see in particular Section 
6.3.2). 

In the words of Li and Vitányi [248], a continuous semimeasure is a 
“defective” measure, as it is only subadditive. Of course, we can define 
effective continuous semimeasures (and hence “effective defective mea- 
sures”...), such as c.e. continuous semimeasures, as we did for discrete 
semimeasures. A continuous semimeasure 6 is computably enumerable if it 
is approximable from below; that is, there are uniformly computable func- 
tions 6, : 2<% — Q such that for all s and ø we have 6.41(fo]) > 6s([o]) 
and lims ôs (Jol) = 4([o]). 

A c.e. continuous semimeasure 6 is optimal if for every c.e. continuous 
semimeasure 06’, we have do] > O(6’([o])). Levin, see [425], showed that 
there is an optimal c.e. continuous semimeasure, as we will see in Theorem 
3.16.2. Given this fact, we can associate a version of Kolmogorov complexity 
to a continuous semimeasure. Fix an optimal c.e. continuous semimeasure 
ô and let KM (o) = —logd([o]). This notion is called the a priori entropy 
of |ø]; we will also refer to it as the KM -complexity of o. 

Along the lines of the Coding Theorem 3.9.4, but for continuous semimea- 
sures, we can show that KM corresponds to the probability that a string is 
output by a given universal monotone machine. The following result is due 
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to Levin (see [425]), but, while the theorem is referred to in the literature, 
only a sketch of its proof appeared in [425]. We give a proof due to Day 
[87]. 

If L is a monotone machine, then let the function My : 25% > R?° be 
defined by Mr(o) = p([ {7 : do’ = o ((7, 0’) € DYD. 


Theorem 3.16.2 (Levin, see [425]). 


(i) If L is a monotone machine, then Mz is a c.e. continuous semimea- 
sure. 


(ii) If m is a c.e. continuous semimeasure, then there exists a monotone 
machine L such that My =m. 


(iii) If M is a universal monotone machine, then Mm is an optimal c.e. 
continuous semimeasure, so KM (oc) = —log(My(c)) + O(1). 


Proof. As discussed in Section 3.15, we think of a monotone machine L as 
given by axioms of the form (ø, T), where (0,7) € L means that on input 
ao, the machine M writes at least 7 on its output tape. We write o ~% T 
to mean that o < T or T =< ø. We prove (i) and (ii). Then (iii) follows 
immediately by the definition of Mz. 

(i) Clearly Mz(A) < 1. Furthermore, 


) € L)} 
= o0((T,o') € L)}] U Kr: Jo’ > lllr, 0’) € L)Y}, 


Hr: do’ > o((7, o 
D Hr: 3o 


and 


Hr: do’ > o0((T,o) € DHA KT: Fo’ & olll, o) € LY] = 9, 


because L is a monotone machine. It follows that Mzr(o) > Mz(o0) + 
M,(o1) for all ø. Finally, Mz is approximable from below, since M,(c) = 
lim; Mz,(c), and Mz,(c) is rational and nondecreasing in t. 

(ii) We will use the following lemma. 


Lemma 3.16.3. If T,S C 2S! then there exists R C 2! such that [R] = 
[T] \ [S]. 


Proof. Let R= {0 € 2X : Jo] C [T] A [o] A [S] = 0}. Then [R] € [T] and 
[RIJN[S] = 9, so [R] € [T]\[S]. Ife € [T]\[S] then [a i] C [T] because 
there must be some string of length < l in T extended by a. No string in 
S is extended by a, and as all strings in S have length less than or equal 
to l, we have [a | JJ A [S] = 0. Hence a [1 € Rand so [T]\[S] € [R]. O 


Let m be ac.e. semimeasure. We can choose a monotone approximation 
m(a,s) of m whose values are dyadic rationals and such that the following 
hold for all t. 


(i) If jo] > t then m(o,t) = 0. 
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(ii) There is at most one ø such that m(o,t + 1) 4 m(o,t). 


(iii) If m(o,t+1) 4 m(a,t), then m(o,t+1) = m(o,t)+n2~- “+ for some 
n. 


(iv) For all ø, we have m(o,t) > m(o0,t) + m(ol, t). 


We build a monotone machine L via an enumeration with certain prop- 
erties, which we now describe. Letting D(a) = {7 : (7,0) € Li}, we will 
ensure that the following hold for all ø and t. 


(i) L is a monotone machine. 
(ii) Dz(c) is a prefix-free set. 
) m(LD:(o)]) = mo, t). 
(iv) If r € Dilo) then |r| <t 
) 


(v) Ifo = o’ then [Dilo] 2 [Dilo]. 


(iii 


The construction of L proceeds as follows. Let Lo = Ø. Notice that Lo 
has the desired properties trivially. 

Assume that L, has the desired properties. At stage t+ 1, if m(o,t+1) = 
m(o,t) for all ø such that |o| < t, then let Li+ı = Le . That is, if the 
semimeasure does not change then do not change the machine. Otherwise, 
let ø be the unique string such that m(o,t + 1) 4 m(o,t). Let n be such 
that m(o,t +1) = m(o,t) + n27 +D., 

If o A A then let p =a | (|o| — 1). By the assumption on Lz, 


H([De(e)]) \ PC) U Pe) 
= n([De(o)]) — w(LDe(00)]) — a(l) 
= m(p, t) — m(0, t) — m(p1, t) > n279, 


The first equality holds because [D,(0)] U [D:(p1)] € [De(p)], and as Ls 
is a monotone machine, [Dz(p0)] A [D:(p1)] = 4. 

By Lemma 3.16.3, there is a set R of strings of length t + 1 such that 
[R] = [Po] \ ([D+(/0)] Y [Di (o1)]). So (ER]) > n274. Choose n 
strings of length t + 1 from R and let this set be T;. If o = A then find a 
set R C 2+1 such that [R] = [A] \ [Dz (A)], and let T, consist of n strings 
from this R. 

Let Liza = Lt U{(7,0) : T © Ti}. We show that L441 has the desired 
properties. 

First we show that L441 is a monotone machine. If o = A then there is 
nothing to check, as À is comparable with any string. If o # A, then take 
any T € T, and consider any v < T such that (v,7) € Li. We will show 
that m ~ ø. First note that, by the choice of 7, there is some 7’ < 7 with 
(7’, p) E€ Li for some p. Then T ~ v, so m & p. If = p0 or a & pl, then 
[vl c (LP: (e0)] U [Ds (p1)]), and so 7 ¢ Li. Hence r x p <x o. 
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The set D:+ı(0) is prefix-free because D,(o) and T, are prefix-free 
and none of the elements of T; extend elements of D(a). We have 
w([De+1()]) = w(LDe(o)]) + wT) = mo, t) +n = m(o,t + 1). 
The final two properties hold by construction. 

Since each L is a monotone machine, it follows that L is a monotone 
machine. By property (v), Mz,(c) = “([D:(o)]]), so for all ø, 


Mzr(o) = lim Mz,(o) = lim Ww Di(o)]) = lim m(o,t) = m(o). 
o 


It was a long-standing open question whether KM and Km are the same, 
that is, whether a natural analog of the Coding Theorem 3.9.4 holds for 
continuous semimeasures. In one direction, we saw in Theorem 3.16.2 that 
KM (0) = —log(Mm(0)) + O(1). But Mm(o) = (HT : do’ & o((7, 0") € 
M)}]) > 27 #0), Thus KM (0o) < Km(c) + O(1). In Section 4.5, we will 
see results by Gács [166] and Day [87] showing that the converse does not 
hold, although proving that fact is remarkably difficult. 


4 
Relating Complexities 


In this chapter, we look at some of the fundamental relationships between 
flavors of Kolmogorov complexity. The first four sections explore relation- 
ships between plain and prefix-free complexity, while the last deals with 
the relationship between Km and KM. Most of this material, although 
of independent interest, will not be used directly in the rest of this book. 
Exceptions are Corollaries 4.3.3 and 4.3.8, which will be relevant in the 
discussion of sets with infinitely many initial segments of highest possible 
complexity in Chapter 6. 

Throughout this chapter, in addition to our fixed universal prefix-free 
machine U, we fix a universal Turing machine V and define C using this 
machine. 


4.1 Levin’s Theorem relating C and K 


Our first results relating K and C are due to Levin. They appeared in his 
dissertation [241]; the first published proofs were in Gács [165]. 


Theorem 4.1.1 (Levin [241], see Gács [165]). 
(i) C(o) =min{n: K(o|n) < n} +O(1). 
(ii) C(a) = K(o | C(o)) + 0(1). 

Proof. Let mo = min{n: K(o |n) < n}. 


Part (i). Consider a prefix-free oracle machine M, with coding constant 
c given by the recursion theorem, such that M” (T) = n iff |r| = n — c and 
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V(r) = u. Given ø, let 7 be a minimal-length V-program for ø. On input 7 
and oracle C(a) + c, this machine will output o. Thus K(o | C(a) +c) < 
|r| +c =C(o) +c, and hence C(a) > ms — O(1). 

Now consider a plain machine N that, on input 7, searches for u =< T 
such that U!7!(y) |, and if such a u is found, outputs U'7! (1). Note that, 
by the prefix-freeness of U, such a p, if it exists, is unique. Suppose that 
K(o | n) < n, and let u be a minimal-length U-program for o given n. 
Note that |u| < n. Let r = 0"—!"!. Then N(r) = U” (u) = o, so C(a) < 
|r| + O(1) =n + O(1). Thus C(c) < mo + O(1). 

Part (ii). We have K(ao | mo — 1) > mo — 1, so K(a | mo) > K(o | 

— 1) — O(1) = mo — O(1). But also K(o | mo) < Mmo, so in fact 

K(o | mo) = Mo + O(1). Now part (i) gives us 


K(o | C(o)) = K(o | mg) + O(1) = mg + O(1) = C(0) + 0(1). 


4.2 Solovay’s Theorems relating Č and K 


In this section and the next, we look at the beautiful unpublished material 
of Solovay [371] relating C and K. The positive results involve simulations 
of Turing machines by prefix-free machines and vice versa. The negative 
ones involve the construction of an infinite sequence of strings whose plain 
and prefix-free complexities behave very differently in the limit. These re- 
sults also have a bearing on the relationship between C-randomness and 
strong K-randomness (as defined in Sections 3.1 and 3.8, respectively). In 
Section 4.4, we give applications of Solovay’s results due to Miller [272] to 
obtain a result of An. A. Muchnik, see [288], and an improvement thereof. 

As the following result shows, it is not hard to give upper bounds on 
K(o) in terms of C(c). Recall that, for a function f, we write f for the 
result of composing f with itself n many times. 


Proposition 4.2.1 (Solovay [371]). K(c) < C(c) + C® (o) +--+ 
C™ (o) +O(C@t)(a)) for any n. 


Proof. This lemma follows from Lemma 4.2.3 below by an easy induction, 
but we give a direct proof here. 

Recall the following idea from Proposition 3.1.5 and Lemma 3.15.4. For 
a string o = aod, ...Gm, let F = anand 14, ...AmAmn01. That is, F is the 
result of doubling each bit of o and adding 01 to the end. The key fact 
about this operation is that if o # 7 then F and 7 are incompatible. 

Thus there is a prefix-free machine M such that M(7) = V(r) for each 
T. Taking 7 to be a minimal-length V-program for ø, this fact shows that 
K(o) < |T| + O(1) = O(C(o)), thus proving the lemma for n = 0. 

But we can also build a prefix-free machine M so that for each T 
we have M(r’r) = V(r), where 7’ is a minimal-length V-program for 


156 4. Relating Complexities 


|r|. On input u, the machine M simply looks for a splitting u = pp2 
such that 41 = T for some v, then computes V(v), and if that halts 
and equals |u2|, computes V(u2) and outputs the result if any. Taking 
T to be a minimal-length V-program for ø, this construction shows that 
K(o) < |r| = C(c) + O(C)(c)), thus proving the lemma for n = 1. 

It should now be clear how to build a prefix-free machine M so that for 
each r we have M(r"r'r) = V(r), where 7” is a minimal-length V-program 
for |7’|, which proves the lemma for n = 2, and how to iterate this process 
to prove the lemma in general. O 


The more precise relationships between C and K are as follows. 
Theorem 4.2.2 (Solovay [371]). 
K(o) = C(0) + C® (a) + O(C®(0)). (4.1) 


and 


C(c) = K(o) — KP (0) + 0O(K®(0)). (4.2) 


Proof. It is useful to recall what the O-notation means here. For example, 
(4.1) means that there is a d such that 


C(o) + CC® (a) — dC (a) < K(0) < Clo) + COl) + dC® (o) 


for all ø. We have already seen that the second inequality holds for some 
d. The difficulty comes in proving the first inequality. 

One might expect (4.1) and (4.2) to be part of an infinite sequence of 
approximations involving increasing numbers of iterations of C and K, 
respectively, as in Proposition 4.2.1. In the next section we will see that, 
remarkably, this is not the case. 

As Solovay observed, (4.1) and (4.2) are in fact equivalent. Indeed, we 
will also prove that 


KË (0) — C® (a) = O(K®)(a)) (4.3) 
and 
K®)(o) is asymptotically equal to C@(c). (4.4) 


Granted these two facts, (4.1) and (4.2) are clearly equivalent. 
The proof of the above equations proceeds in two stages. First we prove 
that 


K(o) < C(o) + K(C(o)) + O17), (4.5) 
which is not too difficult. Then we prove the more difficult inequality 
C(c) < Klo) — KP (0) + Ko) + O(1). (4.6) 


Note that (4.5) and (4.6) are close to (4.2), the problem being that (4.5) has 
the term KC rather than K?). It turns out that we can use the estimate 
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on K — C to get one on K) — KC to establish (4.2). After doing so, it 
will remain to prove (4.3) and (4.4) to get (4.1). 
We begin by establishing (4.5). 


Lemma 4.2.3. K(o) < C(a) + K(C(c)) + O(1). 


Proof. Define a prefix-free machine M as follows. On input p, first attempt 
to simulate U by searching for uw, x p such that U(11) |. If such a string is 
found then let u2 be such that u = fife and check whether |uo| = U(p1). 
If so, output V(u2) (if this value is defined). 

Notice that M is prefix-free, since, firstly, U is prefix-free, and, secondly, 
if M halts on u then p = fig with U(p1) | and |u| = |u| +U (u1)|, which 
means that all extensions of pı on which M halts have the same length, 
and hence are pairwise incompatible. 

Given a, let 72 be a minimal-length V-program for o and let 7, be a 
minimal-length U/-program for C(o) = |r|. Then M(t72) = V(t2) = Ø, 
and hence K(o) < |r| + |r| + O(1) = C(e) + K(C(a)) + O11). Oo 


We now establish (4.6). The idea of the proof is the following. Fix a 
computable enumeration of dom and let L» be the list of strings T € 
dom such that |r| = n, ordered according to this enumeration. We will 
show that there is a c such that |Lx(2)| < 2K(2)-K® (æ)+c, We will then 
argue as follows (in the proof of Lemma 4.2.6). Given a, let 7 be a minimal- 
length U-program for ø. Let uı be a minimal-length U/-program for K(?)(c) 
and let uz be a string of length K(o) — K°)(o) + c encoding the position 
of T on the list Ly). The strings 1 and u2 together allow us to compute 
both K(o) = U(p1) + |u2| — c and the position of 7 on the list Lx (,), 
and hence allow us to compute a. Since U is prefix-free, the string p11 [2 
is enough to allow us to compute o, whence C(c) < |ipe| + O(1) = 
K(o) — KP (o) + K® (o) + O(1). 

We now give the details of this argument. 


Lemma 4.2.4. |L,| < 27~*(™+0Q), 


Proof. We wish to apply the KC Theorem 3.6.1 to build a prefix-free ma- 
chine M as follows. We enumerate the L,, simultaneously. Whenever we 
first see that |L,,| > 2%, we enumerate a request (n — k +1,n). We claim 
that these requests form a KC set. Assume this claim for now, and let kn 
be the largest k such that |L,| > 2*. Then K(n) < n — kn + O(1), so 
9K (n) < gn—kn+O(1) Thus |Ln| < kn +1 < gn—K(n)+O(1) 

So we are left with establishing the claim. Defining kn as above, this task 


amounts to showing that 
EE cs 


n ti<kn 
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To show that the above inequality holds, first note that 


n+1 
Seay, Se a Maes 
i<kn j=n—kntl jen—kyt1 


Since 2%” < |La], we now have 


eS 2n], 


i<kn 
and hence 
M Se aba a Es |= SoS {27l : o Edom A |o| =n} 
n i<kn n 
= X {27l :¢ €domU} <1 
This fact establishes the claim and completes the proof. O 


Corollary 4.2.5. |Li(a)| < 250- KO (0)+0(1), 
We now establish (4.6). 
Lemma 4.2.6. C(c) < K(o) — K® (o) + K® (o) + O(1). 


Proof. Let c be such that |Lx (o)| S 2K(o)-K™ (o)+e for all o. We define a 
machine M as follows. 

On input p, first attempt to simulate U by searching for uı < u such 
that U(u1) |. If such a string is found then let u2 be such that u = pip. 
Let n = |u2| + U(u1) — c and interpret u2 as a number j in the interval 
(1, 2'#2!] in the natural way. Enumerate Ly until its jth element appears, if 
ever. If such an element 7 appears, output U(r) (if this value is defined). 

Given g, let T be a minimal-length U/-program for o and let v2 be a string 
of length K (øo) — K? (o) +c encoding the position j of 7 on the list Lo): 
Let vı be a minimal-length U/-program for K)(c). If we run M on input 
viva then M will set n = |ve|+U(11)—c = K(o)—K@)(o)+c+ K)(a)-c = 
K(c) and will proceed to search the list Ln for its jth element, namely r. 
It will then output U(r) =o. 

Since |y,v2| = KO (0) + K(c) — KO (o) + c, the result follows. oO 


We are now ready to show that (4.2) holds. Let m and n range over the 
integers. It is easy to check that 


K(|m + nl) < K(|m) + K(|n|) + 00). 
(Here |- | denotes absolute value.) Also, 
K(|m|) < K(|m—nJ) + K(|n|) + O11) 
and similarly with m and n interchanged, from which it follows that 


| (|m|) — K(|n|)| < Km — nl) + O0). 
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Lemma 4.2.7. C(c) = K(c) — K? (o) + O(K@)(o)). 


Proof. Let D(o) = K(a)—C(c)—K)(c). We need to show that |D(c)| = 
O(K)(a)). 

By Lemma 4.2.6, D(o) > —K“) (o) — O(1). 

By Lemma 4.2.3, D(a) < K(C(c)) — K)(a) + O(1). By the facts about 
the relationship between K-complexity and addition and subtraction of 
integers mentioned above, 


|K(C(o)) - K” (o E K(|C 
= K(|D(o) + K(a)|) + O(1) < K(\D(o)|) + K® (0) + 01). 
3) 


+ 
Thus D(a) < K(|D(0)) + K® (o) + O(1). 
Putting the two previous paragraphs together, we see that 


|D(o)| < K® (o) + K(|D(o)|) + O(1). 


(a) — K(a)|) + O0) 
) 


For k ranging over the natural numbers, K(k) = o(k), so 
|D(0)| — o(\D(a)|) < K® (0), 
whence |D(c)| = O(K)(a)). Oo 
We now turn to (4.3), from which (4.4) and (4.1) will follow easily. 
Lemma 4.2.8. |K (0) — C@)(a)| = O(K®)(o)). 


Proof. By Lemma 4.2.7, C(a) and K(o) differ by O(K)(c)), and hence 
their K-complexities differ by O(K)(c)). That is, 


K(C(o)) = KP (0) + O(K (0). (4.7) 


Likewise, (4.7) shows that K°)(C(c)) and K@)(c) differ by o(K)(a)), 
whence 


K(C(o)) = O(K®(0)). (4.8) 
Replacing o by C(c) in (4.2), we have 
CO (0) = K(C()) — K (C(o)) + O(K  (C(o))). 
y (4.8), this equation gives us 
CO (o) = K(C(c)) + O(K)(0)). (4.9) 
Combining this equation with (4.7) establishes the lemma. o 


Corollary 4.2.9. K)(c) is asymptotically equal to C®) (0). 


Proof. By Lemma 4.2.8, K (o) and C® (0) ai by ORM): so 
|K@)(¢)—K(C®)(c))| = o( K@)(c)), and hence K®) and KCC? a asymp- 
totically equal. But K and C are asymptotically equal, so KC®) and C®) 
are asymptotically equal. O 
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Corollary 4.2.10. K(c) = C(c) + C® (0) + O(C®)(a)). 


) 

). 
By Corollary 4.2.9, it follows that K(o) = C(o)+C®(a)£0(C®(c)). O 
This result completes the proof of Theorem 4.2.2. O 


The following corollary of the previous results will be useful below. 


Corollary 4.2.11 (Solovay [371]). K(o) = C(a)+ K(C(c)) £O0(C®)(a)). 
Proof. Combine Corollaries 4.2.9 and 4.2.10 with (4.9). o 


The results above all have relativized forms. For instance, we have the 
following. 


Corollary 4.2.12 (Solovay [371]). 
K(o |T) = Clo |T) + CO (a | 7) +0(C® (a | 7)), 


C(o |r) = K(o| 7) —K® (0 | 7) £O(K (a | 7), 


and 


C(o|r) < K(o| 7) +001) < C(o| 7) + K(C(o | 7)) +01). 


Another point worth noticing is that the upper bound on the size of 
Lk(o) given in Corollary 4.2.5 is strict, as shown by the following result. 


Proposition 4.2.13 (Solovay [371]). |Lx(o)| > 2K(0)-K®(0)+00), 


Proof. Suppose otherwise. Define the prefix-free machine M as follows. By 
the recursion theorem, we may assume we know the coding constant c of 
M. On input pu, search for a splitting u = pipe such that U(uı) | and 
|u2| = U (u1) — |u| — (c + 1). If such a splitting is found then let k be the 
element of [1, 2!“2!] coded by juz, and search for the kth element enumerated 
into Ly(,,,). If such an element 7 is found, compute U(T) and output the 
result, if any. 

By assumption, there is a ø such that |LK(o)| < gk (a)-K© (e)-(c+1)_ Let 
T be a minimal-length U/-program for ø and let uı be a minimal-length U- 
program for K(c) = |r|. Let u2 be a string of length K(o)— K )(c)—(c+1) 
coding the position of T in Leg). Then M(pip2) [= o. But |pip2| = 
KO (o) + K(a) — KP (a) —(e +1) = K(a) —(c +1), so Kulo) = K(o) — 
(c+ 1). But c is the coding constant of M, so K(o) < K(c) — 1, which is 
a contradiction. O 
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4.3 Strong K-randomness, C-randomness, and 
limitations on the results of the previous 
section 


In this section, we will present Solovay’s theorem from [371] that, roughly 
speaking, every strongly K-random string is C-random, but the converse 
is not true. One intuitive explanation for this difference between the two 
notions of randomness is the following. Suppose we know a string ø. If ø is 
C-random then also knowing C (ø) gives us no additional information, but 
if ø is strongly K-random then also knowing K(c) gives us K(|o|). Thus 
there is more information in the prefix-free complexity of a strongly K- 
random string than in the plain complexity of a C-random string. Indeed, 
this extra amount of information is exploited in the proof of Theorem 4.3.7 
below, which has as an immediate corollary that not every C-random string 
is strongly K-random. 

The existence of C-random but not strongly K-random strings will also 
allow us to show that the main results of the previous section cannot be 
improved. For instance, in the previous section we established identity (4.1): 
K(c) = C(a)+C®) (o) £O(C@)(a)). At first glance, one would expect this 
identity to be part of an infinite sequence of identities with decreasing O- 
terms (as in Proposition 4.2.1). However, the methods of this section will 
show that the identity K(o) = O(a) + C® (a) + C® (0) + O(CM(a)) is 
not true, and hence (4.1) is as sharp as possible. 


4.3.1 Positive results 


The following proposition combines some information about plain and 
prefix-free complexity from Chapter 3. 


Proposition 4.3.1. There are constants cc and cK such that 

(i) C(o) < |øl + cc, 

(ii) Ho € 2: C(e) < n+ co — j} = O2), 
(iii) K(c) < |o| + K(o|) +eK, and 
(iv) Ho € 2": K(o) < n+ K(n) + cx — j}| = OQ"). 

Let 

melo) = |o| + co — C(a) 
and 
mg(o) = |o] + K(løl) + cx - K(0). 


In light of Proposition 4.3.1, we see that these values measure how far the 
complexity of o falls from its potential maximum. For either version of ran- 
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domness, the random strings are those strings o for which the corresponding 
m(o) is small. 

Recall that, for fixed constants c and d, we say that o is C-random if 
C(o) = |o| — c and strongly K-random if K(c) > |o| + K(|o|) —d. As 
we will see, the following theorem implies that every strongly K-random 
string is C-random for some constant. 


Theorem 4.3.2 (Solovay [371]). mx(a) > molo) — O(log mc(o)). 
Proof. Since C(o) = |o| — melo) + O(1), 
K(C(0)) = K(|al — melo) + 0(1)) < K (lal) + K(me(o) + 0(0)) 
< K(|o|) + O(log mo(o)). 

By Lemma 4.2.3, K(o) < C(a) + K(C(c)) + O(1). Consequently, 

K(o) < jo| — melo) + K(|o|) + O(log mc(a)). 
Rearranging this inequality, we get 

lol + K (lol) — K(e) > me(o) - Ollogme(a)). 


Since the left-hand side of this inequality is mx(o) (up to the constant 
cx), it follows that mx(o) > molo) — O(log mc(a)). o 


Corollary 4.3.3 (Solovay [371]). Every strongly K-random string is C- 
random for some constant. 


Proof. If o is strongly K-random then mx(c) < c for some fixed c (inde- 
pendent of o). By Theorem 4.3.2, mc(o) — dlogmc(a) < c for some fixed 
d, which clearly implies that mc(c) < c’ for some fixed c. o 


4.3.2 Counterexamples 


We now turn to counterexamples. We will present Solovay’s construction 
of an infinite sequence of strings whose plain complexities behave “as dif- 
ferently as possible” from their prefix-free complexities, and examine the 
consequences of the existence of such sequences. 

We begin with a few lemmas that will be useful below. The first says 
that if r is C-random given n, then there are many p’s of length n such 
that Tu is C-random (though for a different constant). 


Lemma 4.3.4 (Solovay [371]). For each c there is a d such that, for all n 
and T, if 


C(r|n) > |r| -c¢ (4.10) 
then 
{ue 2": C(rp) < |r] +n—d}| < 2°78. (4.11) 
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Proof. Fix c. We build a machine that, for each d, T, and n not satisfying 
(4.11), provides a short C-program for 7 given n. The length of this program 
will depend on d, and we will show that, for large enough d, this program 
is shorter than |r| — c, so that any 7 and n not satisfying (4.11) for any d 
also fail to satisfy (4.10). 

For each d, m, and n, let Sd,m,n be a list of all ø € 2™ such that |{u € 
2” : Clon) < m+n — d}| > 2°~°. Notice that the Sam n are uniformly 
c.e. Furthermore, there are at most 2™+"—4+! many pairs (ø, u) such that 
|o| = m and C(ou) < m+n — d, whence |Samn| < 2+4, 

Define the (plain) machine M as follows. On input (¢,n), search for 
01, 02,03 such that 01,02 E domU and o = 010203. If such cg; exist, then 
let d = U(oi) and m = U(a2) + |o3|. Interpret o3 as a number j in the 
interval [1, glesl] and output the jth element of Samjn, if any. 

Consider d, n, and 7 not satisfying (4.11), and let m = |r|. Then 7 € 
Sdm,n- Let 01,02, 03 be strings of minimal length such that U/(o1) = d and 
U(o2) = d— c+ 1, and o3 has length m+c—d+1 and codes the position 
of T in Sa,m,n: Then M(o10203,n) = T, so 


C(r|n) < K(d)+ K(d—c+1)4+m+c—d4+1+0(1) 
< m — d+ O(log d) = |r| — d+ O(log d), 


where the O constant does not depend on 7 or n. Choosing d large enough, 
we see that if n and T do not satisfy (4.11) then C(7 | n) < |r| — c, son 
and 7 do not satisfy (4.10). O 


Combining Lemma 4.3.4 with part (iv) of Lemma 4.3.1, we have the 
following corollary, which says that if 7 is C-random given n, then, since 
there are many p’s of length n such that Tu is C-random, there is such a 
u that is strongly K-random. 


Corollary 4.3.5 (Solovay [371]). For each c there is ad such that, for all 
n and T, if C(t |n) > |r|—c then there is a u € 2” with C(Tu) 2 |r| +n—d 
and K(u) 2 n+ K(n)-— d. 


The next lemma says that, given any n, we can find an m such that the 
prefix-free complexity of the strongly K-random strings of length m is close 
ton. 


Lemma 4.3.6 (Solovay [371]). There is a c such that for each n there is 
an m with |m + K(m) -n| < c. 


Proof. If dis large enough then |K(m+d)—K(m)| < K(d)+0(1) < d. Let 
f(m) = m+K(m). Then f(m+d)— f(m) = m+d+K(m+d)-m-K(m) = 
d+K(m+d)—K(m),so0 < f(m+d)— f(m) < 2d. Let c = 2d and, given 
n, choose m such that |f(m) — n| is minimal. Then |f (m) — n| < c, since 
otherwise one of f(m+ d) or f(m -— d) would be closer to n than f(m). O 


We are now ready to prove the main theorem of this section. 
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Theorem 4.3.7 (Solovay [371]). There is an infinite sequence of strings 
vi such that 

(i) lim; |vi| = co, 


(ii) C) = [vil + O(1), and 


(iii) lim; ee = 1. 

Before proceeding with the proof, we note the following consequence. By 
item (i) in Theorem 4.3.7, each v; is C-random. By item (iii), v; is not 
strongly K-random for large enough 7. Hence the converse to Corollary 
4.3.3 does not hold. 


Corollary 4.3.8 (Solovay [371]). There is ac such that, for all d, there are 
infinitely many strings that are C-random with constant c but not strongly 
K-random with constant d. 


Proof of Theorem 4.3.7. The idea of the proof is to find 7; and n; such that 
7; is hard to describe given n;, but easy given K(n;). Then Corollary 4.3.5 
implies that there is a u; of length n; that is random enough so that from 
K (mi) we can compute K (n;) (so T; is easy to describe given K (u;)), but at 
the same time Ti; is C-random. Letting vi = Tihi, we have that K (v;) is 
not much larger than K(j1;), but C(1;) is as large as possible. By carefully 
choosing 7; and n; so that v; is sufficiently longer than p;i, we will be able 
to satisfy the requirements of the theorem. 

We now proceed with the details of the proof. Recall that o* is the first 
U-program of length K(c) to converge with output ø. Recall also that by 
log n we mean the base 2 logarithm of n, rounded up to the nearest integer. 

By Theorem 3.14.2, we can select no,n1,... such that logn; = 2” and 
K(nž | nj) > 2t — O(i). By Proposition 3.14.1, 


K (nj | ni) = K(K(ns) | m) +00) < K (ni) + O(1) 
< log 2” 4 O(log® 22 )= 2% +0(i), 


so K(n* | ni) = 2'+O(i). Thus K? (nž | ni) = O(i) (and hence, of course, 
K®)(n* | ni) = o(i)), so by Corollary 4.2.12, 


O(n* | ni) = K(n* | ni) — KO (nt | ni) + O(K®(nž | ni)) = 2° + O(). 


Let 7; be the first to halt among the minimal-length V-programs for n; 
given n;. (That is, 7; is (n7)G, where the second star is defined with respect 
to V:i.) Then |7;| = C(n* | ni) = 2f + O(i). Also, by the minimality of Ti, 
C(m | ni) = |m| + OC). (That is, |r:i| = C(n* | n <S C(ri | ni) + O(1) < 
|7;| + O(1). Thus it follows that 7; is hard to describe given n;, but as we 
will see below, 7; is relatively easy to describe given nž, and hence given n; 
and K(n;).) 

By Corollary 4.3.5, there is a uw; € 2” such that C(tii) = |r| +n; +O(1) 
and K(mi) = ni + K(ni) + O(1). Let vi = Tipi. Then lim; |vi| = oo, and 
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each v; is C-random, since C(v;) = 


Ti | + ni + O(1) = |vi| = O(1). So we 
are left with showing that lim; mae = 


We begin by computing K (|v;|). First, 
K(i) = Kri + mi + OC) = K (ni) + O(K(fr:])). 


Now, 


K (|r) = K(2 + O(})) = K(2) + O(log i) = O(log’), 


since K(2') = K(i) + O(1) = O(logi). Therefore, K(|v;|) = K(ni) + 
O(log i). 

We now need an upper bound on K (1). If we have a U/-program o for pi 
and a U/-program o’ for 7; given g, then we can easily obtain a U/-program 
for vi = Tipi of length roughly |co’|. Thus, 


K (ri) < (ui) + K(T: | oi) + OC) = n + K (ni) + K(r | už) + 00). 


So we will obtain our bound on K(v;) by bounding K (r; | už). 

Now, ni = |uiļl, so K(n; | už) = O(1). Since |už| = K(mi) = ni + 
K(n;) + O(1), we have K(K(n;) | wt) = O(1). By Proposition 3.14.1, 
K (ne | ni, K(n)) = O(1). Thus, 

K(nj | wi) < KCK (mi) | a) TK (ni | TEK (ng | ni, K(ni)) +001) = OC). 


So k(n: | uj) < K(Ti | nj) + K(nj | wz) + OW) = K (ri | nj) + OM). 
Recall that 7; is the first to halt among the minimal-length V-programs 
for n* given n;. By the relativized version of Proposition 3.2.1, 
K(7 | nj) < K(|7i| | n7) + OC) = O(log |r:|) = OC), 


so K(7 | pi) = Oli. 
Putting the last three paragraphs together, we have 


Together with the computation of K (|v:|) above, this bound implies that 
mg (vi) = [vil + K (vil) — KM) 
> 2f + ni + K(ni) — O(i) — [ni + K(ni) + O0] 
= 2 — O(i) = log Jri] — O(log ri). 


(The last equality holds because |v;| = |u| + |i] = ni + 2° + O(i), and 
log n; = 2” .) Thus 
lim inf lea): >1. (4.12) 
i log’ ) Irl 


On the other hand, it is easy to get an upper bound on mg (vi) using the 
results of Section 4.2. Recall that C(v;) = |v;| + O(1). Also, by Corollary 
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4.2.11, K(vi) = C(y%) + K(C(%)) + O(C®) (%)), so 
mx (Yj) = [ri] + K(\vil) — K(%) 
= O(%) + K(C(%)) £O(1) — [C(%) + K(C(%)) + O(C® (v:))] 
= 0(C (vj) = O(log” |vj|). 


Thus mx(v;) = O(log |v;|), but we are not quite done because of the 
multiplicative constant that might be hidden in the O-term. The following 
method of finishing the proof was suggested by Joe Miller. 


Lemma 4.3.9. K(|v;|) < KP (vi) + K(mg(vi)) + O(1). 

Proof. Assume that c; = K(|\v;|) — KP (ri) — K(mx(%)) is positive, since 
otherwise we are done. From minimal-length U/-programs for K(1), for 
mxg(vi), and for ci, we can compute K(|1;|), and hence can compute |v;| = 
mgri) + K(%) — K(|v;|). Thus, 

K(\vil) < KO (vi) + K(mx(%)) + K(ci) + O(1) 
= K(\v4l) — 6 + K (ci) + O(1). 

So ci <S K(c;) + O(1), whence c; = O(1). o 


To finish the proof of the theorem given this lemma, we have the following 
inequality. 


mg(ri) = [vil + K(\i|) -— K (vi) 
= C(ri) + K(|vil) — K (vi) + O(1) 
< K(jri) — KP (v) + Km) +0) by Lemma 4.2.6 
< K(mglvi)) + K® (v) + O(1) by Lemma 4.3.9 
<K( log?) Jvil). 


mg(vi)) + log® [vil +0 


By the crude bound mg (vi) = O(log® |vi|) established above, we have 
K(mx(\%)) = ollog® |v;|), so mx (vj) < log |v;| + ollog® |vil), whence 


lim sup 2 a < 
i log’ |y;| 
= 1 


¥ 


Together with (4.12), this inequality implies that lim; Saye 


completing the proof of the theorem. 


The following theorem, whose proof is based on Theorem 4.3.7, has as 
a corollary that the identities (4.1) and (4.2) cannot be improved, and the 
inequality (4.5) cannot be reversed. 


Theorem 4.3.10 (Solovay [371]). There are infinite sequences of strings 
Vi, Ti, and u; such that 


(i) lim; |vi| = co, 
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(ii) C(m) = C(%) + O11), 


K(ri)J-K(i) _ 4 
log) |v; í 


(iv) K(m) = K(v;) + O(1), and 


(iii) lim, 


C(vi)—C (mi) _ 1. 


(v) lim; Toe Ts] 


Proof. Let v; be as in Theorem 4.3.7. For each i, let 7; be a strongly K- 
random string of length |v;|. By Corollary 4.3.3, C(m) = |ri| + OQ) = 
C(vi)  O(1). The choice of 7; implies that K(7;) = |v;| + K(|vil) + OC), 
so 


K(m) — K(M%) = [ril + K (vil) = [lel + Kel) — mx (r:)] + 00) 
= mg(vi) + O(1). 


By Theorem 4.3.7, lim; @454™9 — jim; 7s) = 1. 
og) |u| log |vi| 
By Lemma 4.3.6, there exist m; such that |m; + K(mj;) — K(%)| = 
O(1). For each i, let u; be a strongly K-random string of length m;. Then 
K(i) = m,+K(m,;)+£O(1) = K(v;)+O(1). Furthermore, by Lemma 4.3.3, 
C(ui) = mi + O(1), and by Theorem 4.3.7, C(1%) = |vi| + O(1). Thus, to 
establish item 5, it is enough to show that lim; em =1 


Let r; = |4%| — mi. Then K(m,;) = K(|1%|) + O(log ri), so 


ri £ O(log(ri)) = [vil + Kril) — (mi + K(ma)) 
Siu Ru KU) s OOS) LOU). 


By Theorem 4.3.7, lim; gjy = lim; zea =1. o 


Corollary 4.3.11 (Solovay [371]). None of the following relations hold in 
general. 


K(o) = C(o) + C® (a) + CC® (0) + O(C™ (0)). 
C(o) = K(o) — KË (0) + K® (0) £O(K (0). 
K(o) = C(c) + K(C(o)) + O(1). 


Proof. Let vi, Ti, and u; be as in Theorem 4.3.10. 
If the first equation were true then, since C(v;) = C(7;) + O(1), we 
would have K(v;) — K(7;) = O(C(v,)) = O(log |v;|). But then 


aoa = 0, contradicting Theorem 4.3.10. 


The argument for the second equation is the same, with u; in place of 7; 
and K and C interchanged. 

Similarly, if the third equation were true then we would have K(1) — 
K (7%) = O(1), which would lead to the same contradiction as before. O 
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4.4 Muchnik’s Theorem on C and K 


In [288], Muchnik proved the following interesting result on the relationship 
between prefix-free complexity and plain complexity. The proof we give, 
which is based on Solovay’s results discussed above, is due to Miller [272]. 


Theorem 4.4.1 (Muchnik, see [288]). For each d there are strings o and 
T such that K(o) > K(r) +d and C(r) > C(a) + d. 


Proof. Let {vj }ieu be the sequence constructed in Theorem 4.3.7. For each 


i, take p; to be a strongly K-random string of length |v;| — jee N (Here 
we slightly abuse notation by writing los’ Wil to mean [os dei | .) First 
note that 
K (pi) — K (4) = lpi + Kll) — Ks) +001) 
log?) |v; | log?) |; | 
age +t Kill- )— K(%) + O(1) 
log?) Iv; 
= [ri] — og tl + K(\v;]) — K(v;) + O(log® |v;|) 
log? |v; 
= 5 Mis olog® Ii). 
Therefore, 
log® vil 
K(p;) -K(Y . ‘j= 1 1 
tn KOI ROD _ yy O E a 
g log® |r] i log? |r] 2 2 


By Theorem 4.3.3, p; is C-random, so C (ri) — C(pi) = [ril — leil + O(1) = 


ie ied + O(1), and hence 


i) — Opi 1 
Hin OC = C10) _ 5, EH L 
i Jog?) ril i log?) |r] 2 
So for any d we can take i large enough so that K(p;) — K(vi) > d and 
C(ri) — C(pi) 2 d. O 


Miller’s methods allow an additional improvement to the previous result, 
namely that we can choose o and 7 to have the same length. 


Theorem 4.4.2 (Miller [272]). For each d there are strings o and T of the 
same length such that K(o) > K(r) +d and C(r) > C(a) +d. 


log?) [vil 
2 


Proof. We extend the proof above. For each i, define 7 = p;0 ; 
Then |r;| = |v;|. Furthermore, K (7;) = K (pi) + O(log® |v;|) and C(r;) = 
C(p;) + O(log |v;|). Thus 

Plog yf 2 dog jr 
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As above, for any d we can take i large enough so that K(7;) — K(1%) > d 
and C(v;) — C(7;) 2 d. oO 


Miller observed that the estimates used in both proofs can be improved. 
It is not hard to show that K(|v;| — G1) = K(|v;|) + O(1), and from 
this fact, that K(7;) = K(p;)O(1) and C(7) = C(p;) 4 O(1). The weaker 
estimates above were used because they are sufficient for our purposes and 
require no explanation. 


YS 


4.5 Monotone complexity and KM-complexity 


As mentioned in Section 3.16, it was a long-standing open question whether 
KM and Km are the same. We saw in that section that KM (0o) < Km(o)+ 
O(1). Levin [242] conjectured that in fact Km(o) = KM (0o) + O(1). This 
conjecture was finally refuted by Gacs [166]. 


Theorem 4.5.1 (Gács [166]). There exists a function f with lim, f(n) = 
oo such that Km(o) — KM (0o) > f (lol) for infinitely many o. Indeed, we 
may choose f to be the inverse of Ackermann’s function. 


Although we will not discuss reducibilities arising from measures of com- 
plexity until later, the following corollary to Gacs’ Theorem is worth noting 
here. A natural question given Gacs’ Theorem is whether the corresponding 
reducibilities are different. That is, let A <Sxm B if KM(A în) < KM(B ft 
n) + O(1), and similarly for Km (Km-reducibility is also known as mono- 
tone reducibility). Then is <x different from < gm? Miller observed that 
this question is easily settled using Gacs Theorem. 


Corollary 4.5.2 (Miller [personal communication]). The reducibilities 
<Kkm and Sgm are different. 


Proof. We define A = |J, as in stages, with each a, a finite string. Let ag 
be such that Km(ao) — KM (ao) > 1. Now suppose we have defined as. 
For a string 7 of length at least |a,| + 1, let 7 be obtained by replacing 
the initial segment of r of length |a,| by as. Then it is easy to check that 
Km(T) = Km(T)+0(1) and KM (F) = KM (T)+0(1), where the constants 
depend only on as. So we can choose a 7 such that Km(T)— KM(T) > s+1 
and let a4, =T. o 


Returning to Theorem 4.5.1, we see that, while Gács proved that KM and 
Km do not agree within an additive constant, it seemed possible that the 
difference might be very slight. As we will discuss in this section, Adam 
Day [87] established a strong extension of Gács Theorem with a proof 
significantly extending and clarifying the original. 

How different can these two complexities be? The following theorem gives 
an upper bound on their difference. 
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Theorem 4.5.3 (Gács [166], Uspensky and Shen [396]). K(o) < KM(o)+ 
K(|o|) +O(). Thus, for any k >1 ande > 0, 


Km(o) < KM (0o) + K(\o|) + O(1) 
< KM(c) + log|o| + loglog |o| + --- + (1 +) log |o] + O(1). 


Proof. For each n, we have >> 2- KM(?) < 1, by the definition of KM. 


oe2r 
Thus 
5 KM(c)—K(\o|) — yoo 5 9— KM (ø) < ma <1. 
o n oe2” n 
So {(kK+1,0):0€2<"% Ak > KM(c) + K(|o|)} is a KC set. Oo 


Given the upper bound provided by Theorem 4.5.3, the following result, 
which brings Gacs inverse Ackermann function up to two logs, is not far 
from optimal. (Indeed, since the upper bound in Theorem 4.5.3 holds for K 
as well as Km, it would be surprising if it were tight, as that would imply 
that, in a sense, a prefix-free machine is just as good at approximating KM 
as a monotone machine.) 


Theorem 4.5.4 (Day [87]). Let c < 4. Then there exist infinitely many o 
such that Km(c) > KM (0) + cloglog |o]. 


We follow Day’s presentation of his complex proof, which is included with 
his permission. Let M be a fixed universal monotone machine. We think of 
this machine as given by axioms of the form (c, T), and write (o, T) E€ M to 
mean that on input g, the machine M writes at least 7 on its output tape. 
In this section, we write o © T to mean that o x 7 or T = ø. In this case, we 
say that o and 7 are comparable, and otherwise that they are incomparable. 
(We have been using the term “incompatible” for this concept, but want to 
avoid confusion with the concept of “M-incompatible” strings introduced 
below.) 

To show that the above theorem holds, we will develop a proof that 
monotonic descriptional complexity and monotonic algorithmic probability 
do not agree to within an additive constant. The improvement in the lower 
bound follows from the construction used in the proof. This proof builds on 
the original work of Gács but is more intricate. A main point of difference 
is that the algorithm at the heart of the new proof works on sets of strings 
as opposed to individual strings. It is fair to say that Gacs’ Theorem is 
not well understood. We hope that the new proof, as well as improving the 
bound, clarifies the main reasons why Km and KM are different. 

From now on we will refer to a c.e. continuous semimeasure as just a c.e. 
semimeasure. We will also drop the word monotonic and just talk about 
descriptional complexity and algorithmic probability. We know that Mm 
(as defined in Theorem 3.16.2) majorizes all c.e. semimeasures. So, if it 
were true that Km(c) = KM(c) + O(1), then for any c.e. semimeasure 
m that we could construct, there would be some constant c such that 
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Km(ca) < —log(m(c)) + c. The general approach of the proof will be to 
build a c.e. semimeasure for which this is false, which means constructing 
a c.e. semimeasure m with the property that for all c there is a ø such that 
Km(o) > —log(m(a)) + c. 

Of course, we want to do more, and prove Theorem 4.5.4. This result 
will come out of the construction used in the proof. For now we will focus 
just on showing that Km and KM are different. We will leave the analysis 
of the size of the difference until later. 

Another way to look at this problem is to consider whether for any n, 
we can construct a semimeasure m such that m(A) < 27” and there exists 
ao such that Km(c) > —log(m(c)). Viewing the problem this way helps 
simplify the proof a little, because we can build a c.e. semimeasure a(o) 
such that for all i, 


1. a(O41) < 2-2-1, 
2. a(0°) = X; a(0'*71), and 
3. there exists a ø such that Km(0*lc) > —log(a(0‘1o)). 


Then we can scale the semimeasure a to construct a new semimeasure m 
with the desired properties. 


Proposition 4.5.5. If a semimeasure a with the above properties exists, 
then Theorem 4.5.1 holds. 


Proof. From a we can define a c.e. semimeasure m by letting m(0‘lc) = 
2'a(0"1c) and m(0") = X>; m(0'T1). Then m(a) > m(o0) + m(o1) for all 
o, and 


m(A) = $ m(0'1) = X 2a(0'l) < P5277 <1, 


so m is a c.e. semimeasure. 
As Mm majorizes all c.e. semimeasures, there is some d such that 
Mu(c) > 2-¢m(c). Thus KM (0) < —log(2~4m(c)) = — log(m(o)) + d. 
Now given any c, let i > c+ d. By our hypothesis on a, there is some o 
such that 


Km(0'1o) > —log(a(0'1c)) = —log(2~*m(0'1c)) 
= —log(m(0'1c)) + i > —log(m(0’1c)) +c +d > KM(0'lc) +c. 
Oo 
Note that we could use the recursion theorem to determine the constant d 
in the above proof. However, doing so is not necessary for our construction. 
Since we want a to be c.e., we can construct it in stages depending on 


some computable enumeration of the universal monotone machine M. We 
will start with a(o,0) = 0 for all ø. At each stage t+1, we have the option of 
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choosing a single string p and a positive integer x such that a(A, t)+277 < 1, 
and defining a(a,t + 1) as follows: 


a(o,t)+2-* ifoxp 


a(o, t) otherwise. 


cit t)={ 


In the rest of the proof we will write simply a(p,t + 1) = a(p,t) + 277 to 
refer to this process. If we select p at stage t+ 1 and a(p,t) = 0, we will 
simplify the notation further and write a(p,t +1) = 2~*. If no such p is 
chosen for a stage t + 1 then this simply means that a(c,t + 1) = a(o,t) 
for all ø. 

Our objective is to construct a c.e. semimeasure a that meets the 
following requirements for all i. 


R; : a(0'1) < 27”: and there is a ø s.t. Km(0'1c) > —log(a(0'1c)) 


For most of this proof we will focus on meeting a single requirement R; 
for some arbitrary i. Once we can achieve a single requirement, it will be 
relatively easy to meet all requirements. 

A natural way to view this construction is as a game between us con- 
structing the semimeasure and an opponent constructing the universal 
monotone machine. For example, to meet the requirement that there is 
some string lo such that Km(1o) > —log(a(1o)), we could choose a 
string o and set a(lo,1) = 27”. Then we could wait and see whether a 
pair (7, 10’) is enumerated into M where |r| < r and o = a’. If such 
a pair is not enumerated into M then the requirement is met because 
Km(1c) > r = —log(a(1o)). If such a pair is enumerated into M then we 
can make another change to a at some future stage. 

We need to develop a construction of a such that no matter how the 
opponent enumerates M, the requirements on a are met. We have only 
a finite amount of measure that we can use, and similarly, the opponent 
has only a finite number of descriptions of any given length. Our goal is 
make the opponent run out of suitable descriptions before we run out of 
measure. There are some fundamental concepts used by Gacs in his proof 
of Theorem 4.5.1 that we will make use of. We will introduce one of these 
with the following example. 


Example 4.5.6. We choose a string o and set a(a,1) = 274. Now the op- 
ponent must respond by ensuring that Km(c) < 4. To do so, the opponent 
must enumerate some pair (T, 0’) into M, where |7| < 4 and o’ = ø. Let us 
suppose that the opponent enumerates (0000, o) into M. Then either it is 
possible for the opponent to add (000, c) into M or not. If not, we can set 
a(a,2) = a(o,1) + 2-4 = 273. Now, as it is not possible for the opponent 
to add (000,c) to M, the opponent must find a new string, say 001, and 
add (001, a) to M. However, in this case, the opponent has used both 0000 
and 001 to describe ø, a waste of resources. Alternatively, assume that the 
opponent can enumerate (000, o) into M. We can think of the opponent as 


4.5. Monotone complexity and KM-complexity 173 


holding 000 as a description in reserve for ø. Now we make this reservation 
useless, by 


1. never again adding measure to a string comparable with o, and 
2. using only units of measure of size at least 2~° from now on. 


As we are using increments of measure of size 273 or more, the oppo- 
nent must always respond with strings of length at most 3. However, the 
opponent cannot use 000 because 000 can be used only to describe a string 
comparable with ø. Hence, if we never increase the measure on a string 
comparable with o, the opponent can never use 000. In this case, 0001 is 
a gap in the domain of M, as it cannot be used to respond to any of our 
increments in measure, which again is a waste of the opponent’s resources. 


A proof of Theorem 4.5.1 can be developed by generalizing the approach 
of this example. A first step toward this generalization is the following. 
We take a string o. We have two integer parameters r,g with 0 < r < g. 
We want to increase the measure on ø in increments of 279. Each time we 
increase the measure we want the opponent to respond. To do so, we do 
not increase the measure on ø directly but on some extension of ø. Let 
Z= {or:7 € 29-"}. We will take some € € © and increase the measure on 
€ instead of on ø. A first attempt at the algorithm we need is as follows. 


Algorithm 1. 


Let t be the current stage in the enumeration of M. Choose 
some € € = that has not been used before (so that a(€,t) = 0). 
If there is some description of a string o’ with o’ = o in the 
domain of M; that can be shortened to a description of length r, 
then terminate the algorithm. Otherwise, increase the measure 
on € by 279, and wait until a stage t’ at which the opponent 
describes € with a string of length at most g. If we have not 
used all the elements of =, then let t = t and repeat. If we 
have used all the elements of =, then the measure on ø must be 
|=|2-9 = 27", so wait until the opponent uses a string of length 
r to describe a. 


If we apply this algorithm, then the opponent must either use a string of 
length r to describe o, or have some string that describes a string compa- 
rable with o that can be shortened to a string of length r. The crucial fact 
is that, at some point, we increased the measure on o by just 279, and the 
opponent had to respond by finding a new string of length r. The string is 
new in the sense that it is not just some initial segment of a string already 
used. 

As it stands, this algorithm can make only a small gap between Km and 
KM. The hard part is amplifying this gap. Amplification can be done by 
using the algorithm recursively. In the algorithm above, we act by setting 
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a(€,t) = 279 for some € at some stage t. However, rather than just directly 
increasing the measure on €, we could instead run the algorithm again on 
some extension of €. This action would have the effect of increasing the 
measure on € while forcing the opponent to waste even more resources. 
However, to implement this strategy, a number of issues need to be dealt 
with: 


1. We want to make sure our algorithm increases the measure enough. 
Algorithm 1 will increase the measure on o somewhere between 279 
and 27”, which is too great a range. 


2. We need to ensure that any gaps the algorithm makes in the domain 
of M are never used again. The algorithm above does not address 
this. 


3. Each time we use an extension of a string, we go deeper into the tree 
of binary strings. We would like to minimize the depth that we go 
to in order to get the best possible lower bound on the difference 
between Km and KM. 


The concepts in Example 4.5.6 and Algorithm 1 were used by Gacs in his 
original proof of Theorem 4.5.1.1 The approach of this proof is still based 
on these ideas but differs from that of Gacs in how the problems listed 
above are addressed. 

The algorithm that we will present will make decisions based on the 
domain of M. The question of whether there is a description of ø that can 
be shortened will be crucial (e.g., whether or not 0000 could be shortened 
to 000 in example 4.5.6). First we will define certain subsets of the domain 
of M. We will prove some technical lemmas about how these sets change as 
the parameters defining them change. These lemmas will be crucial to the 
verification of the proof. Then we will present the algorithm that establishes 
a gap between Km and KM. After that, we will verify that the algorithm 
works. Finally, we will analyze the algorithm to show how it improves the 
lower bound. 

At any stage t, the approximation M, tells us the options the opponent 
has left. In particular, M+ tells us what the opponent can and cannot use 
certain strings for. We need a more exact notion for the idea of the opponent 
shortening an existing description. In his original proof, Gács came up with 
the notion of a string T being reserved as a description for ø. The idea is not 
just that the opponent can use 7 to describe ø, but additionally that the 
opponent cannot use 7 to describe a string incomparable with ø. For T to 
be reserved for ø, the opponent must have already used a string comparable 
with 7 to describe an extension of ø. 


1At the time of writing, an extended version of the original proof is available from 
Gács’ homepage. 
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There are really two ideas in this definition that are worth separating out 
and making more explicit. First we will say that a string T is fragmented 
by o if some string comparable to 7 describes an extension of ø, which 
means the opponent cannot use 7 to describe a string incomparable with 
g (as otherwise M would not be a monotone machine). Second, a string 
T is M-incompatible with o if some string comparable with 7 describes a 
string incomparable with o. This means that 7 cannot be used to describe 
o. Hence another way of saying a string 7 is reserved for ø is that 7 is 
fragmented by ø but 7 is not M-incompatible with ø. As we are not so 
much interested in particular descriptions, but descriptions of a certain 
length, we will make the following definitions. 


Definition 4.5.7. (i) The strings of length r fragmented by o at stage 
t are those in the set 


Fety={re2 sd o') E Me ar AGso')} 


(ii) The strings of length r M-incompatible with o at stage t are those in 
the set 


I (o, t) = {T E€ 2" : I(T, o) E Mi (7 & TA ola’). 


i 


(iii) The strings of length r reserved for o at stage t are those in the set 
R, (0, t) = F, (0, t) \ (0, t). 
Example 4.5.8. Suppose that 
M++ = {(00, 11), (000, 1), (000, 11), (001, 11), 
(011,01), (100,01), (110,011), (111, 1)}. 


If we consider the strings of length 2, working through the above definitions 
establishes that F)(01,t) = {01,10,11}, that 72(01,t) = {00,11}, and that 
R2(01,t) = {01, 10}. 


The definitions given for F, and I, can be extended to sets of strings. 
Definition 4.5.9. If X is a set of finite strings, then 

(i) FŒ, t) = Uses Fr(o, t) and 

(ii) LÈ, t) =) en Irho, t). 


We will explain later why we take the intersection in the definition of 
I,(X,t). The following lemmas show how the sets F, (o, t), I (0, t), F,(&, t), 
and I, (X,t) change as the parameters that define them vary. 


Lemma 4.5.10. (i) If ro < rı then [F,,(0,t)] 2 [Fn(0,t)]] and 
Hlo D] 2 Hn (0 0]. 
(ii) If oo 3x c1 then [F,(00,t)] 2 |F-(o1,t)] and |I (00, t)] C (01, t). 
(iii) If to < tı then |F, (0, to)] C |F; (0, tı)] and [I (0, to)] © Hr (0, ti)]. 
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Proof. (i) Ifa € [F;,(¢,t)] then a | rı € Fm (ø, t), so there exist T ~% a [ ry 
and o’ > o such that (T, 0’) E Mz. Since ro < 11, we have T ~ a [ 79, so a f 
ro E€ Fm (0, t), and hence a € [Fm (0, t)]. Similarly, [Z,,(¢,t)] 2 Hn (0, 9]. 

(ii) If r € F-(o1,t) then there exist 7’ ~ 7 and o = oj such that (7’,a) € 
Mı. As o = 01 = 00, we have T E F,.(o0,t). If r € I-(o0, t) then there are 
T! = 7 and p | oo such that (7’,p) E€ Mi. As o1 = Co, we have oj | p, and 
thus T € I,.(01, t). 

(iii) follows because Mt C Mi. O 


In summary, [F;(¢,t)] and [J,(¢,t)] are both increasing in t and de- 
creasing in r. In the length of a, we have that [F;(o, t)] is decreasing and 
l, (0, t)] is increasing. To establish similar results for F, (X, t), and [,(%, t), 
we need to define a relationship x between sets of strings. 


Definition 4.5.11. If Xo, 1 C Ls then No < X; if for all 0, € 4, there 
exists a og € No such that op x 


Lemma 4.5.12. (i) If ro < rı then [F(Y] 2 [Fn Æ, t] and 
Hr (£, 9] 2 Hn (2,9). 


(ii) If Xo < Ly then [F (£o H] 2 LF(21,t)] and [L(£o, H] C 
a 


Proof. oa If r e F,, an then for some ø € X, we have 7 € F,, a i so 
by the previous lemma, T E€ F,,(0,t) C F,,(%, t). 

If r € I,,(%,t), then for all o € £, we have r € I,,(0,t), so by the 
previous lemma, T € pex Ir, (0, t) = Iro (X,t). 

(ii) If a € [F-(21,t)] then for some o1 € X1, we have a € [F;(01,t)]. 
There exists do € Xo such that co < 01, so by the previous lemma, a € 
[F-(0, t)] © [F-(2o,t)]. 

If a € [J,-(Xo, t)] then for all oo € Xo, we have a € [I,(00, t)]. Now, if 
cı € X; then for some oo € No, we have oo x a4. Since a € [I,(c0,t)], 
by the previous lemma, a € [J,(01,¢)]. Thus a € Naes, W01, 0] = 
(51,0). 

(iii) If r € F(X, to), then for some o € X, we have 7 € F,(ø, to), so by 
the previous lemma, T € F;.(0,t1) C F (©, 1). 

If 7 € (£to), then for all o € X, we have r € I,(0,t), so by the 
previous lemma, T € pex I-(0, t1) = (X, t). oO 


We are going to describe an algorithm that can be used to prove Theo- 
rems 4.5.1 and 4.5.4. The algorithm will be allocated a certain amount of 
measure to spend on the construction of the c.e. semimeasure a. It will also 
be given a set of strings X, and it will be able to increase the measure only 
on extensions of these strings. Ultimately we want the algorithm to estab- 
lish some difference between Km(p) and — log(a(p)) for some string p that 
extends some element of ©. We will argue that if this does not happen, then 
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some contradiction must ensue. The basic idea is to make the opponent run 
out of short descriptions. Formalizing this idea is a little difficult. We want 
to be able to say that if we spend 27” much measure on extensions of ©, 
and we do not establish a difference between Km and — log(a), then we can 
cause x amount of something to happen to M (where M is the universal 
machine controlled by the opponent). We will refer to this z, whatever it 
is, as the gain made by the algorithm. 

Now, the most obvious measurement to use would be u([rı(M+)]) (where 
m™(M,z) is the projection of M; onto the first coordinate), because this pro- 
jection is analogous to the domain of M+. However, remember that part of 
the idea is to leave gaps in M that the opponent cannot do anything useful 
with. The problem with this measurement is that it does not account for 
gaps. An alternative is the size of F,.(,t), the set of strings of length r that 
are fragmented by elements of X. This measurement will count gaps, and is 
almost what we need. The size of F, (X,t) is at most 2”, so if the algorithm 
ends at stage tı, and we could ensure that |F, (£, t1)| > k for an arbitrary k, 
we would be done. However, the actual situation is still more complicated. 
We will end up using the algorithm we define recursively. When verifying 
the algorithm, we do not want to double-count any gain made. To make the 
verification possible, we will subtract |I, (£, to)] from [F,(%,t1)], where 
r’ > r and fo is the time the algorithm starts. This measurement is what 
we will use to determine the gain made by the algorithm. The following 
definition, where G is for gain, codifies this idea. 


Definition 4.5.13. If © C 2<”, and r,r’,to,t1 € N are such that r < r’ 
and to < ti, then 


GT (X; to, t1) = [E Œ, t1)) \ Hr, to)]. 


The value Gr (X; to, t1) can be thought of as the gain the algorithm 
obtains using the strings in © between stages tọ and tı, and using units 
of measure between r and r’. With this definition in hand, we can define 
what sort of algorithm is needed. The following definition is complicated, 
so we will take some time to explain it after giving it. Note that we describe 
an algorithm that works on a set of strings, which is a new feature of this 
proof. 


Definition 4.5.14. If r,b € N, and È is a finite prefix-free subset of 2<%, 
then an (r,b, &)-strategy is an algorithm that, if implemented at stage to, 
ensures that one of the following holds. 


(i) (a) There is ao € X such that for some o’ extending c, we have 
Km(o') > —log(a(a’)), and 
(b) for all stages t and all o € X, we have a(o,t) < 327"; or 
(ii) at some stage tı, for some r’ > r computable from (r, b), 


(a) for all o € £, we have 27” < a(o, t1) < 327°, 
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(b) (G7 (X; to, t1)) 2 (1 + 8) a(&, tı), and 
(c) for all X C £, we have 


(G! (È; to, t1)) > (1 + 3) a(S) = 2-7 DBE \ SI, 


where D(b) = 5 (2)’ — 4 and a(S, t) = Ypes alo, t). 


The input parameters for the strategy are r, b, and X. The set X is 
a finite prefix-free set of binary strings. These are the strings that the 
algorithm will work on. The r parameter determines the measure that the 
algorithm should spend on every string in X. The b parameter determines 
the amount of gain that the algorithm should make. First we will establish 
the existence of an (r,0,%)-strategy for any appropriate r, then we will 
inductively establish the existence of (r,b + 1, 4)-strategies assuming the 
existence of (r, b, U)-strategies. 

The definition gives two possible outcomes to a strategy. Outcome (i) 
is the preferred outcome. If outcome (i) occurs, then we have established 
a difference between Km and KM. However, if we do not achieve this 
outcome, then outcome (ii) is at least a step in the right direction. Provided 
b > 0, outcome (ii) ensures that some difference between p(G" (X; to, t1)) 
and a(X,t1) is created. 

In outcome (ii), condition (b) says that the gain on the set of strings © is 
bounded below. We do not want the gain to be too concentrated on some 
particular subset of X. The gain achieved need not be evenly distributed 
among the elements of ©, but it is important that this distribution not be 
too skewed. This is the reason for condition (c). Condition (c) ensures that 
no individual string in X contributes too much to the overall gain made. We 
need condition (c) because when we use the algorithm recursively, we will 
not be able to count the gain that occurs on certain individual elements of 
X. Hence we do not want an individual element of © providing too much 
of the overall gain. Note that (c) implies (b) by taking © = X. 

It is also important to observe that for all ø € X, if the strategy is 
running at stage t, then a(o,t) is bounded above in outcomes (i) and (ii). 
In outcome (ii) there is also a lower bound for a(ø, t1). This lower bound is 
essential for using strategies recursively because we want these strategies 
to increase the measure on strings, as well as establish some gain. The 
function D(b) is chosen because it has the properties that D(0) = 1 and 
D(b+1) = 3D(b) +1. 

If we can implement an (r, b, )-strategy with an arbitrarily high b then 
(ii) is not a possible outcome as the measure would be greater than 1. This 
situation would force outcome (i) to occur. 

The other value in the above definition to discuss is r’. The value r’ 
dictates where the strategy should make its gain. In practice, what it will 
mean is that 27” will be the minimum-sized increment in measure that the 
strategy will make to a. In other words, each time the strategy increases 
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the measure on some string, the amount increased will be at least 2r, 
The idea is that if any previous strategy has created a gap of measure less 
that 27”, then the current strategy will not interfere with that gap. 

The idea behind the basic (r,0, “)-strategy is simple. For every o € © 
we set a(o) = 27". The opponent is then forced to respond by setting 
Km(o) < r. To do this, the opponent must find some string T of length at 
most r and enumerate (7,0) into M. The only difficulty is in showing that 
this basic idea meets our rather elaborate definition of a strategy. 


Proposition 4.5.15. Let r € N and let X be a finite prefiz-free subset of 
2<” such that || < 2". If to is the current stage in the construction of a 
and a(%,to) = 0, then we can implement an (r,0,X)-strategy with r' =r. 


Proof. Let X = {01,..., on}. The desired strategy can be implemented as 
follows. First, let a(a;,to0 + i) = 27” for all i such that 1 < i < n . (We 
know that a(o;,to + i — 1) = 0 because © is prefix-free.) This definition 
ensures that a(X, to + n) = |X|2~". The second step is to wait until a stage 
tı, when the opponent responds by setting Km, (o) < r for all o € È. If 
this response never happens, then for some o € X, we have Km(c) >r = 
—log(2~") = — log(lim; a(o,t)) = — log(a(o)), so outcome (i) occurs. 

If at some ae tı, we have Kma (o) < r for all ø € X, then for each 
i such that 1 < i < n, the opponent must have T some (T;, 0%) 
into M+ , where s; = In <r and of = ci. In this case we will show that 
outcome (ii) occurs. First, (a) holds as a(%, t1) = a(%, to + n). 

For any i, let 7, be any extension of 7; of length r. By definition, 
Tr € F, (ci, tı), SO Tr € Uren F (0, t1) = F,.(%, t1). If t € I,(0;, to), then 
for some 7’ comparable with 7, and some p incomparable with o;, we have 
(7’,p) © Mi, © Mi, which contradicts the definition of a monotone ma- 
chine, as it Hath that both 7’ ~ T; and p | oj. So Tr Z I-(o;, to) and thus 
TE As ex Ir(ai, to) = (X, to). Hence GPX; to, t1), which by definition is 
[Fe (%, t) \ [-(¢, to)]], contains all infinite extensions of 7, and hence all 
infinite extensions of 7;. So [7] © Gl; to, tı). 

Now if i Æ j then fri] A [7,] = 9, because otherwise o; and oj must be 
comparable, but X is a prefix-free set. Thus 


uG (©; ;to,t1)) > don [7]) =X rn 
i=1 


> Sor = |E|2" = a(S, t1) = (1+ $)a(Z, tı). 
AN 


Hence (b) holds. 
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Let © CY. Let J = {1,...,n} and J = {i € I: o; € È}. By the same 
logic as above, 


w(G2(S;to,t)) > Soa? = [12 = (N a2 


JET 
= (14 Ma(S,tr) — (B\ H)2-7(1 + YalB, t1) — 2-7 D(O)|Z\ ŜI. 
So (c) holds, and outcome (ii) occurs. o 


We are going to work up to developing an (r,b + 1, &)-strategy, using 
(r, b, &)-strategies. Before we present the main algorithm that does so, there 
is some more preparatory work to do. Ideally, when we implement a strat- 
egy, we want to achieve outcome (i). However, if this outcome does not 
occur then at some stage the strategy will terminate and we can start a 
new strategy. We want to ensure that if the second strategy also achieves 
outcome (ii), then the gain of running the strategies sequentially is at least 
the sum of the minimum gain expected from the strategies individually. 
The definition of the (r, b, &)-strategy is designed to allow this to be the 
case, as Proposition 4.5.17 will show. Before proving this proposition, we 
need the following lemma. 


Lemma 4.5.16. If oo | 01 then Fp(co,t) C Ip(o1,t). 
Proof. If r € F(a, t) then there exists (7’, 09) E M: such that 7’ ~ 7 and 
09 = 90, which implies that oo | o1. Thus 7 € I,(01,t). Oo 


Proposition 4.5.17. If ro < rı < +++ < Tn and to S tı S +--+ < tn are 
sequences of natural numbers, and Xo, %4,..-,4n—1 are pairwise disjoint 
prefix-free subsets of 25” such that % = YoU E1 U- --UEn—1 is also prefiz- 
free, then 


u(GYE (X; tos tn)) > X WG (Bah, ta). 
i<n 


Proof. First, if i < n then © x %;, so by chaining together applications of 
Lemma 4.5.12, we have 


[Ernia (Das bi j I] (e [Fro (Xi, ti+1)] c [Fro (X, ti H I] (e [Fr (ÈX, tn)] 


and 


Hr, (2, to)] S Hrn Œ, td] S Hrn Œr ta) S Hra Ei ta). 
Hence [Fro (X,tn)] \ Hrn (X, to)] 2 [Frai (Zi, ti41)] \ Hrn (2s, tl, 
which by definition means that Gn (X; to, tn) 2 Grr ia (Nas ti, tiga). 
Now let i < j < n. Then 


[Ernia (Os, ts)] C [Fra (dj, t;)] C Hrn- (D5, t;)l- 


The first inclusion is by Lemma 4.5.12. The second inclusion follows because 
if r € F,,,_,(24,t;), then T € Frn_; (0i, tj) for some c; € X;. But if oj € Xj 


Tn—j 


4.5. Monotone complexity and KM-complexity 181 


then ø; is a aa with o;i. So T € I,,,_,(0;,t;) by Lemma 4.5.16. 
Thus 7 E€ o ex; Len; (035 tj) = Irn; (25, t;). So we can conclude that 
(LErni Si; tia) \ Hrn- 2a, te) ) 
A (Fr, ja Èr tjl Urns E ta) = 9, 
which again by definition means that 
Gent (as ti, tit) VG (B55 tj, tj+1) = 0. 
oO 


Buried in the above proof is the reason we define [,(X,t) to be the 
intersection of [,-(a,t) for all o € X: Take No and X; to be disjoint sets 
whose union is prefix-free. If r € F,(Xo,t) then 7 is fragmented by some 
string in Xo. As all strings in Xo are incomparable with all strings in X1, 
we have 7 € I,(%1,t). This is the reason the above proposition works, as it 
avoids double-counting any gains. 


Example 4.5.18. To illustrate why this proposition is useful, we will show 
how we can use it to gradually increase the measure on a string without 
losing any gain made along the way. Consider the following implementation 
of three strategies in sequence and assume that they all have outcome (ii). 
Take some ro € N. Fix a b € N and assume we have an (r,b, 4) strategy 
for any appropriate r and ©. Let rı be the r’ computable from (19, 0), 
as in Definition 4.5.14. Similarly, let r2 be the r’ computable from (11, 6), 
and let r3 be the r’ computable from (r2,b). Take any string o and let 
Xə = {000}, let Hy = {001r : r € 27-7}, let No = {olr : r € 27277}, 
and let X = Mo U hy U No. 

Starting at stage to, we first implement an (r2, b, No)-strategy. When this 
strategy finishes at stage tı, we implement an (11, b, 4)-strategy. Finally, 
when this strategy finishes at stage t2, we implement an (ro, b, H2)-strategy. 
Let t3 be the stage at which this final strategy finishes. By Proposition 
4.5.17, 


(G73 (X; to, t3)) > XO MG, (Eu ta, tias)) 


7 >>. (1 + +) a(4, ti41) = (1 + +) a(X, ts). 


i<2 


The last step follows provided we do not increase the measure on any 
other string comparable with a string in X except as required by the strate- 
gies. Now a(o) > a(X1) > [X0|277? + |£1|27™ + [X2|2-7 = 3-2-7. This 
approach has allowed us to use strategies to increase the measure on o in 
three increments of 2~"° without losing any of the gain made by the three 
strategies individually. This ability to increase the measure on a string in 
small increments will be exploited in the main proof. 
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We have seen that we can use strategies sequentially without losing any 
of their individual gains. However, we need to do better: we need to be able 
to combine strategies in such a way as to increase our gain. To do so, we will 
make use of reservations. Our goal is to implement an (r, b+ 1, 4)-strategy 
using a finite sequence of (r;, b, 4;)-strategies. 

We will improve Algorithm 1. The basic idea remains the same. When 
we assign measure to a string, say when at stage to we set a(o, to) = 279, 
the opponent has to respond by allocating a string of length at most g to 
describe ø. Say that in response to our setting a(o, to) = 279, the opponent 
enumerates (7,0) into M+, where |r| = g. Take p < g and let Tp be the 
first p bits of T. If p € R,(a,t), then Tp E€ Ip(o,t), so the opponent can 
never enumerate (Tp, g) into M. So if we set a(g, t1) = 27”, the opponent 
must find some new string v of length at most p to describe ø. The original 
T description of ø is effectively a waste of resources. 

On the other hand, while 7, € R,(o,t), we also have a gain because the 
opponent can use 7, only to describe a string comparable with ø. If we 
increase measure only on strings incomparable with o, then the opponent 
cannot use Tp in response. If we use only increments of measure of size at 
least 2~?, then the opponent cannot make use of any extension of Tp (as it 
would be too long to be useful). Note that this is why we need an r’ in the 
definition of an (r, b, 4)-strategy. The r’ is the smallest amount of measure 
this strategy needs. Being able to compute r’ means we know how much 
space strategies need in terms of units of measure. With this knowledge, we 
can ensure that the smallest measure needed by a strategy will not interfere 
with any reservations established by previous strategies. 

We noted earlier that part of the problem with Algorithm 1 was that 
the amount of measure that it assigned to a string ranged between 279 and 
2—". This range was too great to allow the algorithm to be used recursively. 
Hence our new algorithm has two objectives: to create a certain amount of 
gain, and to ensure a certain amount of measure is allocated. These two 
objectives will be achieved by splitting the algorithm into two phases. In 
the first, the advantage phase, the objective will be to force the opponent to 
reserve a number of strings of length p. We do not know how much measure 
we will need to use before the opponent makes this many reservations. If 
we do not use enough measure, then we proceed with the second phase, 
the spend phase. The spend phase is where we make sure that we have 
placed enough measure on each string so that the strategies can be used 
recursively. The use of these two phases is another new feature of this proof. 

The spend phase must occur after the advantage phase, because only then 
will we know how much more measure we need to allocate. Accordingly, 
the spend phase will use larger units of measure than the advantage phase. 
From r we will compute a p, q, and r’ such that r < p < q < 1’. The 
advantage phase will use units of measure between q and r’ while the spend 
phase will use units of measure between r and p (see Figure 4.2). This fact 
gives us a bit of a problem. During the advantage phase we can require 
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only reservations of length at most p. If p is much larger than r, then we 
will need to make many reservations to achieve anything. To get around 
this problem, we define Y = {007 : o € U A T € 2?-"} (where X is the 
set of input strings for the algorithm). Note that the purpose of the 0 in 
the definition of Y is just to separate the strings used by the advantage 
phase from those used by the spend phase. We will run the algorithm on 
the strings in Y until enough of these have a reservation of length p. 

As in Algorithm 1, we will not increase the measure on the elements of 
Y directly, but rather will make a series of small increments of measure on 
some extensions of them. We will let = = {ur: v € Y A T E€ 2°} (where 
e depends on b and will be defined shortly). The idea is the following. If 
v € T and &,...&e_1 are the elements of = that extend v, then we will 
sequentially set the measure of each é; to 2~?~© until a reservation of size 
p occurs for v. If we do so for all such €;, then the measure on v will be 
2-?, and the opponent must allocate a string of length p to describe v. 
However, it is not quite that simple. We want to increase the measure on 
éi by running some strategy on it. Every time we run a strategy we need 
to use larger units of measure. So instead, what we will do is take many 
extensions of ĉo. Then we can run our first strategy on all these extensions, 
spending a little bit of measure on each. Then we will take slightly fewer 
extensions of € and run a strategy that spends a little more measure on 
each of these extensions, and so on. This procedure is just like what we 
did in Example 4.5.18. It gives us sets Vo, W1,..., where W; is the ith set 
of extensions of elements of = on which we want to increase measure. The 
sets used by the advantage phase are shown in Figure 4.1. In this figure 
arrows represent extensions of strings. 

The algorithm would ideally achieve a reservation of length p for each 
element of T, but there is a problem. Once a reservation is achieved for 
some v € T, we do not want to increase the measure on that v. However, 
reservations are not monotonic; they can appear at one stage and then 
disappear at the next. Consider v1, v2 € T. Say we increase the measure 
on both vı and v2 by 2~?~*, and then the opponent responds by giving 
a p reservation to v1, but not to vg. Then we could increase the measure 
on v2, and the opponent might respond by giving a p reservation to v2 
but taking away the p reservation from v1. By adopting this sort of tactic, 
the opponent could force us to make many separate increases in measure 
to achieve reservations for all elements of T. Every time we increase the 
measure on some subset of Y, we need a new W;. The more W;,’s we need, 
the deeper we need to go into the binary tree. To improve the lower bound, 
we want to limit the number of W,’s we need. To do so, we will wait until 
we have a reservation for three-quarters of the elements of Y. Thus, any 
time we increase the measure, we must be increasing the measure on at 
least one-quarter of the elements of T. 

The spend phase is similar but simpler. In this phase we will identify 
those elements ø € & that do not have enough measure. We will increase 
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Figure 4.1. Algorithm strings 


the measure on such ø in increments of 2~"~3, until we have exceeded 27". 
Again like in Example 4.5.18, we will not increase the measure directly on 
o but rather on some set of extensions of it. These extensions will form the 
sets ®o,..., ®7. 

The length of extensions that we take to form the sets WV; and ®; is 
governed by the space that a strategy needs to run, in terms of quantities 
of measure. The function S(b) is used to determine this space. We will show 
that there exist (r, b, X)-strategies such that r’ = r + S(b). From our base 
strategy we can set S(0) = 0 because in this case r = r’. 

In the process of determining 5'(b+ 1) we will also compute all the other 
variables we need for the main algorithm. These variables are illustrated in 
Figure 4.2. To determine $(b+ 1), first we compute an increasing sequence 
ro S rı S ++- < rg by ro = r+3 and ri41 = ri+ S(b). This sequence gives us 
room for the spend phase. Let p = rg. Let e = b+6. The number e is chosen 
so that D(b)27° = (5(2)’ — 4)2-8-® < 4(Ẹ)°t1270-6 < 4. 20+12--6 = 4, 

Let q = p + e. Now compute an increasing sequence rô < ri <+- < Th, 
where r = q and n = 2°t?, and rž; = rž + P: This sequence gives us 
room for the advantage phase. Finally let r' = rž, and S(b+1) = r-r. 
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Spend Phase e Advantage Phase 


E a a 


r ro Ti TSR q=r r >e r 
Figure 4.2. Algorithm parameters 


This value is well-defined as S(b + 1) does not depend on the initial choice 
ofr. 

It is possible to unravel the above definition to determine that S can be 
defined as follows: $(0) = 0 and S(b + 1) = (8 + 2°+8)9(b) +b + 9. 

We are finally ready to present the main algorithm. We are given r,b € 
N and a prefix-free set of strings © such that |£]$27" < 1. We let to 
be the stage that the algorithm starts and we require that a(X,to)=0. 
To implement an (r,b + 1,%)-strategy, we first determine all the values 
n, p,q, €,ri,rž,r', as shown in Figure 4.2. In the algorithm, Y’ represents 
those elements of Y whose measure we will increase in the current pass 
through the advantage phase of the algorithm. Now, with all the values 
that we need computed, the algorithm that we will use to implement an 
(r,b + 1, X)-strategy is as follows. 


Advantage Phase. 


Let t be the current stage. Let T= {0o0r:o E UATE 2P TH. 
Let Z = {vp: ve TApe 2°}. Let Y’ = {ve Y : Rv, t) = 0}. 
If |Y’| < |T], then move to the spend phase. 

For each v € Y’, choose a £y € E such that € = v and a(,,t) = 
0. Let &’ = {£n : v € Y’}. Choose the least i < n—1 that has not 
been used previously. Let W; = {ér : € € I! A T € Qn-i-1 “4 
and implement an (r*_;_,,b, U;)-strategy. If this strategy fin- 
ishes at stage t’, then wait until stage t” such that Km, (v) < p 
for all v € T such that a(v,t’) > 27”. Repeat the advantage 
phase. 


Spend Phase. 


Let t be the current stage. Let ©’ = {o € È : a(o,t) < 277}. 
If =’ = @ then terminate the algorithm. Otherwise choose the 
least ¿ < 8 such that i has not been used previously in the spend 
phase. Let ®; = {o10'lr: o € X A T € 277-*-7-3) and run a 
(r7_i, b, ®;)-strategy. Repeat the spend phase. 


We now verify the correctness of this algorithm. The algorithm starts 
at stage to. We will define the following parameters assuming that the 
algorithm terminates at some stage tı. Let n, be the number of times the 
advantage phase is run. Let n, be the number of times the spend phase is 
run. For all i < n,, let t¥ be the stage the ith strategy in the advantage 
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phase begins (starting with i = 0). Let tmia be the stage at which the 
algorithm completes the advantage phase and let t}, = tmia- For all 0 <i < 
Nn., let t; be the stage the ith strategy in the spend phase begins (starting 
with i = 0). Let the = ty. Let ® = PoU. : Un, —1 and VW = YoU. 5 ‘UWn,-1.- 
Let Ñ C S. 

The first step in the verification is to prove that the algorithm runs 
without error. To prove this, we need to show that each time we “choose” 
something in the algorithm, there is something valid to choose. First we 
note that the opponent cannot add a description of o of length < p without 
making a reservation of length p. 


Lemma 4.5.19. Ift, p, ando are such that Km (0) < p, then Rp(0,t) 4 
0. 


Proof. If Kmz(o) < p, then there exists (7, 0’) € M+ such that s = |r| < p 
and o’ > ø. Consider Tr’ = 70?7§. As |r'| = p and T = 7’, and o’ = o, we 
have 7’ € F,(o,t). If r’ € I,(0,t) then there would exist 7” ~ 7’ and p | o 
such that (7, p) E€ M+. However, then T” ~ 7 and p | o’, so this fact would 
contradict the definition of a monotone machine. Thus 7’ ¢ I,(0,t), and so 
T € R,(o,t). o 


Proposition 4.5.20. The advantage phase of the algorithm never runs 
out of choices for € or i, and the spend phase never runs out of choices 
fori. 


Proof. First we see that there is always a choice for é„. Take any v € T 
and any j < na. Assume that at stage t} for any € € E such that € > v, 
we have a(£,t;) # 0. Then, given any € € = such that € > v, there is 
some i < j such that an (rž_;_1,b, U,;)-strategy has been implemented 
with {ĉo : o € 2"-i-1-1} C Y. There are 2"»-i-1~7 many extensions of £ 
in U;, so 


alg, t%) > QP 4g Past = OF, 


Hence a(v,t;) > 2°2~4 = 27P, because there are 2° many extensions of v 
in =. Thus, at the end of the iteration of the previous advantage phase, the 
algorithm waits until a stage t when the opponent uses a string of length 
at most p to describe v before running the advantage phase again. As this 
fact implies that Rp(v, tž) # 0, by Lemma 4.5.19, it follows that no choice 
of €, will be needed. 

The advantage phase stops if |Y’| < 4|Y|. So each time the phase is 
run, at least +Y] many elements of = are selected, which can happen only 
4. 2° = 2°+2 many times (as otherwise the algorithm would run out of 
choices for some €,,), so there is always a choice for i. 

The spend phase will terminate if a(o,t,) > 27” for all ø € X. During 
each iteration through the phase, a(o,t,,,) > a(o,t)) + 2777? (if it is not 
greater than 27” already), so after a maximum of 8 steps, a(a,t) > 27" for 
all o € X, and hence the algorithm will not run out of choices for 7. O 
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The next step in the verification is to show that the required bounds on 
the measure that the algorithm uses are met. 


Proposition 4.5.21. For allo € X}, if the algorithm terminates at stage 
ty, then 2—" < a(o,ti) < me 

Proof. As a(o,to) = 0, any measure placed on o by stage tmiq must be 
due to an increase of measure on some w € Y where y > o. Hence, for 
any o € ©, we have a(o,tmia) = Deore a(w,tmia). If Y € Wj, then 
we increase the measure on w by less than BQ-Tn—i-1, Now if Yy = o then 
|p] = lol +1 +p—rtetry~1—-—@=lol+1l—r+rp_y_y, 50 Thi- = 
Iyl] — Jo] 1 +r. Thus a(v,tmia) < $27 (l#l-lel=1+r), 

All such w form a prefix-free set of extensions of a0, so 


a(o,tmia) = a(a0, tmia) = 5 a(t, tmia) 
YEY, weo0 


5 
< 5 pe) wa de baer 7 r 
Jet; weo0 


Or 


The spend phase will run only if a(o) < 27”. Each iteration of the spend 
phase increases the measure on o by less than 29 mas < 277-2, so at the 
end of the spend phase, 27" < a(o, t1) < 27" +2777? = 327". o 


Note that as a(£, ti) < |X=|32~" < 1, we do not run out of measure. There 
are two possible outcomes to an (r,b+1,%)-strategy, related to whether or 
not the algorithm terminates. 


Proposition 4.5.22. If the algorithm does not terminate then outcome (i) 
is achieved. 


Proof. The number of times any phase is repeated is bounded, so if the 
algorithm does not terminate, then this fact must be caused by waiting for 
a response from the opponent or by waiting for another strategy to finish. 
Using the basic strategy as an inductive base case, this situation can occur 
only if for some o € X, there is a o’ = o with Km(o’) > —log(a(o’)). 
Hence (i) (a) holds. Now (i) (b) holds by Proposition 4.5.21, because if the 
algorithm does not exceed the measure upper bound when it terminates, 
then it will not exceed the upper bound if it takes no action from some 
point onwards. o 


We now proceed to the more difficult stage of the verification. Let us 
examine what happens if the algorithm does terminate. We are going to 
look at the gain made during the advantage phase and the spend phase 
separately. We do so because we know from Proposition 4.5.17 that the 
overall gain is at least the sum of the gains that occur during these phases. 
That is, letting }X{i} = {oi : 0 € X}, 


u(G7 (È; to, t1)) > u(GT (Z{0}; to, tmia)) + w(G?(D{1}; tia, t1)). 


188 4. Relating Complexities 


We know what we can expect from the spend phase of the algorithm 
because it is just a series of (r, b, ®;)-strategies. However, in the advantage 
phase we have to show that the overall gain is increased by the fact that 
some reservations of length p are made; i.e., for some v € YT, we have 
R,(v, tid) Æ 0). 

First let us look at the spend phase. For all i < n,, let ®; = {pe ;: 
do € S (Y = o)}. Note that S{1} x &;. Let 3 = So U.U Bn.. 


Proposition 4.5.23. If the algorithm terminates then 
L(G? (ÈA 1}; teas t1)) > (1+ $)a(E{1}, t1) — a(Z {I} \ {1}, t1) DO). 


Proof. From Proposition 4.5.17 and the inductive hypothesis of the 
existence of (r, b, U)-strategies, we know that 


w(GP(S{1}; tmia, t1)) > XO aG- (Gi; th, thas) 
1<MNs 


> So (+ bal, thy 1) — 2" D(b)|®; \ Gil). 


1<MNs 


The second inequality is a consequence of condition (c) of outcome (ii). 
Now, because this is the only way we increase measure on extensions of 
X{1}, it follows that 


So OHP t) = J + palt ti) = (1 + $)a(E{1}, ti). 
1<MNs i<MNs 
The (r7_;,b, ®;) strategy run guarantees that 


a(®; \ ®;, t1) > Qiat D,; \ &;l, 


so 


N 2°7= D(d)| Bi \ Bi] < XO a(; \ $i, t1) DCO) 


i<Ns i<Ns 

= a(£{1} \ E{1}, t1) DQ). 
The result follows by combining these inequalities. O 
Before we examine the advantage phase, we need some more definitions. 


We need to define those subsets of Y that have p reservations, or extend 
elements of ©, or both. 


1. Let TË = {vu eT: Ry(v, tmia) Æ 0y. 


2. Let T = {v € T : Io € È (v ye o)}. 


3. Let TE = TFN. 
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Note that |Y"| > 3/Y| = #||2?-”, as this is the condition for the algorithm 
to move to the spend phase. Additionally, |Y \ Y| = |E \ =|2?-”. Hence, 


IT? = |r*| +f] - i U - See -IT| 


3 S -r 
=|Y"|- |Y \ f| > = (Ziel fe \ ear. 


For each v € YË, we choose a specific T, in R,(v,tmia). The following 
lemma establishes that these 7,,’s must be distinct. 


Lemma 4.5.24. If vo, vı E€ TE and vo Æ v1 then Ty, É Ton. 


Proof. If vo # vı then vo | vı because YË is a prefix-free set. If Tea € 
Rp(vo, tmia), then Too E Fp(vo, tmia); SO Ty, €E Tp(v1, tnia) by Lemma 4.5.16. 
Hence Too ¢ Rp(vi,tmia), and s0 Too Æ Tor- O 


The gain made during the advantage phase can be broken down into 
two parts. Firstly, for every v € TF, we have [7] C G7 (©{0}; to, tmia)- 
This is the case because T, E€ Rp(v,tmia) = Fp(v,tmia) \ Ip(v,tmia). In 
the following argument we will make use of Lemmas 4.5.10 and 4.5.12. 
As v & a0 for some o € S, we have 7, € F,(00,tmia) C F, (S{0}, tmid)- 
Additionally, Ty ¢ Ip(o0,tmia), 80 T Z T,(={0}, tmia) 2 I„(®{0}, to). Now, 
Lp(S{0}, to)] 2 LZ (È {0}, to)], so [ru] N E (®{0}, to)] = 0. Thus, 


[rol S [FÈ {0}, tmia)] \ Hr (E{0}, to)] = G; (E{0}; to, tmia). 


Secondly, we can count the gains made by the recursive use of the 
strategies in the advantage phase as 


U Gt (Gath ty) C ay (3{0}; to, tmia). 


1<Na 


We would like to combine the above to have 


MG; EO}: totad) >a Ud) +e( U EE Bett). 


vEYTR t<na-1l 


However, we cannot do so, as U, efr [Tu] and U9 Gr ‘ge (sti thy) 
are not necessarily disjoint. Our goal is to find some gibier yR C W that 
we can subtract from any W; so that Uveral te] and Uer G (T \ 


—1 
wee, t;,,) are disjoint. We use the superscript R in YË because we will 
construct the set so that TE x YP. 

How do we find YE? For each v € TË, we show that there is at most 
one 7 such that Ty € Fp(Vi,t;,,). Call this 2, if it exists, iv. We will show 
that all elements of U;, that extend v actually extend some unique £ € &. 
We denote this € by €,. We can form YE by taking all extensions of &, in 
W for all v. 
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To show how to implement the above in detail, first note that, while 
R,(o, t) is not monotonic in t, if some 7 is in R,(¢,t;) but is not in Rp(a,t;), 
with t; > ti, then it must be that 7 € I,(0,t;), so 7 ¢ R,(o,t) for all t > tj. 


Proposition 4.5.25. Ifv € TE then there is at most one i < n, such that 
To E€ PAA): 


Proof. If no such i exists then the lemma holds trivially. Otherwise, let 7 be 
the least element of {0,..., n, — 1} such that 7 € Fp(¥:, tž}1). For some 
w € Yi, we have 7, € Fp(Y, ti, ,). It follows that v < y, because if not, then 
w | v, and so by Lemma 4.5.16, Tu € Ip(v,t7,,), whence Ty ¢ Rp(v, tmia), 
which is a contradiction. 

Hence, as v =< y, by Lemma 4.5.10, Ts E Fy(v,t3,,). Thus m € 
R,(v, t,,), because Tt ¢ Ip(v,t) for all t < tmia. Now for all t such 
that t7,,; < t < tmia, we have that T, must remain in R,(v,t). Thus 
R,(v,t) £0, and so if j > i, then there is no w > v in W;, because the al- 
gorithm chooses only w that extend elements of v’ € Y for which Rp(v', t7) 
is empty. Hence, for all y’ € Yj, we have y’ | v. If Te E€ Fp(W, #41) then 
To E 1,(v, tmia) (again by Lemma 4.5.16), which is false as 7, E€ Rp(v, tmia)- 
Hence, Ty Z Fy(W;, t41). o 


Now, by construction, for any v € T and any i < n,, there is a single 
€ € = such that any wv € W; that extends v also extends €; i.e., v < € 3x Y. 
Hence we can define €, for all v € TE as follows. Let i be the unique element 
of {0,..., na — 1} such that there exists a y € VU; and ms E Fp (Y, tġ}1) 
(assuming such an 7 exists), and define €, to be that element of = such 
that all y € Y; that extend v also extend ¢,. If no such 7 exists then let 
Eg = v0°. 

Let YE = {yp € V : Y & &, for some v € TË}. The following lemma 
shows us that this Y£ is really what we want. 


Lemma 4.5.26. For any i <n, and any v € TË, 
[RING (AYB thy) = 0. 

Proof. Take any such i and v. We have shown that if y € WU; and ™% € 
F,(w,tmia), then Y = & and hence w € YE. Thus T, ¢ F(Y: \ PE, tmid), 
and so Ty ¢ F,(W; \ UF, tž}1). Hence, [ro] [FY \ TË, t] = 4. 

The lemma now follows, as 

G= (A UR tha) E Ls Gi Uta 

C [FY \ Y”, tia) 
Oo 


The remainder of the proof is essentially book-keeping. We need to show 
that breaking the gain into the above two components gives us what we 
need. 
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Proposition 4.5.27. If the algorithm terminates and S C X, then 
H(G; (X{0}; to, tmia)) 
5 S z 
> gEl2-7—|E\ 227" + 1 + 3)a(2{0}, t1) — a(Z{0} \ H0}, tia) D(b). 


Proof. The previous lemma shows that the sets U,-¢2[7] and 


n 
aa R. 
UG T T, \ Y ; ti, ti+1) 
i=1 
are disjoint, so 


u(Gp (S{0}; to,tmia)) > D> ule +Y G, Ti \ YEE, t2,,)). 


vErR <n 


At this point, we use part (c) of outcome (ii). We know that the amount 
of gain that occurs on UV is bounded. So if we subtract it from Wi, we 
can determine the maximum amount we can lose. Note that as Y; C W,, it 
follows that 


[Wi \ (Ve \ Y”) = Wa] — [Wi \ VF | 
= |¥i| — (Us| - |F; n Y?) = Wi \ G+ [Fn w]. 
With this identity we can determine that 
(GE GA Vt ti) 
H F oTa 9949 "441 
> (1+ gaY, thea) — [Wa \ (Gi \ U*)|DO)2- 
= (1+ S)a(Wi, thy) — [Wi \ Us| D(b)2-7 — [WF 9 W,|D(b)a-7-1, 
The first inequality comes from part (c) of outcome (ii) applied to our 
(r, b, U;)-strategies. 
Now we can combine these results along with the facts that a(W;, tž}1) = 
a(W;,t1) and P efr M([t]) = |Y"|2-? to get that 


u(GP(Ñ {0}; to, tmia)) > IPR|2-? + Y (1+ ba(t, ti) 


t<Na 
- X Wi \ EDO) 1 — ST [WF A ED). 
1<Na 1<Na 

These terms can be simplified. First, 

Yo (1+ palt, ti) = (1 + $)a(Z{0}, t1). 

i<Na 
Now define TR = {v€ TR : wW > u(y e YEN U;,)}. Because any 

p € VEN Y; extends some v € TË, by the construction of WË, we have 
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Y = &,. It follows that |W? N T] < [TR]2"3-:-171, Hence 
Y juta GD NI-MH < S PRD < PIDO). 
iLa t<Na 


The second inequality is a consequence of the following lemma. 


A 


Lemma 4.5.28. The sets TR, oak ped are pairwise disjoint. 


Proof. Assume v € TR N TE. By definition, there exist Wo and %1, both 
extending v, such that yọ € YE N U; CW; and yı E YEN Ç; C W;. As 
both Wo and wy; are in YE, they both must extend €,. But the algorithm 
construction then ensures that i = j. O 


The (rž_;_1,b, ;)-strategy run guarantees that 
a(Yi \ Üa, tmia) > 2770; \ Gy, 


which shows that 


Na—1 Na—l1 
XO Wi \ TJ D()27- < XO (WY; \ Ui, tmia) D(0) 
i=0 1=0 


= a(X{0} \ S{O}, tmia) D(b). 
Putting these inequalities together shows that 
u(r, (©{0}; to, tmia)) 
> [TÈ 2-2 | FF D(b)2-4 + (1+ $)a(D{O}, t1) —a(D{O}\ ZO}, tmia) D(b). 


Now because |Y?| > BIXI — |Z \ ¥])2?-" and D(b)2-° < + by choice of 
e, it follows that 


|PR|2-? — |¥?|D(b)2-4 = |T? — D(b)27*) 


> |TRj2-PZ > (32| — £ \ Lpar-ra-Pz 
S(0y(= ee \ ÈN27 > E27 = pire, 
Finally, 
L(G} (S{0}; to, tmia)) 
> 2[Dl2-7 — |E \ E27" + (1 + B)a(H {0}, t1) — a(D{O} \ U{O}, tmia) D(b). 


O 


Proposition 4.5.29. If the algorithm terminates then 
(G7 (È; to, t1)) > (1+ S4)a(S, t1) — 27” D(b + 1) \ ÈI. 
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Proof. Proposition 4.5.17 tells us that 
u(G™ (È; to, t1)) > u(G, (Z{0}; to, tmia)) + w(G2(E{1}; tmia, t1)). 


All we need to do now is to combine and simplify Propositions 4.5.23 and 
4.5.27. We have six terms to deal with: 


1. (1+ $)a(Z{1}, t1), 
2. —a(Z{1} \ E{1},t) DQ), 
3. $827", 
ANSE SSE 
5. (1+ $)a(£{0}, tı), and 
6. —a(D{0} \ È{0}, tmia) D(d). 
Notice that 
a(S{1} \ {1}, t1)D(b) + a(Z{0} \ È{0}, tmia) D(b) 
= a(D\ È, t1)D(b) < |Z \ 5]52-"D(), 
where the last inequality follows from Proposition 4.5.21. Also, 
FIE + (1 + $)a(S{1}, t) + (1 + $)a(Z {0}, 1) 
JE|2-" + (1+ 8)a(&, t1) > $a(B, tr) + (1+ $)a(Z, tı) 
= (1+ 4 )a(X, t). 


15 
~ 24 


And so, as D(b+ 1) = 2D(b) +1, 


u(G7 (È; to, t1)) > u(G3 (E{0}; to, tmia)) + o(G2(E{1}; tia, t1)) 
ee i t1) — |B \ $27" D(b) — |B \ $27” 
SEL) a(S, t1) — 2-7(3 D(b) + YIZ\ ÈI 
= (1+ 4)a(¥, t1) — 2°"D(b + 1)|D\ SI. 
o 


Proposition 4.5.30. Ifthe algorithm terminates then outcome (ii) occurs. 


Proof. By Proposition 4.5.21, condition (ii) (a) holds. By Proposition 
4.5.29, condition (ii) (c) holds. Thus condition (ii) (b) holds by taking 
xX to be X. O 


Hence we have established the existence of an (r,b + 1, X)-strategy. By 
induction we can assert the existence of an (r,b + 1, %)-strategy for any 
r,b € N such that |Z|22-" < 1. 
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Proposition 4.5.31. If r > 1 and b2-"—! > 1, then for any o such that 
a(o, to) = 0, an (r, b, {o})-strategy achieves outcome (i). 


Proof. Because |{o}|32~" < 1, we have sufficient measure to implement 
such a strategy. However, if the algorithm terminates at some stage tı, 
then 


(GY ({o};t0,t1)) > (1 + balo, ti) > (1+ 8)277, = 27" +8277 > 1, 


which is impossible. Thus outcome (i) must occur. o 


We can run a countable number of winning strategies in our construction 
of a by dovetailing them. 


Proposition 4.5.32. There is a c.e. semimeasure a such that for all i, 
we have a(0°1) < 2-71! and there exists a o; such that Km(0'lo;) > 
— log(a(0*a;)). 


Proof. The semimeasure a can be constructed by running a (2i + 
2,27'3 {0'1})-strategy for each i. Then for all i, we have a(0‘1) < 
32-%-2 < 2-2-1, Also, by Proposition 4.5.31, because 2?*+32-2!—-2-1 = 1, 
the strategy achieves outcome (i), and hence there is some o; such that 
Km(0'10;) > — log(a(0‘1o;)). oO 


Now Theorem 4.5.1 holds by Propositions 4.5.5 and 4.5.32. 

To determine a lower bound on the difference between Km and KM, we 
need to bound the maximum string length used by an (r, b, 5)-strategy. We 
will do so by determining an upper bound for the number of bits appended 
to a string in X by the strategy. If b = 0, then the strategy does not use 
any extensions of strings in X, so the number of extra bits appended is 
0. If b > 0, an upper bound is the number of bits needed to extend a 
string in X to a string in Wo. Such an extension requires 1+ r7_, —r = 
1+r’—r—S(b—-1) = 14+S(b)—S(b-1) many bits (the extra 1 corresponds to 
the use of a 0 or 1 to distinguish between the advantage and spend phases). 

Now an upper bound on the maximum string length used can be obtained 
by taking the maximum length l of any string in © and adding the upper 
bound for the number of bits added by an (r,2,) strategy for all į with 
1<i<b. Hence, we have that the maximum possible string length is 


b 
1+0 +S) — S(i—1)) =1+b+ S(b) — S0) =1+b+ S(b). 


Recall that S(b) can be defined inductively by S(0) = 0 and S(b + 1) = 
(8 + 2°+8)9(b) + b + 9. Now we will show that for b sufficiently large, 
S(b) < 2°), First note that if b > 1, then S(b) > b+ 9, so 

S(b + 1) = (8 + 2?+8) S(b) +b + 9 < S(b)(9 + 2°**) < S(b) (2?+9). 
Now we will show by induction that if n > 2, then S(n) < 24 JZE 21+. 
As our base case, we have S(2) < S(1)(2?71+9) < 2421+9, Assuming that 
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our inequality holds for n, we have 


nm] n 
S(n +1) < S(n)2"** < 24 (I af) gn+9 _ 94 em. 
i=l i=1 
So if n > 2, then 
TT = 1 2 
S(n) < 94 I] git9 _ 94+9(n—-1) II gi — 94+9(n—1) 9" <2 +n, 
i=1 i=1 


Thus, if n is sufficiently large then S(n) <2), 
We will now prove the main result of this section. 


Proof of Theorem 4.5.4. We need to generalize Proposition 4.5.5 a little. 
Fix n. We have `; 277 < oo, so let ky be such that 2%» is larger than 
this sum. Now we can construct a semimeasure a such that a(0‘1) < 
Q-(+n)'-kn for all i. We construct a by running a (j(n + 1) + kn + 
1,25"+D+kn +2. {9I"]})-strategy for each j. We do not exceed the bound 
on the measure for a because 


a(07"1) < 53 j(n+1)—kn—1 <2 j(n+1)—kn =? (1+4)jn Kn 
4 


Because 02-71 = 24(n+1)+kn+29-j(n+1)-kn-2 — 1, each strategy 
achieves outcome (i). Thus, for each j there is a øj > 0/"1 such that 
Km(o;) > —loga(o;). We can apply the same scaling as before to a to 
construct a semimeasure m; i.e., for all ø, we let m(0’o) = 2*a(0'c). Again, 
we have 


m(A) = F m(0'1) = $2 a(O'l) < So a-ak = ah Some 1, 


t 


We now have that for each j there is a oj > 0”1 such that Km(c;) > 
—logm(a,;) + jn. By the discussion immediately preceding this proof, the 
maximum length of a string used by the strategy corresponding to j is 
at most |07"1| + S(b) +b, where in this case b = 27("+)+hn+?2. and if j 
is large enough then this number is less than jn + 1+ Dees E 
2i(n+1)+kn+2_ Again if j is large enough, this number is less than 27°", 
Hence, for infinitely many j, we can take oj so that |o;| <2?" , that is, 
log log |o;| < 27(n+2). As Mm majorizes all c.e. continuous semimeasures, 
there must be some dn such that Km(o;) — KM (cj) > jn — dn. Thus we 
have 


Km(a;) — KM(o;) > pon 


n 
——— — dn > ———~ log] | — dy. 
2j(n + 2) Dn +9) 08 08 los 
For any c < 4, there is an n such that TaD) > c+ c€ for some € > 0. Now, 


for sufficiently large j it must be the case that ¢loglog|a;| > dn. Hence, 
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for such J, 


Km(o;) — KM(o;) > (c+ €) log log |a;| — dn > clog log |a;|. 


5 
Effective Reals 


In this chapter we study the left computably enumerable reals, and discuss 
some other classes of effectively approximable reals. Left computably enu- 
merable reals occupy a similar place in the study of relative randomness to 
that of computably enumerable sets in the study of relative computational 
complexity. Most of the material in this chapter used in the rest of the 
book is contained in the first two sections. 

Recall that all the reals we consider are in [0,1], and are identified with 
elements of 2” and with subsets of N. Recall also our convention that all 
reals will be irrational and hence have unique binary expansions. 


5.1 Computable and left-c.e. reals 


Let a be a real. By L(a) we mean the left cut of a, that is, {q € Q:¢ < a}. 
It is well known that such cuts can be used to define the reals from the 
rationals, as can Cauchy sequences. As we will see, both of these approaches 
can be effectivized. 

Recall that we identify a real a with the set of natural numbers A such 
that a = 0.A, that is, such that the nth bit of the binary expansion of a 
is 1 iff n € A. Thus, it is natural to define a to be a computable real if A 
is a computable set. Equivalently, a is computable if there is an algorithm 
that, on input n, returns the nth bit of a. (Notice that we could have used 
a base other than base 2 in this definition; it is easy to check that the com- 
putability of the binary expansion of a is equivalent to the computability 
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of the n-ary expansion of a for any n > 1.) Another natural definition, 
based on the Dedekind cut approach, is to say that @ is computable if L(a) 
is computable. Fortunately, these two definitions agree. 


Proposition 5.1.1. A real a is computable iff L(a) is computable. 


Proof. If L(a) is computable then we can compute a | n, since it is the 
lexicographically largest string ø € 2” such that 0.0 € L(a). (By our 
convention mentioned above, we assume that a is irrational, so a Æ 0.c.) 
If a is computable, then the following is an algorithm for computing L(a). 
Let qn = 0.(A [ n +1) (i.e., qn is the rational whose binary expansion is 
given by the first n + 1 bits of the characteristic function of A). Given 
q € Q, wait until either q < qn for some n, in which case q € L(a), or 
q— qn > 27” for some n, in which case q ¢ L(a), since a — qn < 27”. It is 
clear that one of the two cases must occur. O 


Relativizing this result, we see that a real a has the same degree as L(a). 
Soare [364] observed that (by the above proof) a <, L(a) for all a, but 
he also showed that there is a c.e. set A such that for a = 0.A, we have 
L(a) Lee a. 

Turning to the Cauchy sequence approach, a natural effectivization is to 
consider those reals a that are limits of computable sequences of rationals. 
As we will see, though, this class is much larger than that of the computable 
reals, even if we insist that the sequences of rationals be monotonic. The 
reason is that, to fully effectivize the notion of Cauchy sequence, we should 
require not only that the sequence be computable, but also that it have a 
computable rate of convergence. The following result is implicit in Turing 
[392]. 


Theorem 5.1.2 (Turing [392]). The following are equivalent. 
(i) The real a is computable. 


(ii) There is a computable sequence of rationals qo,qi,... —> a such that 
ja — dn| < 27” for alln. 


(iii) There is a computable sequence of rationals qo,q1,... > @ and a 
computable function f such that |œ — qfin)| < 27” for alln. 


Proof. (i) => (ii) If a = 0.A for a computable set A then let qn = 0.(A Ì 
n+ 1). Then go,qi,... > @ and |a — qn| < 27” for all n. 

(ii) = (iii) Obvious. 

(iii) > (i) Let rn = y(n). By our convention mentioned above, we assume 
a is irrational. For each k there must be an n such that the first k+1 bits of 
the binary expansions of r, — 27” and rn +27” agree, since any convergent 
sequence of rationals not having this property must converge to a rational. 
Given k, search for an n with the above property and define A(k) to be the 
kth bit of rn. Since a € (rn — 27", rn +27”), the kth bit of a must be the 
same as that of the binary expansion of rn, whence a = 0.A. O 
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Of course, we can relativize the definition of computable real to any 
given oracle. Relativizing it to 0’, we get the notion of a A8 real. These are 
exactly the reals that can be approximated by a computable sequence of 
rationals (with a possibly noneffective rate of convergence). 


Theorem 5.1.3 (Demuth [93], Ho [182]). A real is A$ iff there is a 
computable sequence of rationals converging to tt. 


Proof. If A is a A$ set, then fixing a computable sequence An converging 
to A, let qn = 0.(An | n). Then go, q1,... > 0.A. 


If qo, q1,--- — @ is a computable sequence of rationals, the q € L(a) iff 
InYm > n(q < qm) iff YnIm > n(q < qm), so L(a) is both X$ and II$, 
and hence is A$. o 


It is well known that the computable reals (and hence, by relativization, 
the A$ reals) form a real closed field (see for instance [318]). The methods 
used to prove this fact are along the lines of the ones used in the proof of 
Theorem 5.4.7 below. 

Having defined computable reals, it is natural to look for a definition of 
computably enumerable reals. The following is the natural definition based 
on the Dedekind cut approach. 


Definition 5.1.4. A real a is left computably enumerable (left-c.e.) if L(a) 
is c.e. 

Left-c.e. reals are often referred to simply as “c.e. reals”, but we wish to 
avoid any confusion between c.e. reals and c.e. sets. Left-c.e. reals have also 
been called recursively enumerable, left computable, left semicomputable, 
and lower semicomputable. Of course, we also have right-c.e. reals, which 
are the reals a such that L(a) is co-c.e. Equivalently, a is right-c.e. if 1 — a 
is left-c.e. 

The following is the most useful characterization of the left-c.e. reals. 


Theorem 5.1.5 (Soare [363]). The following are equivalent. 
(i) The real a is left-c.e. 
(ii) There is a computable sequence of rationals qo < qi <---> a. 


(iii) There is a computable sequence of rationals qo < qı <-+:: —> a such 
that {qi : i € w} is computable.' 


(iv) There is a computable sequence of positive rationals ro,11,... such 
that a= X, fn- 


Proof. (i) = (iii) Suppose a is left-c.e. For q E€ Q, let #(q) be the Gödel 
number of q, as in Definition 2.1.1. Let qo E€ L(a). Given qn € L(a), wait for 


1Note that the difference between items (ii) and (iii) is that in (iii) we require not 
only that the sequence be computable, but also that its range be computable. 
y q P g P 
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a stage s such that for q = max L(a)[s], we have qn < q and #(qn) < #(q). 
Such a stage must exist because L(a) has no largest element. Let qn+1 = q. 
It is easy to see that qa < qı < +--+: — a. Since the q; are increasing in 
Gödel number, {q; : i E w} is computable. 

(iii) > (ii) Obvious. 

(ii) = (iv) Let ro = go and Tn41 = qn+1 — qn- 

(iv) > (i) L(a) = {q € Q : 3k (q < Ð nck 7n)}, and hence is c.e. o 


It is easy to see that, in both (ii) and (iii) above, we can replace the 
strictly increasing sequence qo < qi < ++- — a by a nondecreasing sequence 
KLu oS. 

As with c.e. sets, whenever we mention a left-c.e. real a, we assume we 
have a fixed approximation to a in mind, that is, a sequence of rationals 
ao <a, < ++- converging to a. 

If a is computable, then every nondecreasing approximation of œ has 
computable range. 


Proposition 5.1.6 (Folklore). If œa is computable and qo < qi S- Ga 
is a computable sequence then {qi : i E w} is computable. 


Proof. Given a rational q, if q ¢ L(a) then q ¢ {qi : i E€ w}. Otherwise, 
there must be an n such that q < qn. Then q € {qi : i E€ w} iff q = qi for 
some i S n. O 


It is important to note that a left-c.e. real is not one of the form 0.A for a 
c.e. set A. Reals of the latter form are called strongly c.e. It is easy to check 
(and will follow immediately from Theorem 5.1.7) that every strongly c.e. 
real is left-c.e., but as will see in Corollary 5.1.9, the converse is not true. 

It is possible to characterize the sets A such that 0.A is left-c.e. A set A 
is almost c.e. if there is a computable approximation {As}scw to A such 
that if A,(n) = 1 and As4i(n) = 0, then there is an m < n with A,(m) = 0 
and A,ii(m) = 1. 


Theorem 5.1.7 (Calude, Hertling, Khoussainov, and Wang [50]). A real 
a is left-c.e. iff a=0.A for an almost c.e. set A. 


Proof. For strings 7 and ø, it is easy to see that 0.0 < 0.7 iff for every 
n < |ol, if o(n) = 1 and T(n) = 0, then there is an m < n such that 
o(m) = 0 and T(m) = 1 (where we take 7(k) = 0 if k > |r|). So if a is 
left-c.e. then let qo < qı < --- — a be a computable sequence of rationals 
and let A, be such that 0.A, = qs for all s. Then A = lim, A, is almost c.e. 
and a = 0.A. Conversely, if A is almost c.e. then, letting qs = 0.(As Ù s), 
we have qo S< qı <-:: 3 0.A. O 


Almost c.e. sets do share one important property with c.e. sets: If A 
is almost c.e., then Asi1 #4 As => Vt > s(A; # As). That is, once the 
approximation to an initial segment of A has changed, it can never return 
to its old value. This property is enough to carry out many constructions 
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involving c.e. sets. Of course, c.e. sets and almost c.e. sets have the same 
degrees, since if A is almost c.e. then L(0.A) is c.e. and has the same degree 
as A. 


Proposition 5.1.8. There is an almost c.e. set that is not c.e. 


Proof. We build an approximation to an almost c.e. set A. We begin with 
Ao(2e) = 0 and Ap(2e +1) = 1 for all e. At stage s, if 2e+1 enters We then 
we let Asii(2e+1) = 0 and A,+1(2e) = 1. (Otherwise, A,1(2e) = A;(2e) 
and A,41(2e+ 1) = A,(2e + 1).) Clearly, A is almost c.e. and A 4 We for 
all e. oO 


Corollary 5.1.9 (Soare [363]). There is a left-c.e. real that is not strongly 
c.e. 


It is easy to adapt the above proof to show that there is an almost c.e. 
set that is not n-c.e. for any n. On the other hand, every almost c.e. set 
A is w-c.e., since the approximation to A | k can change at most 2} many 
times. 

Of course, not every real of the form 0.A for an w-c.e. set is left-c.e. For 
example, if a is right-c.e. and not computable, then it cannot be left-c.e. 
The following is a less obvious example. 


Theorem 5.1.10 (Ambos-Spies, Weihrauch, and Zheng [12]). There is a 
d.c.e. set D such that 0.D is neither left-c.e. nor right-c.e. 


Proof. Let A |r B be c.e. sets. Let D = A B. Assume for a contradiction 
that 0.D is left-c.e. (the right-c.e. case being analogous). Then D is almost 
c.e. We claim that we can compute A using B. Suppose we know A | n. Let 
s be such that Ds | 2n = D | 2n. We can find such an s using A [ n and B. 
Now let t > s be such that either n € A; or D,(2n) = 1, which must exist 
by the definition of D. If n € A; then we know that n € A. If D,(2n) = 1, 
then we must have D(2n) = 1, as the approximation to D(2n) cannot 
change from 1 to 0 unless the approximation to D | 2n changes. So in this 
case we know that n ¢ A. Thus A <r B, which is a contradiction. Oo 


Four important examples of left-c.e. reals that figure prominently in the 
study of algorithmic randomness are the halting probabilities of prefix-free 
machines, the weights of c.e. prefix-free sets (where the weight of a prefix- 
free set of strings S is u([S]) = Xses27!7!), the measures of X9 classes, 
and the least members of I? classes. Indeed, all of these examples exactly 
characterize the left-c.e. reals. The following theorem assembles the work 
of several researchers in the area. 


Theorem 5.1.11. The following are equivalent. 
(i) The real a is left-c.e. 
(ii) There is a prefiz-free machine M such that a = p([dom M]). 
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(iii) There is a c.e. prefix-free set A C 2<” such that a = P pe 4 271°.. 
(iv) There is a computable prefiz-free set B C 2<” such that a = 
Der Q-lel, 
(v) There is a ©} class C such that a = (C). 
(vi) There is a II} class P such that a is the least element of P. 
(vii) There is a computable tree T such that a is the leftmost path of T. 


Proof. (i) = (ii) Let a be left-c.e. Then there is a computable sequence of 
positive rationals whose sum is a. Each rational is a sum of finitely many 
rationals of the form 27”, so there is computable sequence no, nı... such 
that 57,27-™ =a. Then {(nj, A) }iew is a KC set, so by the KC Theorem 
there is a prefix-free machine M such that p([dom M]) = a. 

(ii) > (iii) Let A = dom M. 

(iii) > (iv) Let B= {r : do x 7 (0 € Aj) }. 
(iv) > (v) Let C = [B]. 

(v) = (vi) Let R be a c.e. prefix-free set such that C = [R], and let P 
be the class of reals 6 such that 6 > u(C). It is easy to check that 8 € P 
iff 0.(8 [n+1)+2-" > Dep, 27! for all n, so P is a II? class. 

(vi) > (vii) Let T be such that P = [T]. 

(vii) => (i) Let os be the leftmost node at level s of T and let qs = 0.05. 
It is easy to check that qo < qi S ++: Q. O 


=> 
=> 


So we see that left-c.e. reals correspond to (the measures of) domains of 
prefix-free machines, much as c.e. sets correspond to the domains of Turing 
machines. This fact helps explain the importance of left-c.e. reals to the 
theory of algorithmic randomness. 

One easy but useful fact about the class of left-c.e. reals is that it is 
closed under addition. Recall that we always work modulo 1, so by a+ 8 
we mean the fractional part of a+ 8. 


Proposition 5.1.12. If a and £ are left-c.e. reals, then so are a+ 8 and 
ap. 


5.2 Real-valued functions 


In this section we consider effective functions from a countable domain D 
(such as N, 2<“, or Q) to R. A sequence of reals is uniformly computable 
if the corresponding sequence of left cuts is uniformly computable, and 
uniformly left-c.e. if the corresponding sequence of left cuts is uniformly 
c.e. 


Definition 5.2.1. Let f: D > R. 
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(i) The function f is computable if its values are uniformly computable 
reals. 


(ii) The function f is computably enumerable or 9 if its values are 
uniformly left-c.e. reals. 


Both of these definitions can be relativized in the obvious way. It is 
easy to check that f is c.e. iff there are uniformly computable functions 
fs: D — Q such that for all s and z € D, we have f.41(x) > f,(x) and 
lim, fs(x) = f(x), or, in other words, f can be approximated from below. 
Another characterization is that f is c.e. iff the set {(z,q) E Dx Q:q< 
f(x)} is c.e., and f is computable iff this set is computable. 

It is important to note that when we define a computable function f : 
D — Q, we always mean one for which there is an algorithm to determine 
f(x) given x, not a computable function f : D — R that happens to take 
values in Q. 

We also define a function f : D — R to be co-c.e. if its values are 
uniformly right-c.e. reals (i.e., their left cuts are uniformly co-c.e.). Note 
that a function is co-c.e. iff it can be approximated from above. 


5.3 Representing left-c.e. reals 


As we have seen, two ways to represent a left-c.e. real a are by a computable 
nondecreasing sequence of rationals with limit œ and by the measure of a 
£? class. In this section, we explore computability-theoretic aspects of these 
two ways of approximating left-c.e. reals. 


5.3.1 Degrees of representations 


A representation of a left-c.e. real a is the range of a computable sequence 
of rationals qa < qı < -+--+ — a. Representations were first analyzed by 
Calude, Coles, Hertling, and Khoussainov [47]. By the relativized version 
of Proposition 5.1.6, every representation of a left-c.e. real œa is computable 
in a, and by Theorem 5.1.5, œ has a computable representation. The fol- 
lowing result gives some more information about the possible degrees of 
representations of a. Recall that a c.e. splitting of a c.e. set A is a pair of 
disjoint c.e. sets B and C such that A= BUC. 


Proposition 5.3.1 (Calude, Coles, Hertling, and Khoussainov [47]). Let 
a be a left-c.e. real. Every representation of a is half of a c.e. splitting of 
L(a). 


Proof. Let qo < qı < ++: — a be a computable sequence of rationals, and 
let A be its range. Clearly, A is an infinite c.e. subset of L(a). We claim 
that so is L(a) \ A. By our convention that a is irrational, for each n there 
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is an m > n such that qm > qn. Thus q € L(a) \ A iff q € L(a) and there 
is an n such that q < qn and q É qm for m < n. Thus L(a)\Aisce. O 


If A is half of a c.e. splitting of a c.e. set B, then A Swa B, because 
to tell whether n € A, we first check whether n € B, and if so then we 
enumerate A and B \ A until n appears in one of these sets. Thus we have 
the following result. 


Corollary 5.3.2 (Soare [364]). If A is a representation of a then A Sws 
L(a). 


It is not difficult to show, using a diagonalization argument, that the 
converse to Proposition 5.3.1 is not true. However, we do have the following 
partial converse. 


Proposition 5.3.3 (Calude, Coles, Hertling, and Khoussainov [47]). Let 
A be a representation of a. If B C A is infinite, then B represents a iff B 
is half of a c.e. splitting of A. 


Proof. The “only if” direction has the same proof as Proposition 5.3.1. 
For the other direction, let go < qı < --- — a be a computable sequence 
of rationals with range A. Since B and A \ B are both c.e., given n we 
can compute whether qn € B, and hence effectively produce an infinite 
subsequence of the qn with range B. O 


Calude, Coles, Hertling, and Khoussainov [47] also showed that every left- 
c.e. real a has a representation of the same degree as a. Their result follows 
immediately from the following exact characterization of the m-degrees of 
representations of a left-c.e. real. 


Theorem 5.3.4 (Downey [102]). Let a be a left-c.e. real. For every c.e. 
splitting BUC of L(a), there is a representation A of a such that A =,, B. 
Thus, the m-degrees of halves of c.e. splittings of L(a) and the m-degrees 
of representations of a coincide. 


Proof. Let BUC = L(a). We assume without loss of generality that B 
is not computable. We give the rationals Gödel numbers as in Section 2.1. 
We take approximations to B, C, and L(a) with the following properties. 
First, Bs U Cs = L(a), for all s. Next, each element of L(a), has Gödel 
number less than s. Finally, if q € L(a), and r < q has Godel number less 
than s, then r € L(a)s. 

We build a computable sequence of rationals ag < a, <--- and let A be 
its range. In our construction we will use parameters ms, with mo = 0. 

At stage s, proceed as follows. If there is no rational greater than m, in 
B,, then let Ms+1 = Ms and proceed to the next stage. Otherwise, add all 
elements of B, greater than m, to our sequence, in increasing order. (Here 
we mean the usual order of the rationals.) Let ms+}ı be largest rational 
(again in the usual order) in L(a), and proceed to the next stage. 
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We claim that lims Ms = oo. Suppose otherwise, and let t be a stage 
such that m: = lim, m. Let q be a rational. If q ¢ By and q > m then 
q ¢ B, since otherwise q would be added to our sequence at the stage u at 
which it enters B, and hence we would have myi1 4 muy. If q < my then 
q E L(a), so by enumerating B and C until q enters one of them, we can 
determine whether q € B. Thus B is computable, contrary to hypothesis. 

It now follows from our claim that ag < a, <--- is an infinite sequence 
whose limit is the same as the supremum of L(a), that is a. Thus A is a 
representation of a. 

Let S be the set of all rationals q such that q < ms where s is one more 
than the Gödel number of q. Note that S is computable. If q € S then 
q E€ A iff q E€ Asi, and, as above, q E€ L(a), so by enumerating B and C 
until q enters one of them, we can determine whether q € B. Thus AN S 
and BMS are both computable. 

Now suppose that q ¢ S. Then either q > mẹ for all t, in which case 
q ¢ A and q ¢ B, or there is a least t such that q < me. In the latter case, 
by our assumptions on the enumerations of B, C, and L(a), we must have 
q E€ L(a)4-1, and hence q € A iff q € B,_1 iff q € B. So if q ¢ S then q E€ A 
iff q € B. Thus A =„ B. O 


This characterization, together with known results on c.e. splittings and 
wtt-degrees, yields several facts about representations, including many of 
the results in [47]. For instance, by Sacks’ Splitting Theorem 2.12.1, every 
noncomputable left-c.e. real a has representations in infinitely many de- 
grees (because Theorem 2.12.1 implies that we can split L(a) into Turing 
incomparable Ap and A;; but then we can also split Ap into Turing incom- 
parable Bo and Bı and have a representation of a of the same degree as Bo, 
and continue in this manner to obtain representations in infinitely many de- 
grees). The following are further examples. For proofs of the corresponding 
theorems on splittings, see Downey and Stob [133]. 


Corollary 5.3.5. (i) There is a left-c.e. real a with representations of 
every c.e. m-degree 


(ii) There is a left-c.e. real B such that the set of Turing degrees of rep- 
resentations of B forms an atomless boolean algebra that is nowhere 
dense in the c.e. degrees. 


We can also obtain negative results on the existence of representations. 
For instance, Downey [101] showed that a c.e. degree a contains a set with 
splittings in each c.e. degree below a iff a is either (Turing) complete or 
lows. 


Corollary 5.3.6. If a left-c.e. real a has representations in each degree 
below that of a, then a is either complete or lows. 


It is not known whether every nonzero c.e. degree contains a left-c.e. real 
a that does not have representations in every c.e. degree below that of a. 
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5.3.2 Presentations of left-c.e. reals 
Another natural way to represent left-c.e. reals is via measures. 


Definition 5.3.7 (Downey and LaForte [122]). A presentation of a left-c.e. 
real a is a prefix-free c.e. set A C 2<” such that a = p([A]) = Zoe 4 27!” 


We have seen that every left-c.e. real œ has a representation of degree a. 
The same is not true of presentations. Downey and LaForte [122] showed 
that there is a noncomputable left-c.e. real all of whose presentations are 
computable. We will obtain this result as a corollary to Theorem 5.3.13 
below. Downey and LaForte [122] also showed that such “only computably 
presentable” reals can be high, but that, as we will see in Theorem 5.3.16 
below, they cannot be of promptly simple degree. Using a 0’ argument 
(an elaboration of the infinite injury method discussed in Chapter 2), Wu 
[407] constructed a c.e. set A such that any A-computable, noncomputable 
left-c.e. real has a noncomputable presentation.” 

Strong reducibilities often play a large role in effective mathematics, since 
naturally occurring reductions tend to be stronger than Turing reductions. 
For instance, the word problem for a finitely presented group is tt-reducible 
to the conjugacy problem (see [189]), algebraic closure is related to a re- 
ducibility known as Q-reducibility (see [35, 123, 257, 421]), and wtt-degrees 
characterize the degrees of bases of a c.e. vector space (see [131]). Here too, 
the classification of the degrees realized as presentations of left-c.e. reals 
appears to depend on a stronger reducibility than Turing reducibility. In 
this case, the relevant reducibility seems to be weak truth table reducibility. 
The following result is easy to prove. 


Proposition 5.3.8 (Downey and LaForte [122]). Let a be a left-c.e. real 
and let A be a presentation of a. Then A Swa @ with use function the 
identity. 


What is interesting is that there is a sort of converse to this result. 


Theorem 5.3.9 (Downey and LaForte [122]). If A is a presentation of a 
left-c.e. real a and C Swa A is c.e., then there is a presentation B of a 
with B =„u C. 


Proof. We assume that A and C are infinite, since there is nothing to 
prove if A is computable, and if C is finite then we can substitute it by 
any infinite computable set. Let [ be a reduction with computable use y 
such that T4 = C. As usual, we may assume that y is increasing. We also 
may assume that at each stage s, exactly one element ns enters C and 
T4(m)[s] = C.(m) for all m < s. We choose a pairing function so that 


?As we will see in Theorem 9.3.1, this property of always having noncomputable 
presentations is also true of reals whose initial segments have fairly low Kolmogorov 
complexity. 
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(m,n) > m,n for all m and n, in addition to the usual requirement that it 
be increasing in both arguments. 

We build B by enumerating strings of certain lengths. We will ensure that 
een, Drie) = sees 27lel < 1 for all s, which, by the same argument 
as in the proof of the KC Theorem, means that we will never run out of 
strings. It will, of course, also ensure that B is a presentation of a. 

To build B, at stage s we proceed as follows for each ø entering A at 
stage s. If |o| < (ns) then we enumerate 2{7/")—l¢l many strings of 
length (|o|,ns) into B. If |o| > y(ns) then we enumerate 2(!2!1¢l+s)—le! 
many strings of length (|o|,|o| + s} into B. 

We clearly have ’ ep, Qe Tele ere 27l] for all s, which means that, 
as mentioned above, we can always find available strings of the appro- 
priate lengths, and also that X peg 27"! = Poea 277l = a, so Bisa 
presentation of a. 

Given n, let s > n be least such that Bs agrees with B on all strings of 
length less than (y(n), n). We claim that if n ¢ C, then n ¢ C. Assume 
for a contradiction that n € C \ Cs. Then n = nm; for some t > s. Since 
T4(n)[t — 1] = Ci- (n) = 0 and P'4(n)[t] = C;(n) = 1, there must be some 
o with |o| < y(n) entering A at stage t. Thus strings of length (|o|,) enter 
B at stage t, which is a contradiction because (|a|,n) < (y(n),n). So we 
can compute whether n € C if we know s, which requires knowing the value 
of B only on strings of length less than (y(n),n). Since y is computable, 
C wt B. 

Now let r € 2<”. If there are no i and n such that |r| = (i,n) then r ¢ B. 
Otherwise, let ¢ and n be such that |7| = (i, n). If i > y(n), then 7 can enter 
B at stage s only if s = n — i, so we can computably determine whether 
T € B. Now suppose that i < y(n) and 7 enters B at stage s. Then n = ng 
and i = |o| for some o entering A at stage s. Thus, if C [non +1=C fn+l1 
then B(T) = B(T). Since n is computable from |r|, we have B Sw C. O 


The Turing degree of a c.e. set A is wtt-topped if every c.e. set that is 
Turing reducible to A is wtt-reducible to A. Clearly the halting problem is 
such a set, but there are incomplete c.e. Turing degrees that are wtt-topped 
as shown by Ladner and Sasso [234, 235] and Downey and Jockusch [119]. 
One consequence of the above result is that if a is a strongly c.e. real whose 
degree is wtt-topped, then there are presentations of & in all c.e. Turing 
degrees less than or equal to that of a. It is an interesting fact that if a c.e. 
degree is wtt-topped then it is either complete or low2 (see Downey and 
Jockusch [119]). 

Proposition 5.3.8 does not hold for tt-reducibility. 


Proposition 5.3.10 (Downey and Hirschfeldt [unpublished]). There exist 
a strongly c.e. real a and a presentation B of a such that BZ. a. 


Proof. Let To, Ti,... be an effective list of all truth tables. We build c.e. 
sets A and B and let a = 0.A. We need to satisfy the following requirement 
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for each e. 


Re: ® total > Joe (oe E B & AF T5.(¢,)(Ce)). 


Let D = {0"1: n E N}. 

At stage s, begin by defining gs to be a fresh large string in D. Let e < s 
be least such that Re has not yet been satisfied and ®.(0-)|[s] |. (If there is 
no such e then proceed to the next stage.) Put |o~| into A to obtain A,41. 
If As+1 ¥ To.(c,)(@e) then put ce into B. Otherwise, put 7-0 and cel into 
B. In either case, initialize all R; with i > e by redefining ø; to be fresh 
large strings in D. All such R; are now unsatisfied, while Re is satisfied. 

Clearly A and B are c.e., and B is prefix-free because D is prefix-free. 
Furthermore, j([B]) = u([A]) = a because we add the same measure to 
[A] and [B] at each stage. 

Finally, assume by induction that there is a least s such that all R; 
for i < e have stopped acting by stage s. Then ce reaches its final value 
at stage s. If ®.(o.) T then Re is satisfied and never acts after stage s. 
Otherwise, at the least stage t > s such that ®e(ce)[t] |, we ensure that 
Ce E€ BS Atyi E To.(o.)(Te). Since all R; with i > e are initialized at 
that stage, A E To,.(oe) (Ce) iff Atı E To.(c.)(Ge), s0 Re is permanently 
satisfied and never again acts. O 


5.3.3 Presentations and ideals 


A class I C 2” is a wtt-ideal if it is closed under join and downward closed 
under wtt-reducibility. For a left-c.e. real a, let Z(a) be the collection of 
all c.e. sets C such that there is a presentation A of a with C =,,, A. 


Theorem 5.3.11 (Downey and LaForte [122]). If a is a left-c.e. real then 
T(a) is a X9 wtt-ideal. 


Proof. Let A and B be presentations of a. Then C = {00 : o € A}U{lo: 
ao € B} is a presentation of a, and C =,,,, A® B. Together with Theorem 
5.3.9, this fact shows that Z(a) is a wtt-ideal. 

The statement “u([We]) = a” is I} (“for all diameters € there is a stage 
s such that u([We])[s] and a[s] are closer than €”). Saying that We is 
prefix-free is II}. For a given c.e. set A, the set {We : We =wu A} is X} 
(see Odifreddi [311, p. 627]; roughly, we have to say “there exists a wtt- 
reduction such that Va Vy < «ds > x such that at stage s the reduction 
gives the right answers on y”). 

Thus We € Z(q) if and only if there exists a d such that a certain X} 
statement holds true of Wa, so Z(a) is a X} wtt-ideal. Oo 


To see that this result is optimal, note that if œ is computable, then 
by Theorem 5.3.9, Z(a) = {We : We computable}, which is ©$-complete. 
T(a) is not always “$-complete. We have seen that there are a such that 
T(a) = {We : e € N}, which is trivial (as an index set). The following 
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result, in the spirit of Rice’s Theorem, says that this is in fact the only 
case in which Z(a) is not ©$-complete. 


Theorem 5.3.12 (Downey and Terwijn [134]). Z(a) is either {We : e € N} 
or &3-complete. 


Proof sketch. Let a = 0.A be a left-c.e. real. By Proposition 5.3.8 and 
Theorem 5.3.9, Z(a) = {We : e € N} iff A is wtt-complete. Now suppose 
that A is not wtt-complete. We can show that Z(a) is ©$-complete using 
methods of Rogers and Kallibekov (see Odifreddi [311, pp. 625-627]). Let 
Inf = {e : |W.| = co}. We use the fact that the weak jump {i : W,;nInf 4 Ø} 
of Inf is =$-complete. It suffices to build sets B; such that if W; N Inf 4 Ø 
then B; is computable, and otherwise B; Lai A. Then by Proposition 
5.3.8 and Theorem 5.3.9, W; N Inf Æ 0 iff the wtt-degree of B; contains a 
presentation of a. 

Let To, [1,... be an effective listing of the wtt-functionals. For a fixed å, 
we have requirements 


P.:e € W; A |W.| = œ > Ane Vn 2 ne (wil C Bi) 
and 


Re : (Wi O Inf = 0 A TÊ total) > In (Bi(n) # TA(n)). 


The constructions for different i’s run independently. 

The requirement P, is handled by waiting until e enters W; (if ever), and 
then enumerating wl"l into B; for n > ne whenever an element greater than 
n is found to be in We (where ne is a number determined by the stronger 
priority requirements). 

The requirement Re is handled by Sacks’ coding strategy, as in Theo- 
rem 2.15.1. We maintain a length of agreement function l(e, s) monitoring 
agreement between B; and T4, and code Ø | I(e, s) into wl for the least 
n such that wl”l has not been enumerated into B;. We ensure that n; > n 
for weaker priority strategies P; by redefining these n; if necessary. Then, 
provided that the stronger priority requirements are finitary, Re is also fini- 
tary (and hence satisfied), since otherwise all of 0’ would be coded into B; 
and we would have Bi Swa A, contradicting the wtt-incompleteness of A. 

If W; contains no code for an infinite c.e. set then all Pe are finitary, 
and hence every Re succeeds and B; wu A. If, on the other hand, e € W; 
is least such that We is infinite, then all requirements stronger than Pe 
are finitary, so for the final value of ne, we have wll C B; for n > Ne, 
while for each n < ne, either wl") C B; or w”l A B; is finite. Thus B; is 
computable. o 


We will prove the following converse to the fact that every Z(a) is a D3 
wtt-ideal. 


Theorem 5.3.13 (Downey and Terwijn [134]). Let T be a X} wtt-ideal of 
c.e. sets. There is a noncomputable left-c.e. real a such that T(a) =T. 
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The computable sets form a X} wtt-ideal, so we have the following result. 


Corollary 5.3.14 (Downey and LaForte [122]). There is a noncomputable 
left-c.e. real all of whose presentations are computable. 


The proof of Theorem 5.3.13 will make use of the following lemma, which 
implies that every D3 wtt-ideal of c.e. sets can be written as a collection of 
uniformly c.e. sets. 


Lemma 5.3.15 (Yates [409]). Let I € E} and let C = {W; : i € I} 
contain all the finite sets. There are uniformly c.e. Vo,Vi,... such that 
C={V.:eE N}. 


Proof. Let R be a computable predicate such that 


ieT iff deVndm R(i,e,n, m). 


Whenever we find that Vn < sIm R(i,e,n,m) for some i, e, and s, enu- 
merate all elements of W;[s] into Vi; e). If i € J then there is an e such that 
Vii,e) = Wi. Conversely, for each 7 and e, either Vu, e, = Wi, in which case 
i must be in J, and so Vue} € C; or Vu, ey is finite, in which case Vi; e) € C 
by hypothesis. O 


Proof of Theorem 5.3.13. We begin by outlining the main ideas of the 
proof. By Lemma 5.3.15, there are uniformly c.e. sets Uo, Ui,... such that 
T = {Uo,U1,...}. Let Vo,Vi,... be an effective listing of the prefix-free 
c.e. sets of strings. We build a and prefix-free sets of strings Ag, A1,... to 
satisfy the requirements 


Ce : Ae =wu Ue A u(fAc]) = a 
and 


Ne: HIVD) = a => Ve Sw Ai 


ix<e 


The C-requirements are positive requirements, which will cause us to add 
certain amounts to a. To make a noncomputable, we can add requirements 
ensuring that a #4 0.W.. These requirements can be satisfied in the same 
way as the C-requirements, so for simplicity of presentation we omit them 
from our presentation. Adding them to the construction is straightforward. 

We first describe the strategies for meeting the above requirements in 
isolation, and then explain how to combine them using a tree of strategies. 

We attempt to ensure that Ue Swe Ae by permitting. Along with Ae we 
define a function Ye : N — 2<”. Whenever a number x enters Ue we put 
(or at least try to put) w(x) into Ae. 

We attempt to ensure that Ae Swe Ue by allowing small strings to enter 
Ae only for the sake of coding Ue. Assuming that w(x) > x, we will then 
have Ae Swu Ue with use the identity function. 
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We build a by adding rational amounts to it, thus determining a sequence 
of rationals a[0] < all] < --- — a. We satisfy the second part of Ce by 
ensuring that there are infinitely many stages s with afs] = p([Ae])[s]- 

For Ne, if als] and u(|Ve])[s] are close, we try to make Ve computable 
by restraining a. We monitor how close these two values get by defining a 
nondecreasing, unbounded sequence of numbers meļ|s]. Every time we see 
that |a[s] — u([Ve])[s]| < 27™ls], we attempt to keep a from changing on 
short strings by ensuring that a—a[s] < 2~el’!. If u([Ve]) = a and we were 
to succeed completely in these attempts, then V. would be computable, 
since to determine whether y € V., we could run the construction until 
lajs] — w([Ve])[s]] < 27-™els] with me[s] sufficiently larger than |y|, and 
then we would have y € Ve iff y € V-[s]. 

The coding strategy for a requirement Ce can easily live with the action 
of stronger priority coding strategies by picking different coding locations 
from theirs, and, of course, the strategies for the N-requirements do not 
interfere with each other. We describe how the C- and N-strategies can be 
combined. 

We first look at how Ne can deal with the strategy for a stronger priority 
requirement C;. As described above, when |a[s]— u([Ve])[s]| < 277l], the 
strategy for Ne attempts to restrain a and ensure that a — afs] < 27™els], 
However, the coding action of C; may spoil this attempt. Suppose that 
u([Ve]) = a. Although we can no longer argue that Ve is computable, we 
can still argue that it is computable in A;. (We will later show that this 
computation is in fact a wtt-computation.) To compute whether y € Ve 
using A;, find an s such that pu([Ai]) — u([Ai])[s] < 27717} and jafs] — 
u([Ve])[s]| < 27ls] with 2-™els] < 27171-2, After this stage, Ne does not 
change a by more than 27™elsl, and C; does not change a by more than 
2-!I-1, so u([Ve]) cannot change by more than 2~™els]414.2-l1I-! < 2717, 
and hence y € Vz iff y € V.[s]. 

We now look at how C; can deal with a stronger priority Ne. The strategy 
for Ne can have two outcomes. The infinitary outcome happens when there 
are infinitely many stages at which u([Ve]) grows closer to a. The finitary 
outcome happens when, from a certain stage onwards, u([Ve]) [s] is bounded 
away from afs]. Suppose that a number enters U; at stage s, and C; wants to 
code this event by enumerating a string ô into Aj, but |a[s] — u([Ve])[s]| < 
g-mels] < 27181. Then C; is not allowed to enumerate a string as short as 
ô into A;, since this enumeration would cause a to change by 27!¢!, which 
is more than Ne is prepared to allow. To get around this problem, we let 
Ae announce that it wishes to enumerate 6, without actually doing so. 
We then increase a slightly, though not enough to injure Ne. If Ve does 
not respond with a corresponding increase, then Ne is satisfied and has 
finitary outcome. Otherwise, ju([V-]]) eventually grows closer to a, and we 
can repeat this procedure. If Ve keeps responding to the small changes we 
make in a, then by repeating this procedure enough times, we are eventually 
able to create enough space between u([Ae]) and a for ô to enter Ae. Note 
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that it is important that we do not allow me to grow during this procedure. 
We will refer to this strategy as the “drip-feed strategy”, since we think of 
C; succeeding by feeding a changes small enough to be allowed by Ne, and 
doing this often enough to be able to finally make its move. (In Downey 
[103], the analogy is drawn with a stock market trader that wants to dump 
a large number of shares without disrupting the market. The trader sells a 
small amount of shares, then waits until the price recovers before doing so 
again.) 

The strategy for Ce becomes a little more complicated when it has to 
deal with the outcomes of more than one N-strategy. Suppose that Ce is 
below N;, which is below Nj. Suppose that at some stage s, the strategy 
for Ce wants to put ô into Ae using the drip-feed strategy described above. 
Then Ce tries to increase a by 2-mils] a total of 27! +mils] many times. 
While we are waiting for N; to respond to the first such increase, m; might 
grow, since N; neither knows nor cares whether N; is going to respond. 
When N; finally does respond, m; may have become so big that N; does 
not allow a change of 27™:ls] to a, thus frustrating C,’s drip-feed strategy. 
The solution to this problem is to let N; use a drip-feed strategy of its own 
to get N; to allow a change of 2~” to a. If both N; and Nj are infinitary, 
in the end all the changes in a requested by Ce will be allowed. After every 
successfully completed drip-feed strategy, the N-strategies are allowed to 
let their m-values grow. This idea works in general for any finite number 
of N-strategies above C;, by recursively nesting the drip-feed strategies. 

To handle the interactions between strategies in general, we use a tree of 
strategies as in Section 2.14. We use 2<“ as our tree, assigning both Ce and 
Ne to each string of length e (because only the N-strategies have interesting 
outcomes). The outcome 0 corresponds to Ne having infinitary outcome, 
while the outcome 1 corresponds to its having finitary outcome. Each o 
builds its own set A, and tries to satisfy Cjo; by building a wtt-reduction 
Wo from Ujo| to Avs. 

To coordinate the drip-feed strategies, we equip each node o with a 
counter cg and let o act only at stages at which c, = 0. The counter co 
indicates how many steps a drip-feed strategy corresponding to some T > a 
still needs to perform to be successfully completed. At the start of such a 
strategy aiming to put a string 6 into a, the counter c, is set to 2711+” for 
some number n determined by the longest v with v0 x 7 that will not allow 
2718] to be added to a immediately. Every time a is allowed to increase by 
27”, the counter co is decreased by 1. Every time the counter reaches 0 we 
allow o to act. 

To enable the actions of the various coding requirements to coexist, we 
equip each C-strategy at ø with a list L, of strings. After a drip-feed 
strategy is successfully completed, the top element of Lo is removed. Each 
string in Lo has to wait until it is at the top of the list before a drip-feed 
strategy on its behalf can be started. We also have a list Ro of lengths of 
strings that strategies below o want to put into their corresponding sets. 
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In addition to cg and the lists Lọ and Rs, each ø has associated with 
it a length of agreement parameter lo, a parameter Mo (corresponding to 
the parameter Mme discussed above), and a restraint parameter ro. The 
construction proceeds in stages. When we initialize N,, we empty R, and 
undefine all the parameters associated with ø. When we initialize Co, we 
empty Lo. When we add an element to a list ZL, or Ro, we place it at the 
bottom of the list. 


Construction. 
Stage 0. Let a[0] = 0 and initialize all ø. 


Stage s > 0. We define the approximation TP, to the true path at stage 
s recursively. Initially, allow the strategies associated with o = A to act. If 
the strategies associated with some ø € 2° act at stage s, then proceed to 
the next stage at the end of their actions. 


Action for Co. Let e = ||. We first pick suitable coding locations for the 
elements of Ue in As. For each n < s, if Yo (n) is not currently defined then 
define it to be a fresh long string not extending any string currently in A,. 
For each n entering Ue at stage s, proceed as follows. Let p be the longest 
string such that p0 x o and rp > w,>(n)[s]. (That is, N, is the weakest 
strategy requiring Co to use a drip-feed strategy to put w,(n)|[s] into As.) 
Add w,>(n)[s] to Lo and add |w,(x)[s]| to Rp. If there is no such p then 
simply put ,(n)[s] into As. 

If Lo is currently nonempty, let ô be its top element. Let p be the longest 
string such that p0 x ø and r,[s] > |d|. (The existence of such a p is 
guaranteed by the fact that ô is on Lo.) If |6| is currently on R, then do 
nothing. Otherwise, ô has been successfully processed by N,, and hence, by 
recursion, by all relevant N-strategies above o. Put 6 into A, and remove 
it from Lo. 

In any case, ensure that the approximations to a and p([A,]) agree 
by putting fresh long strings into A, (while keeping A, prefix-free) or 
increasing the value of a, if necessary. 


Action for No. Let e = |o]. Let 


lo[s] = j if a(IVeJ)[s] = afs] 
lS | min{n : la[s] — a(EV-DIsl| > 2-"} -1 otherwise 


and let m,[s] = max{lo |t] : t < s}. Note that |a[s] — u([Ve])[s]]| < 276). 
The stage s is g-expansionary if lo[s] > mo[s]. 

If s is not o-expansionary, then initialize all 7-strategies with o1 <, T 
and let o1 be the next string to act at stage s (if |o| < s). 

If s is o-expansionary and Ro is currently empty then proceed as fol- 
lows. Let rz = lo[s]. If |o| = s then proceed to the next stage. Otherwise, 
initialize all 7-strategies with o0 <, T and let o0 be the next string to act 
at stage s (if |a| < s). 
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If s is o-expansionary and Ro is nonempty, then proceed as follows. Let 
n be number at the top of Re. If co|s— 1] f then let c, = 27”+"els], initialize 
all 7-strategies with o0 <, 7, and let oO be the next string to act at stage 
s (if |a| < s). If co[s — 1] |= 0 then o’s drip-feed strategy for n has been 
successfully completed. Remove n from Ro, initialize all 7-strategies with 
a0 <, 7, and let oO be the next string to act at stage s (if |a| < s). 

Finally, suppose that co[s — 1] > 0. Then at some previous stage t this 
counter was set to some number 27”+"e |t], and rẹ has not changed since. 
Let p be the longest string such that p0 x o and r,[s] > ro[s]. If there is no 
such p then add 2~"*[s] to a. If ro[s] € R,[s] then do nothing. (In this case 
rols] is still waiting for its turn to start a drip-feed strategy.) Otherwise, 
ro[s] was removed from R, when its counter cp became 0 at some stage 
u S s. Let co[s] = co[s — 1] — 1, and put r,[s] on Rp. In any case, proceed 
to the next stage immediately. 
End of Construction. 


Because the construction is computable, œ is a left-c.e. real, and each 
A, is c.e. and prefix-free. Let TP = liminf, TP, be the true path of the 
construction. It is easy to see that TP is infinite, because whenever the 
construction stops at some g € 2<* at stage s, the value of c, decreases. 

We prove by induction along TP that if o < TP then, letting e = |ø], 
we have Ag =wu Ue and u(|Ao]) = a, and if u([Ve]) = a then Ve Swi 
Przo Ar 5 

First note that Ag Swe Ue: A string ô can enter A, only after some 
we(n) has been defined with 6 = y(n) or |d| > |Pe(n)|. Since |wWe(n)| > n, 
if Ue does not change below n then no string of length less than n can enter 
Ag. Thus Ag Swe Ue with use the identity function. 

Next note that if p0 < TP, then every number put on Rp is eventually 
removed from Rp: Since there are infinitely many stages at which p0 acts, 
and p0 can act only when R, is empty or cp = 0, infinitely often either Rp 
is empty or its top element is removed. 

Let s be a stage after which C's is never initialized, which must exist since 
o € TP. Then Y(n) has a final value for all n. Suppose n enters Ue at a 
stage t > s. Let p be the longest string such that p0 x o and r,[t] > Yo(n). 
If no such p exists then w,(n) enters A, immediately. Otherwise, Y(n) 
is added to L, and |w,(n)| is added to Rp. As noted above, |w,(n)| is 
eventually removed from Rp, so Yo(n) is eventually removed from Lo and 
put into As. Since no other strategy can put Y(n) into A, for any n, and 
Co will not put Yo(n) into A, if n ¢ Ue, we have n € Ue iff wo(n) € As. 

We also have p([A.]) = a, because p([A.])[s] = afs] at the end of C,’s 
action at every stage s at which Ce acts. Thus C'e is satisfied. 

We finish by verifying that No is satisfied. Suppose that u([V-]) = a. Let 
s be a stage after which N, is never initialized. Let y € 25%. We compute 
whether y € Ve as follows. Let t > s,|y| +1 be a stage at which o acts 
such that A,[t] agrees with A, on all strings of length less than or equal to 
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|y|+1 for all T x ø, and reft] = loft] > |y|+1. There is such a stage because 
lim, lo[s] = co and 00 acts infinitely often. By the definition of | we have 
jaft] — u([Ve])[t]| < 27t". Assume for a contradiction that y enters Ve at 
a stage u > t. By the choice of t, and the definition of the functions Y+, the 
strategies C, with T < o cannot add more than 27171-2 to a after stage t, 
and neither can the strategies C, with T >, øl, as they are initialized at 
stage t. The coding strategies C, with T = a0 may wish to change a below 
rg(t] after stage t, but they have to use the drip-feed strategy to do so, and 
hence cannot ever increase the difference between a and p([V-]) by more 
than 2-74], and must wait for ([V.]) to grow closer to a than 27-"¢l4 
before each change to a they make. Thus the enumeration of y into Ve at 
stage u ensures that |a[v] — u([Ve])[v]| > 270! — 2717171 — 27r- > 277l 
for all v > u, contradicting the assumption that u(|Ve]) = a. So y € Ve iff 
y € Velt], and hence we can wtt-compute Ve using A; for T x ø. m 


The drip-feed strategy of the above proof makes it somewhat difficult 
to get elements into a, but it is possible to make a high via standard 
highness requirements. In the next subsection, and later in Section 9.3, we 
will see that it is possible to say something about the degrees of left-c.e. 
reals realizing certain ideals. 


5.3.4 Promptly simple sets and presentations of left-c.e. reals 


Recall from Definition 2.22.4 that a coinfinite c.e. set A is promptly simple 
if there are a computable function f and an enumeration {As}scew of A 
such that for every infinite c.e. set W, there are an n and an s with n € 
W.[s] \ We[s — 1] N Ags). (The statement of Definition 2.22.4 is slightly 
different, but easily shown to be equivalent.) This notion was introduced 
by Maass [256], and general technical methods for working with it were 
developed by Ambos-Spies, Jockusch, Shore, and Soare [7], as we have seen 
in, for example, Theorem 2.22.6. In this subsection, we prove the following 
result. 


Theorem 5.3.16 (Downey and LaForte [122]). If a left-c.e. real computes 
a promptly simple set then it has a noncomputable presentation. 


Proof. Let D = T®, where a is left-c.e. and D is promptly simple via the 
computable function p. By Theorem 5.1.7, there is a computable function 
a(i, s) such that a(i) = lim, a(t, s) for all i, and for all i and s, if a(i, s) = 1 
and a(i,s + 1) = 0, then there is a j < i such that a(j,s) = 0 and 
aļlj,s+1)=1. 

We build a prefix-free set A such that p([A]) = a to satisfy the following 
requirements, where Vo, V1, ... is an effective listing of all c.e. sets of strings. 


Re : |Ve| = œ > A £ Ve, 
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where the Ve are thought of as sets of strings. We build A using the KC 
Theorem, by enumerating a KC set L and taking A to be the domain of the 
corresponding prefix-free machine. By the effectiveness of the KC Theorem, 
we may assume that at each stage s, the approximation A, corresponds 
exactly to Ls. 

To satisfy our requirements, we need to add strings of relatively short 
lengths to A at various stages. The strategy for satisfying Re will involve 
a finite sequence of attempts to enumerate a short string from Ve into A, 
at least one of which will work if Ve is infinite. Because a computes the 
promptly simple set D, we can enumerate numbers into c.e. sets we build 
and use the function p witnessing the prompt simplicity of D to search for 
a stage at which a changes on some relatively small value (prompted by 
a change in D), enabling us to enumerate a string from V. into A. The 
key fact is that each search can be computably bounded by p, and if Ve is 
infinite then there must be some search that succeeds, by the definition of 
prompt simplicity. 

Each requirement Re has associated with it a c.e. set Ue we build. Let g 
be as in the Slowdown Lemma 2.3.3 (so Wye) = Ue). Each Re will also have 
followers that we can enumerate into Ue to attempt to provoke D-changes 
and consequent a-changes. At each stage s, for the least j such that R; is 
unsatisfied and there is no current follower defined for R; at s, choose a 
new follower for Rj. 

At stage s, let e < s be least such that Re has a current follower x for 
which D(«)[s] = ['°(«)[s] = 0 with use mo, and Afs] and V.[s] are equal 
on all strings of length less than or equal to mo. (If there is no such e, 
then simply add requests to L to ensure that the weight of Ls is equal to 
a|s] and proceed to the next stage.) If a changes below this use, we would 
like to enumerate a diagonalizing witness of length mo into A. However, 
a change in a below 27° may not allow the enumeration of a string of 
length mo, because the moth position of œ may be followed by a sequence 
of 1’s. Therefore, wait for a stage tg > s and an m > mọ to appear such 
that Afto] and V.[to] are equal on all strings of length less than or equal 
to m, and there is some j with mo < j < m and a(j)[to] = 0. There 
must be such tọ and m, since otherwise œ would be rational, and hence 
computable. Then enumerate x into Ue = Wye). Let t > to be least such 
that x € W,(e) [t]. Now freeze all action in the construction until stage p(t), 
and then check whether x € D[p(t)]. If so, then a — alt] > 27™, so wait 
until a stage u > p(t) such that a[u]—a[t] > 27™ and add a string of length 
less than or equal to m to A (by enumerating an appropriate request into 
L), thus satisfying Re permanently. Otherwise, let u = p(t), release A from 
the current attack, and declare the current attempt on Re to have failed. 
In either case, add requests to L to ensure that the weight of Lu is equal 
to aul. 

Since D is coinfinite, if Ve is infinite and all our attempts at satisfying Re 
end in failure, then Ue = W,,¢) is infinite. Since D is promptly simple, for 
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some attack on Re as described above, there is an x € (W4(e)[#] \ Woe) [t — 
1])  D[p(t)]. By the definition of W,,-), the set D must change value on x 
between stages to and p(t). But then some element of Vefto] is enumerated 
into A at stage u by the construction, satisfying Re. Since each Re can be 
satisfied after a finite number of attempts, it is a straightforward induction 
to show that each associated strategy freezes A only finitely often. Thus all 
requirements are satisfied, and clearly u([A]) = a as required. oO 


As we will see in Theorem 9.3.1, there are other conditions on left-c.e. 
reals, including ones related to Kolmogorov complexity, that ensure the 
existence of noncomputable presentations. 


5.4 Left-d.c.e. reals 


5.4.1 Basics 


There are other natural classes of effective reals between the left-c.e. reals 
and the AQ reals. Several researchers have investigated hierarchies in this 
region. See for example Zheng [418, 419], Rettinger, Zheng, Gengler, and 
von Braunmithl [331], or Rettinger and Zheng [420]. 

The following is a particularly interesting example of such a class of reals. 


Definition 5.4.1. A real a is left-d.c.e. if there exist left-c.e. reals 8 and 
y such that a = p — y. 


This terminology is a bit misleading, since left-d.c.e. reals are the differ- 
ences of left-c.e. reals, not the ones whose left cuts are d.c.e. sets. However, 
a term such as “d.l.c.e. real” seems a little too cumbersome. If A is a d.c.e. 
set, then 0.A is a left-d.c.e. real, so by Theorem 5.1.10, there are left-d.c.e. 
reals that are neither left-c.e. nor right-c.e. The following is an alternate 
characterization of the left-d.c.e. reals. 


Theorem 5.4.2 (Ambos-Spies, Weihrauch, and Zheng [12]). A real a is 
left-d.c.e. iff there is a computable sequence of rationals qo, q1,... —> a such 
that X` „ |dn+1 — In| < œ. 


Proof. If such a sequence exists, then let 
B= qo +X {anti — Qn £ Inti — dn > 0} 
and 
NS S = qn+1 i Inti — In < Of. 


Since 7, |dn41 — In| < œ, both 8 and y are finite, and they are both 
left-c.e. Clearly, a = 8 — y. 

For the converse, let 3 and y be left-c.e. and let a = 8 — y. Let ro < 
Ty <-+-— Band so < sı <---— y be computable sequences of rationals. 
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Let qn = Tn — Sn. Then qo,q@1,... —> a, and 


S lant — n| = ` |[T'n+1 — Sn+1 — (fn — Sn )| 
n n 


< Sai — fn) +X (sni — Sn) = ß— ro +y- $0 < Oo. 


n n 


O 


It is easy to see that if A is an n-c.e. set for some n, then 0.A is a left- 
d.c.e. real. We can push this fact one level further using Theorem 5.4.2. We 
begin with a lemma. 


Lemma 5.4.3 (Downey, Wu, and Zheng [136]). Let A be w-c.e. Let f and g 
be computable functions such that A(n) = lim, f(n, s) and |{s : f(n,s+1) 4 
f(n,s)}| < g(n) for all n. If X, g(n)2~-”" < œœ, then 0.A is left-d.c.e. 


Proof. We may assume that exactly one element ns enters or leaves A 
at each stage s. Then {0.As}scw is a computable sequence of rationals 
converging to 0.A, and 


XC |0.As — 0.Assi] = 55277 = X g(n)2- < oo. 
By Theorem 5.4.2, 0.A is left-d.c.e. Oo 


Theorem 5.4.4 (Downey, Wu, and Zheng [136]). Every w-c.e. degree 
contains a left-d.c.e. real. 


Proof. Let A be w-c.e. By Proposition 2.7.3, there are an w-c.e. set B=, A 
and a computable function f satisfying conditions (i)-(iii) in that propo- 
sition. Since }>,,n2~” < oo, it follows from Lemma 5.4.3 that 0.B is a 
left-d.c.e. real. O 


The converse to this result does not hold. Indeed, Zheng [417] showed 
that there is a left-d.c.e. real whose degree is not w-c.e.3 

We have seen in Theorem 5.1.3 that every AQ real is the limit of a 
computable sequence of rationals. It might seem reasonable to conjecture 
that perhaps every A$ degree contains a left-d.c.e. real. However, we have 
the following result, whose proof we omit due to space considerations. 


Theorem 5.4.5 (Downey, Wu, and Zheng [136]). There are AS degrees 
containing no left-d.c.e. reals. 


3Zheng’s proof can easily be modified to show that if a < w? then there is a left-d.c.e. 
real whose degree is not a-c.e. 
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5.4.2 The field of left-d.c.e. reals 


One of the reasons to consider left-d.c.e. reals is that they form the smallest 
field containing the left-c.e. reals. 


Theorem 5.4.6 (Ambos-Spies, Weihrauch, and Zheng [12]). The left-d.c.e. 
reals form a field. 


Proof. Rearranging terms shows closure under addition, subtraction, and 
multiplication (e.g., (a — B)(y — ô) = (ay + Bô) — (By + aô), and we have 
already mentioned that the class of left-c.e. reals is closed under addition 
and multiplication). We show closure under division. 

Let a and 8 Æ 0 be left-d.c.e. reals. Let qo, q1, ... ~ & and ro, r1,... > B 
be computable sequences of rationals such that $7, |dn41 — dn| < œ and 
Xn [fnt1 — Pn| < œ. We may assume that the r, are bounded away from 
0. Let M be larger than both the above sums, and larger than |qn| and 
T for all n. Let sn = Ta, Then sọ, 51,... — $ is a computable sequence 
of rationals, so to show that 3 is left-d.c.e., it is enough to show that 


Xn [Sn+1 — Sn| < œ. But this sum is equal to 


DE 22 


n n 


-5 


Qn+1 S dn 


Tn+1 Tn 


Tnrdn+1 — Tn+19n 


TrTn+1 


Trdn+i — Tn dn + Tndn — Tn+19n 


A Tnfn+1 
3E TX 
n n 


< MS [anyi = dn] + M? X Ira — rnai < M? + Mt. 
n n 


dn 
Tnfn+1 


an+1 — In 


Tati (Tn = Tn+1) 


O 


Ng [295] and Raichev [319, 320] have shown that this field behaves well 
analytically. Recall that a field F is real closed if every polynomial of odd 
degree with coefficients in F has a root in F, and for each x € F, there is 
ay E€ F such that z = y? or x = —y?. 

Theorem 5.4.7 (Ng [295], Raichev [319, 320]). The field of left-d.c.e. reals 


is real closed. 


Proof. We give the proof of this result from Ng [295]. Let R2 denote the left- 
d.c.e. reals. We actually show the following stronger result (see for instance 
[336] for more on basic concepts of real analysis). 


Proposition 5.4.8. Let f be a real function that is analytic at some 
uo € R2. Suppose that its Taylor series converges in some open interval 
E centered at ug, and that there are uniformly computable sequences of 
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rationals do.n,@1.n-..— f™ (uo) such that sup, doy [@e+1,n — ak,n| < co. 
Then every root of f(x) in E is also in Ro. 


The theorem follows from this proposition: Any polynomial f(x) € Ro[a] 
satisfies the hypotheses of the proposition, since f)(0) = 0 for all suffi- 
ciently large m, so every such odd-degree polynomial has a root in R2, and 
V7 € Re for any nonnegative y € Ro. 

From now on, we work with an f satisfying the hypotheses of Proposition 
5.4.8. We assume without loss of generality that uo = 0, since we can work 
with the function f(a + uo) instead of f. We also fix a root r € E of f(x). 
Let k be the multiplicity of r; that is, f(x) = (x—r)! g(x) where g(r) Æ 0. If 
k > 1 then instead of working with f(a), we can work with fÐ (x), since 
f®-Y(r) = 0 as well, and fY (x) satisfies the hypotheses of Proposition 
5.4.8. So we assume that k = 1, or, in other words, that r is a simple root. 
Define fk E€ Q|x] by fx (x) = ak o + ak (£ — uo) +- + dep ato 


Lemma 5.4.9. There are rationals a,3,M,m,m' such that 


(i) [a, 8] is an interval in E containing r and 
(ii) for all x € [a, 6], we have |f” (x)| < M and0 < m < |f'(£)| < mw. 


Proof. By our assumption that r is a simple root of f(x), we have f’(r) 4 0, 
and hence there is some interval [r — ô, r+ ô] with 6 € Q such that f'(x) 4 0 
for all x € [r — ô, r + ô|. Let a = r — ô and 8 = r + ô. Then we can clearly 
choose m, m’, and M to satisfy the conditions of the lemma. O 


From now on, we fix a, 3,M,m,m’ as in the lemma, and we also fix 6 
such that |r — 6,r + 6] C fa, 6]. 


Lemma 5.4.10. Let £o, 21,... be a sequence of points in a closed bounded 
interval I C E. Then X, |fk+1(£k)— fkl(£k)| < co. 


Proof. Let T = sup, >>, |@k+1,n — ak,n| and U = sup,¢,; |x|. Then 


XO | fesa(@e) — fe(xe)| 
j |E |z| +t 


+ lartik 


<S XC Jak41,0 — ako] +0 + [aktik — akk TESNI 


k 


|z 
k! 


U” ye 
<È D lastin = aral gy + 2 lanal gy 
k n k 


By Fubini’s Theorem, the latter is less than or equal to 


n k 
T` Z > jaral 
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Since [ag k — f™®(0)| < jak lđj+1,k — aj,k| < T for all k, the latter is less 
than or equal to 


U* 
Te” + X` | Ff (0) T 
k 


Since J is closed, it must contain U, which establishes the lemma because 


the power series converges absolutely on J. O 
It follows that $5; |f F (ae) — F(a) < œ for all n. 
Lemma 5.4.11. lim, fk = f (and, similarly, lim, f}, = f’ and lim, fg = 


f") uniformly on |a, 8]. 


Proof. Let I C E be a closed bounded interval containing [a, 3] and 0. Since 
supzez |fk+1(£)— fe(x)| is attainable for each k, we can let zo, x1,... € I be 
such that |fk+1(£k)— fk(£k)| = maxzer |fk+1(£) — fk(x)|. Then it follows 
from Lemma 5.4.10 that given any € > 0, there is an Ne such that whenever 
u >v > Ne, we have | fu(x) — fo(@)| < Vasn, |Sk+i(2k) — fe(we)| < € for 
all x € I. 

It remains to show that f(x) — f(x) for every x € E. Let T, = 
>; laj+1,n — aj,n|. Then for all k, 


n x” 
5 FE 0) — fen < > (0) = art1n| = 
n<k+1 n<k+l1 
x” 
< D (h-E lan- aal) 
n<k+1 j<k 


x” x” 
TET nT Dy lajin- ajal r 
n<k+ n<k+1 j<k 

Now, since >, Tn2> < 0, 8UPm Imp < œ, it follows by Fubini’s The- 
orem that limk J n<k+1 Qj<k [@jtin — ajn = i, TaZ. Since f is 
represented by its Taylor series in Æ, we have lim, f(x) = f(z). Oo 
Lemma 5.4.12. There is an so such that for all s > sọ, 

1. [a, 8] contains a simple root rs of fs, 


2. |f} (£)| < M, and 0 < m < |fi(x)| < m for all x € [a, 8]. 


Proof. We may assume that f(a) < 0 < f(8). Since lims f;(a) = f(a) 
and lims fs(8) = f(G), there is an so such that for all s > sọ, we have 
fs(a) <0 < fs(3), and hence there is a (simple) root rs of fs in [a, 8]. Let 
E > 0 be such that minseja p) |f (x)| — € >m. Since lim, f; = f’ uniformly 
on [a, 6], we may assume that so is large enough so that | f/(a) — f’(a)| < € 
for all s > so and x €E [a, 8]. Then |f’(x)| — | f§(x)| < £. The cases for m’ 
and M are similar. O 
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Fix such an so and r, for s > so. Note that for each s > sọ, we have 
f(x) > 0 inside [a, 8], and hence rs is the only root of f; in that interval. 


Lemma 5.4.13. lim, r; =r. 


Proof. Let £ be such that 0 < e < ô. By pointwise convergence, we can 
choose Ns such that for all s > Nz, we have f(r — €)fs(r +£) < 0, and 
hence there is a root of fs in [r — e,r +e] C [a, 8]. Since r, is the only root 
of fs in [a, 8], we have |r; = r| < e. oO 


Let K = # and ņ < min{ 5, $}. For all s > sọ, we also want |r, — r| < 
4, so adjust so to be large enough to satisfy this requirement. For simplicity, 
we will assume from now on that the sequence { fs }s<w starts with the index 
so. Let yo € Q be such that |yo — r| < 4. For each s, define a computable 


sequence of rationals by £s 0 = yo and Zs n+1 = Ls,n — tee) 


Lemma 5.4.14 (Newton’s Method of Locating Roots). For each s, if 


x’ € |a, b] and z” = x' — f 2, then |x" —rs| < K|x’ —r,|?. 


Proof. By Taylor expansion of f,(a) about the point 2’, we have 


— fala") = fila! (rg — af) + EO 


for some c between r, and x’. Hence 
pi 


n_ u _ f FOs = 2")? 
x x 


fe)" E) 


Since c € [a, 6], 
Gee we 
2f5(x") 


< K\a' —r,|?. 


O 


Lemma 5.4.15. For all s and n, we have |%s.n41 — Usn| < ((Kn)"*1 + 
(Kn)")|yo — rsl. 


Proof. Fix an s. We first prove by induction that |£s n — rs| < 7 for all 
n. First note that |£so —7s| < |aso — r| +|rs — r| < 7. Suppose that 
lZsn —1s| < n. Then |£sn = r| < |@sn — rs| + |rs — r| < 29 < ô, so 
Zs n € [a, 8]. Thus, by Lemma 5.4.14, |£s n41 —1s| < Kn? < n. 

Next, we prove that |£s n — rs| < (Kn)”|yo — rs|, again by induction. We 
have |£s,0—rs| = |yo—rs|. Now assume that the case for n holds. By Lemma 
5.4.14, |£s;n41 — Ts| S K|@sn—7Ts|? < (Kn)|asn — rs| < (Kn)” tyo — rsl. 

Now the lemma follows by the triangle inequality. O 


From now on we will assume that f and fs are all increasing on |a, 8]. 
For each s, we can onsen a partition Jo, ,... of [a, 8] each element of 
which has width Then apply the sign test to fs using Jo, 1,... and 


= A 
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let r4 be the right endpoint of the partition element that contains the root 
Ts. 


Lemma 5.4.16. For each s, we can find an Ns such that |£s+1,N, — 


< Al fs(ro44)I- 


Proof. From the proof of Lemma 5.4.15, it is clear that lim, Zsn = fs. 


Thus, for each s, we have lim, |£s+1,n — Us.n| = |rs+1 — rs|. However, 
s\Vs 4 s\Ts 
Irs¢1 — rs| = aul for some rs < c S 541, SO |Ts41 — rs| S Leleto < 
[fs (r241) 
— Oo 
Define a computable sequence yo, y1,... as follows. 


1. Let yo be as above, and set s = 0 and n = 1. 


2. If |as41n—-s—Ls,n—s| > Al fs (rig )l then let yn = £s,n-s. In this case, 
increment n by 1 and repeat this step. 


3. If |£s+1n-s — Ts m-s| < 4| fs(7441)| (which must eventually happen, 
by Lemma 5.4.16), then let Yn = %s.n—s, let Ynti = Us+i,n—s, and let 
Yn+2 = Lsti.n—s+1- Increment n by 3, increment s by 1, and return 
to step 2. 


The idea of this definition is that we wait until |£s+1,n-s — Us,n—s| is small 
enough before we jump to the next level. 


Lemma 5.4.17. limp Yn =r. 


Proof. For any s and n, there is a c such that ye = Zs’ n’ ae s > s and 

n’ >n. Let £ > 0. Then there is a to such that |ra — r| < § for all a > to. 
| E£ 

Let uo = cn Let c be obtained from tọ and uo as Teie above. 

Then, for all n > c, we have yn = £a, for some a > to and b > ug. So 


E 
lun = r| < |La, b = Ty) te = r| < (Kn)? lyo =) + A 
E E E 
< (Kn)?lvo = r| + (Kn)? + = < IKN) +5 <e. 
4 4 2 2 
o 
Lemma 5.4.18. r € Rə. 


Proof. It remains to show that >7, |yi+1 — yil < oo. By Lemma 5.4.15 and 
the construction of the y;, we have 


ve lyita = yil < D (Kn + (Kn) lyo = raal + Ee [fs(rs41)| 


for a nondecreasing sequence dg, d,,.... Since [rs+1 — Tetil < =: by 


the Mean Value Theorem, +] f.41(r441)| < Mazy < #. By Lemma 
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5.4.10, 
So lvi — vil 


< D (KN + Kn)’ e a e i+ >) zs < ©. 


O 


This lemma establishes Proposition 5.4.8, and hence proves the theorem. 
Oo 


Similar methods can also be used to show that the computable reals 
form a real closed field (see for instance [318]), and hence, by relativization, 
that so do the A reals, a fact first explictly noted and proved directly by 
Raichev [319, 320]. 


Part II 


Notions of Randomness 


6 


Martin-Lof Randomness 


In this chapter, we will introduce three cornerstone approaches to the 
definition of algorithmic randomness for infinite sequences. 


(i) The computational paradigm: Random sequences are those whose 
initial segments are all hard to describe, or, equivalently, hard to 
compress. This approach is probably the easiest one to understand in 
terms of the previous sections. 


(ii) The measure-theoretic paradigm: Random sequences are those with 
no “effectively rare” properties. If the class of sequences satisfying 
a given property is an effectively null set, then a random sequence 
should not have this property. This approach is the same as the 
stochastic paradigm: a random sequence should pass all effective 
statistical tests. 


(iii) The unpredictability paradigm: This approach stems from what is 
probably the most intuitive conception of randomness, namely that 
one should not be able to predict the next bit of a random sequence, 
even if one knows all preceding bits, in the same way that a coin toss 
is unpredictable even given the results of previous coin tosses. 


We will see that all three approaches can be used to define the 
same notion of randomness, which is called Martin-Lof randomness or 1- 
randomness. This notion was the first successful attempt to capture the 
idea of a random infinite sequence, and is still the best known and most 
studied of the various definitions proposed to date, in great part because 
it enables us to develop a rich and appealing mathematical theory. For 
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the development of these approaches to randomness, and the philosophical 
insights behind them, see van Lambalgen [397]. 


6.1 The computational paradigm 


In a way, the definition of algorithmic randomness is more satisfying for 
infinite sequences than it is for strings. One of the main reasons for this 
phenomenon, as we will see, is that algorithmic randomness of sequences is 
absolute, in that no matter which universal machine one chooses, the class 
of random sequences remains the same. 

A natural first attempt at defining a notion of randomness for a set A 
would be to say that A is random if C(A | n) > n — O(1). Unfortunately, 
no set satisfies this condition. This is a fundamental observation of Martin- 
Löf that we have already seen in Theorem 3.1.4. As we will see in Section 
6.7, it is possible to give a satisfactory definition of randomness for infinite 
sequences using plain complexity, but this is a recent development. We can 
vindicate the intuition leading to the incorrect attempt at a definition of 
randomness for infinite sequences via plain complexity by using prefix-free 
complexity instead. 


Definition 6.1.1 (Levin [243], Chaitin [58]). A set Ais 1-random if K(A | 
n) > n— O(1).! We will call a degree (Turing or otherwise) 1-random if it 
contains a 1-random set.” 


The reason for the term “l-random” will become clear once we introduce 
the notion of n-randomness for arbitrary n in Section 6.8. Notice that, in 
the nomenclature of Chapter 3, a sequence is l-random iff all its initial 
segments are weakly K-random. One cannot replace weak K-randomness 
by strong K-randomness, as we saw in Theorem 3.11.1. 

Recall Chaitin’s halting probability Q, which we introduced in Definition 
3.13.6: 


Q= udom) = S > 27. 


ocdomU 


As we will see, Q is 1-random. It is in fact the best known example of 
a l-random real. As we discussed following Definition 3.13.6, while the 


1 As we will see in Section 6.3.2, Levin [242] and Schnorr [350] used monotone com- 
plexity and process complexity, respectively, to characterize the class of 1-random sets 
in much the same way, and the essential idea of prefix-free complexity is implicit in that 
work. The history of this subject is quite involved; see Li and Vitányi [248] and van 
Lambalgen [397] for detailed historical remarks. 

?We will adopt this terminology for other notions of randomness without further 
comment. That is, when we define a notion of randomness R for sets, we will say that a 
degree is R-random if it contains an R-random set. 
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value of Q depends on the choice of U, we will see in Section 9.2 that all 
versions of 2 are quite closely related, and it makes sense to ignore the 
machine-dependence of Q in most circumstances. 

Recall also that 2s = Yy(o)/s) 2-I¢l. The rationals Q, approximate 9 
from below, so Q is a left-c.e. real. One way to look at Q is as a highly 
compressed version of 0)’, as the following results show. 


Proposition 6.1.2 (Calude and Nies [51]). Q =we V. 


Proof. Since Q is a left-c.e. real, it is computable in Q’. For the other di- 
rection, let M be the prefix-free machine defined by letting M(0°1) |= à 
whenever ®e(e) |. Since U is universal, there is a p such that U(p0°1) | iff 
e € W. To determine whether e € 0’ given Q, wait for a stage s such that 
Q-—O, < 2-“el+e+). Tf U(p0°1)[s] | then e € W. Otherwise, U/(p0°1) T, so 
eg. o 


Theorem 6.1.3 (Chaitin [58]). Q is 1-random. 


Proof. By Proposition 6.1.2, Q is not rational, so for each n there is an s 
with Q, | n = Q | n. We build a prefix-free machine M. By the recursion 
theorem, we may assume we know its coding constant c in U. Whenever 
at a stage s we have U(T)[s] = Q, | n for some 7 such that |r| < n— c 
(which means that K(Q, | n) < n-— c), we choose a string u ¢ rngu [s] and 
declare M(T) = u. Since M is coded in U with coding constant c, there 
must be a v such that |v| < |r| +c < n and U(v) = M(T) = u. Since 
u ¢ rngU[s], it follows that v ¢ domU[s], so Q — 9s > 27l > 27”, and 
hence Q [ n Æ Qs [| n. This procedure ensures that if |r| < n — c then 
U(r) Æ Q |n, whence K(Q [ n) >n- c for all n. o 


It is important to note that Q is a somewhat misleading example of 
l-randomness, as it is rather computationally powerful. We will see in Sec- 
tion 9.2 that all 1-random left-c.e. reals behave like Q (indeed they are 
all versions of Q); in particular, they are all Turing (and even weak truth 
table) complete. We will also see, in Section 8.3, that 1-random sets can be 
arbitrarily powerful, in the sense that for every set A there is a 1-random 
set R >, A. However, heuristically speaking, randomness should be anti- 
thetical to computational power, inasmuch as classes of sets with a certain 
given amount of computational power (such as computing @’, or being a 
PA degree) tend to have measure 0. We will see below that as we move 
from 1-randomness to more powerful notions of algorithmic randomness, 
we do indeed tend to lose computational power. But even within the class 
of 1-random sets, there is a qualitative distinction between those 1-random 
sets that compute Ø’ and those that do not.? As we will see below, the lat- 
ter exhibit behavior much closer to what we should expect of random sets 


3We will see in Section 7.7 that there is a test set characterization of the 1-random 
sets that do not compute Ø’, in the spirit of the notion of Martin-L6f test discussed in 
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(for instance, they cannot have PA degree; see Theorem 8.8.4).4 Thus one 
should keep in mind that, while Q is certainly the most celebrated example 
of 1-randomness, it is not “typically 1-random”. 

Chaitin [63] also defined another left-c.e. real, Q = See a 


not hard to modify the above proof to show that Q is 1-random. 

Another example of a 1-random left-c.e. real is the output probability 
Q(c) from Definition 3.9.3. The easiest way to see that Q(c) is 1-random 
for any ø is using the methods of Chapter 9.5 

Thus we have concrete examples of 1-random sets. As we will see in the 
following section, almost every set is 1-random (as we would expect). It 
was an interesting question of Solovay whether lim inf, K(Q | n) -n = œ. 
This question was eventually solved in the affirmative by Chaitin [63]. More 
recently, Miller and Yu [280] gave a powerful characterization of randomness 
that has this result as a corollary. Namely, they proved that A is 1-random 
iff Den 2" * (Al < oo. We will prove this result in Theorem 6.6.1 below. 

The Following result is also worth noting. 


K(9) Tt is 


Proposition 6.1.4 (Fortnow [unpublished], Nies, Stephan, and Terwijn 
[308]). If there is an infinite computable set S such that K(A [ n) > n+ 
O(1) for alln € S, then A is 1-random. 


Proof. Suppose that A is not 1-random and let S = {sọ < sı < ---} 
be computable. If o = rp and |o| = s),), then we can give a prefix-free 
description of ø by giving a prefix-free description of 7 and then giving 
p itself, so K(o) < K(r) + |p| + O(1). So if K(A [ n) < n — d, then 
K(A fT sn) < n-—d+ (sn —n)+O(1) = 8, —d+O(1). Since for each d there 
is an n with K(A | n) < n—d, the same is true if we restrict ourselves to 
nes. Oo 


6.2 The measure-theoretic paradigm 


The main idea behind the measure-theoretic, or stochastic, paradigm is 
that a random sequence should have no rare properties. In a remarkable 
early paper, von Mises [402] attempted to formalize this notion. He pointed 


the next section, and hence we can think of this condition as a notion of randomness in 
its own right, rather than just a mix of randomness and computability conditions. 

4A heuristic explanation for this phenomenon is that there are two ways to pass an 
ignorance test. One is to be genuinely ignorant, and the other is to be knowledgeable 
enough to know what answers an ignorant person would give. l-random sets above @’ 
have this kind of knowledge, in that they can compute K, but other 1-random sets do 
not, and thus must rely on their own lack of wits. 

5It is also interesting to consider output probabilities for sets of strings, where the 
output probability of A C 2<“ is the probability that U outputs an element of A, which 
is equal to $` „e4 Q(c). This notion has been investigated by Becher and Grigorieff [32] 
and Becher, Figueira, Grigorieff, and Miller [31]. 
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out that if we flip a fair coin, then we should surely expect to see as many 
heads as tails in the limit. Thus a random binary sequence aga... should 
obey the law of large numbers by having the property that lim, X icu “i 
4. But of se this condition is not h, because high] d 

3: But of course this condition is not enough, because highly nonrandom 
sequences such as 010101... satisfy it. We clearly need the law of large 
numbers to hold for subsequences as well. Thus von Mises proposed calling 
a binary sequence aga,... random if for every selection function f with 


f0) < f1) < < +++, we have lim, Zisa to = L 

This definition is not quite precise, though, because of the undefined 
concept of a selection function. Clearly we cannot allow f to be just 
any increasing function, in the modern set-theoretic sense, since if a se- 
quence aoa... contains infinitely many 0’s, then there is an increasing 
function f such that ap) = 0 for all 7. On the other hand, Wald [403, 404] 
showed that for any countable collection of selection functions, there is a 
sequence that is random in the sense of von Mises. Church [71] proposed re- 
stricting f to computable increasing functions; we now call sequences that 
satisfy the law of large numbers for all computable selection functions com- 
putably stochastic, or Church stochastic. We will study this notion, as well 
as the related one of von Mises-Wald-Church stochasticity, where partial 
computable selection functions are allowed, in Section 7.4.1.6 

The problem with this promising notion was pointed out by Ville [401], 
who showed that for any countable collection of selection functions (thus 
in particular Church’s), there is a sequence aga, ... that is random in the 
sense of von Mises but has >>,_,, a(i) < 4 for all n. Such a sequence is 
clearly not random. After all, if we were to flip a supposedly fair coin many 
times and never at any point observed an excess of tails over heads, we 
would surely begin to suspect that something was amiss. We will prove 
Ville’s Theorem in Section 6.5. 

Ville suggested adding a further statistical law, the law of iterated loga- 
rithms, to von Mises’ definition. However, one might well ask how we can 
be sure that adding this law would be enough. Why should we expect there 
not to be a further result like Ville’s exhibiting a sequence that satisfies 
both the law of large numbers and the law of iterated logarithms, yet clearly 
fails to have some other basic property that we would naturally associate 
with randomness? 

We could add more and more statistical laws to our collection of desider- 
ata for random sequences, but there is no reason to believe we would ever 
be done, and we certainly do not want a definition of randomness that 


6The selection functions considered in these notions are adaptive, in the sense that, 
before deciding whether to bet on the nth bit of a sequence A, they are allowed to know 
A | n, which is of course reasonable for a notion that attempts to model gambling on 
a sequence of observable events. Thus these functions are best thought of as functions 
from strings to {yes, no}. See Sections 6.5 and 7.4.1 for more details. 
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changes with time, if we can avoid it. Martin-Lof’s fundamental idea in 
[259] was to define an abstract notion of a performable statistical test for 
randomness, and require that a random sequence pass all such tests. He 
did so by effectivizing the notion of a set of measure 0. 

To motivate Martin-Lof’s definition via a simple example, consider the 
class C of sequences A such that A(2”) = 0 for all k. Clearly, such sequences 
are not random. If we are presented with a sequence A that might be in C, 
we can perform a test for membership of A in C to within a confidence level 
of 27” by considering all k < n. If for all such k we have A(2") = 0, then 
we have some reason to believe that A € C. (Of course, if not, then we can 
be certain that A ¢ C.) We might be wrong about our belief that A € C, 
but the set of all A that our test indicates are in C has measure 27”, so 
we can have greater and greater confidence that A € C as we perform finer 
and finer levels of this test. Martin-Lof’s idea was to abstract away from 
the particulars of such a test, or more interesting ones such as tests for 
the law of large numbers, and think of a test as a collection of reasonably 
simple subsets of Cantor space of smaller and smaller measure, zeroing in 
on a null class of sequences that have some rare property, and hence should 
not be considered random. 


Definition 6.2.1 (Martin-Lof [259]). (i) A  Martin-Léf test is a se- 
quence {Un}new of uniformly £} classes such that (Un) < 27” for 
all n. 


(ii) A class C C 2” is Martin-Lof null if there is a Martin-Lof test 
{Un}new such that C C Np Un. 


(iii) A set A € 2” is Martin-Léf random if {A} is not Martin-Léf null.” 


In the above definition, we did not require that Up D U; D---, but we 
could have: Given a Martin-L6f test {Un}new, let Va = Um>n Um. Then 
{Vn}new is a Martin-Lof test, Vo 2 Vı D---, and (p Un = Np Vn- 

We could also have defined a Martin-Lof test to be a sequence {Un}new 
of uniformly £? classes for which there is a computable function f : N — Q 
such that lim, f(n) = 0 and u(Un) < f(n) for all n: Given such a test, 
let Vn = Um for the least m such that f(m) < 27”. Then {Vi}new is a 
Martin-Lof test and „p Un = Np Vn.’ 


7Demuth [93] independently developed a test-based definition of randomness equiv- 
alent to Martin-Lof’s. He was working in the style of the Russian school of constructive 
mathematics, and saw the potential importance of random reals in computable analy- 
sis. A brief but highly informative discussion of this work may be found in Kuéera and 
Slaman [221, Remark 3.5]. 

8A natural variation on this definition is to require only that limn u(Un) = 0, with- 
out requiring a computable rate of convergence. Such generalized Martin-Lof tests are 
perhaps too weak to correspond to a reasonable notion of performable statistical test. 
That is, with a Martin-Lof test, we can compute what level of the test we need to look 
at to approximate the corresponding null set to within a given £, while with a general- 
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We can now restate the above example: The class C of all A such that 
A(2*) = 0 for all k is Martin-Léf null, and hence no such set is Martin-Lof 
random. Much more interestingly, the class of sets that do not satisfy the 
law of large numbers is Martin-Lof null, and similarly, for any computable 
selection function f, the class of sets that do not satisfy the law of large 
numbers for the subsequence of bits picked out by f is also Martin-Lof null. 
Thus, if A is Martin-Lof random then it is Church stochastic. The converse 
is not true, however, because we can build a Martin-Lof test containing 
Ville’s sequence mentioned above. Further discussion and proofs (such as 
the proof that Martin-Lof random sets obey the law of large numbers) can 
be found in Section 7.4, where we examine effective notions of stochasticity 
in detail. 

Martin-Lof randomness is equivalent to 1-randomness, which helps jus- 
tify the notion of l-randomness as a reasonable notion of algorithmic 
randomness. To show this fact, we begin with a lemma. We will use only 
its first part here, but the second part will be useful below. 


Lemma 6.2.2. Let M be a prefix-free machine, let k € N, and let S = {0 : 
Ku(o) < |o| —k}. Then p([S]) < 2-*u([dom M]). Furthermore, p([S]) 
is computable in (dom M]) via a procedure that is uniform in k. 


Proof. For each o € S there is a string To such that |7s| < |o| — k and 
M(t.) |= o. Thus 


wES]) < X 2h < Shan llrel +8) = 22 S avel 
oES oes oes 
<2-* XO all =2-*yu([dom MJ). 
7TEdom M 
To compute p([S]) to within 27° given p([dom M]), find a finite set 
F C domM such that p([dom M]) — p([F]) < 27¢+*. Let No be the 
restriction of M to F and N; be the restriction of M to dom M \ F. Let 
T; = {0 : Kn,(o) < |o| — k}. Note that To is finite, so we can compute its 
measure. Now ju([dom Ni]) < 2~°+*, so p([Ti]) < 27°. Since S = TUT), 
we have x([S]) — (Tol) < (ITJ) < 27°. o 


Theorem 6.2.3 (Schnorr, see [58]°). A set is Martin-Löf random iff it is 
l-random. 

Proof. (=) Let Uk = {X : In K(X | n) < n-— k}. The Up are uniformly 
£}, and by Lemma 6.2.2, (Ux) < 27}, so {Uk}kew is a Martin-Löf test. 


ized Martin-Löf we might have no idea. However, generalized Martin-Löf tests are quite 
interesting from the mathematical viewpoint, as they correspond to a fruitful notion of 
randomness strictly stronger than Martin-Löf randomness known as weak 2-randomness, 
as we will discuss in Section 7.2. 

9 As we will see in Theorem 6.3.10, Levin [242] and Schnorr [350] proved essentially 
equivalent results for monotone complexity and process complexity, respectively. 
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If A is Martin-Lof random then A ¢ (p Uk, so there is a k such that 
K(A În) >n- k for all n, and thus A is 1-random. 

(<) Let A be a set that is not Martin-Léof random. Let {Un}new be a 
Martin-Lof test such that A € [),, Un. Let Ro, R1,... be a uniformly c.e. 
sequence of prefix-free sets such that U, = [R,] for all n. We have 


TY SY il) Se Se ae, 


n22c0ER,2 n22 n22 m>2 


So by the minimality of K among information content measures (Theorem 
3.7.8), there is a constant c such that if o € Rp2 for some n > 2 then 
K(a) < |o|—n+c. Since A € U,2 for all n, for each n there is a k such 
that K(A T k) < k—n +c, and hence A is not 1-random. Oo 


The < direction of the above proof is taken from Chaitin [63]. It is also 
possible to prove this direction of the theorem using the KC Theorem; see 
for instance [118]. 

One quite important property of Martin-Lof’s definition is the existence 
of a universal Martin-Lof test, in the following sense. 


Definition 6.2.4 (Martin-Lof [259]). A Martin-Löf test {Un}new is uni- 
versal if U,, Un contains every Martin-Lof null set, in other words, for any 
Martin-Léf test {Vn }new, we have (),, Vn € Mn Un- 


In other words, there is a single statistical test leading to a good defini- 
tion of randomness for individual sequences. (However, it is certainly not a 
natural one in the sense that the law of large numbers and the law of the 
iterated logarithms are natural.) 

The Martin-Lof test built in the first part of the proof of Theorem 6.2.3 
is universal. We give another construction of such a test in the following 
proof. 


Theorem 6.2.5 (Martin-Lof [259]). There exists a universal Martin-Lof 
test. 


Proof. Let {R°}new, {Ri }new,--- be an effective listing of all uniformly 
c.e. subsets of 2<”. Let S$ be the result of enumerating Ri and stopping 
the enumeration if the measure of [R?,] ever threatens to exceed 27”. Then 
{ISL bnew, {[ Si] }new,--- is an effective listing of all Martin-Léf tests. Let 
Un = U;lS nial- 

The U,, are uniformly X and 


H(Un) = do llil) <S Soe =2-", 


so {Un}new is a Martin-Lof test. For any Martin-Lof test {Vn }new, there 
is an i such that V, = [S*] for all n. Then Vp+i+1 € Un for all n, so 
Na Va € Nn Un- O 
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We will see another construction of a universal Martin-Lof test due to 
Kučera in Section 8.5. Note that if {Un}new is a universal Martin-Lof test 
then a set A is l-random iff A ¢ „Un. In particular, each complement 
Un is a II} class consisting entirely of 1-random sets, a fact that will often 
be quite useful. (For instance, it implies that there are low 1-random sets, 
by the low basis theorem.) That there is no I} class consisting exactly of 
the 1-random sets follows from the following result, since the only TÌ class 
of measure 1 is 2”. (However, we will see in Lemma 6.10.1 that there are 
II? classes consisting only of 1-random sets that contain all 1-random sets 
up to finite shifts.) 


Corollary 6.2.6 (Martin-Léf [259]). The class of 1-random sets has 
measure 1. 


Proof. Let {Un}new be a universal Martin-Lof test. The class of 1-random 
sets is the complement of (),, Un, and u(n Un) = 0. Oo 


Solovay gave the following alternate definition of 1-randomness. 


Definition 6.2.7 (Solovay [371]). A Solovay test is a sequence {Sy fnew of 
uniformly ©? classes such that 3>,, (Sn) < œ. A set A is Solovay random 
if for every such test, A is in only finitely many Sn. 

Equivalently, A is Solovay random if for all computable sequences 
{In}new of intervals with rational endpoints such that >>, In| < oo, the 
set A is in only finitely many In. Thus, we also refer to such a sequence of 
intervals as a Solovay test. 


Theorem 6.2.8 (Solovay [371]). A set is Solovay random iff it is 
1-random. 


Proof. A Martin-Löf test is a Solovay test, so if a set is Solovay random then 
it is Martin-Lof random. Now suppose that A is Martin-Lof random, and 
let {Sn}new be a Solovay test. There is an m such that X p> m H(Sn) < 1. 
Let Up = Ho : 3?2"n > m(fo] € Sp)}]. The Up are uniformly D9, and it 
is not hard to see that (Uk) < 27-* Ds, M(Sn) < 27%. Thus {Uk }kew is 
a Martin-Lof test, and hence there is a k such that A ¢ Up. So A is in at 
most 2’ +m many Sn. Since {S,}new in an arbitrary Solovay test, A is 
Solovay random. Oo 


6.3 The unpredictability paradigm 


6.3.1 Martingales and supermartingales 


It seems reasonable to say that most people would intuitively identify ran- 
domness with unpredictability. In a random process such as repeatedly 
tossing a fair coin, knowledge of the first n tosses should be of no help for 
predicting the result of the (n + 1)st toss. Similarly, if we are betting on 
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the successive bits of a random sequence, we should not expect to be able 
to make much money, no matter what betting strategy we apply. We can 
formalize the notion of a betting strategy as follows. 


Definition 6.3.1 (Levy [244]). A function d : 2<” — R>? is a martingale 
if for all ø, 
d(ol 
a{o) = EEA i 
2 
It is a supermartingale if for all ø, 


d(o0) + d(a1) 
d(c) > 9 


A (super)martingale d succeeds on a set A if limsup,, d(A [ n) = oo. The 


collection of all sets on which d succeeds is called the success set of d, and 
is denoted by Sd]. 


The idea is that a martingale d(o) represents the capital that we have 
after betting on the bits of o while following a particular betting strat- 
egy (d(A) being our starting capital). The martingale condition d(o) = 
ootd) is a fairness condition, ensuring that the expected value of our 
capital after a bet is equal to our capital before the bet. (In the case of 
supermartingales, we are allowed to discard part of our capital, such as by 
buying drinks or tipping the dealer.) 

Ville [401] proved that the success sets of (super)martingales correspond 
precisely to the sets of measure 0. (This fact can be proved in the same way 
as Theorem 6.3.4 below, ignoring the effectivity of the notions involved in 
that result.) 

We note a few basic properties of (super)martingales. The two in the 
following proposition are easily proved directly from the definitions, and 
we use them below without further comment. 


Proposition 6.3.2. (i) If d is a (super)martingale and r € R?°, then 
rd is a (super)martingale. 


(ii) If do,dı,... are (super)martingales such that X dn(A) < œ, then 
Xn dn is a (super)martingale. 
The following result is known as Kolmogorov’s Inequality, but is due to 
Ville [401]. 
Theorem 6.3.3 (Kolmogorov’s Inequality, Ville [401]). Let d be a 
(super)martingale. 


(i) For any string o and any prefiz-free set S of extensions of o, we have 
ene dlr) 2" ld(a): 


104 more complex notion of martingale is used in probability theory. We will discuss 
this notion, and the connection between it and ours, in Section 6.3.4. 
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(ii) Let Ry ={o:d(o) > k}. Then p([Re]) < &. 


Proof. To prove (i), it is enough to consider finite S. We proceed by induc- 
tion. For the n = 1 case, if r = o then 27!7!d(r) < 27!7!d(c) follows easily 
from the definition of a (super)martingale. 

Suppose (i) holds for sets of at most n elements, and let S have n + 1 
many elements. Let v be the longest string such that every element of S 
extends v. For i < 2, let S; = {Tr E€ S: vi x T}. Then for i < 2 we have 
|Si| < n, so by the inductive hypothesis, $` 2-I"ld(r) < 27!"4d(vi). 


TES; 
Thus 
S527 Fla(r) < 2-4) (d(v0) + d(v1)) < 2-ld(v) < 27!"!d(o), 
TES 


the last inequality following by the n = 1 case above. 
To prove (ii), let P C Rp be a prefix-free set such that |P] = [R]. By 
part (i) with o =), 


oO 


To define a notion of randomness using martingales, we have to re- 
strict the class of martingales we consider. Schnorr [348, 349] did so by 
effectivizing the notion of martingale. We say that a (super)martingale d 
is computably enumerable (or S$) if it is a c.e. function in the sense of 
Definition 5.2.1.1! 


Theorem 6.3.4 (Schnorr [348, 349]). A set is 1-random iff no c.e. 
(super)martingale succeeds on tt. 


Proof. We show that Martin-Léf tests and (super)martingales are essen- 
tially the same, thus effectivizing Ville’s work mentioned above. 

Let d be a c.e. (super)martingale. Let Un = Ho : d(a) > 2”}]. The Un 
are uniformly X? classes, and (Un) < 27” by Kolmogorov’s Inequality. So 
{Un}new is a Martin-Lof test. Moreover, A € (),, Un iff A € S|d]. 

Conversely, let {Un}new be a Martin-Lof test. Let Ro, Ri,... be a uni- 
formly c.e. sequence of prefix-free generators for this test. For each n, define 
dn as follows. Whenever a string o enters Rn, add 1 to the value of dn (T) 
for every T = o and add 2*-I¢! to dn(o | k) for each k < |ø]. It is easy to 
check that the dn are uniformly c.e. martingales and d,(A) < 27”. Thus 
d= )>,, dn is a c.e. martingale. Moreover, A € S{d] iff A € Nn Un. o 


11One might have expected to see computable martingales rather than c.e. ones as 
the natural effectivization of the notion of martingale. Indeed, Schnorr [348, 349] did 
consider computable martingales, and used them to define notions of randomness that 
are strictly weaker than 1-randomness. We will return to this topic in Chapter 7. 
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By applying the second part of the above proof to a universal Martin-Lof 
test, we have the following result. 


Corollary 6.3.5 (Schnorr [348, 349]). There is a universal c.e. martingale, 
that is, a c.e. martingale d such that for any c.e. martingale f, we have 


S[f] € S{d]. 


As we have seen, not only is there a universal prefix-free machine, but in 
fact prefix-free complexity is minimal among information content measures. 
Given a martingale d, if f is a constant multiple of d then S[f] = S[d], 
and in fact d and f behave essentially the same on all sequences. Thus 
martingales are in a sense really specified only up to constant multiples. 
This observation leads to the following definition. 


Definition 6.3.6. A c.e. (super)martingale d is optimal if for each (su- 
per)martingale f there is a constant c such that cd(o) > f(o) for all 
o. 


We can strengthen Corollary 6.3.5 for supermartingales as follows. 


Theorem 6.3.7 (Schnorr [348, 349], also essentially Levin, see [425]). 
There is an optimal c.e. supermartingale. 


Proof. We can construct a computable enumeration do, d1,... of all c.e. 
supermartingales up to multiplication by a constant as follows. First notice 
that we can list all c.e. functions d such that d(o) < 217l for all ø. Then we 
can modify each such function d by not allowing the approximation to d(ai) 
to increase while that increase threatens to violate the condition d(o) > 
Hoo) talor) Now the supermartingale d(o) = >, 2~"dn(c) is optimal. O 

We will see in Section 6.3.3 that this result does not hold for martingales 
in place of supermartingales. 

We finish this section by noting that the use of limsup’s in the defini- 
tion of success for (super)martingales is not essential, as witnessed by the 
following result, sometimes known as the “savings trick”. The name comes 
from the idea of waiting until we win, say, two dollars, then saving one 
dollar and betting the second dollar until we have three dollars, at which 
point we save two dollars and bet one, and so on. This idea can be turned 
into a formal construction, but we also give a different proof that is easier 
in the case of c.e. martingales. 


Proposition 6.3.8 (Folklore). Let d be a (super)martingale. From d we 
can effectively define a (super)martingale d such that sid = S|d] and for all 
A we have lim sup„ d(A [ n) = œ iff limn d(A | n) = co. Ifd is computable, 
we can make d also be computable, and if d is c.e., we can make d also be 
c.e. 


Proof. We first give a direct construction of d. We may assume that d(o) > 
0 for all o. We define d using an auxiliary “savings function” s : 25®° — Q, 
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whose value at any string will be less than d. Let KA) = d(A) and s(A) = 0. 
Given d{o) and s(c), for i = 0,1, let d(oi) = s(o) + (d(o) — s(0)) 42. 
Intuitively, we bet s(a) much of our capital evenly, and copy d’s bet on the 
rest. Now, for each 7 = 0,1, approximate dioi) — s(ø) to within +, and if 
this approximation r is greater than 3, then let s(ai) = s(0) +r— (which 


ensures that 0 < d(ai) — s(ai) < 1). Otherwise, let s(ci) = s(ø). (In this 
case, 0 < d(ai) — s(ai) < 1.) 

It is now easy to check that d is a d-computable (super )martingale, and 
that A € S{dj iff limsup,, d(A | n) = œ iff lim, s(A | n) = œ iff lim, d(A | 
n) = œ iff A € S{d]. 

For the c.e. martingale case, we have the following easier proof. From 
d we can construct a Martin-Lof test as in the first part of the proof of 
Theorem 6.3.4. From that test we can construct a martingale d as in the 
second part of that proof. Then S ia] = S/d]. But it is easy to check that if 


A 


A € S{d] then in fact lim, d(A [ n) = c. Oo 


Note that the d built in our first construction has the property that for 


all ø and 7, we have d(or) > d(c) — 2, since the unsaved part of our capital 
never reaches 2. We will refer to this feature of d as the savings property. 


6.3.2 Supermartingales and continuous semimeasures 


Recall the notions of a continuous semimeasure and of the complexity 
measure KM from Section 3.16. As discussed in that section, Levin (see 
[425]) directly constructed an optimal c.e. continuous semimeasure, but 
there is a natural correspondence between continuous semimeasures and 
supermartingales, so his result can be interpreted as a result about su- 
permartingales. (Figuring out the history of concepts in this area is often 
difficult, as several people had similar but not always exactly congruent 
ideas.) 

More precisely, let d be a supermartingale. Then 6([o]) = 27!7!d(c) is a 
continuous semimeasure, and this process can be reversed. Thus Schnorr’s 
optimal c.e. supermartingale is equivalent to Levin’s optimal c.e. continu- 
ous semimeasure ô. The quantity 6(o]]) is sometimes called the a priori 
probability of |o]. See Li and Vitányi [248] for a discussion of the connection 
between optimal c.e. continuous semimeasures and Bayes’ rule [30]. 

In particular, we see that, since KM (ø) is defined as —logd([o]) for a 
fixed optimal c.e. continuous semimeasure ô, we have KM (o) = — log d(a)+ 
|a|, where dis the optimal c.e. supermartingale corresponding to 6. Another 
way of obtaining KM is the following. 


Proposition 6.3.9 (Uspensky [394]). The a priori entropy KM is (up 
to an additive constant) the smallest function f that is approximable from 
above and such that X oem 2-f() < 1 for any prefix-free set M. 
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Proof. Clearly KM is approximable from above. Let d be an optimal c.e. 
supermartingale with d(A) = 1. If M is prefix-free then X „eq 27“) = 
ene 2-l¢ld(a) < 1 by Kolmogorov’s Inequality (Theorem 6.3.3). 

Now let 6 be our fixed optimal c.e. continuous semimeasure. If f satisfies 
the conditions of the proposition, then let m/([o]) be the maximum of 
em 2-177) over all prefix-free sets M. Note that m([o]) > 2-4. 
Then m is a c.e. continuous semimeasure, so (o) > O(m([o])), and hence 
KM(a) = — log 4({o]) < —logm(fo]) + O(1) < f(a) + O(1). Oo 


One easy consequence of the supermartingale characterization of KM is 
that A is l-random iff KM(A [| n) = n+ O(1). The same is true for the 
related notions of monotone and process complexity, which we introduced 
in Section 3.15. 


Theorem 6.3.10 (Levin [242], Schnorr [350]). A set A is 1-random iff 
Km(A fn) = Kmp(Afn)+O0(0) =n+0O0(1). 


Proof. If Km(A | n) > n — O(1) then K(A |Ì n) > n — O(1), so A is 
l-random. We now prove the converse. Since Km(A [ n) < Kmp(A |} 
n)+O(1) < n+ O(1), it is enough to assume that A is 1-random and show 
that Km(A | n) >n—-O(1). 

Write M(c)[s] = 7 to mean that at stage s, the machine M has read ø 
and output 7 so far. Let Up = [{p : ds 3o (\o| < |p| — k) Ap 3 M(o)[s])}]. 
Note that if Km(p) < |p|—k, then p € Up. The Up are uniformly £} classes. 
Let R be a prefix-free set of generators for Up. For each p € R, let øp be 
such that |o,| < |p| —k and p <x M(a,)[s] for some s. By monotonicity, the 
set of op for p € R is prefix-free, so 


Uz) = yo 27lel < 5 g9-(lool+k) — 97k 5 Q-leel < 27k, 


pER pER pER 


Thus {Uk}kew is a Martin-Löf test, so if A is 1-random then there is a k 
such that A ¢ Uk, which implies that Km(A [ n) >n — k for all n. Oo 


One consequence of the above result is that all 1-random sets have the 
same initial segment complexity with respect to both monotone complexity 
and process complexity. Thus, if we are interested in relating initial segment 
complexity to levels of randomness, these complexities, like KM, are too 
coarse. 


6.3.3 Martingales and optimality 


In this section we show that Theorem 6.3.7 does not hold for martin- 
gales; that is, there is no optimal c.e. martingale. We begin by showing 
that the particular proof of Theorem 6.3.7 cannot work, as there is no 
computable enumeration of all c.e. martingales. (This result follows from 
Theorem 6.3.12 below, but is more easily proved directly.) 
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Theorem 6.3.11 (Downey, Griffiths and LaForte [110]!?). There is no 
computable enumeration of all c.e. martingales. 


Proof. Suppose that do, d1,... is a computable enumeration of all c.e. mar- 
tingales. (We do not require that all approximations to each d; appear 
on the list, just that for every c.e. martingale d there is an 7 such that 
d = d;.) From this enumeration we can produce an enumeration fo, fi,... 
of all c.e. martingales that are not the constant zero function as follows. 
Let S = {i : ds d;(A)[s] > 0}. Since S is c.e., we can enumerate its elements 
So, $1,-.-, and let f; = ds,. Note that for each i and n, since f; is a mar- 
tingale (rather than just a supermartingale), there must be a ø € 2” such 
that fi(o) > 0. 

We now derive a contradiction by defining a strictly positive c.e. martin- 
gale d not equal to any f;. In fact, d will be a computable rational-valued 
martingale. For a string o Æ A, let o7 = | (\o| — 1), that is, the string 
obtained by removing the last bit of ø, and let o° = o (1 — o(|o])), that 
is, the string obtained by flipping the last bit of ø. 

Let s be such that fo(A)[s] > 0 and let d(A) = QU. Having defined d 
on strings of length n, search for an s and a ø € 2”*! such that fn+1(0)[s] > 
0. Let d(x) = min(d(o~), 24"). let d(o®) = 2d(o) — d(a), and for all 
T € 2"! other than ø, let d(T) = d(T7). 

It is straightforward to check that d is a strictly positive c.e. martingale, 
but for each n there is a ø € 2” such that d(a) < fn(o). Oo 


The following result may well have been known to Schnorr, Levin, and 
others, but it seems that the first proof in the literature was given by 
Downey, Griffiths, and LaForte [110]. 


Theorem 6.3.12 (Downey, Griffiths, and LaForte [110]). There is no 
optimal c.e. martingale. 


Proof. Let d be a c.e. martingale. We build a c.e. martingale f such that for 
each c there is a ø with f(a) > cd(o), which implies that d is not optimal. 
It is enough to build uniformly c.e. martingales fo, fi,...so that for each 
n we have f,(A) = 1 and fp(o) > 2?"d(c) for some c, since we can then 
take f = 55, 27” fn- 

Given n, we begin by letting f,(A) = 1. Let oo = A. As long as d(\)[s] < 
2-2” we define f,(0°*!) = 28+ and fa(T) = 0 for all other strings of length 
s+1. If we find an so such that d(A)[so] > 272", then we wait until a stage 
to such that X` 252941 d(T) [to] > 2%°*1-?", which must occur because d is 
a martingale. Let i < 2 be such that d(0*°2)[to] < d(0*°(1 — i))[to], and let 
cı = 0%%. Let fn(o1) = 28°+1, and let f,(7) = 0 for all other 7 € 250+1, 


12There are statements to the contrary in the literature, but it seems likely that this 
fact was known before [110]; in particular, it is implicit in Levin’s work such as [242]. 
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Note that 


( D a(r)(el) — d(o1) [to] > 2°72”, 


rE2so+1 


since d(0*°(1 — i))[to] is at least as big as d(c1)|to]. Thus, for any m, if 
d(a1) > M2” fa(o1) = m2571., then 


dX Set X` a(r 


rE2so+1 


> 27 (so+1)(9s0=2n 4 m250+1=2n) — (m+4 diac 


We now repeat the above procedure with gı in place of A. That is, 
as long as d(a1)[s] < 27?" fn(o1), we define d(a,08t!) = 2!7!+s+1 and 
fn(7) = 0 for all other strings of length |o1| + s + 1. If we find an sı such 
that d(a1)[si] > 27?" fn(o1) = 217172”, then we wait until a stage tı such 
that X e2s141 d(o17) [ti] > 2!7:!+s1+1-27, which must occur because d is a 
martingale. Let i < 2 be such that d(o10*!7)[t1] < d(o,0%(1 — 2))[ti], and 
let o2 = 01057. Let fn(o2) = 2!7!+81+1, and let fa(T) = 0 for all other 
r € givilts1+1, Now, as above, 


( De atox)(ta) — d(o2)[tı] > Deine ee. 


re2itt 


so if d(oz) > M27?” f(a) = m2ia1lts1 41-2” then 


d(o,) = 2761+) 5 d(o1T) 
re2sitl 
> 27 (s1 +1) lea ree 4s moglorltsi+1—2n) 


=(m+i dygleul— 2n _ (maijasta, 


and hence d(A) > (m + 4)27”. 

We now repeat this p ocedis with o2 in place of c1, and so on. Each 
time we define oj, it is because d(o;_1) > 27°?” fn(oi_1). The latter implies 
that d(A) > 4442-2", which cannot be the case for all i. So there is an i such 
that o; is never defined, which means that d(o;_1) < 27?” fn(oi_1). o 


6.3.4 Martingale processes 


As mentioned above, our concept of martingale is a simple special case of 
the original notion from probability theory, which we now discuss. Let us 
begin by recalling some basic notions. (We will define these in the context 
of the uniform measure u on 2”, but they can be defined for any probability 
space. See for example [144] for details.) A o-algebra on 2” is a collection 
of subsets of 2” closed under complements and countable unions. For any 
collection C of subsets of 2”, there is a smallest o-algebra containing C, 
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which we say is the o-algebra generated by C. The o-algebra B generated 
by the collection of basic clopen sets of 2” is called the Borel o-algebra 
on 2”. For a o-algebra F, a function from 2” to R is F-measurable if 
f-1((-co,r)) € F for allr € R. A random variable on 2” is a function 
X : 2” — R that is B-measurable. The expectation E|X] of X is its integral 
over 2” with respect to u. For A C 2” such that (A) > 0, the conditional 
expectation of X given A, denoted by E[X | A] is Pal, where ya is the 
characteristic function of A. 

A function d : 25V — R can be thought of as a sequence of random 
variables X¢,X¢,..., where Xf(a) = d(a | n). It is then easy to check 
that d is a martingale iff it is nonnegative and for each o € 25%, 


EX | [ell = (2). (6.1) 


However, in probability theory martingales are usually defined using a 
weaker condition. 


Definition 6.3.13. A sequence of random variables Xo, Xj,... is a mar- 
tingale if for every n we have E[X,] < oo and for every fo,...,fn € 
R, 

E[Xn41 | {a : Xola) = ro, ..., Xnla) = Tn} = rn. (6.2) 


In other words, a martingale is a sequence of random variables such 
that the expectation of each random variable conditional on the observed 
values of the previous ones is equal to the observed value of the immediately 
preceding one. 

Hitchcock and Lutz [181] defined a function d : 25% — R to be a mar- 
tingale process if the corresponding random variables X¢, X¢,... form a 
martingale. It is easy to see that condition (6.1) implies condition (6.2), 
so every martingale is a martingale process. The following is an alterna- 
tive definition of martingale process, also given in [181] and easily seen to 
be equivalent to the one above, when we restrict attention to nonnegative 
functions. 


Definition 6.3.14 (Hitchcock and Lutz [181]). Let d: 2<” — R>? be a 
function. We write o ~a 7 if |o| = |r| and d(o [| n) = d(T [ n) for all 
n < |o|. We write salo) for the size of the ~g-equivalence class of a. A 
function d : 2<” — R>? is a martingale process if for all ø, 


d(r0) + d(r1) 
Sa(o)d(a) = m 
dodo) = Z SS 
As Hitchcock and Lutz [181] remarked, in the fairness condition for mar- 
tingales given in Definition 6.3.1, the average is taken over all sequences 
with the same bit history, while in the fairness condition for martingale 
processes, the average is taken over all sequences with the same capital 
history. 
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It should be noted that there is a more general notion of martingale 
in probability theory that has as subcases both martingale processes and 
martingales in our sense. See [181] or [268] for a discussion of this fact. 

As with martingales, we say that a martingale process d succeeds on a set 
Aiflimsup,, d(A | n) = oo, and the collection of all sets on which d succeeds 
is denoted by S/d]. In addition to having its source in a probability-theoretic 
notion of martingale, the notion of martingale process is interesting to 
us because it provides a computable, rather than computably enumer- 
able, characterization of 1-randomness. (See the discussion of “Schnorr’s 
critique” in the introduction to Chapter 7.) Putting together results of 
Hitchcock and Lutz [181] and Merkle, Mihailović, and Slaman [268], we 
now show that a set is l-random iff no computable martingale process 
succeeds on it. We begin with an analog of Lemma 6.3.3, adapted from 
Hitchcock and Lutz [181]. 


Lemma 6.3.15. Let d be a martingale process. 


(i) Let B be a set of ~a-equivalent strings, and let S be a prefiz-free set 
of extensions of elements of B such that S is closed under ~a. Let 
o € B. Then 


2 ld(z) < sa(o)27!"'d(o), (6.3) 


TES 


where, as above, salo) is the size of the ~a-equivalence class of o. 
(ii) Let Ry = {0 : d(o) > k}. Then p([Rz]) < a) | 


Proof. Since (6.3) holds iff it holds for all finite subsets of S, to prove (i), 
it is enough to consider finite S. We proceed by induction on the number 
n of ~g-equivalence classes in S. If n = 1 then all elements of S have the 
same length k, so if we let C be the set of all strings of length k that extend 
elements of B, then 


yo 2 a) <2 XO dlr) < sa(o)2" |"! d(o), 


TES TEC 


the last inequality following easily by induction on k from the definition of 
martingale process. 

Now suppose (i) holds for sets with at most n > 1 many ~ ,-equivalence 
classes, and let S have n + 1 many ~g-equivalence classes. For each k, let 
Sk be the set of all r € 2* that have a (not necessarily proper) extension in 
S. Let m be the length of the shortest element of S. If Sm has only one ~a- 
equivalence class then Sm C S, since S is closed under ~a, whence S = Sm, 
since S is prefix-free. But that conclusion contradicts our choice of S. Thus 
there is a least k such that S; has at least two ~g-equivalence classes, and 
lo| < k < m. Partition Sẹ into its ~g-equivalence classes Co,..., Cp. For 
each i, let o; € C; and let T; be the elements of S that extend C;. Then 
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each T; has at most n many ~ g-equivalence classes, so by induction 
XO 2-!ld(r) < sa(oi)2~*d(oi). 
TET; 


But since the elements of Sk—ı are all ~g-equivalent, for p € Sk—1ı the 
definition of martingale process implies that 


So sa(oi)2-Fdloi) < salp)? 0? d(). 


By the n = 1 case above with the ~g-equivalence class of p in place of S, 
this quantity is less than or equal to ee Thus 


yi dG) =X 2 ae) < sg(e)2= "ld(e). 
TES i TET; 
To prove (ii), let S = {7 : d(T) > k A Vp < T(d(p) < k)}. Then S is 
prefix-free and closed under ~g, and |S] = ae By part (i) with B = {A}, 


7 r aA) 
u([S]) = Srey iina 


TES TES 


O 


Theorem 6.3.16 (Hitchcock and Lutz [181]). If A is 1-random then no 
computable martingale process succeeds on A. 


Proof. The proof is basically the same as that of the corresponding di- 
rection of Theorem 6.3.4: Let d be a computable martingale process. Let 
Un = [{o : d(c) > 2”}]. The Un are uniformly £} classes, and (Un) < 27” 
by Lemma 6.3.15. So {Un}new is a Martin-Lof test. Moreover, A € fn Un 
iff A € S|d]. So if A is 1-random then A ¢ S[d]. Oo 


We now turn to the converse of this result, beginning with an auxiliary 
lemma. 


Lemma 6.3.17 (Merkle, Mihailović, and olaman [268]). Let C C 2<” bea 
computable prefiz-free set such that u([C]) < 4. We can effectively define 
a computable martingale process d such that d(\) = 1 and d(o) = 2 for all 
EC 


Proof. Let D be the set of all extensions of elements of C. For ø € D, let 
d(o) = 2. For o ¢ D, let b = |2l°l \ D|, let c = |C n 2l°l]|, and let d(o Ne 

1— ¢, which must be nonnegative by our assumption that pu([C]) < 5. It 
is easy to check by induction that d is a martingale process. O 


Theorem 6.3.18 (Merkle, Mihailović, and Slaman [268]). There is a 
computable martingale process that succeeds on every non-l-random set. 


Proof. Let Uo, U1,... be a universal Martin-Löf test. Let Vs = Ujej+1N lo]. 
Let Do C 2<” be uniformly computable prefix-free sets such that V> = 
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[oDe]. Since p(Ujoj41) < 2717171, we have u([Do]) < 4, so there are 


24 
uniformly computable martingale processes dọ such that dg(\) = 1 and 
do(t) = 2 for all r € Ds. Let dọ be the martingale process defined by 
letting do (op) = dz(p) and d,(v) =lifo Xv. 

We now use the d, to define a computable martingale process d. It is 
easiest to describe the action of d along a particular sequence A. At first d 
copies d). If there is an no such that d,(A | no) = 2 (and hence d(A | no) = 
2), then d begins to copy 2dAtno- If there is an nı such that dajn,(A [ n1) = 
2 (and hence d(A [ no) = 4), then d begins to copy 4d4;n,. In general, with 
nz having been defined, d copies 2**1d4;n, until, if ever, there is an nk+1 
such that dajn,(A | nk+1) = 2 (and hence d(A | no) = 2**?). Then d 
begins to copy 2°*?datnyy1- 

For each + € 2<“, let ø+ be such that d(T) is defined as copying d,.. 
It is easy to see by induction on the length of strings that o + do isa 
computable function, and that if r ~a 7’ then o, = ov. Since the do are 
themselves computable martingale processes, we see that d is a computable 
martingale process. Clearly, if A € (]„ Un, then d succeeds on A. Oo 


As a final note on computable martingale processes, we mention the 
following useful result. For a proof, see [181]. 


Theorem 6.3.19 (Hitchcock and Lutz [181]). For every computable mar- 
tingale process f and every £ > 0, there is a martingale process d’ : 2<¥% > 
Q>? that is computable as a function from strings to rationals, so that 
|\d(a) — d'(o)| < £ for allo. 


6.4 Relativizing randomness 


Like most computability-theoretic notions, 1-randomness can be relativized 
in a straightforward way. Given a set X, we say that A is 1-random relative 
to X if K*(A | n) > n—O(1). We can also define a Martin-Léf test relative 
to X in the same way as we defined an unrelativized Martin-Lof test, but 
with classes that are Xf relative to X. The same proof as above shows that 
A is 1-random relative to X iff it passes every Martin-Lof test relative to 
X iff no X-c.e. martingale succeeds on X. 

Most other notions in the theory of algorithmic randomness can be simi- 
larly relativized, and we often do so below without further comment. There 
are a few situations, however, in which relativization is more problematic. 
See Chapter 15 for an example. 

It is useful to note that the construction of a universal Martin-L6of test 
above can be easily adapted to produce a universal oracle Martin-Lof test, 
that is, a test US ,Ux,... that is a universal Martin-Léf test relative to X 
for all X. 


246 6. Martin-L6f Randomness 
6.5 Ville’s Theorem 


In this section, we prove the theorem of Ville mentioned above. Our proof 
will be taken from Lieb, Osherson, and Weinstein [249], which is a simplified 
version of the proof of Uspensky, Semenov, and Shen [395]. 

A selection function, or selection rule, is a partial function f : 25° > 
{yes, no}. We think of f as deciding whether or not to select the (k + 1)st 
bit of a sequence based on the observed values of the first k bits. For a 
sequence a and a selection function f, let sf(a,n) be the nth number k 
such that f(a | k) = yes, if such a number exists. If sf(œ,n — 1) is defined, 
let Sp(a,n) = X icn a(s¢(a,7)). In other words, S¢(a,n) is the number of 
l’s among the first n many bits of a selected by f. If f is the function 
sending every string to yes, then we write S(a,n) for S;(a,n). (So S(a,n) 
is the number of 1’s among the first n bits of a.) 


Theorem 6.5.1 (Ville’s Theorem [401]). Let E be any countable collection 
of selection functions. Then there is a sequence a = aga ,... such that the 
following hold. 


(i) lim, 


Slam) _ 1 
2a =z 
(ii) For every f € E that selects infinitely many bits of a, we have 


limp Selan) Se 


(ii) For all n, we have Slan) a! 


Before proving the full theorem, we prove a finite version. Strictly speak- 
ing, the following result is not needed for the proof of Ville’s Theorem we 
give, but we believe that it is helpful to the comprehension of the ideas of 
the proof. 


Proposition 6.5.2 (Finite version of Ville’s Theorem). Let E be any finite 
collection of selection functions. Then there is a sequence a satisfying the 
conclusion of Theorem 6.5.1. 


Proof. Without loss of generality, we will assume that the function sending 
every string to yes is in Æ, and hence we need to meet only conditions (ii) 
and (iii) of Theorem 6.5.1. We build a in stages. 

Given a [ n, let C(n) = {f € E : f(a [ n) = yes} and an = |{j < 
n:C(j) = C(n)}| mod 2. That is, we let a, be 1 iff the subset C(n) of E 
consisting of those functions that select the nth bit of a appears an even 
number of times among the C(j) with j < n. Evidently, a satisfies (iii), 
since each 1 appearing in a is preceded by an occurrence of 0 that can be 
uniquely chosen to match it. (In other words, if a, = 1 then there must 
be an m < n such that C(m) = C(n), and for the largest such m we have 
Qm = 0.) 

As an illustration, let E = {h, fi, fo}, with h(o) = yes for all ø; and 
fi and f2 defined so that fı(o) = yes for all ø of length 0, 2, or 4, but 
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fi(o) = no for all other o of length less than 8; while f2(o) = yes for all 
c of length 0, 3, or 6, but f2(o) = no for all other o of length less than 8. 
Then we have the following: 


C(0) = {h, fi, f2}, ao =0 
C(1) = {h}, a, =0 
C(2) = {h, fi}, ag = 0 
C(3) = {h, fo}, a3 = 0 
C(A) = {h, fi}, a4=1 (because C(4) = C(2)) 
C(5) = {h}, a5 =1 (because C(5) = C(1)) 
C(6) = {f, fi, fo}, ag=l1 (because C(6) = C(0)) 
C(7) = {h}, a7 =0 (because C(7) = C(1) = C(5)) 


Thus a f 8 = 00001110. 

Now suppose that |{n : fla [ n) = yes}| = co and let no < nı < 
be a list of all n such that f(a [ n) = yes. For any C € E, if we take the 
(possibly finite) sequence ni, < ni <--- of all n; such that C(n;) = C, 
we have C(n;,) = 0 for j even and C(n;,) = 1 for j odd, so for all n, the 
number of 1’s among the first n many bits of a selected by f differs from 
the number of 0’s among these bits by at most 1 for each C € E. In other 
words, |2 — S(a,n) < 2!#!|. Thus lim, S10") — F, o 


Notice that the proof above actually shows that for every f € E, we have 
0 < 2—Ss(a,n) < 2/41. 

The method above clearly fails when we try to use it in the case that EF 
is infinite. The problem is that (for example) each subset of E might occur 
only once among the C(n), making a = 0”. The proof of Ville’s Theorem in 
the general case uses the construction of a finite subset C'(n) to determine 
qn, together with a combinatorial trick to decide which of the f € E are 
allowed to be in C(n). Roughly, fk is allowed to occur with fk+m+1 only if 
it has occurred sufficiently often by itself, or with some of f1,..., fk+m, as 
made precise below. 

The key to the proof of Theorem 6.5.1 is the following lemma. Let A 
denote the class of infinite sequences of subsets of N. For A € A, let Iį = 
{n : L € A(n)}. For a € 2¥ and I = {no < nı < ---} CN, recall that 
a | I = a(noja(nı).... 

Lemma 6.5.3. To each A E€ A we can assign a sequence a such that the 
value of a(n) depends only on A(0),...,A(n); for any £ such that If is 


A 
infinite, limp, SaUn) = 4; and Slan) < ł for alln. 
Assuming the lemma for now, we can prove Theorem 6.5.1 as follows. 


Proof of Theorem 6.5.1 from Lemma 6.5.3. Let fo, fi,... list the elements 
of E. We may assume that fo is the function sending every string to yes, 
so we need to meet only conditions (ii) and (iii) of Theorem 6.5.1. Let 
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A(0) = {i : fi(A) = yes} and let a(0) be as in the lemma. Given a | n, let 
A(n) = {i: fila | n) = yes} and let a(n) be as in the lemma. 
Then condition (iii) is satisfied by the lemma, as is condition (ii), since 
for any fi such that f;(a@ | n) = yes for infinitely many n, 
Salan) S(atIAjn) 1 
n 


= lim ————_ = 


li 5 
pz n n 2 


o 


Proof of Lemma 6.5.3. We first build a map from A into itself, denoting 
the image of A by A*. Each coordinate of A* will be a nonempty finite 
subset of the corresponding coordinate of A. In building A*, we also define 
an auxiliary family of numbers J(n). 

Suppose that we have already defined A*(m) and I(m) for all m < n so 
that A*(m) = {j E€ A(m) : j < I(m)}. Let I(n) be the least i such that 
there is a j € A(n) with |{m <n: j € A*(m) A I(m) =i}| < 3* and let 


A*(n) = {j € A(n) : j < I(n)}. 


The construction of A* (n) depends only on {A(i) : i < n}. Furthermore, 
for each i, we have I(n) = i for at most i3t many n. 
From A* we get a by letting 


a(n) = |{j <n: A* (j) = A*(n)}| mod 2. 


Clearly, œ | n depends only on A(0),..., A(n). Furthermore, as with the 
finite construction, we can pair each ¿į such that a(i) = 1 with a j < i such 
S(a,n) 


that a(j) = 0, so Š>% < 4 for all n. To verify the remaining property in 


the lemma, fix an £ that occurs in infinitely many A(n). We need to show 
that lim, sales) = Ł. 

Let no < nı <-:- be a listing of IA. Since I(n) = £ for at most finitely 
many n, it follows that 2 € A* (nm) for cofinitely many m. For each i > 4, 
there are at least 3’ many occurrences of i in the list (no), I(n1),... prior 
to the first occurrence of i + 1 in that list. 

Let k be least such that for the least m with I(mm) = k, we have £ < I(nj) 
for all i > m. Let 


y = A*(mm)A*(Mm4i1).--- 
For j 2 k, let 
o(j) = A* (ni) A* (ni41)A* (nite)... A” (nitr), 


where # is least such that I(n;) = j and r is least such that I(ni¢r4i1) = j+1. 
Note that y = o(k)o(k+1).... Also, A* (i) is part of y for cofinitely many 
i such that £ € A(i). 

For i > k, each of the sets appearing in ø(i) is a subset of {0,...,i}, 
so there are at most 2’ many such sets. Therefore, since there are at least 
3’ many occurrences of i in I(no), [(n1),... prior to the first occurrence of 
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i +1, we see that y has the form o(k)o(k + l)o(k + 2)..., where for all 
m > 0, the block a(k +m) has length at least 3+" and contains at most 
2k+m many distinct sets. 

Let m be such that (0) = A* (nm), and let 8 = a | (IAN [nm, œ)). 
Since £ is a tail of a | TA, it is enough to show that lim,, Sen) _ L. 

Let j be sufficiently large so that there is an m(j) such that y(j) is within 
o(k + m(j) + 1). Let No(j) be the number of 0’s in 8 | j and Ni(j) the 
number of 1’s in | j. Since the block a(k + m(j)) has at least 3*+™) 
many coordinates, No(j) + Ni(j) > 3**™), 

Let p be the length of the initial segment of a | J, A missing from 3. Then 
Ni(j) < No(j) +p, whence 
1 


Nil) < F(N) + Nal) + p): (6.4) 


There are at most 2'** distinct sets in o(k +i), and this number bounds 
the number of unmatched 0’s in that block. Therefore, 


No(3) < Ni) XO Okt < N) H2O, 


i<m(j)+1 
Thus, 
$ 1 $ š my 
Ni) > 5(No(5) + Ni(9) — ERTAN: (6.5) 
We finish by evaluating R(j) = mmo -yy. Clearly, if lim; R(j) = 4 


then lim; $6" = 4, By (6.4), 


n 


» Nol) + Ni(j) +p 
RO) S SUNG) + MO 


which has limit 4. For the lower bound, we use (6.5), which gives us 


poao a 
RG) 2 EINO NO 2 MON 


which converges to 4, as No(j) + Ni(j) > 38+), o 


Lieb, Osherson, and Weinstein [249] made the following observations 
about their proof above. 

Let h be the function sending every string to yes. Choose a selection 
function fe that selects infinitely many bits of a, and define the fluctuation 
about the mean to be 

1 

(n) = Sylan) = 5. 
By the reasoning above we have seen that 6, is bounded by an ¢-dependent 
constant. This property mimics the behavior of h, whose fluctuation is 
never positive. Furthermore, using the reasoning above, there is a number 
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Ce > 0 such that d¢(n) > -Cm The 3 occurs because of the use of 3t 
in the proof, and an arbitrary number r could have been used instead of 3, 
yielding the conclusion that for each £ > 0, there is a constant Cy(e) > 0 
such that for every n, 


5:(n) > —Coe)n’. (6.6) 


Lieb, Osherson, and Weinstein pointed out that this bound is remarkable, 
because for a random coin toss, the law of the iterated logarithm states 
that the fluctuations exceed (1— e€’) ynogoen for any e’ > 0 infinitely often 
almost surely (see Feller [144]). They observed that for any slow growing 
function g, there is a suitably fast growing function p such that using p(i) 
in place of 3° will enforce a bound analogous to (6.6) with g(n) in place 
of nf, and a suitable constant Ce(g), reducing the fluctuations above the 
mean even further. 


6.6 The Ample Excess Lemma 


While the definition of a set A being 1-random requires only that K(A [ 
n) > n—O(1), there is a “gap phenomenon” that ensures that, in fact, the 
initial segment complexity of A must be quite a bit higher than this lower 
bound. 


Theorem 6.6.1 (Ample Excess Lemma, Miller and Yu [280]). A set A is 
1-random iff X 2”-* AIM) < on. 


Proof. If A is not l-random then there are infinitely many n such that 
K(A În) <n, so $, 207K Al): = o. 
For the other direction, note that for any m, 


5 Ni gn—K(oln) ee 5 ye gree) 


oe2™ nem o€2™ TKO 
= X om-|rtlolr|-K(7) =9m X 97K(7) <2, 
rE2Sm rTE2SM 


Therefore, for each c there are at most 2° strings o € 2™ for which 
Enem 2 ECOM > 2°, Thus u({A : Engem 275m) > 2°}) < 27°, and 
hence U. = {A : 37, 2"-*(el™) > 2°} has measure at most 27°. Further- 
more, the U. are uniformly D and hence form a Martin-Löf test. If A is 
1-random then there is a c such that A ¢ U.. Then X, 277E) <2. O 


Corollary 6.6.2 (Chaitin [63]). A set A is 1-random iff lim, K(A | n) — 


n = ow. 
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Corollary 6.6.3 (Miller and Yu [280]). Let A be 1-random and let f be a 
function such that )>,, 27 fn) = œ. Then there are infinitely many n such 
that K(A | n) > n+ f(n) — O(1).% 


Proof. If there is an m such that On fn) <n+f(n)—O(1) for alln >m, 
then J, 207K > P 2 AI) Sy 270W) = o, so A 
is not 1-random. oO 


Corollary 6.6.4 (Miller and Yu [280]). If A is 1-random then K4(n) < 
K(Afn)—n+ O(1). 


Proof. Let d be such that 7, 2”~*(4IN)-” < d. Let 
S = {(c+d,n):4s(K,(A[n)—-n<co)}. 
The set S is c.e. relative to A and 


5y g—(e+d) < Se gn—K(Aln)—d <1 


(c+d,n)ES 


Furthermore, for each n, we have (K(A | n)—n+d+1,n) € S. Thus, by the 
relativized form of the KC Theorem, K4(n) < K(A[n)—n+O(1). O 


Using Corollaries 3.11.3 and 6.6.2, we can prove the result mentioned 
in Section 3.8 that there are many strings that are weakly K-random yet 
highly non-C-random. 


Corollary 6.6.5. There are infinitely many strings o such that K (o) > |o| 
but C(a) < |o| — log |o]. 


Proof. Let A be 1-random. By Corollary 3.11.3, there are infinitely many 
n such that C(A [ n) < n — logn. By Corollary 6.6.2, for all but finitely 
many such n, we have K(A |n) Èn. o 


We finish this section with a result about the complexity of blocks, rather 
than just initial segments, of a 1-random set. 


Theorem 6.6.6 (Merkle, see [306]). If A = ao0102... and K(a;) < |a;| 
for alli, then A is not 1-random. 


Proof. Let M be the prefix-free machine that, on input 7, searches for n 
and a partition T = pvo ...Vn—ı such that U(p) |= n and U(vi) | for all 
i < n, and if these are found, outputs U (vo) ...U(Vn-1). Then for each n 


we have M(n*of ...0%_1) = T0.. -On—1, SO 
K(90.--On-1) < [n*o --- oa] + OC) 
= K(n eK di) S 2logn + |oo...on—-1| — n + O(1). 
i<n 


13Solovay [371] proved this result for computable f. 


252 6. Martin-L6f Randomness 


Thus for each k there is an m such that K(A | m) < m — k, and hence A 
is not 1-random. O 


6.7 Plain complexity and randomness 


Though the characterizations of 1-random sets in terms of initial segment 
complexities such as monotone and prefix-free complexity are satisfying, 
they raise the natural question, which remained open for nearly forty years, 
of whether there is a plain complexity characterization of 1-randomness. 
(We will see in Section 6.11 that having infinitely often maximal plain 
complexity suffices but is not necessary.) Miller and Yu [280] have given 
such a characterization, which we now present, along with characterizations 
that mix plain and prefix-free complexity. 


Definition 6.7.1 (Miller and Yu [280]). Define a computable function 
G:N—N by 


Gin = {Koi fn = 20 and Kaili) # Kall 
ìn otherwise. 


The function G is a variation on Solovay’s Solovay function from the 
proof of Theorem 3.12.1. Note that 


2 V +5 > Aaa Dae KO <o. 


t m>K(t) 


Furthermore, if n = 2° for the least s such that K,41(t) = K(t), then 
G(n) = K(t) < K(n) + O(1). So we can think of G as an infinitely often 
correct computable simulation of K that grows fairly fast (cf. Theorem 
3.12.1). 


Theorem 6.7.2 (Miller and Yu [280], Gács [165] for (i) = (ii)). The 


following are equivalent. 


(i) A is 1-random. 


(ii) O(Atn|n) > n—K(n) - O01). 
(iii) C(A n) 2> n— K(n) — O(1) 
(iv) C(A [ n) > n—g(n)—O(1) for every computable function g such that 
5 2790) < So. 
(v) C(A n) > n- G(n) — O(1). 
Proof. (i) = (ii): Let Up = {A | dn C(A [ n |n) < n-— K(n) — k}. Then 


A € Up iff Inds C,(A | n | n) + Ks(n) < n—k, so the Up are uniformly 
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£9. Furthermore, 


u(Ur) < X` w({A | C(A Fn | n) <n- K(n) — k} 


n 


< S02" {o € 2" | C(e |n) <n—K(n) — k} 


Thus {Ux}xew is a Martin-Löf test. If A is 1-random, then there is a k such 
that A ¢ Uk, whence Vn C(A [ n) > n— K(n)— k. 

(ii) > (iii): Immediate. 

(iii) => (iv): Let g be a computable function such that >>, 279) < oo. 
By the minimality of K among information content measures (Theorem 
3.7.8), we have K(n) < g(n) + O(1), so if C(A [ n) > n— K(n) — O(1) 
then C(A | n) > n — g(n) — O(1). 

(iv) > (v): Immediate since G is computable and >, 2760 < ov. 

(v) = (i): Assume that A is not l-random. We show that (v) does not 
hold. By Theorem 3.7.6, there a c such that for all t and k, 


[foe 2 Ka) <t- k}| < 2780k, 


We construct a (non-prefix-free) machine M that gives relatively short 
descriptions of A | n when n = 2(°® and s is least such that Ks+1(t) = 
K(t). 

For s,t € w, let n = 2°. To (s,t) we devote the M-programs with 
lengths from $ + c+ 1 to n + c. Note that distinct pairs do not compete 
for elements in the domain of M. 

Fix k € w and let m = n — Ks41(t) — k + c. Note that m < n + c. If 
m > $ +c+1, then for each o € 2” such that K(o [ t) < t— k, we try 
to pick a 7r € 2” and define M(r) = o. Different k do not compete for 
programs, but it is still possible that there are not enough strings of length 
m for all such a, so we assign programs until we run out. 

If Ks+1(t) = K(t), though, then we cannot run out, because the number 
of o € 2” for which K(o | t) < t— k is equal to 


gt fe X| K(p) <t—k}| <2" tot K(t) k+e _ gn K(t) k+e _ gm 


The point of the definition of M is that if K.41(t) = K(t) and n,k,m 
are as above, then as long as m > 5 +c-+1, for every o € 2” such that 
K(o \ t) <t—k, we have Culo) < m. 

Fix k. Since A is not 1-random, there is a t such that K(x Ìt) <t—k. 
We may assume that t is large enough so that K(t) < 2*471— k— 1. Let s be 
least such that K.41(t) = K(t), let n = 2, and let m =n—K(t)—k+e. 


Then m > n-2*14+k+1-—k+c> $+c+1, because n > 2*. Thus 
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Cm(A În) < m. Furthermore, G(n) = K541(t) = K(t), so 


C(A n) < Cu(A Jn) + O(1) < m+ O(1) 
=n-— K(t)-—k+c+O(1) <n-G(n) -—k+O0(1), 


where the constant is independent of n and k. Because k is arbitrary, (v) 
does not hold. Oo 


Too recently for a proof to be included in this book, Bienvenu, Merkle, 
and Nies [unpublished] have shown that the function G in the above result 
can be replaced by any Solovay function, or indeed any co-c.e. function 
with the same properties as a Solovay function. 


Theorem 6.7.3 (Bienvenu, Merkle, and Nies [unpublished]). The follow- 
ing are equivalent for a co-c.e. function g. 


(i) E, 279™ < œ and liminf, g(n) — K(n) < œ. 
(ii) A set A is 1-random iff C(A | n) > n — g(n) — O(1). 


6.8 n-randomness 


There appear to be three natural ways to extend Martin-Lof’s definition 
to obtain a notion of n-randomness for n > 1. One is simply to replace 
the classes in his definition by £? classes. Another is to notice the im- 
portance of the fact that the components of a Martin-Lof test are open, 
and hence replace them by open £? classes. The third is to view £f classes 
as generated by c.e. subsets of 2<“, and hence replace them by classes 
generated by X? subsets of 2<”, that is, by a classes, hence equat- 
ing n-randomness with 1-randomness relative to 9-7), Fortunately, while 
these approaches may not yield the same tests, they do yield the same 
notion of randomness. The key to proving this fact is part (i) of Theorem 
6.8.3 below. Before turning to that result, we need two lemmas. Recall the 
effective listings S8, S7,... of the X? classes given in Section 2.19.2. 


Lemma 6.8.1 (Kurtz [228]). For each n > 0, the set Cn = {(t4,9¢): q € 
QA pS?) > q} is E}. Thus, the measures p(S") are uniformly 0 - 
computable. 


Proof. For n = 1 we use Proposition 2.19.7, which says that if S is a U9 
class then we can effectively obtain a c.e. set W C 2<% such that S$ = [W]. 
Thus a(S) > q iff there is an s such that pew, 27lel > q, which clearly 
implies that C4 is c.e. 

If S is aU) ,, class then we can find uniformly X9, classes SP D SP D- 
such that S is the complement of (),,.S7,. Then u(.S) = 1 — lim, u( S% ), so 


ik 


(S) > q iff there is a k and a rational r > 0 such that (Sg) <1—q—r, 
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that is, such that (ip, 1 — q — r) ¢ Cn. By induction, Cn is £}, so Cn41 is 
Dyr o 


Lemma 6.8.2. Let f = ar be a total function. Then LU; Sta is a go 
class, and an index for this class can be obtained effectively from e. 


Proof. We can define a @’-c.e. set W C 2<” (whose index we can clearly 
obtain from e) as follows. First find c.e. sets R; C 2<” such that Sio = 
[R:] for all i. Then let W = |J, Ri. From W we can effectively pass to an 


index for U; Sta) = [W] as a go class. O 


Theorem 6.8.3 (Kurtz [228], Kautz [200]). 


(i) From an index of a ©? class S and q € Q, we can compute an index 
of a nee class U D S such that (U) — (S) < q. 


(ii) From an index of a II? class P and q € Q, we can compute an index 
ofa ies class V C P such that (P) — u(V) <q. 


(iii) From an index of a ©? class S and q € Q, we can -compute an 
index of a closed II9_, class V C S such that u(S) — (V) < q. 
Moreover, if u(S) is 0-)-computable then an index of V can be 
found 0°—)-computably. 


(iv) From an index of a TI? class P and q € Q, we can 0 -compute an 
index of an open O°_, class U D P such that (U) — (P) < q. 
Moreover, if u(P) is 0°-)-computable then an index of U can be 
found 0°-)-computably. 


Proof. For n = 1, (i) and (ii) are obvious. For (iii), let W C 2<” be a 
c.e. set such that S = [W], obtained effectively from S as in Proposition 
2.19.7, and let Ss = [W,]. Note that each Ss is a union of finitely many 
basic clopen sets, and hence is a II? class. Each S \ Ss is a X? class, so by 
Lemma 6.8.1, we can #’-computably find an s such that (S) — u(Ss) < q. 
Let V = S,. If u(S) is computable, then s can be found computably. Now 
(iv) follows by taking complements. 

We now turn to proving (i) and (iii) for the n + 1 case. Items (ii) and 
(iv) then follow by taking complements. Let S be a XU? ,, class and let 
Py C P; C--+ be uniformly II? classes such that S = U, P;. 


(m1) 
(i) By induction, we can compute indices for so? i classes U; D P; 
such that u(U;) — p(P;) < 2750+94. Let U = U, Ui. Since U is a union of 
ee classes with 0(-computable indices, by the relativized form of 
() 

Lemma 6.8.2, we can computably determine an index for U as a i 
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class. Since S C U, we have U \ S=U,(Ui \ Pi), so 
WO) = (S) = WE \ 8) = a (UWA P») 
<> HU NB) < 552 = 4. 


(iii) By Lemma 6.8.1, we can 0("+)-computably find an i such that 
u(P;) > p(S) — 4. (While 0™ is enough to compute p(P;), we need 9+) 


(n=1) 
to compute u(S).) By induction, we can obtain an index of a To” class 


V C P; such that u(P;)—u(V) < 4. Then V C Sand u(S)—u(V) < q. The 
only place we used 0+ as an oracle was to compute u(S). Thus, if (S) 
is 0°-computable, then an index of V can be computed from 0). O 


We can now define n-randomness using the first approach mentioned 
above, and it will follow easily from the above result that this definition is 
equivalent to the ones arising from the other two approaches. 


Definition 6.8.4 (Kurtz [228]'*). (i) A ©}? (Martin-Löf) test is a se- 
quence {Un}new of uniformly £? classes such that (Un) < 27” for 
all n. 


(ii) A set A is n-random (or X} -random) if for every X? test {Un}new, 
we have A ¢ (),, Un. 


(iii) We can similarly define II° tests, A? tests, and so on, and associated 
notions of randomness. 


(iv) A set A is arithmetically random if it is n-random for all n. 


Notice that a =? test is a Martin-Léf test. As usual, we can relativize 
the notion of n-randomness to any oracle X by using ©2* classes in place 
of X? classes. An open X? test is a X? test whose components are open. 


Corollary 6.8.5 (Kautz [200]). The following are equivalent. 
(i) The set A is n-random. 
(ii) For every open ©}, test {Un}new, we have A ¢ Np Un- 
(iii) The set A is 1-random relative to "79. 
Proof. Obviously (i) implies (ii), and (ii) implies (iii) because every 


(n=1) 
ee class is an open X? class. So it is enough to show that ~(i) im- 


plies —(iii). Suppose there is a DP test {Un}new such that A € N, Un. 


(m=) 
By Theorem 6.8.3, for each n, we can effectively obtain a ae i class 


14The original definition in [228] used higher-level analogs of Solovay tests. It was 
proved equivalent to this definition by Kautz [200]. 
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Vn 2 Un4i such that (Vn) < w(Un41) +27 FY) < 27”, Then {Vn}new is 
a Martin-Lof test relative to 0(—)), and A € Nn Vn- O 


It is typically most useful to think of n-randomness as 1-randomness 
relative to @-), as we can then apply the relativized form of results 
obtained for 1-randomness. For example, for each n, there are A? 41 sets 
that are n-random, while no AÌ ,, set can be (n + 1)-random. Thus, for 
each n there are n-random sets that are not (n + 1)-random. As another 
example, we have the following version of Schnorr’s Theorems 6.2.3 and 
6.3.4, where a £? (super)martingale is one that is c.e. relative to 0"). 


Corollary 6.8.6 (Kautz [200], after Schnorr [348, 349]). The following are 
equivalent. 


(i) The set A is n-random. 
(ii) KIC? (AT n) >n- O0(1). 
(iii) No ©? (super)martingale succeeds on A. 


We can define a relativized version of Q by letting Q* be the halt- 
ing probability of U*. Then QIU? is a somewhat natural example of an 
n-random real. Becher and Grigorieff [33] gave a number of examples of 
n-random reals based on output probabilities of (unrelativized) universal 
monotone machines. 


6.9 Van Lambalgen’s Theorem 


In this section, we introduce a fundamental tool in the study of n- 
randomness. Suppose we have a random sequence. Intuitively, we would 
expect that if we pick out two subsequences that do not share elements, 
then these subsequences should be highly independent. Conversely, if we 
put together two sequences that are random relative to each other, we would 
expect the result to remain random. Van Lambalgen’s Theorem confirms 
these intuitions for n-randomness. As we will see in Section 8.11.3, the 
analog of van Lambalgen’s Theorem fails for other notions of effective ran- 
domness such as Schnorr, computable, and weak 1-randomness (notions 
of randomness introduced in Chapter 7), although, perhaps surprisingly, 
the “hard” direction (Theorem 6.9.2) does hold for these weaker notions 
of randomness. For any relativizable notion of randomness R, we say that 
A and B are relatively R-random if A is R-random relative to B and B is 
R-random relative to A. 


Theorem 6.9.1 (van Lambalgen [398]). If A® B is n-random then A and 
B are relatively n-random. 
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Proof. We do the n = 1 case. The general case follows by relativizing the 
proof to Ø=). Suppose that A @ B is 1-random. We show that B is 
1-random relative to A, the other direction being symmetric. 

Suppose that B is not 1-random relative to A. Let Uo, U1,... be a uni- 
versal oracle Martin-Léf test. Then B € N; UA. Let V; = {Jo @ tT] : 7 € 
US, ^ |o| = i}. The V; are uniformly ©? classes and u(V;) < 2~* because 
u(UŽ) < 27% for all X. Thus Vo, Vi,... is a Solovay test. But AQ B € Vi, 
since there are infinitely many initial segments o < A and T < B with or 
in some Up;. So A È B is not 1-random. Oo 


Theorem 6.9.2 (van Lambalgen [398]). If A is n-random and B is n- 
random relative to A, then AÈ B is n-random. 


Proof. This proof is due to Nies (see [118]). Suppose that A ® B is not 
n-random. We show that either A is not n-random or B is not n-random 
relative to A. Let Vo D Vı D --- be uniformly ay open sets such that 
A® Be), Vi and p(V;) < 27%”, which exist by Corollary 6.8.5. We write 
lo @7] for the class of sets X = Xo © Xı such that o < Xo and T < X4. 
Let S; be the open set generated by {o : u(Vin fo @ AJ) > 275710}. 
Clearly, Si+ı C S;, and the S; are uniformly X} open sets. Let o9,01,..- 
be a prefix-free set of generators for S;. Since the sets V; N |o; © A] are 
pairwise disjoint and pu(V;) < 27%, we have 0, 27°17] < 27%, and hence 
uS) <0; 27! < 2-*. Thus, if A € f; S: then A is not n-random. 
Otherwise, there is a j such that A ¢ S; for alli > j. For such i, let RE be 
the open set generated by {r € 2" : [(A [| k)@7] C Vi}. Then (RE) < 27, 
since A ¢ S;. Moreover, since V; is open, RF C REY. Let R; = U, R¥. The 
R; are open and uniformly X? relative to A, and p(R;) = sup, u(R*) < 27t 
fori > j. Furthermore, B € R; for each i > j, so B is not n-random relative 
to A. oO 


Corollary 6.9.3 (van Lambalgen’s Theorem [398]). The following are 
equivalent. 
(i) AS B is n-random. 
(ii) A is n-random and B is n-random relative to A. 
(iii) B is n-random and A is n-random relative to B. 
) 


(iv) A and B are relatively n-random. 


In particular, if A and B are both n-random, then A is n-random relative 
to B iff B is n-random relative to A. 


The last part of van Lambalgen’s Theorem may seem counterintuitive, 
as it says that if A is n-random, then there is no way to build a set B 
that is n-random relative to A without at the same making A be n-random 
relative to B. It implies for instance that if A is A} and 1-random, and 
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B is 2-random, then A is 1-random relative to B, and also that every n- 
random set is n-random relative to measure 1 many sets. Nevertheless, it is 
one of the most useful basic properties of relative randomness. We note a 
few consequences of van Lambalgen’s Theorem here, and will use it several 
times below. 


Corollary 6.9.4. If A® B is 1-random, then A |r B, so A,B <+ A®B. 
Corollary 6.9.5 (Kurtz [228]). No minimal degree is 1-random. 


Given an infinite and coinfinite set X, let £o < xı <--- be the elements 
of X, let yo < yı < +--+ be the elements of X, and define A @x B to be 
{a,:n€ AJU {yn : n € B}. For example, for the set E of even numbers, 
A@®z B = A B. The proof of van Lambalgen’s Theorem clearly works 
for A ®x B in place of A® B for any computable X. The following is an 
immediate consequence. 


Corollary 6.9.6. If A is n-random then so is the ith column All of A. 


6.10 Effective 0-1 laws 


In this section, we prove effective versions of measure-theoretic 0-1 laws 
such as Kolmogorov’s 0-1 Law (Theorem 1.2.4). 


Lemma 6.10.1 (Kučera [215]). Let P be a TI} class of positive measure. 
If A is 1-random then some translate of A lies in P. That is, there are 
a € 2<” and B € P such that A = oB. 


Proof. Suppose that for every o and B, if A = oB then B ¢ P. Let 
W C 2%” be a prefix-free c.e. set such that P = [W]. Let So = W and 
Sn41 = {0T : 0 E€ Sn AT EW}. Let Un = [Sn]. The Un are uniformly 9. 
Furthermore, (Uo) < 1 and u(Un+1) = u(Un)u(Uo) = w(Uo)”*?. Thus we 
can pick out a Martin-Lof test U;,,,Un,,.... Since we are assuming that if 
A= øB then B € P, we have A € (),, Un. Thus A is not 1-random. oO 


Theorem 6.10.2 (Kautz (200, 201]). Let n > 0 and let P be a II? class 
of positive measure. If A is n-random then there are o € 2<” and B € P 
such that A=oB. Thus, P contains a member of each n-random degree. 


Proof. By Theorem 6.8.3, there is a oer class V C P of positive 
measure. By the relativized form of Lemma 6.10.1, there are o € 2<” and 
BeV CP such that A = øB. o 


Theorem 8.21.2 below will show that this result cannot be extended to 
the notion of weak n-randomness introduced in the next chapter. 


Corollary 6.10.3 (Kautz [200, 201]). Let n > 0 and let C be a X}; or 
TI? ,, class that is degree invariant, or even just closed under translations. 
Then C contains either all n-random sets or no n-random sets. 
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Proof. It is enough to prove the result for a X}; class C, since the result 
for a II? |; class then follows by taking its complement. Let A be n-random. 
By Kolmogorov’s 0-1 Law, C has measure 0 or 1. If C has measure 1, then 
it is a union of II? classes, at least one of which has positive measure. 
By Theorem 6.10.2, this class must contain a translation of A, and hence 
C must contain A. If C has measure 0 then it is a union of II? classes 
of measure 0. For any such class P, using Theorem 6.8.3, we can 070- 
computably find see classes Uo, U1,... such that u(U;) < 27* and 
P Cf), Uj. Then Uo, Ui,... is a Martin-Léf test relative to Øz). Thus 
A€¢(\,Ui, and hence A ¢ P. So A ¢ C. o 


Note that this result implies that a X9; or II}; class of measure 0 
cannot contain any n-random sets. 

We will see several important applications of 0-1 laws below, such as 
Theorem 8.21.8 that every 2-random set is c.e. in some set of strictly smaller 
degree. 


6.11 Infinitely often maximally complex sets 


One might wonder whether there is a plain complexity characterization of 
1-randomness simpler than the ones in Theorem 6.7.2. We have seen that 
we cannot have C(A [ n) > n— O(1) for all n, so the following weakening 
of this condition is a natural candidate. 


Definition 6.11.1. A set A is infinitely often C-random if there are 
infinitely many n such that C(A [ n) > n — O(1). 


Martin-Léf [260] noted that being infinitely often C-random implies be- 
ing l-random.'!° An easy proof of this fact was found by Nies, Stephan, 
and Terwijn [308]: By Proposition 3.10.4, we know that C(or) < K(o)+ 
C(r) + O(1), and hence C(oT) < K(c) + |r| + O(1). If A is not 1-random, 
then for each d there is an n with K(A | n) < n-d. If m >n then, by the 
above, C(A |m) < K(A fn) + (m-n) < m — d. Since d is arbitrary, A is 
not infinitely often C-random. 

As we will see, the notion of being infinitely often C-random turns out 
to be too strong to capture l-randomness. In fact, it is a plain complexity 
characterization of 2-randomness. Before proving this remarkable fact, we 
note the following result. 


Theorem 6.11.2 (after Martin-Löf [260], see Li and Vitányi [248]). The 
following are equivalent. 


(i) The set A is infinitely often C-random. 


15 Though Martin-Löf [260] looked at sets A such that C(A fn | n) >n—O(1), which 
by Theorem 6.11.2 is equivalent to being infinitely often C-random. 
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(ii) There are infinitely many n such that C(A [n|n) > n- O(1). 


Proof. Obviously (ii) implies (i). Now suppose that there are infinitely 
many n such that C(A [| n) > n — O(1). We have 


C(A Tn) < C(A Tn |n) + 2log(|In — C(A Tn | n)|) +00), 


since the 2log(|n — C(A | n | n)|) term allows room for a description of n 
given C(A Ìn |n). So there are infinitely many n such that 


n—C(Afn|n) < 2log(|ln —C(A în |n) + OQ). 
For such n, we have n — C(A [ n|n) < O(1). o 


To show that being infinitely often C-random is equivalent to being 2- 
random, Nies, Stephan, and Terwijn [308] began with the following result. 


Theorem 6.11.3 (Nies, Stephan, and Terwijn [308]). If a set is infinitely 
often C-random then it is 2-random. 


Proof. Suppose that A is not 2-random. Then there are no, n1, ... such that 
K”(A Mni) < ni — i for all i. Let o; be a minimal length U” -program for 
Af ni. Let si > n; be such that U” (o;)[s;] | with W-correct use. (That is, 
for the use u of this computation, 0, | u= 0" [ u.) 

Let M be a Turing machine defined as follows. On input 7, first M 
searches for ¢ and u such that op = 7 and U” (o)[|r|] |. If there is such a 
o (which must then be unique), let v = U” (c)|[|r|]. Then M outputs vy. 

Fix i and let t > s;. Let y = A(n)... A(t — 1). Then M(ciu) |= (A Ì 
ni)u = Alt, so C(A ft) < |oiu| < t— i+ O(1). Since for each i this fact 
holds for all sufficiently large t, we conclude that A is not infinitely often 
C-random. O 


Let V be a universal Turing machine. For a function g, let C9 (o) = 
min{|r| : V(r)[g(o)] |= o}. (We consider only functions that are suffi- 
ciently fast growing so that this set is not empty for any o.) Analyzing 
the above proof, we see that M has quite low running time. Thus, there 
is a computable function g such that if there are infinitely many n with 
C9I(A | n) > n— O(1), then A is 2-random. Indeed, this fact is true of 
all sufficiently fast growing g. By an appropriate choice of universal Turing 
machine, there is a constant c such that we can take g(n) = n? + c. 

Miller [276] proved the converse to Theorem 6.11.3, thus establishing the 
equivalence between being infinitely often C-random and being 2-random. 
Nies, Stephan, and Terwijn [308] obtained the same result independently, 
with a somewhat simpler proof that we now present. 


Definition 6.11.4 (Nies, Stephan, and Terwijn [308]). A compression 
function is a one-to-one function F : 2<” — 2<% such that |F(c)| < C(c) 
for all ø. 


Lemma 6.11.5 (Nies, Stephan, and Terwijn [808]). There is a low 
compression function. 
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Proof. Let V be the universal Turing machine relative to which we define C. 
Let P be the IT? class of graphs of partial functions extending V. Applying 
the low basis theorem, let A be a low element of P and let f be the partial 
function determined by A. Let F'(c) be the length-lexicographically least 
T such that f(7) =o. Note that such a 7 always exists because f extends 
V, so F is total, and F is clearly one-to-one. Furthermore, F <r A, so F 
is low, and F(ø) is at least as short as the shortest V-program for ø, so 
|F(o)| < C(c) for all ø. O 


Theorem 6.11.6 (Miller [276], Nies, Stephan, and Terwijn [308]). A set 
is 2-random iff it is infinitely often C-random. 


Proof. By Theorem 6.11.3, it is enough to assume that A is not infinitely of- 
ten C-random and show that A is not 2-random. Let F be a low compression 
function. By the definition of compression function, lim, n — |F(A | n)| > 
lim, n — C(A [ n) = œ. Let Pim = {X : Vn > m(|F(X [ n)| < n— id}, 
and let U; = We. Pim. The U; are uniformly Do relative to F. Furthermore, 


u(Pim) < mW{ x : F(X l m)| <m— i}) 
= 2" {0 € 2”: |F(o)| < m= i}| < 272m = 2 


Since Pio C Pı C -+ it follows that u(U;) < 27t. Thus Uo, Ui,... is a 
E9 test relative to F, and A € „Un. Thus A is not 2-random relative 
to F, and hence is not 1-random relative to F”. But F is low, so A is not 
l-random relative to Ø’, and hence is not 2-random. O 


By the comment following the proof of Theorem 6.11.3, we also have the 
following result, which can be a useful tool in studying 2-randomness. (We 
will give an example of its application in Section 8.21.1.) 


Theorem 6.11.7 (Nies, Stephan, and Terwijn [308]). For every sufficiently 
fast growing computable function g, a set A is 2-random iff there are in- 
finitely many n such that C9(A | n) > n— O(1). By an appropriate choice 
of universal Turing machine, there is ac such that we can take “sufficiently 
fast growing” to mean that g(n) > n? + c. 


Turning to prefix-free complexity, we have the following analog of 
Definition 6.11.1. 


Definition 6.11.8. A set A is infinitely often strongly K-random if there 
are infinitely many n such that K(A | n) > n+ K(n) — O(1). 


By Corollary 4.3.3, if a set is infinitely often strongly K-random then it 
is infinitely often C-random, and hence 2-random. The following result is 
a partial converse. 


Lemma 6.11.9 (Yu, Ding, and Downey [415], after Solovay [371]). If a 
set is 3-random then it is infinitely often strongly K-random. 
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Proof. Let Pim = {A : Vn > m(K(A [ n) < n+ K(n) — i)} and let 
U; = U; Pim. Since 0’ can compute K, the U; are uniformly £$ classes. 
Furthermore, by Theorem 3.7.6, 


u(Pim) < 27-™|{o € 2": K(o) < m+ K(m) — i} = O(27*). 


Since P;o C P;ı C -::, it follows that u(U;) = O(2~*). Thus there is a 
c such that U.,U¢e41,... is a D? test. If A is not infinitely often strongly 
K-random, then A € f;>e Ui, so A is not 3-random. o 


It had been a very interesting open question whether being infinitely of- 
ten strongly K-random is equivalent to being 2-random, to being 3-random, 
or to neither. This problem was solved by Miller [277], who showed that a 
set is 2-random iff it is infinitely often strongly K-random. It follows that a 
set is infinitely often C-random iff it is infinitely often strongly K-random. 
We will prove Miller’s result as Theorem 15.6.5. We delay the proof because 
it relies on notions of lowness not introduced until later in the book. 

It is natural to ask whether there are unrelativized complexity charac- 
terizations (using either plain or prefix-free complexity) of 3-randomness, 
or even of n-randomness for larger n. Such characterizations can be ob- 
tained using the results in Section 10.2.4 below. Theorem 10.2.10, which is 
due to Vereshchagin [399], states that C” (o) = limsup,, C(o | n) + O(1). 
Using this limit complexity result, we can iterate the plain complexity 
characterization of 1-randomness given in Theorem 6.7.2, in relativized 
form, to characterize n-randomness in terms of unrelativized plain com- 
plexity. Theorem 10.2.11, which is due to Bienvenu, Muchnik, Shen, and 
Vereshchagin [42] and states that K® (o) = limsup,, K (ø | n)£O(1), can be 
similarly used to give an unrelativized prefix-free complexity characteriza- 
tion of n-randomness. Whether there are simpler unrelativized complexity 
characterizations of n-randomness is open. 


6.12 Randomness for other measures and 
degree-invariance 


6.12.1 Generalizing randomness to other measures 


We have restricted our development so far to the context of the uniform 
measure u, but it is straightforward to adapt our definitions and many 
results to any other probability measure v on Cantor space. When doing so, 
however, we need to take into account the complexity of v. In this context, 
it is best to think of probability measures as generated by premeasures. 
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Definition 6.12.1. A (probability) premeasure is a function p : 25% > 
R>? such that p(A) = 1 and p(o0) + p(o1) = p(o) for all o.1° 


For a premeasure p, let the function u5 : 2% > R7° be defined by letting 
u%(A) be the infimum of >) ,-y p(o) over all U such that A C [U]. Then 
u% is an outer measure. Let up be the corresponding measure. We have 
Lp([o]) = p(c) for all o. For instance, if p(o) = 27!7! for all o, then 
Hp = u. See for instance Royden [335] for more on basic measure theory. 


Definition 6.12.2. The rational representation of a premeasure p is the 
set {(o,r,q) : pla) € (r,q)} C 25% x Q x Q. We identify p with this 
representation, which allows us to talk about the degree of p and relativize 
concepts to p. 

A measure v on 2” is computable if v = up for some computable p. 


We can now make the following definition. Many other definitions 
and results can be adapted in the same way (for instance, to define 
N-[tp-randomness). 


Definition 6.12.3. Let p be a premeasure. 


(i) A Martin-Léf up-test is a sequence {Un}new of uniformly DY’? classes 
such that p(Un) < 2~” for all n. 


(ii) A class C C 2” is Martin-Lof jsp-null if there is a pp-Martin-Löf test 
{Un}new such that C C Np Un. 


(iii) A set A € 2” is Martin-Léf up-random, or 1-up-random, if {A} is not 
Martin-Léf ju,-null.1” 


When we are given a measure v, we assume we have a particular pre- 
measure p such that v = up, and hence write simply “l-v-random”. This 
notation makes particular sense when v is computable, in which case we 
always assume that the corresponding p is computable, making the classes 
in the definition of Martin-L6f v-test actual ©} classes. 

Clearly, randomness is not invariant under change of measure. For ex- 
ample, let v be defined by letting v([o0]) = zip and v(fol]) = zed. 
Then no l-random set is 1-v-random. But in this book we will often be 
more interested in degrees than in individual sets, which leads to the nat- 
ural question of whether the 1-random and 1-v-random degrees are the 
same. 

Even among computable measures, there are some that will lead to dif- 
ferent 1-random degrees than u. For example, we can simply concentrate 


16These are of course related to the continuous semimeasures of Section 3.16. 

17It seems reasonable to incorporate the complexity of p into the definition of 1-Up- 
randomness, but this approach is not without its drawbacks for noncomputable p. See 
Reimann [326] for further discussion of this issue. We will not deal with noncomputable 
measures except in Section 8.7. 
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all our measure on a computable set, for instance defining v([0"]) = 1 for 
all n and v([o]) = 0 for all other ø. Then 0” is a computable 1-v-random 
set. To isolate this kind of example, define a measure v to be atomic if 
v({A}) > 0 for some A € 2”. We call such an A an atom of v. A nonatomic 
measure is called a continuous measure. Our example above is an extreme 
example of an atomic measure. In particular, it is a trivial measure, which 
is a measure v such that > 4e4V({4}) = 1, where A is the collection of 
atoms of v. 

As it turns out, computability and continuity are enough to ensure in- 
variance. In the following subsection, we will prove that if v is computable 
and continuous, then a degree is 1-v-random iff it is 1-random. 

As this material is not central to this book, we will do no more than 
touch on it. Considerations arising from working with measures other than 
the uniform measure are more fully discussed in van Lambalgen [397], Li 
and Vitányi [248], and Reimann [326]. 

One further use we will make of this material, however, is in Section 8.6, 
where we will prove Demuth’s remarkable theorem that if A is tt-below a 
1-random set, then the wtt-degree of A contains a 1-random set, which can 
be seen as a kind of downwards closure of 1-randomness. We will also revisit 
it briefly in Section 8.7, where we will prove the result due to Reimann and 
Slaman [327] that if A is noncomputable then there is a v such that A is 
1-v-random and A is not an atom of v, and will discuss related results. 


6.12.2 Computable measures and representing reals 


In this subsection, we will show that if v is computable and continuous, 
then a degree is 1-v-random iff it is 1-random. This result was first proved 
by Levin (see [425]), but also appears in Kautz’ dissertation [200], whose 
account we follow. The key intuition we will exploit is that the identification 
of 2” with [0,1] actually depends on the measure. That is, which subsets of 
2” we should identify with what intervals depends on the choice of measure. 
In the usual representation, if A € 2” begins with 10, say, then the 1 
corresponds to the fact that the real a identified with A is in [5,1] and the 
0 to the fact that it is in [5,3]. That is, looking at the first n bits of A 
corresponds to knowing a to within 27”, by computing an interval of length 
2-7” within which a must lie. Now suppose that v is the measure mentioned 
above corresponding to the distribution where 1’s are twice as likely as 0’s 
(that is, the measure defined by v([o0]) = zip and v([ol]) = 244 ar(e})), 

Then the first bit of A being 1 indicates that the real identified with A is 
in [4,1], while the second bit being 0 indicates that it is in [4,3]. Thus 
we have the following definition, where from now on we fix a computable 
probability measure v on 2” and a corresponding computable premeasure 


p- 
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Definition 6.12.4. For a string øg, let Lo = {7 : |r| = |a| AT <: o}. The 
interval determined by o with respect to v, denoted by (c),, is the interval 
[l,r] where l = 7-7, v([7T]) and r = l + v([o]). 


Notice that p((o),) = v([o]). 

We can define a computable function (ø, s) +> ps(a) such that ps(c) is a 
dyadic rational and |p(0)—ps(c)| < 2~* for all s and ø. Using this function, 
we can define a computable approximation to (o), as follows. 


Definition 6.12.5. For ø € 2", let (c),,, be the interval |l, r] where | = 
Dre, Ps+k+2(T) — 276+? and r = 1+ ps+r+2la) +2767). 


Note that (c),,; D (a),, and the length of (c),,, exceeds that of (o), by 
at most 27°. 

For a real number a € [0,1], suppose that for each n, there is a unique 
string o of length n with a € (o),. Then we define the sequence represent- 
ing a in 2”, denoted by seq, (a), as the unique A such that a € (A | n), for 
all n. For the uniform measure, if œ is not a dyadic rational, then seq, (a) 
is defined, and is equal to a thought of as an element of 2”. Note that, 
since v is computable, if œ is not computable then seq,,(@) is defined. 

The following lemma is explicit in Kautz [200], but is also implicit in 
Levin’s work, such as in Zvonkin and Levin [425]. 


Lemma 6.12.6 (Kautz [200], Levin, see [425]). If A = seq,(a) is defined 
then 


(i) A <ra, and 
(ii) if A is not an atom of v then a Sr A. 


Proof. (i) For each n, we need to compute the unique string on € 2” such 
that a € (o,),. Suppose we have computed on. Search for an i < 2 and an 
s such that a ¢ (ont)p,5 and let on41 = o(1 — i). 

(ii) Given n, search for an s such that u((A | s)y,5) < 27”, which must 
exist since A is not an atom of v. Then we have an approximation of a up 
to 27”. O 


The following lemma says that, even in the case of atomic measures, 
noncomputable sets are still well-behaved. This proof was communicated 
to us by Jan Reimann. 


Lemma 6.12.7 (Kautz [200], Levin, see [425]). If A is noncomputable 
then lims v([A | s]) = 0. Hence all atoms of a computable measure are 
computable. 


Proof. Suppose that lims v([A | s]) > € > 0. Let T = {0 : pojl) > 
e — 2710|}, Then T is a computable tree and A € |T]. But if B € [T] then 
v({B}) = e, so [T] is finite. Hence A is an isolated path in a computable 
tree, and hence is computable. O 
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If a is computable, then so is seq, (a), but if v is atomic and a is non- 
computable, it is still possible for seq,(a) to be an atom of v and hence 
computable. If v is continuous, however, then that cannot be the case, so 
we have the following. 


Corollary 6.12.8 (Kautz [200], Levin, see [425]). If v is continuous and 
seq, (aœ) is defined then seq, (a) =r a. 


The following is the main result of this subsection. 
Theorem 6.12.9 (Levin, see [425], see also Kautz [200]). 
(i) If a is 1-random, then seq,(a) is 1-v-random. 
(ii) If seq, (a) is 1-v-random and noncomputable, then a is 1-random. 


(iii) If v is continuous and a > O then a contains a 1-random set iff a 
contains a 1-v-random set. 


Proof. (i) Suppose that seq,(a@) is not l-v-random. Let {Uj}iew be a 
Martin-Löf v-test covering seq,(a). Let Vo,Vi,... be uniformly c.e. sets 
of generators for the U;. We will define a Martin-Léf (-)test {U;}icw cov- 
ering a, thus showing that a is not 1-random. For each i and k, proceed 
as follows. Let o be the kth string in the enumeration of V;,;. Compute 
T0,+++)Tn Such that (7)v,0+1+3 = Uj<n(Ti)u (which is possible because the 
endpoints of (a)y k+i+3 are dyadic rationals). Put each [7,] into U;. Clearly 
the U; are uniformly X}, and 


KO) (Wega) + Sa) ED 4 oD Sar, 
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Thus the U; form a Martin-Lof test. For each i, there is a ø € Vi+}ı such 
that o x seq,,(a). Say that ø is the kth string in the enumeration of V;+1. 
Then a € (o) C (o)v,k+i+2, SO Q €E U;. Thus a € N: U;. 

(ii) Now suppose that a is not 1-random and seq,,(a@) is not computable. 
Let {Ui}icw be a Martin-Léf test covering a. Let Vo,Vi,... be uniformly 
c.e. sets of generators for the U;. For each 7 and k, proceed as follows. Let 
o be the kth string in the enumeration of Vii. Let p and q be such that 


[p,q] = (a), and let I, = [p — DRS). g+ 270tk+3)], Let 


Ce E e Ie) }- 
k 


Clearly the U; are uniformly £9. Since v([7]) = u((7)v), 


v(Oi) < XO we) < (Uia) + XO 27H < TED 4 aED Sot, 
k k 


Thus the Ü; form a Martin-Löf v-test, and we are left with showing that 
seq, (a) € U; for all i. 
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The only difficulty here is that v may be atomic, but we can use the 
hypothesis that seq,(a@) is not computable. Fix 7 and let o € Vi+ı be 
such that o < a. Suppose ø is the kth string enumerated into V;+1. Since 
seq, (a) is not computable, it is not an atom of v, so there is a T < seq, (a) 
such that u((7),) = v([r]) < 2-+*+4. Then there is an s such that 
u((T)v,5) < 2~(+*+3), Since a € (rT), C (T)v.s, letting I, be as above, we 
have (T)y,5 C [a— 27 @+#+3), a + 2-C+k+3)] C Ip, whence seq,,(a) [7] € Cj. 

(iii) now follows from Lemmas 6.12.6 and 6.12.7. o 


For atomic measures v, the behavior of 1-v-random sets can be strange. 
For instance, Kautz [200] showed that there is a nontrivial computable 
measure v such that no noncomputable AÌ set is 1-v-random. (Recall that 
v is trivial if ) 4caV({4}) = 1, where A is the collection of atoms of 
v.) However, once we get to the level of 2-randomness, such problems 
disappear. 


Theorem 6.12.10 (Kautz [200]). Let v and v’ be nontrivial computable 
measures. Then every noncomputable degree containing a 2-v'-random set 
contains a 2-v-random set. 


Proof. Let A >r @ be 2-v/-random. Let B € {),,(A | n)v. Then A = 
seq, B, since A is not computable. Thus, by the relativized form of Theo- 
rem 6.12.9, B is 2-random. It is enough to show that there is a 2-v-random 
set C =, B. 

Let 


S = {a : seq (a) | AVe > 0In (v(seq (a) Tn) < €)}. 


It is easy to see that p(S) > 0, since v is nontrivial. Let {U;}icw be a 
universal Martin-Léf test. Let P; = U;, and let k be large enough so that 
u(Pk) > 1—p(S). Now, Pp is a II? class containing only 1-random sets, and 
if a is 1-random then a is noncomputable, and hence seq,,(@) is defined. 
Thus 


P; O S = Pk A {a : Ve > 0An(v(seq,(a) Tn) < e)}, 


which is clearly a II$ class. Since this class has positive measure, by Lemma 
6.10.2 it contains an a =, B. Let C = seq, (a). By Theorem 6.12.9, C is 
2-v-random. Furthermore, by Lemma 6.12.6, C =; a =r B, since the fact 
that a € S implies that C is not an atom of v. O 
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Other Notions of Algorithmic 
Randomness 


In [348, 349], Schnorr analyzed his characterization of 1-randomness in 
terms of c.e. martingales (Theorem 6.3.4). He argued that this result 
demonstrates a failure of 1-randomness to capture the intuition behind 
Martin-Lof’s original definition, because effective randomness should be 
concerned with defeating computable betting strategies rather than com- 
putably enumerable ones, as the latter are fundamentally asymmetric, in 
the same way that a c.e. set is semi-decidable rather than decidable.' One 
can make a similar argument about Martin-Lof tests being effectively null 
(in the sense that we know how fast their components converge to zero), 
but not effectively given, in the sense that the test sets themselves are not 
computable, but only ©9.? 

We will begin this chapter by looking at two natural notions of effective 
randomness introduced by Schnorr [348, 349] with this critique in mind. 
We will then discuss several further notions, including weak n-randomness, 
introduced by Kurtz [228], and nonmonotonic randomness, which modi- 
fies the concept of betting strategies to allow for betting on the bits of a 
sequence out of order. 


1In Section 6.3.4, we saw how to replace c.e. martingales by computable martingale 
processes. Schnorr did not have this result available, of course, and one might use it to 
argue against his critique, particularly in light of Theorem 6.3.19. 

2Some confusion may have been created by the fact that every Do class has a com- 
putable set of generators, but there is a distinction to be made between general no 
classes and those with computable measures. The former behave much more like c.e. 
objects than like computable ones. 


R.G. Downey and D. Hirschfeldt, Algorithmic Randomness and Complexity, Theory and 269 
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7.1 Computable randomness and Schnorr 
randomness 


7.1.1 Basics 


As mentioned in Section 6.3.1, c.e. martingales are not the most obvious 
effectivization of the notion of martingale. It is natural to investigate, as 
Schnorr [348, 349] did, what happens if we define randomness with respect 
to computable martingales, which are those that are computable functions 
in the sense of Definition 5.2.1.3 


Definition 7.1.1 (Schnorr [348, 349]). A set is computably random if no 
computable martingale succeeds on it. 


In this definition, we can take our martingales to be rational-valued. 
(Recall that when we say that a rational-valued function f is computable, 
we mean that there is an algorithm to determine f(n) given n, not just that 
f is a computable function in the sense of Definition 5.2.1 that happens to 
take values in Q.) 


Proposition 7.1.2 (Schnorr [348, 349]). For each computable martingale 
d there is a computable martingale f : 2<” — QP? such that S[f] = S{d]. 
In fact, d(o) < f(a) < d(a) +1 for allo. 


Proof. Let f(A) be a rational strictly between d(A) and d(A) + 1. Assume 
that we have defined f(c) to be a rational strictly between d(c) and d(c)+1. 
It is easy to check that we can find rationals rọ and rı such that f(o) = 
miri and for each i < 2, we have d(ai) < ri < d(ci) +1. Let f(ci) = 
ri: Now f is a computable rational-valued martingale, and clearly S[f] = 
Sid]. Oo 


There is also a somewhat surprising characterization of computable ran- 
domness in terms of the mere existence of limits of martingales. When we 
say a limit exists, we mean that it is finite. 


Theorem 7.1.3 (Folklore). A is computably random iff lim, d(A | n) 
exists for all computable martingales d. 


Proof. If lim, d(A | n) exists for all computable martingales d then clearly 
A is computably random. 

For the nontrivial direction, suppose that A is computably random but 
d is a computable martingale such that lim, d(A | n) fails to exist. Since 
limsup,, d(A [ n) < oo, there are rationals r < s such that there are 


3Miniaturizations of the notion of computable randomness form the basis of the 
theory of resource-bounded measure; see for instance Ambos-Spies and Mayordomo [10] 
and Lutz [251]. 
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infinitely many n with d(A | n) < r and infinitely many n with d(A | n) > 
s. 

We define a new computable martingale d. We begin with IA) = 15 
Along a sequence B, we bet as follows. We bet evenly until (if ever) we find 
an no such that d(B | no) < r, then follow d’s bets until (if ever) we find 
an nı such that d(B [ nı) > s, then bet evenly until we find an nz such 
that d(B [ n2) < r, and so on. 

If B = A then we will find such ng,7n1,.... Between A | no; and A | 


n2i41, We increase our capital by a factor greater than = while between 


A | nai41 and A | nai+2, we do not change our capital. Thus d succeeds on 
A, contradicting the computable randomness of A. O 


According to Schnorr, however, computable randomness is not quite ef- 
fective enough, because given a set that is not computably random, we 
do have a computable strategy for making arbitrarily much money while 
betting on its bits, but we may not be able to know ahead of time how 
long it will take us to increase our capital to a given amount. In a way, this 
situation is similar to having a computable approximation to a real without 
necessarily having a computable modulus of convergence, which we know 
is a characterization of the real being A$, rather than computable. Thus 
we have the following weaker notion of randomness. 


Definition 7.1.4 (Schnorr [348, 349]). (i) An order is an unbounded 
nondecreasing function from N to N.* For a (super)martingale d and 
an order h, let S;,[d] = {X : limsup,, Axtu = oo}. We say that this 

(super)martingale h-succeeds on the elements of S;,[d], and call S} fd] 

the h-success set of d. 


(ii) A set A is Schnorr random if A ¢ S){d] for every computable 
martingale d and every computable order h. 


Note that if lim sup,, te ) > 0 for an order g, then X € Sh[d] for any 


sufficiently slower growing order h. 

One might wonder whether the limsup in the above definition should not 
be a liminf, which would mean we really know how fast we can increase 
our capital. (Indeed, in that case, for each X we could replace h by a 
suitable finite modification g such that if liminf, 441% = oo then d(X | 
n) > g(n) for all n.) As it turns out, making this modification leads to 
a characterization of the notion of weak 1-randomness, as we will see in 
Theorem 7.2.13. This notion is strictly weaker than Schnorr randomness, 
and is in fact weak enough that it is questionable whether it is really a 
notion of randomness at all (see Section 8.20.2). 

Schnorr randomness also has a pleasing characterization in terms of tests. 


4An “Ordnungsfunktion” in Schnorr’s terminology is always computable, but we 
prefer to leave the complexity of orders unspecified in general. 
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Definition 7.1.5 (Schnorr [349]). (i) A Martin-Lof test {Un}new is a 
Schnorr test if the measures j4(U,,) are uniformly computable. 


(ii) A class C C 2” is Schnorr null if there is a Schnorr test {Un}new 
such that C C N, Un. 


It is sometimes convenient to take an alternate definition of a Schnorr 
test as a Martin-Lof test {Un}new such that u(U,) = 27” for all n. As 
we now show, these definitions yield the same null sets, so we use them 
interchangeably. 


Proposition 7.1.6 (Schnorr [349]). Let {Un}new be a Schnorr test. There 
is a Schnorr test {Vn}new such that u(Vn) = 27" and p Un Cf), Vn- 


Proof. For each n, proceed as follows. Let ro < rı < =- < u(Un) be a 
computable sequence of rationals such that u(Un) — ri < 27". At stage s, 
first ensure that V,,[s] 2 Un[s]. If there is an i such that u(V;,[s]) < 2~"-27* 
and u(Un[s]) > ri, then add basic open sets to V,,[s] to ensure that its 
measure is equal to 27” — 2~*. It is easy to check that this action ensures 
that Vp 2 Un and u(Va) = 27”. oO 


Theorem 7.1.7 (Schnorr [349]). A class C C 2” is Schnorr null iff there 
are a computable martingale d and a computable order h such that C C 
Snid]. Thus, a set A is Schnorr random iff {A} is not Schnorr null. 


Proof. (<=) Let d be a computable martingale and h a computable order. 
We build a Schnorr null set containing Sp |d]. By Proposition 7.1.2, we may 
assume that d is rational-valued. We may also assume that d(A) € (0,1). 

Let U; = U{ fo] : d(c) > h(\o|) > 2*}. The U; are uniformly ©) classes, 
and u(U;) < 2~* by Kolmogorov’s Inequality (Theorem 6.3.3). To compute 
(Ui) to within 27°, let 1 be such that h(l) > 2°. Let 


Vi =U lel : dlo) > a(jol) > 2 A [ol <1}. 


Then U; \ V; C Ue. Thus u(U;) — w(Vi) < (Ue) < 27°, so {Uihiew is a 
Schnorr test. 

Suppose A € S),[d]. Then d(A | n) > h(n) for infinitely many n, so for 
each i there is an n such that d(A [| n) > h(n) > 2t, whence A € U;. Thus 
Sild] € N; Ui. 

(=) Let {Un}new be a Schnorr test. We build a computable martingale 
d and a computable order h such that (], Un C Sp[d]. Let {Rn}new be 
uniformly computable prefix-free sets of strings such that Un = [Rn]. Let 

= {0:0 E€ Rn A |o| > k}. 

Since the measures ju(U,,) are uniformly computable and tend to 0 effec- 
tively, there is a computable order g such that 37, ([RE]) < 2-29) for 
all k. Then 


5 >D g9(k)-lo| — 29(k) 5y 5 g-lel — 99(k) ml ([R*]) 


n oERE n oERE 
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so there is a computable order f such that $`, yoepi®) Dahlak IE 


For each n and k, define dn, k as follows. For each ø in REO add 29) to 
the value of dn,k(T) for each T = o and add Q9(k)—lol+4 to dn,n(o | i) for each 
i < jo|. This definition ensures that each d,;, is a martingale. Furthermore, 
dn,klàÀ) = cers) 29(k)—lel so EA dn,k(A) < 35,27" < œ, whence 
d= Dnk dn,ķk is a martingale. 

IfAe Na Un then for each n there is an i such that A [7 € Rn. Let n be 
large enough so that i > f(0). Then A [i € RE) for the largest k such that 
f(k) <i, so d(A |i) > dnx(A | i) > 29%. Let h(i) = 29) for the largest 


k such that f(k) < i. Then lim sup, Ks 


h that grows sufficiently slower than h, we have A € Sh [d]. So we are left 
with showing that d is computable. 

To compute d(o) to within 27°, proceed as follows. There are only 
finitely many n and k such that RE contains a substring of ø, and we 
can find all of them and compute the amount q added to d(c) when sub- 
strings of ø enter R*’s. The rest of the value of each dp (øe) is equal 
to Tnk = yea PS 29(k)-Irl+lel, We can compute an sn, such that 
N galk)—I7|+lol < g—(etnt+kt+2) Then 


> 1, so for any computable order 


lnk — Dert ® [Sn k] ^A T> 


d(c) 2 (: +4 5o 5 p-n) < 5y g—(etn+k+2) =2-¢, 
n,k 


To n,k 
TERA”) [snx] 


oO 


Instead of looking at the rate of success of a martingale, we can look at 
the dual notion of how long it takes for that martingale to accrue a given 
amount of capital. Franklin and Stephan [158] observed this fact as part 
of a more technical result that will be useful in Section 12.2. Recall that a 
martingale d is said to have the savings property if d(o7) + 2 > d(c) for all 
o and T. 


Theorem 7.1.8 (Franklin and Stephan [158], after Schnorr [348, 349]). 
The following are equivalent. 


(i) A is not Schnorr random. 


(ii) There is a computable martingale d and a computable function f such 
that IPn (d(A | f(n)) 2 n). 


(iii) There is a computable martingale d' with the savings property and a 
computable function f’ such that IYn (d'(A | f’(n)) > n). 


Proof. Clearly (iii) implies (ii). We begin by showing that (ii) implies (iii), 
with a version of the savings trick. By Proposition 7.1.2, we may assume 
that d is rational-valued. 
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Define computable martingales do, di,... as follows. Let d,(A) = d(A). 
If d(o) < 2*, then let d,(ci) = d(ci) for i = 0,1. Otherwise, let d, (ci) = 
d;.(o) for i = 0,1. Let d' = $, 2~*d,. Then d’ is a computable martingale. 
Let f’(n) = max{ f(m):m< n}. 

By (ii), there are infinitely many n such that d(A | f(m)) > m for 
some m € [2",2"*1). For any such n and m, and all k < n, we have 
dy(A | f(m)) > 2*, whence d,(A | f’(n)) > 2*, by the definition of dp and 
the fact that f’(n) > f(m). Thus, for any such n, 


d'(A} f'(n)) > XO 2-*dy(A t f'(n)) > AO Sn. 


k<n kn 


To complete the proof that (ii) implies (iii), we need to show that d’ has 
the savings property. Fix ø and 7 and choose n maximal with 2” > d(c). 
For all k > n, the martingale dp follows d at ø, whereas for k < n, the 
martingale dy, is constant above ø. Therefore the following two equations 


hold. 
= X 2-*dg(o) + X 2-*d(o 


k<n kon 


and 


=> IT Kdk(o y+ 5 2 Kd( (oT) 
k<n k>n 
Now, Dion 2 “d(o) < Epon 2 *2” = 2, so d'(or) +2 > d'(o). 

We now show that (iii) implies (i). First note that the function f’ in 
(iii) can be chosen to be strictly increasing. To see this fact, let PO) = 
f(0)+f(1) + f(2) and f’(n+1) = f’(n+3)+ f"(n)+1. There exist infinitely 
many n such that d’(A | f’(n+2)) > n+2, so there exist infinitely many n 
such that d'(A | f’(n)) > n, since P(n) > f’(n +2) and d' has the savings 
property. Now let g(n) be the largest m such that Pm ) < n (or 0 if there 
is none). There are infinitely many m such that d'(A [ P (m)) > m, and 
for each such m, letting n = fi(m), we have d'(A [ n) > g(n). So d and g 
witness the fact that A is not Schnorr random. 

To complete the proof, we show that (i) implies (ii). Suppose that A is not 
Schnorr random, so there is a computable martingale c and a computable 
order g such that c(A | n) > g(n) for infinitely many n. We can use 
the same construction we used to obtain d’ from d above to build a new 
martingale c’ such that c'(or) > m for all r whenever c(a) > 2™*4. Let 
f(m) = min{n: g(n) > 2™+4}. There are infinitely many m such that, for 
some n € (f(m), f(m+1)], we have c(A | n) > g(n). By the properties of c’, 
we have (A | nT) > m for all 7 and, in particular, c'(A | f(m)) >m. O 


Many notions connected with 1-randomness can be adapted to Schnorr 
randomness if the right way to “increase the effectivity” is found. For exam- 
ple, the following is a characterization of Schnorr randomness analogous to 
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Solovay’s Definition 6.2.7. (It is equivalent to a definition in terms of mar- 
tingales mentioned in Wang [405].) We will see another example in Section 
7.1.3. 


Definition 7.1.9 (Downey and Griffiths [109]). A total Solovay test is a 
sequence {Sn }new of uniformly ©} classes such that X5, 4(S;,) is finite and 
a computable real. A set A passes this test if it is in only finitely many of 
the Sn. 


Theorem 7.1.10 (Downey and Griffiths [109]). A set is Schnorr random 
iff it passes all total Solovay tests. 


Proof. A Schnorr test is a total Solovay test, so if a set passes all total 
Solovay tests then it is Schnorr random. Now let A be Schnorr random 
and let {Sn }new be a total Solovay test. The measures u(Sn) are uniformly 
computable, since they are uniformly left-c.e. and their sum is finite and 
computable. There is an m such that $ p >m M(Sn) < 1. Let 


Up = [{o : 3>” n > m(fo] € Sa). 


The U; are uniformly ©9, and it is not hard to see that (Up) < 


ar ae L(Sn) < ark, 
To compute p(U;,) to within 27°, let l be such that >7,5,;M(Sn) < 


2-(+)_. For each n € (m,]1), find a finite set F, C 2<” such that [Fn] C Sp 
and (Sn \ [F]) < 27 ¢t"t). Let Ve = {o : 522"n > m(o € F,)}]. Then 
Vk G Uk, and 


MUn) — uVe) < YOSh) + YO ulish \ Fal) 


nèl m<n<l 
< 27) 4 y g-(etnt]) < 97c, 
m<n<l 
Thus {Uk }kew is a Schnorr test, and hence there is a k such that A ¢ Up. 
So A is in at most 2* + m many Sn. o 


Clearly, 1-randomness implies computable randomness, which in turn 
implies Schnorr randomness. We will show in Section 8.11.2 that neither of 
these implications can be reversed. 


7.1.2 Limitations 


Despite Schnorr’s critique, 1-randomness has remained the paradigmatic 
notion of algorithmic randomness, and has received considerably more 
attention than Schnorr randomness. One reason may simply be that 
Martin-Löf’s definition came first, and is perfectly adequate for many re- 
sults. Another important reason, however, is that the mathematical theory 
of Schnorr randomness is not as well behaved as that of 1-randomness. For 
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example, the existence of universal Martin-Löf tests (and corresponding 
universal objects such as universal c.e. martingales and prefix-free complex- 
ity) is a powerful tool in the study of 1-randomness that is not available in 
the case of Schnorr randomness. 


Proposition 7.1.11 (Schnorr [349]). There is no universal Schnorr test. 


Proof. Let {U;}iew be a Schnorr test. Define a computable set A ¢ U, as 
follows. Suppose we have defined A Ìn so that 


Pun JA tnp So 2. 


1<k<n 


Then there is an i < 2 such that 2"*" (Ui [(A t nil) < Vicren2™, 
so by approximating u(U1) to within 2-("+), we can determine an i < 2 
such that 2”+1u(U1 N [(A | n)i]) < VA Ae 2-*, Let A(n) = i. The set 
A is computable, and [A | n] É Uj for all n, so, since U; is open, A ¢ Uj. 
Thus there is a computable set not contained in f); U;, and hence {Uj hew 
is not universal. oO 


In a similar vein, the proof of Theorem 6.3.11 also establishes the 
following fact. 


Proposition 7.1.12 (Schnorr [348, 349]). There is no effective enu- 
meration of all computable (super)martingales, nor is there an effective 
enumeration of all computable rational-valued (super)martingales. 


Another basic tool in the study of 1-randomness that is not available for 
either Schnorr or computable randomness is van Lambalgen’s Theorem. 
As observed by several people, the more difficult direction of van Lam- 
balgen’s Theorem, namely Theorem 6.9.2, does hold for both Schnorr and 
computable randomness, with essentially the same proof. Furthermore, if 
A® B is either Schnorr or computably random, then so are A and B. 


Theorem 7.1.13. (i) If A is Schnorr random and B is Schnorr random 
relative to A, then A@ B is Schnorr random. 


(ii) If A@® B is Schnorr random then so are A and B. 
(iii) Items (i) and (ii) also hold for computable randomness. 


The proof is more or less the same as that of Theorem 6.9.2. 

The analog of Theorem 6.9.1 fails, however. That is, there are sets A 
and B such that A @ B is Schnorr random but A and B are not relatively 
Schnorr random, and the same is true for computable randomness. We will 
prove this result of Merkle, Miller, Nies, Reimann, and Stephan [269], and 
in a stronger form Yu [412], in Section 8.11.3. 

Another reason the theory of Schnorr randomness had remained rela- 
tively undeveloped was that many of the basic questions about this notion 
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were open. For instance, a cornerstone of Martin-Lof’s version of random- 
ness is that it can be characterized via all three basic approaches (initial 
segment complexity, tests, and martingales), giving us a mathematically ro- 
bust notion. Some of these characterizations had been missing in the cases 
of Schnorr and computable randomness. However, in the following sections 
we will see that such characterizations do exist. Even so, in many ways the 
mathematical theory of 1-randomness remains considerably smoother. 


7.1.3 Computable measure machines 


One of the problems with the mathematical theory of Schnorr random- 
ness had been the lack of a machine characterization analogous to the 
Kolmogorov complexity definition of 1-randomness. Whether such a char- 
acterization could be given was a long-standing open question (see e.g. 
Ambos-Spies and Kuéera [9] and Ambos-Spies and Mayordomo [10]), which 
was solved by Downey and Griffiths [109], who gave a characterization in 
terms of a new class of machines. 


Definition 7.1.14 (Downey and Griffiths [109]). A computable measure 
machine is a prefix-free machine M such that p([dom M]) is computable. 


Theorem 7.1.15 (Downey and Griffiths [109]). A set A is Schnorr random 
iff Ku (A fn) > n—-O(1) for all computable measure machines M. 


Proof. (=) Suppose that M is a computable measure machine and 
limsup,,2 — Ky(A [ n) = oo. Let Up = {A: InKy(A ln) < n-k}. 
The U; are uniformly ©? classes, and by Lemma 6.2.2, (Up) < 27* and 
the measures ju(U;,) are uniformly computable. Thus {Uk}kew is a Schnorr 
test. Since A € f; Ux, it follows that A is not Schnorr random. 

(<) Suppose that A is not Schnorr random and let {Ux}xe. be a Schnorr 
test (with (U;) = 2~*) such that A € N, Ux. Let {Rk}kew be uniformly 
c.e. prefix-free sets of strings such that Up = [Rx] for all k. Let 


L={(lo|—k,o):k>1A c€ Rog}. 


Then L is a KC set, since it is clearly c.e. and its weight is 


ee uUa) = ek, 


k>1c€ Roz k>1 k>1 


So by the KC Theorem there is a prefix-free machine M such that if o € Rək 
for k > 1 then Kys(c) <S |o| — k. Furthermore, pu([dom M]) is equal to the 
weight of L, which is 1, so M is a computable measure machine. For each k 
there is an n such that A [ n € Rox, so limsup, n— Ky(Afn)=oo. O 


We can obtain analogs of some basic facts about general prefix-free ma- 
chines for computable measure machines. An example is the subadditivity 
of prefix-free complexity. 
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Proposition 7.1.16. For all computable measure machines Mo and Mi 
there is a computable measure machine N such that Kn(orT) < Km, (0) + 
Km, (T) for allo andr. 


Proof. Define N as follows. On input p, look for vo and vı such that p = 
vo, and M;(1;) | for i = 0,1. If these exist then they must be unique. 
In this case, output Mo(vo)Mı(vı). Then clearly Kn(or) < Km (c) + 
Km, (7) for all o and 7, and N is a computable measure machine because 
f([dom NJ) = u([dom Mo])4([dom M:]). o 


We also have a complexity upper bound similar to the one for prefix-free 
complexity. 


Proposition 7.1.17 (Downey, Griffiths, and LaForte [110]). There is a 
computable measure machine M such that Km(o) < |o| + 2log |o| + O(1). 


Proof. For a string T = aoa ... am, let T = aoao4a141 ...AmAm01. That is, 
7 is the result of doubling each bit of r and adding 01 to the end. For each 
n, let pn be the binary representation of n. For each ø, let M (Pioa) |= v. 
It is easy to see that M is prefix-free and Km(0) = |o| + 2log |o| + 2. 

Let L = {Pn : n € N}. For r € L the domain of M contains all extensions 
of 7 of length |r| + n (and every element of dom M is such an extension 
for some tT € L). The combined measure of these extensions is 2”27!71+” = 
2-!"l_ Thus u([dom M]) = >>,<,27!7!. There are two strings of length 
4 in L (0001 and 1101). There are two strings of length 6 in LZ (110001 
and 111101) and four strings of length 8. Generally, it is easy to check 
that there are 2‘ many strings of length 2i + 4 in L for each i > 1. Thus 
j([dom M]) = 27? + X; 22728 = 2-2 + 9, 2-4) = 2-2 4.973 = 3, 
and hence M is a computable measure machine. O 


For the purposes of defining measures of complexity, we can replace 
computable measure machines by ones whose domains have measure 1. 


Proposition 7.1.18. For each computable measure machine M there is a 
prefix-free machine N such that (dom N]) = 1 and Ky(oc) < Km(o) for 
all o. 


Proof. Since u(|dom M]) is computable, we can computably determine 
ko, k1,... such that ju(Jdom M]) + >>, 27" = 1. Let 


L = {(lo|,M(o)) : M(o) L} U {(kn,0”) : n € N}. 


Then L is a KC set, and the corresponding prefix-free machine N given by 
the KC Theorem has the desired properties. O 


No universal prefix-free machine can be a computable measure machine, 
since the measure of such a machine is a version of Q, and hence 1-random. 
However, we have the following result. 
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Proposition 7.1.19. For each computable measure machine M there is a 
computable measure machine N such that rng N = 2<“ and 


Kyn(o) < min{|o| + 2log|o|, Kys(c)} + O(1). 
Furthermore, N can be chosen such that (dom N]) = 1. 


Proof. Let No be a computable measure machine such that Ky,(o) < 
|o|+2 log |o|4+ O(1), as in Proposition 7.1.17. Define a computable measure 
machine Ny by Ny(0c) = M(o) and Ni(1c) = No(c). Let N be a com- 
putable measure machine such that ([dom N]) = 1 and Ky(c) < Kyn, (0) 
for all ø, as in Proposition 7.1.18. It is easy to check that N has the desired 
properties. O 


7.1.4 Computable randomness and tests 


In this section we present a test characterization of computable random- 
ness. 


Definition 7.1.20 (Downey, Griffiths, and LaForte [110]). A computably 
graded test is a pair consisting of a Martin-Lof test {Vi}new and a com- 
putable function f : 2<” x w — R such that, for any n € w, any o € 2<%, 
and any finite prefix-free set of strings {oj}i<7 with (x [o:] © lo], the 
following conditions are satisfied: 


(i) u(Va N [o]) < flon), 
(ii) Eo f(n) <27”, and 


(iii) Dizo Fonn) < flo, n). 
A set passes the test ({Vn}new, f) if it passes {Vn }new. 


If condition (ii) holds for any finite prefix-free set of strings then it also 
holds for any infinite prefix-free set of strings: the infinite sum is just the 
supremum of the associated finite sums, and so is also no greater than 
27”, Similarly, if (iii) holds for finite prefix-free sets then it also holds for 
infinite prefix-free sets. If U; <I loi] = [o] then we can summarize conditions 
(i)-(iii) by the following: u(Vn N [o]) < D floi,n) < flan) s27”. 

An equivalent notion was defined by Merkle, Mihailović, and Slaman 
[268]. 


Definition 7.1.21 (Merkle, Mihailović, and Slaman [268]). (i) A com- 
putable rational probability distribution (or measure) is a computable 
function v : 2<® — Q such that v(\) = 1 and v(c) = v(o0) + (01). 


(ii) A bounded Martin-Löf test is a Martin-Löf test {V,}new for which 
there exists a computable rational probability distribution v such that 
U(Va O fo]) < 27"v(c) for all n and o. 
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It is not difficult to check that {V,,}new is a bounded Martin-Léf test iff 
there is an f such that ({Vn}new,f) is a computably graded test. 

We will show that computably graded tests characterize computable ran- 
domness. We first need a lemma. Recall that a real-valued function is co-c.e. 
if it can be effectively approximated from above. 


Lemma 7.1.22 (Schnorr [348, 349]). From a co-c.e. martingale c : 2<” > 
R we can effectively find a computable martingale d : 2<” — Q such that 
d(a) > c(c) for all o. 


Proof. Let {cs}sew be an effective decreasing approximation to c. That is, 
the cs are uniformly computable functions from 2<“ to Q, and for all ø and 
s we have cs41(0) < cs(o) and c(a) = lim, cs(o). We inductively define a 
computable martingale d such that d(e) > e(o) + 27!7! for all ø. 

Let d(A) = co(A) + 1. Now assume that d(c) has been defined so that 
d(a) > e(o) +27!7!. Let n be such that 2d(o) > cn(o0) + en(o1) + 2717141, 
Let d(o1) = e,(01) + 277! and d(a0) = 2d(c) — d(o1). 

By definition d(a1) > c(a1) + 271711, and d(a0) is defined explicitly to 
satisfy the martingale property. Furthermore, 


d(a0) = 2d(a) — d(o1) = 2d(c) — en(o1) — 27!7! 
> cn(00) + cn(01) +271 =<, (Gl) 2-4! > cp(00) ol, 
o 


Theorem 7.1.23 (Downey, Griffiths, and LaForte [110], implicit in Merkle, 
Mihailović, and Slaman [268]). 


(i) From a computable martingale d : 25” — Q we can effectively define a 
computably graded test ({Vn}new, f) such that if limsup,, d(A [ n) = 
oo then A € Np Vn 


(ii) From a computably graded test ({Vn}new, f) we can effectively define 
a computable martingale d : 2<“ — Q such that if A € (n Vn then 
limsup,, d(A [ n) = oo. 

Therefore, a set is computably random iff it passes all computably graded 
tests iff it passes all bounded Martin-Lof tests. 
Proof. (i) We may assume without loss of generality that d(A) = 1. Let 
Vn = Uffo] : d(c) > 2"} and let f(o,n) = d(a)2- 71+”), By Kolmogorov’s 
Inequality (Theorem 6.3.3), 

nVa n fol) — aa) 

“([o]) ae 

so u(VaN[o]) < f(o,n). Furthermore, again using Kolmogorov’s Inequality, 
if {ci }i<r is a prefix-free set and U,;<;[i] € [øo], then 


Y fonn) = 2°" E dloi)u(Load) < 2-a(ou([o]) = flon) <27. 


i<I i<I 
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So ({Vn}new, f) is a computably graded test. Finally, if lim sup,, d(A [| n) = 
oo then A € (n Vn by the definition of the Vn. 

(ii) Without loss of generality we may assume that V,41 C Vn for all n. 
We define d via two auxiliary functions: a co-c.e. function h : 25% x w —> R 
and a co-c.e. martingale c: 2S” —> R. 

Let P, be the collection of all finite partitions of |ø] into a finite prefix- 
free set, that is, all finite prefix-free sets F such that [F] = [o] (for example, 
{00,01} € Ps). Let 


h(o,n) = 2!” int | f(oi,n) | {oi}icr € Pa}. 


i<I 
Since f satisfies conditions (i) and (ii) of Definition 7.1.20, we have 
alelu(V,,9 [o]) < klon) < Qlel-™. Thus >> Alon) < 2015,27” = 
gicl+1 and we can define c(a) = >>, h(a, n). 
Fix n. By condition (iii) of Definition 7.1.20, 
210l f(a,n) > 2'(f(o0,n) + f(ol,n)) > $(h(00,n) + h(1,n)). 


Each partition of |ø] into a finite prefix-free set, other than the singleton 
{o}, is a union of a partition of [a0] and a partition of [1], so 


h(o,n) = min(4(A(o0,n) + A(o1,n)), 21° f(a, n)) = (h(00, n) + A(o1,n)). 


In other words, Ao.h(o,n) is a martingale. Thus c is a martingale. 
It is easy to see that h is co-c.e. Let {hs}sew be an effective approximation 
of h from above. To see that c is co-c.e., let cs(7) = X <, As(o,n) + 


ae 2iel-”, This sum is computable, since the first summand is a finite 


n<s 


sum of computable rational numbers, while the second is simply 2!7!~*. In 
passing from c,(a) to cs+41(0), we replace hs values by h,+1 values, which 
are no larger, and replace 2!71-+)) by hs4i(o,s + 1), which is also no 
larger. So cs4i(0) < ¢s(c) for all ø. Also, e(o) = lim, cs(c) for all ø. Thus 
cis a co-c.e. martingale. 

Let d be as in Lemma 7.1.22. Suppose that A € (),, Vn. Given i, let o < A 
be such that |o] C V;. Then 


d(c) > c(a) 2 Xe h(o, j) > 2le! Sou; A foj) = 27l (i + 1)27-!el = i+ 1. 


j<i j<i 


So limsup,, d(A [| n) = co. oO 


7.1.5 Bounded machines and computable randomness 


It is also possible to obtain a machine characterization for computable 
randomness. If M is a prefix-free machine, let 


Su = {0 : Kulo) < jo] — n}. 
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Definition 7.1.24 (Mihailović [personal communication]). A bounded ma- 
chine is a prefix-free machine such that there is a computable rational 
probability distribution v with p([S%,] A [o]) < 2-"v(e) for all o and n. 


Theorem 7.1.25 (Mihailović [personal communication]). A set X is com- 
putably random iff Km(X | n) > n— O(1) for every bounded machine 
M. 


Proof. Suppose there is a bounded machine M such that Vcdn (Km(X | 
n) <n-—c). By definition p([$%,] O[o]) < 2-"v(c), so [S9,], [Si,],--- isa 
bounded Martin-Lof test covering X. Thus X is not computably random. 

Now suppose that X is not computably random. Let Ao, Ai,... be uni- 
formly c.e. prefix-free sets such that the [A,] form a bounded ML-test 
with associated computable distribution v, and X € f,„ An. It is straight- 
forward to use the KC theorem to define a prefix-free machine M such 
that if o E€ A2c+2 then M(r) =o for some T such that |r| = |o| — c, as in 
the KC Theorem version of the proof of Theorem 6.2.3. For this machine, 
Vean (Ky (X fn) <n-c). 

To complete this direction of the proof we need to show that M is 
bounded. Let Tn,0, Tn,1, - - - list the elements of An. Then Sir = {T2(n+k+1),i : 
k,i € N}, so for each o and n, 


[$i] [e] = U U (Dzn), il A lol) - 


k21 i 


Consequently, 
USHLA lD < $ n (Aane) N lol) < S527 P (a) < 27o). 
k21 k21 
O 


7.1.6 Process complexity and computable randomness 


In Section 6.3.2, we saw that process complexity can be used to characterize 
1-randomness. In this section, we show that a variation on process com- 
plexity can be used to give an analogous characterization of computable 
randomness. 


Definition 7.1.26 (Levin, see [425], Day [89]). A process machine P is a 
quick process machine if it is total and there is a computable order h such 
that |P(7)| > h(|r|) for all 7. 


For a quick process machine P, any P-description of a string ø must be 
among the strings T such that h(|r|)) < |a|, so the complexity Cp(o) of o 
relative to P can be determined by computing the values of P(r) for all 
such 7 (which are defined, since P is total). Thus Cp is computable. 


Definition 7.1.27 (Day [89]). A is quick process random if Cp(A | n) > 
n — O(1) for all quick process machines P. 
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Theorem 7.1.28 (Day [89]). A set is quick process random iff it is 
computably random. 


Proof. First suppose that A is not quick process random. Then there is a 
quick process machine P such that for all c there is an n with Cp(A [| n) < 
n—c. Let h be the order associated with P and let g(n) = min{z : h(x) > 
n}, so that if r € 290) then |P(r)| > n. As we may assume without loss of 
generality that h(n) < n, we may also assume that g(n) > n. We define a 
computable martingale d as follows. First, for each ø let Es = {r € 297) ; 
P(r) =o}. Then let 


= Eol 
a(o) = Qa(le])—1e] ° 


Since P is total, Es can be computed from g, and hence d is computable. 
We now show that d is a martingale. For any ø, the sets Ego and E,, are 
disjoint, as P is a process machine. If r € Ego then 7T | g(\o|) € Es, because 
P(r | g(jol)) < P(r) and o = P(r), and |o| < |P(T T g(lol))|. Hence 
[Eco] © [Eo]. Similarly, [Es1] C [Eo]. Now, if r € Es and 7’ = 7 with 
|r| = h(|o| + 1), then 7’ € Eso U Esi, since P is total, P(r’) = P(r) =a, 
and |P(r’)| > g(jo| +1). Thus 


(|Eoo| + |Eo1|)29e)-9le+1)) = |Ev], 
and hence 


Ei akale 
2g(lol)=le] — 2g(le+1|)—løl 

_ 1 |Eæoļ|+|Ea| _1 

~ 2 29(lo+1|)—(lel+1) 2 


d(o) = 
(d(o0) + d(o1)). 


Given c, let n and 7 be such that |r| < n — c and P(T) = A J n. Since 
g(n) > n > |r| +e, ifr = 7 and |r| = h(n), then P(7’) = A [ n, and so 
T! € Eam. Hence |Eayn| > 2°+9™-", so d(A [| n) = Fatal > 2°. Thus 
lim sup,, d(A [ n) = œœ, so A is not computably random. 

Now suppose that A is not computably random. By Proposition 7.1.2, 
there is a computable rational-valued martingale d that succeeds on A. It is 
clear from the proof of that proposition that we may in fact assume that all 
values of d are dyadic rationals. We may also assume that d(A) = 1. By the 
savings trick (Proposition 6.3.8), we may further assume that lim, d(A [ 
n) = co. We will construct a quick process machine P such that for each c 
there is an n with Cp(A[n) <n-e. 

Let f be a strictly increasing computable function such that for each o 
there is a natural number a with ue) = a27 f (lel), 

We will define a function l : N —> N. For strings with lengths in the range 
of l, we will give short P-descriptions to those strings with large d-values. 
To describe strings of length l(s + 1), we will use descriptions of length 


between f(i(s)) + 1 and f(i(s+1)). To make our strings nonrandom, we 
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need to make the gap between f(I(s)) and I(s +1) increase as s increases. 
Thus we define l inductively by 1(0) = 0 and I(s +1) = f(I(s))+s+1. 

We will construct P in stages while ensuring that the following conditions 
hold. 


1. dom P, = 2S f(s), 
2. |P.(r)| = U(s) for all r € 2FUCs)), 
3. 2-leld(a) = 2-FUS) {r e 2FUS)) : P(T) = o}| for all o € 219, 


At stage 0, we define P(o) = À for all strings of length less than or equal 
to f(0). The conditions above are clearly met. 

At stage s + 1, for every ø € 2!(*), we proceed as follows. 

For all v > ø such that |u| = I(s +1) we know that d(v)27!¥! = a2—-f(vl) 
for some natural number a. So there are ao, ...,an such that d(v)2~!¥! = 
ao2 Tf ED- 4 a, Q-FUS))—2 4. tan Q-FUStD), where n = f(I(s+1)) — 
f(U(s)) —1 and a; € {0,1} for 1 <i < n. Note that ap may be greater than 
1. 

Let U = {v € 26+) : v $ o}. Then So Dicn u27 OCOD = 
Puey 2-!"ld(v) = 2-!¢ld(a) < 1, so by the KC Theorem we can effectively 
find pairwise disjoint sets of strings T, for v € U such that T, has a; many 
strings of length f(l(s))+i+ 1 for each i < n, and To = U,cy To is prefix- 
free. Furthermore, we may assume that we define this set as in the proof of 
the KC Theorem, always taking the leftmost string of the required length 
that preserves prefix-freeness. 

Let So = {r € 2f06)) : P(T) = o}. By condition 3, 


w((To]) = 2-!ld(o) = (8o27 ED = lS). 


Let Ro = {p | f(l(s)) : p € To}. Since u([S-]) = u([To]), all the elements 
of To have length at least f(i(s)) + 1), and T, was defined as in the proof 
of the KC Theorem, we must have |R,| = |So|. Hence there is a bijection 
h: Rg > So. For p € Tz, let g(p) be the string formed by replacing the 
first f(U(s)) many bits of p with the image of these bits under h. Let T, be 
the image of T, under g. 

Now we define P,41 as follows. For |p| < f(I(s + 1)), let 


P;(p) lel < FU(s)) 
Paarl) = $ Palo À FUS) lol > FUG) A p <7 for some 7 € Fy 
v lol > f(U(s)) A p% 7 for some 7 € Ty. 


We now verify that conditions 1-3 are satisfied and, assuming by induction 
that P, is a process machine, so is P+ . 

The nonempty sets [So] for o € 2!(*) partition 2”, by conditions 1 and 2. 
Furthermore, by the above construction, the nonempty sets I2] for v =o 
and |v| = l(s + 1) partition [S,]. Thus the nonempty sets [T,] for v of 
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length I(s +1) partition 2”. So P,+, is defined for all strings of length less 
than or equal to f(I(s +1)), meeting condition 1. 
If r has length f(I(s + 1)), then 7 extends some element of some T,, 
which implies that |P;+1(7)| = |v| = U(s+1), and hence condition 2 is met. 
If v € 2+1), then for all 7 of length f(I(s + 1)) we have [7] c [T,] iff 
P,41(7) = v. Thus, as (Tp) = (Ty) = 27!!d(v), we have 


d(v)27!"! = p(T) = 2\{r € 2FC64)) » Pai (7) = vpfa-FUGt)) 
H 


so condition 3 is met. 

Assuming P, is a process machine, the first two parts of the definition 
of P,, 1 preserve the process machine condition. To see that the third part 
also does so, it is enough to consider the case where T € T, for some v. By 
construction, T = € for some £ such that |€| = f(/(s)) and € € S, for some 
o x v. Then for any €’ with € = €’ < 7, we have P,41(é’) = P(E) = 0 3 
v= P.41(7). 

As P, is a process machine for all s, we have that P is a process machine. 
Furthermore, it is a quick process machine: Let k(n) be the largest s such 
that f(I(s)) < n. Given any a, let o = o | f(i(k(Jo|)). Then |P(o)| > 
IPC] = U(h(\o])) > (lal). 

To show that A is not quick process random, take any c > 0. As 
lim, d(A [| n) = oo, there must be a stage s +1 > c such that 
d(A [ I(s+1)) 2 2°. Let v = Af U(s +1). Then d(v)2-!¥! > a-lvlte = 
Q-F(U(s))-s-1+e since by definition |v] = (s +1) = f(l(s)) +541. 
Also, d(v)2—!¥1 = ap2~ FU) —1 4 gy Q-FUS)) t... 4 ag Q-FUStD) with 
a; € {0,1} ifi > 0. Ifi > s—c, then i > 0, and so a; < 1. Hence, there must 
be some 7 < s—csuch that a; 4 0. For this i, there is some string of length 
f(l(s))+it+ lin Ty. But f((s)) +i +1 < f(l(s))+st+1—c=I(st+1)—c. 
It follows that there is some string p of length I(s +1) — c in T, and that 
Psii(p) = v =A lf l(s+1). Thus A is not quick process random. o 


7.2 Weak n-randomness 


7.2.1 Basics 


Kurtz [228] introduced a notion of randomness based on the idea of being 
contained in effective sets of measure 1 rather than avoiding effective sets 
of measure 0. 


Definition 7.2.1 (Kurtz [228]). A set is weakly 1-random, or Kurtz 
random, if it is contained in every X} class of measure 1. 


We will later see that the relativized notion of weak (n + 1)-randomness 
is actually a strong from of n-randomness. 
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There is an equivalent formulation of this notion in terms of tests, 
established by Wang [405] but implicit in some of the proofs in Kurtz 
[228]. 


Definition 7.2.2 (Wang [405]). A Kurtz null test is a Martin-Löf test 
{Vn}new for which there is a computable function f : w — (2<”)<” such 
that V, = [f(n)] for all n. 


Another way to state this definition is that there are finite, uniformly 
computable So, S1,... C 2<% such that V, = [Sn]. 

Note that if {Vi}new is a Kurtz null test, then both {Vz}new and 
{Va}new are uniformly A? classes. 


Theorem 7.2.3 (Wang [405], after Kurtz [228]). A set is weakly 1-random 
iff it passes all Kurtz null tests. 


Proof. Suppose that A is not weakly 1-random and let U be a Xf class 
of measure 1 such that A ¢ U. To define Vn, let s be least such that 
u(U,) > 1-27”. Let Va = Us. It is easy to check that {Va}new is a Kurtz 
null test, and that A € N, Vn. 

Conversely, suppose there is a Kurtz null test {Vn}new such that A € 
Mn Vn- Let U = U,, Vn. Then U is a © class of measure 1, and A ¢ U, so 
A is not weakly 1-random. O 


A Kurtz null test is clearly a Schnorr test, so we see that every Schnorr 
random set is weakly 1-random. 

Of course, we can generalize Kurtz randomness to higher levels. Thus 
a set is weakly n-random, or Kurtz n-random®, if it is a member of all 
£0 classes of measure 1. Here the distinction between classes and open 
classes is important. It is not true that being a member of every £? class of 


measure 1 is the same as being a member of every sae class of measure 
1. For instance, let A be 2-generic. Then it is not hard to see that A is in 
every oe class of measure 1, and hence is weakly 1-random relative to 
Ø. (This is the relativized form of Theorem 8.11.7 below.) But as we will 
see in Proposition 8.11.9, A cannot be weakly 2-random (or even Schnorr 
random, which, as we will see in Theorem 7.2.7, is a weaker notion than 
weak 2-randomness). 

Thus weak n-randomness is not the same as weak l-randomness rel- 
ative to 0("-)), This observation is important since many results on 
n-randomness rely on Theorem 6.8.5, that n-randomness is the same as 
1-randomness relative to (("—)). The following result says that we can re- 
cover a little of the spirit of that fact, though, if we allow for an extra 
quantifier. 


5Some authors, however, have used “Kurtz n-random” to mean Kurtz random relative 
to 007D, 
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Lemma 7.2.4 (Kautz [200]). Letn > 2. 


(i) From the index of a ©} class C we can computably obtain the index 
of a ghom- class C C C such that u(Ĉ) = u(C). 


(ii) From the index of a I? -class V we can uniformly and computably 
obtain the index of a me class V D V such that u(V) = pV). 


Proof. Let C be a X? class. Then C is the union of uniformly I? _} classes 
To, 1\,.... By Theorem 6.8.3, we can uniformly find, for each i and 7, a 


my" class Ti, C T; with p(T) — u(Ô) < 2-9. Let Ô = U; ; Tj. Then 
C CC and p(C) = p(C). The proof of (ii) is symmetric. o 


Corollary 7.2.5. Let n > 2. A set is weakly n-random iff it is in every 
0,002 
dy class of measure 1. 
We can also have a “one jump” characterization of weak n-randomness 
via the analog of a Kurtz null test. We will refer to the tests in part (iii) 
of the following theorem as ©? Kurtz null tests. 


Theorem 7.2.6 (Kautz [200], Wang [405], after Kurtz [228]). The 
following are equivalent for n > 2. 


(i) A is weakly n-random. 


(ii) For every 0") computable sequence of ©°_, classes {Si}iew with 
u(S;) < 27*, we have A ¢ fN}; Si- 


(iii) For every 0) -computable sequence gee classes {Si}iew with 
u(Si) < 27", we have A ¢ f|; Si. 


Proof. The equivalence between (ii) and (iii) follows from Theorem 6.8.3. 

If A € N; Si, where the S; are as in (ii), then A is not weakly 1-random, 
since the complement of f; S; is a £9, set of measure 1. 

Finally, suppose that A is not weakly 1-random. Then it is contained in 
some I? null set T. Now, T is of the form f; U;, where the U; are uniformly 
£? _; classes. Using 0("— as an oracle, for each i we can find a k such that 
WA ;<~ U5) < 2-* and let S; = Oj<, Uj. Then the S; are as in (ii), and 
Si. O 


a 

Weak 2-randomness is quite a natural notion. When we introduced 
the notion of Martin-Lof randomness, we mentioned the possibility of re- 
laxing the definition of a Martin-Lof test {Un}new to require only that 
lim, (Un) = 0, that is, eliminating the requirement that there be a com- 
putable bound on the rate of convergence of these measures. We called such 
tests generalized Martin-Lof tests. For such a test, (),, Un is a I9 class of 
measure 0, and every I$ class of measure 0 can be expressed in this way, 
so being weak 2-random is the same as passing all generalized Martin-Lof 
tests. Weak 2-randomness was first studied by Gaifman and Snir [168], in 
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the sense that their paper is the first occurrence of this notion in print (to 
our knowledge). However, the notion is already present in Solovay’s notes 
[371], which include a proof due to Martin that weakly 2-random sets are 
not A} (Corollary 7.2.9 below). 

Weak n-randomness and n-randomness are related as follows. 


Theorem 7.2.7 (Kurtz [228]). Every n-random set is weakly n-random 
and every weakly (n + 1)-random set is n-random. 


Proof. An n-random set passes every X? Kurtz null test, and hence is 
weakly n-random. 

If A is not n-random then there is a X} Martin-L6f test Uo, U1,... such 
that A € N, Un. Let V = f, Un. Then V is a £}; class of measure 1 not 
containing A, so A is not weakly (n + 1)-random. o 


This result, and characterizations such as the one above in terms of gen- 
eralized Martin-Löf tests, have led some to argue that weak n-randomness 
for n > 1 should be called strong (n — 1)-randomness. The traditional 
terminology is well-established, however. 

We will see in Section 8.13 that neither of the implications in Theorem 
7.2.7 can be reversed. 

In some ways, weak 2-randomness is the weakest level of randomness at 
which “typical” random behavior happens. A good example of this phe- 
nomenon is the following result, which says that the behavior of weak 
2-random sets is very unlike that of computationally powerful 1-random 
sets such as Q. It will be generalized below in Theorem 8.13.1. 


Theorem 7.2.8 (Downey, Nies, Weber, and Yu [130]). Every weakly 2- 
random degree forms a minimal pair with O'. 


Proof. Let A be a A$ set and R a weakly 2-random set such that A = 0” 
for some reduction ®. We show that A is computable. The class 


S = {X :VnVsit>s (3* (nit |= A(n))} 


is a I class containing R, and hence has positive measure. (Here, the 
oracle in the computation ®* (n)|t] is always X, of course, since X is not 
being approximated in any sense.) 

We apply a majority vote argument. Let r be a rational such that ae < 
r < u(S). Then there is a finite set F C 2<“ such that u([F]) < a(S) and 
u( lF] A S) >r. To compute A(n), we search for a finite set G C 2<” with 
u([G]) > r and [G] C [F] so that for any o,r € G, we have ®° (n) |= 
7 (n) |. Such a set exists because u(|F] A S) > r. Then A(n) = (n), 
since otherwise [G] € S, which is impossible because then u([F] 9S) < 
u( lE] \ [G]) < a(S) —r < r. Thus A is computable. o 


Corollary 7.2.9 (Martin, see Solovay [371]). There is no A$ weakly 2- 
random set. 
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Corollary 7.2.10 (Downey, Nies, Weber, and Yu [130]). There is no 
universal generalized Martin-Lof test. 


Proof. If there were such a test then, taking the complement of any of its 
components of measure less than 1, we would have a nonempty I? class 
containing only weakly 2-random sets. But then there would be a A$ weakly 
2-random set. O 


We can combine Theorem 7.2.8 with the following result to obtain a 
characterization of the weakly 2-random sets within the 1-random sets. 


Theorem 7.2.11 (Hirschfeldt and Miller, see [130]). For any £$ class S 
of measure 0, there is a noncomputable c.e. set A such that A S X for all 
l-random X € S.® 


Proof. Let {U} : i,n € N} be uniformly £? sets such that S = U, N, U$ 
and lim, u(U{) = 0 for all i. For each e, choose a fresh large ne. If we ever 
reach a stage s such that uO.) > 27° for some i < e, then redefine ne 
to be a fresh large number and restart. If ne ever enters We, then put ne 
into A and stop the action of e. 

Clearly, A is c.e., and each ne reaches a final value, whence W, 4 A for 
all e, so A is noncomputable. Now suppose that X € S$ is 1-random. Let i 
be such that X € N, Uj. Let T= {U}: e€ >i A ne enters A at stage s}. 
Then the sum of the measures of the elements of T is bounded by ye ees 
so T is a Solovay test. Thus X is in only finitely many elements of T. So 
for all but finitely many n, if n enters A at stage s then X ¢ Lae Let B 
be the set of all n such that n € As for the least s such that X € U/.,. 
Then B is X-computable and A =* B, so A is X-computable. o 


It is worth noting that this result cannot be substantially improved. By 
Corollary 8.12.2 below, no noncomputable set can be computed by positive 
measure many sets. By Theorem 2.19.10 applied to a I? class of 1-random 
sets, for any c.e. set A, there is a A$ (and even a low) 1-random set that 
does not compute A, and the AQ sets are a X} class of measure 0. 


Corollary 7.2.12 (Downey, Nies, Weber, and Yu [130]). For a 1-random 
set A, the following are equivalent. 


(i) A is weakly 2-random. 
(ii) The degree of A forms a minimal pair with 0’. 
(iii) A does not compute any noncomputable c.e. set. 


In Corollaries 8.11.8 and 8.11.10, we will see that each hyperimmune de- 
gree contains a weakly 1-random set, and indeed one that is not Schnorr 


6We will revisit this result in Section 11.8, where we will see that it leads to a notion 
of randomness theoretic weakness, that of diamond classes, which will be of particular 
interest in Chapter 14. 
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random. On the hyperimmune-free degrees, however, weak 1-randomness 
implies 1-randomness, as we will see in Theorem 8.11.11. The precise 
classification of the weakly 1-random degrees remains open. 


7.2.2 Characterizations of weak 1-randomness 
There is also a martingale characterization of weak 1-randomness. 


Theorem 7.2.13 (Wang [405]). A is not weakly 1-random iff there is a 
computable martingale d and a computable order h such that d(A [| n) > 
h(n) for all n.” 


Proof. We follow the proof in Downey, Griffiths, and Reid [111]. 

Suppose that A is not weakly l-random, as witnessed by the Kurtz null 
test {[.Si]}iew, where the S; are uniformly computable, finite, and prefix- 
free. Let g(i) be the length of the longest string in S;. Note that g is 
computable, and g(i) > i. 


Let 
1 ifo xT 
Wo(T) =< 2-“el-I") ifr o 
0 otherwise, 
and let 


d(r) =X X ie): 


n oESn 


It is straightforward to check that each ws is a martingale, and 
Does, Wol(A) = M(PSn]) < 27”, so d is a martingale. Furthermore, we 
claim that dis computable. To see that this is the case, notice that, for any 
k, strings in Sp increase d(A) by at most u([Sk]) < 27}, so these strings 
increase d(T) by at most 2!7!-*. Thus, for any s, if we let k = |r| + s, then 
X nck oes, Wo(T) is within 27° of d(r). 

Let h(n) = |{j : g(j) < n}|. Since g(j) > j for all j and g is computable, 
h is computable. Furthermore, h(n) is non-decreasing and unbounded, so 
it is a computable order. Now fix n. Since A is in all [S;], for any j with 
g(j) < n there is a oj E€ Sj such that oj x A | n. Thus 


dAtn)> X wo,(Atn)= So 1=h(n). 


jigi) Kn jg) KN 
Now suppose that there are a computable martingale d and a computable 
order h such that d(A [ n) > h(n) for all n. By scaling d and h, we may 


TNote that this condition is equivalent to saying that there is a computable martingale 
d and a computable order g such that d(A f n) > g(n) for almost all n, since we can 
replace the first few values of g by 0 to obtain a new order h such that d(A f n) > h(n) 
for all n. 
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assume that d(A) < 1. By Proposition 7.1.2, we can take d to be rational- 
valued. For each k, let g(k) be the least n such that h(n) > 2**+1. Note 
that g is total and computable. Let Sp = {o € 259) : d(o) > 2"}. The Sk 
are finite and uniformly computable, and p([.$;]) < 27", by Kolmogorov’s 
Inequality (Theorem 6.3.3). Thus {[Sk]}kew is a Kurtz null test. For each 
k, we have d(A | g(k)) > h(g(k)) > 2**!, so A € [S}] for all k, and hence 
A is not weakly 1-random. O 


Downey, Griffiths, and Reid [111] gave a machine characterization of 
weak 1-randomness, along the lines of the one for Schnorr randomness in 
Theorem 7.1.15. That is, it uses initial segment complexity but measured 
with respect to a restricted class of machines. 


Definition 7.2.14 (Downey, Griffiths, and Reid [111]). A computably lay- 
ered machine is a prefix-free machine M for which there is a computable 
function f : w —> (2<”)<” such that 


G) U; f@ = dom M. 
(ii) Ifo € f(i+ 1), then there is a r € f(i) such that M(r) 3 M(o). 
(iii) If o € f(a), then |M(o)| = |o] +i +1. 


The idea of a computably layered machine is that each layer f(i) of the 
domain provides a layer of the range, and the elements of the range become 
more refined as i increases. For the next theorem, recall that if ø is not in 
the range of a machine M, then Km(0) = oœ. 


Theorem 7.2.15 (Downey, Griffiths, and Reid [111]). A is weakly 1- 
random iff for all computably layered machines M, we have Km(A J n) > 
n — O(1). 


Proof. Suppose that A is not weakly 1-random, as witnessed by a Kurtz 
null test {[.S;]}icw, where the S; are finite, prefix-free, and uniformly com- 
putable, and [S;] 2 [S:+ı] for all i. By replacing strings by sufficiently 
long extensions, we may assume that the S; are pairwise disjoint and that 
for each T € $;41 there is a a € S; such that o < T. 

We have 


5 > g-(lol-(n+1)) — NO PH u([Sons2]) < Da Zi 


n oES2n+2 


so by the KC Theorem, there is a prefix-free machine M such that, for each 
n and o € Son42, there is a 7 of length |o| — (n +1) such that M(r) = ø. 

Let f(n) = {7 : do € Sən42 (M(T) = 0)}. We claim that f witnesses the 
fact that M is computably layered. First, f is computable, since S2n+2 is 
finite and the KC Theorem is effective, and clearly dom(M) = U,, f(n). By 
our assumptions on the Sn, for all r € f(n + 1), there is ao € f(n) such 
that M(o) < M(r). Finally, let r € f(n). Then it follows directly from the 
definition of M that |M(r)|=7T+n+1. 
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Thus M is a computably layered machine. Since A is in every [Sj], for 
each i there is an n such that A | n € S;, whence Km(A [ n) =n-(i+1). 

Now suppose there is a computably layered machine M such that for each 
d there is an n with Km(A Ìn) < n-d. Let f be a function witnessing that 
M is computably layered. Let S% be the set of all ø such that Kys(c) < 
|o| — k but Km(T) 2 |r| — k for all T < ø. Then 


w= ee cae, 


oESk oESk 


Suppose that 7 € f(k) and let o = M (rT). Then |o| = |M(T)| = |r|+k+1, 
so Km(o) < |r| = |o| — k — 1, so o € Sk. Conversely, if o € Sp then there 
is a 7 such that M(r) = o and |r| < |o| — k. For such a 7, we have 
|M(r)| = |o| > |r| +k, sor ¢ f(j) for j < k. Thus 7 € f(j) for some j > k. 
By the properties of f, there is a p € f(k) such that M(p) x M(r) =o. 
But since no proper initial segment of ø is in S,, in fact M(p) =o. 

So Sk = {M(r):7 € f(k)}, and hence the Sẹ are finite and uniformly 
computable. Thus {[Sk]}kcw is a Kurtz null test. Furthermore, by the 
choice of M, the set A is in every element of this test, and hence is not 
weakly 1-random. O 


In Theorem 7.1.15, we saw that Schnorr randomness can be characterized 
in terms of computable measure machines. It is an indication of the close 
relationship between Schnorr randomness and weak 1-randomness that this 
class of machines can also be used to characterize weak 1-randomness. 


Theorem 7.2.16 (Downey, Griffiths, and Reid [111]). A is not weakly 1- 
random iff there is a computable measure machine M and a computable 


function f such that for all n, we have Ku (A ft f(n)) < f(n) - 


Proof. Suppose that A is not weakly 1-random, so there is a Kurtz null test 
{[Sn]}new such that A € ),,[Sn], where the Sn are finite and uniformly 
computable. We may assume that for each Sn, all the strings in S» have 
the same length gin ), where g is computable. As shown in Theorem 7.2.15, 
Sek ere (lel-(™+1)) < 1, so by the KC Theorem, there is a prefix- 
free machine M such that, for each n and ø € S2n+2, there is a 7 of length 
|o| — (n+ 1) such that M(r) = 
Let) pedom m 2 "l. Then 


aD Tero = D H Uma) 
n cESon+2 
But for any s, 
XO PH eal $201 = 275, 
n>s n>s 


so X pcs 2” Tt u([U2n+2]) is an approximation to a to within 275, and hence 
a is computable. Thus M is a computable measure machine. 
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Let f(n) = g(2n + 2). Since A € (),,[S,], for each n we have A | 
g(2n +2) € Sn, whence 


Kum(A } f(n)) = Km(A J g(2n + 2)) = gn + 2) —(n+1) < f(n) =n. 


Now suppose we have a computable measure machine M and a com- 
putable function f such that Km(A | f(n)) < f(m) — n for all n. Let 
Sn = {0 € 24 : Kulo) < f(n) — n}. As in the proof of Theorem 7.2.15, 
u([Sn]) < 27”. Furthermore, the Sn are finite and uniformly computable, 
since the domain of a computable measure machine is computable. Thus 
{[Sn]}new is a Kurtz null test, and by choice of M, we have A € Np [Sn], 
so A is not weakly 1-random. O 


We finish this section with a Solovay-type characterization of weak 1- 
randomness. 


Definition 7.2.17 (Downey, Griffiths, and Reid [111]). A Kurtz-Solovay 
test is a pair (f, V) consisting of a computable function f and a computable 
collection V = {V; yicw of finite, uniformly computable sets of strings such 
that 7, M([Vn]) is finite and computable. We say that A fails a Kurtz- 
Solovay test if for all n, the set A is in at least n many of [Vo],.--, [Vfim]. 


Note that given any Kurtz-Solovay test (f, V), a new Kurtz-Solovay test 
(n+ n, V) can be defined via Vk = Vf) U ++ U Veceti1y—1- 


Theorem 7.2.18 (Downey, Griffiths, and Reid [111]). A is weakly 
l-random iff A does not fail any Kurtz-Solovay test. 


Proof. Suppose that A is not weakly 1-random, so there is a Kurtz null test 
{[Vnl}new such that A € (),, [Vz]. It is easy to check that (n > n, {Vn }new) 
is a Kurtz-Solovay test, and since A is in every [V,,], it fails this test. 

Now suppose that A fails a Kurtz-Solovay test (f,{Vn}new). Assume 
without loss of generality that $`, u([Vn]) < 1. Let Tk be the set of all ø 
for which there are at least 2* many V; with i < f(2*) such that o extends 
an element of V;. Let Sp be the set of all o € Tp such that T € Tp for T < o. 
Then >, u([Vn]) > 2% u([Sk]), so u([Sx]) < 27". Furthermore, the Sy are 
finite and uniformly computable, since the V, are, so {[Sz]}xew is a Kurtz 
null test. 

Since A fails the Kurtz-Solovay test (f,{Vn}new), for each k, the set A 
is in at least 2* many of [Vo], [Vi], ..-,[Vp(2s)], so there is an m for which 
there are at least 2* many i < f(2k) such that A | m extends a string in 
Vi. Thus A € (),[Sx], and hence A is not weakly 1-random. o 


7.2.3 Schnorr randomness via Kurtz null tests 


Schnorr randomness can also be characterized in terms of Kurtz null tests. 
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Definition 7.2.19 (Downey, Griffiths, and Reid [111]). A Kurtz array isa 
uniform family of Kurtz null tests {V;" }n jew such that p(Vj") < 2-9t"+1 
for all n and j. 


The uniformity in this definition means that the V? are uniformly pay 
classes and that the functions witnessing that the tests {Vj"}je. are Kurtz 
null tests are uniformly computable. 


Theorem 7.2.20 (Downey, Griffiths, and Reid [111]). A set A is Schnorr 
random iff for all Kurtz arrays {V} }n, jew, there is an n such that A ¢ V? 
for all j. 


Proof. Suppose that A is not Schnorr random, and let {Un}new be a 
Schnorr test with (Un) = 27” such that A € (),, Un. Let sj be the least 
stage s such that 4(U,[s]) > 2-"—2- 13+) and let V” = Un[s;+1]\Un[s;] 
for all n and j. Then 


u(V;") = w(Un[s5 +1})- p(Unls;]) 
S r a E ty, 


It is clear that the other conditions for being a Kurtz array hold of 
{V }n,jew, so this family is a Kurtz array. Since A € f)„ Un and U; V? = 
Un, for each n there is a j such that A € Vr. 

Conversely, suppose we have a Kurtz array {V} }n,jew such that for 
each n there is a j with A € Vf. Let Un = U,V. Then the U, 
are uniformly ©? and the measures (Un) are uniformly computable, 
since (Un) — KUj;<, Vj") < 27°. Furthermore, u(Un) < $; eV?) < 
È; 27nti+1 = 2-", Thus {Un}new is a Schnorr test, and clearly A € 
Nn Un- o 


Nicholas Rupprecht noticed that the characterization above allows for 
another elegant characterization in terms of a variation on Kurtz null tests. 


Definition 7.2.21 (Rupprecht [personal communication]). A finite total 
Solovay test is a sequence {Sn}new of uniformly computable clopen sets 
(i.e, Sn = Ho : o € Don) }] where g is computable) such that >), (Sn) is 
finite and computable. A set A passes this test if it is in only finitely many 
of the Sn. 


Notice that this is the Kurtz-style analog of Downey and Griffith’s no- 
tion of total Solovay test from [109] (see Definition 7.1.9). Indeed, we have 
avoided the term total Kurtz-Solovay test only to avoid confusion with 
the Kurtz-Solovay tests from Definition 7.2.17. The next result should be 
compared with Theorem 7.1.10. 


Corollary 7.2.22 (Rupprecht [personal communication]). A set is 
Schnorr random iff it passes all finite total Solovay tests. 
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Proof. One direction is clear from Theorem 7.1.10, since every finite total 
Solovay test is a total Solovay test. For the other direction, suppose that A 
passes all finite total Solovay tests. Let {V}*}n,jew be a Kurtz array. This 
array is clearly a finite total Solovay test, so A is in only finitely many of 
its elements, and hence there is an n such that A ¢ V? for all j. m 


7.2.4 Weakly l-random left-c.e. reals 


There are no weakly 1-random c.e. sets. In fact, we have the following, where 
a set is bi-immune if neither it nor its complement contains an infinite c.e. 
set. 


Theorem 7.2.23 (Jockusch, see Kurtz [228]). If A is weakly 1-random 
then A is bi-immune. 


Proof. Let W be an infinite c.e. set. Let U = {X : In (n e WA X(n) =0)}. 
Then U is a X} class of measure 1, so every weakly 1-random set must be 
in U. The same argument applies to the complement of a weakly 1-random 
set. O 


Jockusch [186] showed that there are continuum many degrees that 
contain no bi-immune sets, so we have the following. 


Corollary 7.2.24 (Jockusch, see Kurtz [228]). There are continuum many 
degrees that contain no weakly 1-random sets. 


While no c.e. set can be weakly 1-random, the same is not true of c.e. 
degrees. Of course we know that the complete c.e. degree is 1-random, and 
hence weakly 1-random, but in fact, as shown by Kurtz [228], every nonzero 
c.e. degree contains a weakly 1-random set. The following is an extension 
of that result. (See Theorem 8.13.3 for a relativized form of this theorem.) 


Theorem 7.2.25 (Downey, Griffiths, and Reid [111]). Every nonzero c.e. 
degree contains a weakly 1-random left-c.e. real. 


Proof sketch. Let B be a noncomputable c.e. set. We build a weakly 1- 
random left-c.e. real a =, B. The construction combines a technique for 
avoiding test sets with permitting and coding. We use an enumeration of 
partial Kurtz null tests U?, U1, ... and ensure that, for each UŻ that really 
is a Kurtz null test, œ is not in the null set determined by that test. A 
permitting condition ensures that if Bs [n= B |Ì n then as | n=qa Ìn. 

We build a by defining sets [0,1] 2 Xo 2 Xı 2 --- and letting a, = 
inf X,. We have two kinds of requirements: 


Ri : If U* is a Kurtz null test then Jk, s (Xs N U% = 9) 


and 


Pj : dnVi < j(a(n—j)+i= B(i— 1)). 
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The latter requirements code B into a, although it is still necessary to 
argue that the coding locations can be recovered from a. 

Each requirement R; has infinitely many strategies R,; j}. The strategy 
Re with e = (i,j) deals with a test set Uj, where k is determined during 
the construction to make sure the maximum possible measure of the test 
set is sufficiently small. The strategy for a single strategy Re is as follows. 

If Te is not defined, let Te = 7-10 (where 7-_ is a string defined by pre- 
vious requirements), and choose k large enough so that (Uj) < 27!7!7?, 
If Re never acts and is never initialized then the entire construction takes 
place within [re], producing a real a extending Te. We have [7-[s]] C X, at 
each stage s, but the Te are not “permanent” like the X, are, in the sense 
that while X,41 C X, for all s, we sometimes have 7,[s + 1] not extending 
Fels]: l 

The strategy Re requires attention if Uj; becomes nonempty. Once Re 
requires attention, it acts if B, [ |t-| changes, at which point Re defines 


X41 = Xs NUŻA [re], causing the construction to move out of [re]. For a 
nonempty string 7, let 7+ be the string obtained by changing the last bit 
of T from 0 to 1 or vice versa. Since (Uj) < 27!!-?, there is a oe = TH 
such that [oe] 0 Xs = [oe]. The construction then continues within such a 
cone [ce]. 

The strategy for a single requirement Pe is as follows. Given Te, extend 
it by e many bits to code B | e. This action extends the string Te defined 
by Re. When defining 7-41, the strategy Re41 uses this extended version 
of Te. 

In the construction we use an additional notion of satisfaction: If Re acts, 
where e = (i, 7), then we declare Re to be satisfied for all e’ = (i, j’) with 
j! EN. A strategy Re remains satisfied for the rest of the construction, and 
hence never requires attention or acts, unless it is initialized by the action 
of a stronger priority strategy. When a strategy Re is initialized, its string 
Te is canceled, as is its choice of k. When a strategy for a requirement Pe 
is initialized it simply ceases to have any impact in updating strings in the 
construction. 

The measures of the U} are chosen so that at no time can we run out of 
space to meet the requirements. 

The construction is now a reasonably straightforward application of the 
finite injury priority method with permitting and coding. See [111] for 
details. O 


7.2.5  Solovay genericity and randomness 


Solovay [370] used forcing with closed sets of positive measure in his con- 
struction of a model of set theory (without the full axiom of choice but 
with dependent choice) in which every set of reals is Lebesgue measurable. 
For those familiar with the basics of set-theoretic forcing, we note that 
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the generic extension of a ground model M obtained by Solovay forcing is 
of the form M2] for a random real x, which has the property that it is 
not contained in any null Borel set coded in M. (See Jech [185] for more 
details.) The connection between this notion and our notions of algorith- 
mic randomness should be clear. Kautz [200] made it explicit by giving 
a miniaturization (i.e., an effectivization) of Solovay’s notion that yields 
a characterization of weak n-randomness in terms of a forcing relation, 
in the same way that Cohen forcing is miniaturized to yield the notion 
of n-genericity. Thus, while there is no correlation between Cohen forcing 
and randomness,® we do have a notion of forcing related to algorithmic 
randomness. 

Let P, denote the partial ordering of I? classes of positive measure 
under inclusion. We work in the language of arithmetic with an additional 
set constant X and a membership symbol €. For a sentence y in this 
language and a set A, we write A F y to mean that y holds when X is 
interpreted as A and all other symbols are interpreted in the usual way. 


Definition 7.2.26 (Kautz [200]). (i) For T € Ph, we write T I- if 
AF vy forall AET. 


(ii) For a set A, we write A I- ọ if there is a T € P, such that A € T and 
TIF y. 


(iii) A set A is Solovay n-generic if for every X? formula y, either A IF y 
or A IF ng. 


Kautz [200] showed that this notion is well-behaved. 

Proposition 7.2.27 (Kautz [200]). 
(i) (Monotonicity) If T I- y then for all TCT inPy, we have T IF o. 
(ii) (Consistency) It is not the case that T I- p and T IF 7y. 


(iii) (Quasi-completeness) For every X? sentence p and each T € Pn, 
there is an SCT in P, such that either S IF p or SIF ng. 


(iv) (Forcing=Truth) A is Solovay n-generic iff for each O° or T, 
sentence p, we have AIF ọ iff AF ọ. 


Quasi-completeness is interesting to us in that it can be proved using 
algorithmic randomness: Let Up, Ui,... be a universal Martin-Lof test rel- 
ative to Ø), Let P; be the complement of U;. Since the measures of the 
P; go to 1, there must be an i such that TN P; € Ph. Let S = T A P. If 
AF ¢ for all A € S we are done, since then S IF y. Otherwise the II? class 
S=sn {A: AF ag} is nonempty. Since S contains (only) n-randoms, it 
must be in Ph, and Sik ny. 


8We will explore the relationship between algorithmic randomness and n-genericity 
in Chapter 8. 
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Kautz [200] also showed that Solovay n-genericity exactly characterizes 
weak n-randomness. 


Theorem 7.2.28 (Kautz [200]). A set is Solovay n-generic iff it is weakly 
n-random. 


Proof. Suppose that A is not weakly n-random. Then A is in some H? class 
S of measure 0. Let y be a II? formula such that S = {B : BEF y}. Since 
AF y, we cannot have A IF ~g. But since S has measure 0, there is no 
T € P, such that T IF- y. Thus A is not Solovay n-generic. 

Now suppose that A is weakly n-random and let y be a X? sentence. 
Let S = {B : BF p}. The class $ is a union of II9_, classes Co, Ci,.... 
If A € S, then A is in some C;. This C; must have positive measure, so 
C; € P, and C; I- y. Thus A I- y. If A ¢ S then A is in the T? class 
S= {B : BE ~y}. Again, S € Pn, and Slt ~g. Thus Alt ~g. o 


7.3 Decidable machines 


Bienvenu and Merkle [40] introduced a class of machines that can be used 
to classify most of the randomness notions we have met so far, in particular, 
weak 1-randomness, Schnorr randomness, and 1-randomness. 


Definition 7.3.1 (Bienvenu and Merkle [40]). A machine M is decidable 
if dom( M) is computable. 


Any computable measure machine is decidable, as is any bounded 
machine. 

As remarked following the proof of Theorem 2.19.2, any =? class can 
be generated by a computable set of strings, so Martin-Lof tests can be 
thought of as determined by uniformly computable sets of strings. Then if 
we follow the KC Theorem version of the proof of Schnorr’s Theorem 6.2.3, 
which converts tests to machines, it is not hard to show the following. 


Theorem 7.3.2 (Bienvenu and Merkle [40]). A set X is 1-random iff 
Kyu (X | n) > n—O(1) for all decidable prefiz-free machines M. Moreover, 
there is a fixed decidable prefix-free machine N such that X is 1-random 
iff Kn(X în) >n-O(1)° 


Note that Ky, for a decidable machine M is a particular example of a 
computable function f with $, 2-1) < 1, so the above result can be 
restated as follows. 


9 Another way to prove this result is to notice that, given a prefix-free machine M, we 
can define a decidable prefix-free machine N by waiting until ø enters dom(M) at stage 
s and then letting N(or) = M(o)r for all r € 2°. For any X, if Kys(X În) Cn-c 
then there is an s such that Kn (X [n+s)<n+s-c. 
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Corollary 7.3.3. A set X is 1-random iff for all computable functions f 
with $, 2-f™ < œ, we have f(X |n) > n—-O(1). 


For Schnorr randomness, we have the following. 


Theorem 7.3.4 (Bienvenu and Merkle [40]). A set X is Schnorr random 
iff for all decidable prefiz-free machines M and all computable orders g, we 
have Ky (X Ùn) >n-—g(n) — O(1). 


Proof. Suppose that X is not Schnorr random. Then by Definition 7.1.4, 
there is a computable martingale d and a computable order h such that 
d(X | n) > h(n) for infinitely many n. Let g be a computable order with 
g(n) = o(h(n)). We may assume that d(A) < 1. Let A, be the set of strings 
o such that d(o) > 2**49(|c|) but d(T) < 2**1g(|r|) for all 7 < o. Then 
X €(),Ax]. By Kolmogorov’s Inequality (Theorem 6.3.3), 


ght! S grleltlosta(lel) = Y grlel+e+1+los(a(lel) 


oA. oA 


< $ 2l ldo) <1. 


oEAk 
Thus 


5 Y ar lettestatle) < 1, 


k o€Ar 


Therefore, we can apply the KC Theorem to get a prefix-free machine M 
corresponding to the requests (|o| — log(g(|o|)), c) for all k and o € Ax. 

Since d(A) < 1, for all ø we have that 2!7! > d(c), so if o € Ap then 
|o| — log(g(|o|)) > k. Thus, to check whether rT € dom M, it suffices to 
consider A, for k < |r|. For each such k, there are only finitely many o 
with |o| —log(g(|o|)) = |T|. Once we have made requests for all such ø, we 
know 7 can no longer be added to the domain of M. 

Hence M is a decidable machine, and since Kys(c) < |o|—log(g(|o|)) for 
allo € Ax, there are infinitely many k such that Km(X | k) < k—log(g(k)). 
Taking a computable order g with g(n) = o(log g(n)), for each c there is 
an n such that Km(X În) <n- g(n)-— c. 

For the converse, suppose we have a computable order g and a prefix- 
free decidable machine M such that for each k we have Km(X | n) < 
n — g(n) — k for infinitely many n. We may assume that g is o(log n) 
without loss of generality. For each k let A, be the set of o such that 
Km(o) < |o| — g(Jo|) — k but Km(T) 2 |r| — g(|7|) — k for all T < ø. The 
Ap form a uniformly computable family of prefix-free subsets of 2<” such 
that, for all k, 


Sy gelate) < YO g-Ka lob < 97k, 
oCAR oC AL 


We can then define a martingale d as follows. 
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Let d? be the martingale that doubles its capital along ø except for the 
first p many bits. That is, let d? (T) = 1 if |r| < p, let d?(r) = 2im(el 7D if 
p < |r| and r(p)...r(min(lol, |r|) — 1) = o(p) ...o(min(|ø|, |r|) — 1), and 
let d? (T) = 0 for all other r. Let 


dr) =F Y arleltatled F (7). 


k ocAk 


Clearly, d is a martingale. Furthermore, 


dA) => Y ar leltatled, 


k o€ Ap 


and since jc, 2-lel+9(\el) < 2-*, we can computably approximate d(A), 
which is thus a computable real. Now we show that if we can compute d(T) 
then we can compute d(7i) for i = 0,1. We have 


dlri) = dlr) = SST ar lelalled (ag (ri) — de® (r). 


k cE A, 


This sum is actually a finite sum, as 


gel) g(lel) 


dg? (tr) =do? (ri) =1 


for all o with g(\o|) > 2|7| + 2. Thus, by induction, d is computable. 
To finish the proof, note that if o € Uj, Ax, then 


a(lel) Pie 
d(c) = g-lelta(lel) ge? (c) >2 del) 


But 2 ae is a computable order, and there are infinitely many prefixes of 


X in U, Ag, so X is not Schnorr random by Definition 7.1.4. oO 


For weak 1-randomness, we have the following. 
Theorem 7.3.5 (Bienvenu and Merkle [40]). The following are equivalent. 
(i) X is not weakly 1-random. 


(ii) There exists a decidable prefix-free machine M and a computable order 
f such that Cm(X | f(n)) < f(n) — 1 for alln. 


(iii) There exists a decidable (plain) machine M and a computable order 
f such that Cm(X | f(n)) < f(n) — 1 for alln. 


Proof. If X is not weakly 1-random, then by Theorem 7.2.16, there is a 
computable measure machine M and a computable increasing function f 
such that Cm(X | f(n)) < f(m) — n for all n. This machine is a decidable 
prefix-free machine, so we have (ii) and (iii). Since (ii) clearly implies (iii), 
we are left with showing that (iii) implies (i). 

Assume (iii) and let 


Bn = {0 : |o| = f(2n) A Cm(0) < Jo] — 2n}. 
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Let dọ be the martingale that doubles its capital along ø; that is, de(T) = 
2717] for 7 < ø and d,(r) = 27!7! for r > ø, with do(T) = 0 for all other 
T. Define the martingale d by 


dr) =e 2h a(n). 
n cEBn 
For all n, 
5 do(T) a |B,,|2'7| < prem entail 
o€B, 
sO 
se o- fen) (7) < Oe aah, 
oEBn 


and hence d is computable. 
Furthermore, X | f(2n) € Bn for all n, and therefore for all m > f(2n), 
we have do(X | m) = 2f and hence 


aX Įm) > XO Fd Chm) > 2”. 
oEBn 
Thus if we let g(m) = 2” for the largest n such that f (2n) < m (or g(m) = 0 


if there is none), then, by Theorem 7.2.13, g is a computable order showing, 
together with d, that X is not weakly 1-random. O 


Using similar methods, Bienvenu and Merkle [40] also obtained the 
following characterization of weak 1-randomness. 


Theorem 7.3.6 (Bienvenu and Merkle [40]). The following are equivalent. 
(i) X is not weakly 1-random. 


(ii) There exists a decidable prefix-free machine M and a computable order 
h such that Cm(x | n) <n— h(n) for alln. 


(iii) There exists a decidable (plain) machine M and a computable order 
h such that Cm(x | n) < n— h(n) for alln. 


7.4 Selection revisited 


7.4.1 Stochasticity 


In this section we return to the roots of the subject, re-examining von 
Mises’ idea of selection. As we have seen in Section 6.5, a selection function 
is a partial function f : 25° — {yes,no}. Recall that we think of f as a 
rule that, given some bits of a sequence, selects the next bit to bet on. 
Recall also the following notation from Section 6.5. For a sequence A 
and a selection function f, let sf(A,n) be the nth number k such that 
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f(A | k) = yes, if such a number exists. If s¢(A,n — 1) is defined, let 
S(A,n) = Vien A(s¢(A,2)). In other words, S¢(A,n) is the number of 
l’s among the first n many bits of A selected by f. If f is the function 
sending every string to yes, then we write S(a,n) for S;(a,n). We call 
80(A, n), 81(A,n),... the sequence of places of A selected by f. 

Given a collection C of selection functions, we say that A is stochastic 


for C if for any f € C, ious the sequence of places of A selected by f is 
finite, or lim, SAn) =4. 
Definition 7.4.1. A sequence is von Mises- Wald-Church stochastic if it is 
stochastic for all partial computable selection functions. 

A sequence is Church stochastic if it is stochastic for all computable 


selection functions. 


There is a natural way to turn a selection function f into a (su- 
per)martingale d. For each k and i = 0,1, define the martingale di, as 
follows. Let di (A) = 1. Given di (o), if f(a) = no, then let di (oj) = di (o) 
for j = 0,1. If f(o) = yes, then let di (ci) = (1 + 2-*)di(c) and 
di(o(1—i)) = (1—27*)di (0). If f(a) T, then let di (oj) = 0 for j = 0,1. In 
other words, di, waits for f to select a place, then bets a part of its capital 
that depends on k that the next bit will be i. 

Let d(o) = >, 27" (d? (o) + dj(c)). Then d is clearly a martingale, and 
it is also easy to see that if f is total computable then d is a computable 
martingale, while if f is partial computable then d is a c.e. supermartingale. 

Now vee that the sequence of places of A selected by f is infinite, and 
lim, A # 4. For each n, let us denote S(A,n) by nı and n— Sp(A, n) 
by no. In other voids no and nı are the number of 0’s and 1’s, respectively, 
in the first n bits of A selected by f. Suppose that £ > 0 is such that there 
are infinitely many n with no > (4 + e)n. (The case in which there are 
infinitely many n with nı > (4 +¢)n is of course symmetric.) For any such 
n, let m = s7(A,n) +1, where recall that s7(A,n) is the nth place of A 
selected by f. Then for any k we have 


LAT my SO aS > (1 FO See, 
Thus 
log d (A | m) > n(($ + e) log(1 + 2-*) + ($ — £) log(1 — 27*)). 
Now consider the function h : R — R defined by 
h(x) = (4 +e) log(1 + x) + (4 — £) log(1 — 2). 


We have h(0) = 0, and the derivative of h is h'(x) = eae zoe so 
h'(0) = 2e > 0. Thus, if x > 0 is sufficiently small, h(x yi = 0. So if we 
choose k large enough, then log d? (A | m) > ôn for some 6 > 0 independent 
of n. Since n can be chosen to be arbitrarily large, A € S[dp], and hence 


A € S{d. 
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Thus we have the following facts, which are implicit in the work of 
Schnorr [349]. A version of the first for a stronger notion of stochasticity 
appears in Shen [353]. The second is proved in Wang [405]. 


Theorem 7.4.2 (Schnorr [349], Shen [853], Wang [405]). If A is 1-random 
then A is von Mises-Wald-Church stochastic. If A is computably random 
then A is Church stochastic. 


So we see that computably random sets satisfy the law of large numbers 
with respect to computable selection functions. 

We will show in Corollary 7.4.7 that computable randomness does not 
imply von Mises-Wald-Church stochasticity. Later, at the end of section 8.4, 
we will show that Schnorr randomness does not imply Church stochasticity, 
a result due to Wang [405]. 

The converse to Theorem 7.4.2 fails to hold. Indeed, for any countable 
collection E of selection functions, being stochastic for E is not enough to 
imply even weak 1-randomness. To see that this is the case, fix E ae let a 
be as in Ville’s Theorem 6.5.1. That is, a is stochastic for F, but 2° Slan) <4 
for all n. Then a is not yey 1-random, because it is contained in 1 the ni 


class {X : Vn (24) Xn) < 4)}, which has measure 0. 


2 


7.4.2 Partial computable martingales and a threshold 
phenomenon for stochasticity 


In defining a martingale d based on a partial computable selection function 
f as in the previous subsection, instead of having d(oj) = 0 if f(a) T, we 
can let d(oj) be undefined in that case. We can also apply the proof of 
Proposition 7.1.2 to make d rational-valued. This definition makes d into a 
partial computable martingale. 


Definition 7.4.3. A partial computable (super)martingale is a partial com- 
putable function d : 2<% — QP? such that, if d(ai) is defined, then so are 
d(c) and d(o(1 — i)), and d, where defined, satisfies the (super)martingale 
property. 

A set is partial computably random if no partial computable martingale 
succeeds on it.1° 


This strengthening of the notion of computable randomness was first 
considered by Ambos-Spies and Wang (see Ambos-Spies [6], just before the 
bibliography). Partial computable martingales are also discussed in Terwijn 
[386], where they are attributed to Fortnow, Freivalds, Gasarch, Kummer, 
Kurtz, Smith, and Stephan [149]. By the comments above, if a set is partial 
computably random then it is von Mises-Wald-Church stochastic. It is also 


10Note that for a partial computable martingale d to succeed on A, we must have 
d(A [ n)] for all n. 
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clear that 1-random sets are partial computably random, since a partial 
computable martingale d can be turned into a c.e. martingale d by defining 
a(o) to be 0 while d(c) is undefined and then redefining d(c) to be d(o). 

Using this notion, we can show that there are von Mises-Wald-Church 
stochastic sets whose initial segment complexities are quite far from those 
of 1-random sets. The following theorem follows a line of work including 
Daley [86] and Li and Vitányi [248]. 


Theorem 7.4.4 (Merkle [266], Lathrop and Lutz [236], Muchnik, see 
[289]1"). 


(i) There is a computably random A such that for all computable orders 
f, we have C(A în |n) < f(n) for almost all n. 


(ii) There is a partial computably random B such that for all computable 
orders f, we have C(B | n|n) < f(n) logn for almost all n. 


Proof. We begin by proving part (i). Let F; = {i < s : ®; is an order}. Let 
do, d,,... be an effective enumeration of all partial computable martingales 
with initial capital 1, and let Ds = {i < s : di is total}. Let no = 0 and 


Ms41 = min{n > ns : i(n) > 3(s + 1) for all i € Fy}. 


Let I, = [ns, ns+1). 

We build A in stages. Let d, = ied, —(i+mi+1)q;. Note that d, is a 
martingale. Assume we have defined A | n. Ta o = Af nand let s be such 
that n € Is. Let A(n) = 0 if ds (00) < ds(o) and A(n) = 1 otherwise. 

We claim that for all s and n € Is, we have d, (A | n) < 2—27%. We prove 
this claim by induction on n. The case n = 0 is clear. For the induction 
step, since the construction of A ensures that d, (A | n) is nonincreasing 
on Is, it suffices to consider n = ns. Let o = A | (n — 1). Then 


a 


dlo A(n)) < ds(o) = ds_1(o) +27 ++ d (0) 
62 =9°O-V 4278 =2-275, 


This fact establishes the claim. Let i be such that d; is total. Then for 
s>iand né€ I,, we have d;(A [| n) < 2°*™*1d,(A [ n) < 2°*"*?, so A is 
computably random. 

To conclude the proof, we need to show that for all computable orders 
f, we have C(A [ n | n) < f(n) for almost all n. The key observation is 
that the sets F, and Ds can be coded by a string Ts of length 2s and that, 
given these two sets, we can simulate the construction of A [ ns+1. Thus, 
for any n € Is, we have C(A Ìn | n) < 2s + O(1). So for any computable 


11 This result was proved by Merkle in the form stated here, but he points out in [266] 
that the slightly weaker results of Lathrop and Lutz and of Muchnik discussed below are 
close to parts (i) and (ii), respectively, and were proved by essentially the same methods. 
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order ®;, if s is sufficiently large and n € Is, then 
C(A fn |n) < 28+ O(1) < 35 < ®;(ns) < (n). 


The proof of part (ii) is a modification of that of part (i). We now let 
D, be all i < s, but in defining the sum d,(o), we omit any d; such that 
d;(o) f. In this case, in order to simulate the construction of A [ ns41, we 
still need s bits to code F, but to decode A | n for n < ns+1, we now also 
need to know for each d; with i < s, whether d;(A [ n — 1) is defined, and 
if not, what is the largest m < n such that d;(A | m) is undefined. This 
information can be given with s many strings of logn many bits each. The 
result now follows as in part (i). Oo 


Theorem 7.4.4 can be viewed as the culmination of a long sequence of 
results on stochastic and random sequences. Daley [86] looked at replacing 
some results on randomness due to Loveland by results on stochasticity. 
Lathrop and Lutz [236] introduced what they called ultracompressible sets, 
defined as those sets X such that for every computable order g, we have 
K(X în) < K(n)+g(n) for almost all n. They proved the following result, 
which follows from Theorem 7.4.4 (i) by taking, say, f(n) = log g(n), since 
K(X fn) < K(n) + O(C(X [ n| n)). 


Theorem 7.4.5 (Lathrop and Lutz [236]). There are computably random 
ultracompressible sets.!? 


Similarly, Theorem 7.4.4 (ii) shows that there are partial computably 
random sets X such that K(X | n) < O((logn)?), say, thus establishing a 
strong failure of the converse to the first part of Theorem 7.4.2. 

A weaker form of Theorem 7.4.4 (ii) was also established by An. A. 
Muchnik in [289, Theorem 9.5]. In that version, the set being constructed 
depends on the computable order f, rather than there being a single set 
that works for all computable orders. 

Merkle [266] also showed that being stochastic does have some conse- 
quences for the initial segment complexity of a set. The following result 
generalizes the fact that no c.e. set can be von Mises-Wald-Church stochas- 
tic (which is obvious because every infinite c.e. set contains an infinite 
computable subset). Together with Theorem 7.4.4 (ii), this result estab- 
lishes a kind of threshold phenomenon in the initial segment complexity 
behavior of von Mises-Wald-Church stochastic sequences. 


12Īn Chapter 11, we will discuss the important notion of a K-trivial set, which is 
a set X such that K(X [| n) < K(n) + O(1). As we will see in that chapter, the K- 
trivial sets are far from random in several senses. In particular, K-trivial sets cannot be 
computably random, or even Schnorr random, because, as we will see, every K-trivial 
set is low (Theorem 11.4.1), and every low Schnorr random set is 1-random (Theorem 
8.11.2). Theorem 7.4.5 shows that computably random sets can nevertheless be “nearly 
K-trivial” . 
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Theorem 7.4.6 (Merkle [266]). If there is a c such that C(X [ n) < clogn 
for almost all n, then X is not von Mises-Wald-Church stochastic. 


Proof. Let k = 2c + 2. Choose a computable sequence mg,m1,... with 
each m; a multiple of k + 1, such that for all i, 
Mi 
10 e i-1) < . 
(mo T + mi 1) t 7 1 
Now partition N into blocks of consecutive integers Ip, i1,... with |Z| = 


mi, and then divide each J; into k + 1 many consecutive disjoint intervals 
J°,..., JE, each of length Py: Let o; = X | I; and of = X [ J}. 
We begin by showing that there is an effective procedure that, given 


X | min J$, enumerates a set Tf of strings such that for some t < k, 


(i) of € T! for almost all i and 


(ii) |T} < s4 for infinitely many 7. 


Let A; = {o € 2™ : C(c) < klogm;}. Note that |A;| < 2*!08™ = mF. 
Since Mo + --- + mj_1 < mi, for almost all 3, 


O(a) = O(X 1h) <e(X Tom i) +(X my) 


j&i j<i 
< clog mj R log X` mj; 
I< j<t 


<S clog(2m,;) + log(m;) < (2c + 1) log m; = (k — 1) log mi, 
so g; E€ Aj. 
For each i, let 
TF = {r : 0? ...o57tr € Ai} 


t 


and for j < k, let 


TÍ = {r : |r| =|J?| and there are at least (i 
many strings p such that of... o! "rp € Ai}. 


There is an effective procedure that, on input 2, Porat Ai, and hence 
there is an effective procedure that, given 7, 7, acd ae ae: ~~”, enumerates 
TÍ. Of course, given X | min J‘, we can find i, j, and o9,... ea 
are left with showing that (i) and (ii) are satisfied for some t. 

If t > 0 does not satisfy (ii) then, for almost all i, there are more than 


many strings in T/; that is, there are more than many strings 


so we 


Mi 
5+1) 
—t many strings 


OES 
T such that each 7 can be extended by at least (sq4y) 
p toa sue 0; 9 ..o'-'tp € A;. Thus, for each such i, there are more 


7 
than (—@_~)*-(-) many strings rp that extend o? ...ot7} to a string in 


B(R+I) 
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Ai, which implies that of~' € T/~1. So in this case (i) is satisfied with t 
replaced by ¢ — 1. 

Condition (i) is satisfied for t = k, so if (ii) is satisfied for t = k as well, 
then we are done. Otherwise, by the previous argument, we know that (i) 
is satisfied for t = k — 1 and we can iterate the argument. Proceeding this 
way, it suffices to argue that (ii) cannot fail for t = 0. Assuming that it 
does, for almost all i, there are more than BED) many strings 7T of length 


| J?| such that each such 7 can be extended in at least ( k many ways 


aft) 
to strings in A;. Thus, for almost all i, we have |A;| > (cay 
which is a contradiction, since, as noted above, |A;| < mË. 

Now that we have a ¢ satisfying (i) and (ii), we can define two par- 
tial computable selection functions rg and rı that demonstrate that X is 
not von Mises-Wald-Church stochastic. The idea is that r; tries to select 
places in J} such that the corresponding bit of X is j. For each i, let 
Cog she pt be a computable enumeration of T/ given X [| min Jf. 
Pick ig so that o; € TÉ for all i > ig. Both selection functions select numbers 
in intervals of the form J} for i > io. 

On entering such an interval, rj lets e = 0. It then starts scanning bits of 
X in the interval. It assumes that 7f = øt and selects n iff the corresponding 
bit of 7° is j. It proceeds in this way until either the end of the interval is 
reached or one of the scanned bits differs from the corresponding one of Tf, 
and thus rj realizes that 7 is the wrong guess for of. In the second case, 
rj increments the counter e and continues the procedure. By the choice of 
io, the counter e always settles on a value such that 7f = of. 

For all i > io, every number in the interval J} is selected by either ro 
or rı. We say that a number n is selected correctly if it is selected by rj 
and X(n) = j. In each J} there are at most |T/| — 1 many numbers that 
are selected incorrectly, since each incorrect selection causes each r; to 
increment its counter. So by (ii), there are infinitely many i for which at 
least numbers in J} are selected correctly. Hence for some j and 
SEED of the 
numbers in Jf correctly, and at most BELT incorrectly. By the choice of 
the m;, for each such 7 there are at most 


> m§, 


aT 
infinitely many 7, the selection function "5 selects at least 


TORE) many numbers that Tj 
could have selected before it entered the interval Jf. Hence, up to and 


including each such interval Jf, the selection nien rj selects at least 


D many numbers contently: and at most TET incorrectly. Thus rj 
witnesses that X is not von Mises-Wald-Church stochastic. O 


By Theorem 7.4.4, there is a computably random X such that C(X | 
n) < 2logn + O(1), so we have the following result. 


Corollary 7.4.7 (Ambos-Spies [6]). There is a computably random set 
that is not von Mises- Wald-Church stochastic. 
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7.4.3 A martingale characterization of stochasticity 


Ambos-Spies, Mayordomo, Wang, and Zheng [11] have shown that stochas- 
ticity can be viewed as a notion of randomness for a restricted kind of 
martingale. These authors stated the following for a notion of time-bounded 
stochasticity, but their proof works for Church stochasticity as well. 


Definition 7.4.8 (Ambos-Spies, Mayordomo, Wang, and Zheng [11]). 


(i) A martingale d is simple if there is a number q E€ QN (0,1) such that 
for allo andi=0,1, 


d(ai) € {d(o), (1 + q)d(o), (1 — g)d(o)}. 
(ii) A martingale d is almost simple if there is a finite set {go,--.,@m} C 
QAN (0,1) such that for all o and i = 0,1, there is a k < m such that 
d(oi) € {d(o), (1 + qx )d(o), (1 — qx )d(0)}. 


We say that a set is (almost) simply random}® if no (almost) simple 
computable martingale succeeds on it. Actually, almost simple randomness 
and simple randomness coincide. 


Lemma 7.4.9 (Ambos-Spies, Mayordomo, Wang, and Zheng [11]). If d is 
an almost simple martingale then there are finitely many simple martingales 


do,...,dm such that S{d| C Upem S[de]- 


Proof. Suppose that d is almost simple via the rationals {qo,...,@m}. For 
each 7 < m, define a simple martingale dp that copies d on all ø such that 
d(ai) € {d(c), (1+ qk)d(0), (1 — qk )d(o)} and is defined by d;(ci) = dk(o) 
for i = 0,1 otherwise. If d succeeds on A then clearly one of the dg must 
also succeed on A. O 


Corollary 7.4.10. A set is almost simply random iff it is simply random. 
We can now state the following characterizations of stochasticity. 
Theorem 7.4.11 (Ambos-Spies, Mayordomo, Wang, and Zheng [11]). 
(i) A set is Church stochastic iff it is simply random. 


(ii) A set is von Mises-Wald-Church stochastic iff no partial computable 
(almost) simple martingale succeeds on it. 


Proof. We prove (i); the proof of (ii) is essentially the same. 
Suppose there is a computable simple martingale d with rational q that 
succeeds on A. We define a computable selection function f by letting 
no if d((X [n—1)0)=d(X în 
Ar l (( )0) = d(X | n) 


yes otherwise. 


13 Ambos-Spies, Mayordomo, Wang, and Zheng [11] used the terminology “weakly 
random”, which is already used in this book in relation to Kurtz randomness. 


7.5. Nonmonotonic randomness 309 


Then f is computable and succeeds on A: 


im sup LU <nid(A Fy = HAW) = (1+ aa Ty = DY 
n ly<n:d(ATy—1)A(y))=(-gd(ATy-1)}l > 
so the limsup of the proportion of the bits of A selected by f that are 1 is 
bigger than 4, and hence A is not Church stochastic. 
For the other direction, let the martingales dj, be as in Section 7.4.1. 
Then each dj, is a simple martingale, and, as shown in that subsection, if 
A is not Church stochastic then some dj, succeeds on A. oO 


7.5 Nonmonotonic randomness 


7.5.1 Nonmonotonic betting strategies 


In this section we consider the effect of allowing betting strategies that can 
bet on the bits of a sequence out of order. This concept was introduced by 
Muchnik, Semenov, and Uspensky [289]. We use the notation of Merkle, 
Miller, Nies, Reimann, and Stephan [269]. 


Definition 7.5.1. A finite assignment (f.a.) is a sequence 
x = (ro, ao), ---, (Tn, an) E (N x {0,1})<” 


such that the r; are pairwise distinct. We call the set of r; the (selection) 
domain and denote it by dom(z). 

A scan rule is a partial function s from the set of finite assignments to 
N such that for all finite assignments z, we have s(x) ¢ dom(z). 


The idea is that the r; are the places selected by our nonmonotonic 
betting strategy, and the scan rule is the function that determines the next 
place to bet on based on the observed values of the previously selected 
places, i.e., the ai. 


Definition 7.5.2 (Merkle, Miller, Nies, Reimann, and Stephan [269]). A 
stake function is a partial function from the collection of finite assignments 
to [0, 2]. 

A nonmonotonic betting strategy is a pair consisting of a scan rule and 
a stake function. 


We can now define the analog of a martingale for a nonmonotonic betting 
strategy (s,q). This is called in [269] a capital function, d. The idea is that 
given a set X, we begin with d(A), and given a finite assignment x, the 
strategy picks s(x) as the next place to bet on. If g(a) < 1, it is betting 
that X(s(x)) = 1, and staking 1 — g(x) much of its capital on that bet; if 
q(x) > 1, it is betting that X(s(x)) = 0, and staking g(x) — 1 much of its 
capital on that bet; and if q(x) = 1, it is betting evenly. Then, as in the case 
of a martingale, if X(s(x)) = 0, the current capital is multiplied by q(x), 
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and otherwise it is multiplied by 2 — q(x). (That is, if the strategy makes 
the correct guess then the amount it staked on that guess is doubled, and 
otherwise that amount is lost.) 

We can consider nonmonotonic betting strategies as a game played on 
sequences. Let b = (s,q) be a nonmonotonic betting strategy. We define 
the partial functional p by p* (0) = \ and 


p* (n+ 1) = p*(n)*(s(p* (n)), a(p* (n)). 


We have p¥ (n +1) 1 if s(p*(n)) is undefined. Using this functional we can 
formally define the payoff of our strategy as 


Xma- P0 if X(p*(n))=0 
eae a? if X(p*(n)) = 1, 


Finally, we can define the payoff function of b, which is our notion of a 
nonmonotonic martingale, as 


dy (n) = ds Q) TT ~ 0. 


(This definition depends on a choice of d¥ (A), but that choice does not 
affect any of the relevant properties of dy.) 


Definition 7.5.3 (Muchnik, Semenov, and Uspensky [289]). A nonmono- 
tonic betting strategy b succeeds on X if 
lim sup dj (n) = 00. 
n—co 

We say that X is nonmonotonically random (or Kolmogorov-Loveland 
random) if no partial computable nonmonotonic betting strategy succeeds 
on it. 

We say that C C 2” is Kolmogorov-Loveland null if there is a partial 
computable nonmonotonic betting strategy succeeding on all X € C. 


The use of partial computable nonmonotonic strategies in Definition 7.5.3 
is not essential. 


Theorem 7.5.4 (Merkle [265]). A sequence X is nonmonotonically ran- 
dom iff no total computable nonmonotonic betting strategy succeeds on 
it. 

Proof sketch. It is enough to show that if a partial computable non- 
monotonic strategy succeeds on X then there is a total computable 
nonmonotonic strategy that also succeeds on X. Suppose the partial com- 
putable strategy (s,q) succeeds on X. This strategy selects a sequence 
of places so, s1,... so that unbounded capital is gained on the sequence 
A(so), A(s1).... If we decompose so, s1, ... into even and odd places, then 
the unbounded capital gain must be true of either the subsequence of even 
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places or that of odd places. Without loss of generality, suppose it is the 
former. 

Now the idea is to build a total computable betting strategy that emu- 
lates (s,q) on the even places, but, while it is waiting for a convergence, 
plays on fresh odd places, betting evenly. If the convergence ever happens, 
the strategy returns to emulating (s, q). Oo 


The fundamental properties of nonmonotonic randomness were first es- 
tablished by Muchnik, Semenov, and Uspensky [289]. Many of these were 
improved in the later paper of Merkle, Miller, Nies, Reimann, and Stephan 
[269], which, by and large, used techniques that were elaborations of those 
of [289]. 


Theorem 7.5.5 (Muchnik, Semenov, and Uspensky [289]). If A is 
1-random then A is nonmonotonically random. 


Proof. Suppose that A is not nonmonotonically random and that b is 
a partial computable betting strategy that succeeds on A. We define a 
Martin-Léf test {V, : n € N} as follows. We put [oc] into V,, if there is a 
j such that d?(j) > 2”. (Note that this notation implies that the first j 
places selected by b are all less than |o|.) It is straightforward to check that 
Kolmogorov’s Inequality (Theorem 6.3.3) holds for nonmonotonic martin- 
gales as well, and that this fact implies that {V, : n € N} is a Martin-Lof 
test. Since clearly A € [),, Vn, we see that A is not l-random. O 


At the time of writing, it remains a fundamental open question whether 
this theorem can be reversed. It seems that most researchers in the area 
believe that the answer is no. 


Open Question 7.5.6 (Muchnik, Semenov, and Uspensky [289]). Is every 
nonmonotonically random sequence 1-random? 


Some partial results toward the solution of this problem will be reported 
here and in Section 7.9, where we discuss work by Kastermans and Lempp 
[199] on variations of nonmonotonic randomness called permutation and 
injective randomness. 

Thus we know that l-randomness implies nonmonotonic randomness, 
which in turn clearly implies (partial) computable randomness, since mono- 
tonic betting strategies are a special case of nonmonotonic ones. The 
same proof as above shows that if we looked at computably enumerable 
nonmonotonic betting strategies, we would have a notion equivalent to 
1-randomness. 

We can separate nonmonotonic randomness from computable (or even 
partial computable) randomness by combining the remark following The- 
orem 7.4.5 with the following result, which shows that nonmonotonic 
randomness is quite close to 1-randomness in a certain sense. 
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Theorem 7.5.7 (Muchnik, see [289]!*). 
(i) Let h be a computable order such that 
K(ATA(n)) < h(n) =n 
for alln. Then A is not nonmonotonically random. 


(ii) Indeed, there are two partial computable nonmonotonic betting strate- 
gies such that any sequence satisfying the hypothesis of (i) is covered 
by one of them. 


(iii) Moreover, these strategies can be converted into total computable ones. 


Proof sketch. For an interval J, let A | I denote the restriction of A to J. 
Using h, we can define a computable function g such that 


K(AT [9(n),g(n + 1))) < g(n+1)—g(n)—n 


for all n. (Having defined g(n), we can choose a sufficiently large m that 
codes g(n) (say by having m = (g(n), i) for some i) and let g(n+1) = h(m).) 
Let In = [g(n), g(n + 1)). We have two betting strategies, one based upon 
the belief that there are infinitely many e such that the approximation to 
K(A } be) settles no later than that of K(A | Ige41), and the other based 
on the belief that there are infinitely many e such that the approximation to 
K(A } Ige41) settles no later than that of K(A | Ize). These strategies are 
symmetric, so we assume that A satisfies the first hypothesis and describe 
the corresponding strategy. 

The idea is to scan A | I2e41, betting evenly on those bits, and then wait 
until a stage t such that K;(A | Ige41) < g(2e + 2) — g(2e +1) — 2(e + 1). 
At this stage we begin to bet on the interval I>e, using half of our current 
capital. We bet only on those strings o of length g(2e + 1) — g(2e) such 
that Ki(o) < g(2e +1) — g(2e) — 2e. If the hypothesis about settling times 
is correct for this e, then one of these strings really is A | I2e. The capital 
is divided into equal portions and bet on all such strings. If we lose on all 
strings then we have lost half of the remaining capital. If the hypothesis is 
correct for this e, though, then a straightforward calculation shows that we 
increase our capital enough to make up for previous losses, so that, since 
the hypothesis will be correct for infinitely many e, this betting strategy 
succeeds on A. O 


Notice that we can replace nonmonotonic randomness by 1-randomness 
and delete the word “computable” before h in the statement of Theorem 
7.5.7 part (i). 


The statements (ii) and (iii) were not present in Muchnik’s original result, but these 
stronger statements can be extracted from the proof, as pointed out in [269]. 
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One key problem when dealing with nonmonotonic randomness is the 
lack of universal tests. The level to which the lack of universality hurts us 
can be witnessed by the following simple result. 


Theorem 7.5.8 (Merkle, Miller, Nies, Reimann, and Stephan [269]). 
No partial computable nonmonotonic betting strategy succeeds on all 
computably enumerable sets. 


Proof. Let b = (s,q) be partial computable. We build a c.e. set W. We 
compute £n = (10,40),---;(n—-1, @n—1), starting with £o = A, and setting 
Tn41 = S(£n), with anı = 1 if q(£n) > 1 and anı = 0 otherwise. We 
enumerate rn+1 into W if an+ı = 1. Clearly, b cannot succeed on W. O 


Strangely enough, it turns out that two nonmonotonic betting strategies 
are enough to succeed on all c.e. sets. 


Theorem 7.5.9 (Muchnik, see [289], Merkle, Miller, Nies, Reimann, and 
Stephan [269]). There exist computable nonmonotonic betting strategies bo 


and bı such that for each c.e. set W, at least one of bo or bı succeeds on 
W. 


Proof. Divide N into intervals {Ip : k E€ w} with |Ik+1] = 5|J,| and let 
Je = U; Lej). 

The first strategy is monotonic and extremely simple. It always bets 2 
of its current capital that the next bit is 0. This strategy succeeds on all 
sequences X such that there are infinitely many initial segments X | n 
where fewer than + of the bits are 1. In particular, it succeeds on all X 
such that Je N X is finite for some e. 

The second strategy succeeds on all We that have infinite intersection 
with Je. Fix an enumeration of all pairs {(e;, zi) : i E€ w} such that z; € 
We, N Je, for some e;. The betting strategy b = (s,q) splits its initial 
capital so that it devotes 27°71 to W (so the initial capital is 1). Thus the 
capital function d is broken into parts dike. Given the finite assignment 

X 
Ln = (ro, a0), ..-, (Tn—1,an—1), we let s(£n) = 2n and q(£n) = 1 — feth, 
(Here we think of d,(n) as the capital accrued by beginning with 27°71 
and betting all our capital on 1 at stages n such that en = e.) This strategy 
will succeed on all We such that Xe N Je infinite, since for each number in 
this intersection, the capital de is doubled. O 


Corollary 7.5.10 (Merkle, Miller, Nies, Reimann, and Stephan [269]). 
The class of Kolmogorov-Loveland null sets is not closed under finite 
Unions. 


7.5.2 Van Lambalgen’s Theorem revisited 


We have seen that looking at splittings yields significant insight into ran- 
domness, as witnessed by van Lambalgen’s Theorem (see Section 6.9). 
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For an infinite and coinfinite set Z, let z < zı < -:: be the ele- 
ments of Z, let yo < yı < +- be the elements of Z, and recall that 
Ao z Ai = {zn : n E Ao} U {yn : n € Ar}. That is, we use Z as a 
guide as to how to merge Ap and Aj. Clearly, the proof of van Lambalgen’s 
Theorem shows that if Z is computable then Ao @z A, is 1-random iff A; is 
1-random relative to A,_; for i = 0,1. Here is an analog of van Lambalgen’s 
Theorem for nonmonotonic randomness. 


Theorem 7.5.11 (Merkle, Miller, Nies, Reimann, and Stephan [269]). 
Suppose that A = Ap @z Ay for a computable Z. Then A is nonmono- 
tonically random iff A; is nonmonotonically random relative to Ai_; for 


i=0,1. 


Proof. If A not nonmonotonically random, then let 6 be a nonmonotonic 
betting strategy succeeding on A. Let bg and bı be strategies with the same 
scan rule as b, but such that bo copies b’s bets on places in Z, while betting 
evenly on places in Z, while bı copies b’s bets on places in Z, while betting 
evenly on places in Z. One of bọ or bı must also succeed on A. Suppose 
it is bo, the other case being symmetric. It is easy to transform bo into a 
strategy that is computable relative to A; and succeeds on Ao, whence Ao 
is not nonmonotonically random relative to Aj. 

For the other direction, suppose that b is an A,-computable nonmono- 
tonic betting strategy that succeeds on Ag, the other case being symmetric. 
Then we can define a computable nonmonotonic betting strategy by scan- 
ning the Z positions of A, corresponding to A;, betting evenly on those, 
until we get an initial segment of A, that allows us to compute a new value 
of b. Then we place a bet on the Ao portion of A according to this new 
value of b, and repeat this procedure. O 


An important corollary of this result is the following. 


Corollary 7.5.12 (Merkle, Miller, Nies, Reimann, and Stephan [269]). If 
Z is computable and Ao ®z A, is nonmonotonically random, then at least 
one of Ag or Ay is 1-random. 


Proof. Let Uo, U1,... be a universal Martin-Lof test. Suppose that neither 
of the A; is 1-random and let fi(n) be the least s such that A; € U,[s]. 
Let i be such that there are infinitely many n with fi_i(n) < fi(n). Let 
Vn = Um>n Unlfi(n)]. Then Vo,Vi,... is a Schnorr test relative to Aj, and 
Ai-i E€ n Vn. Thus A;_ is not Schnorr random relative to A;, and hence 
not nonmonotonically random relative to A;. By Theorem 7.5.11, Ap @z Ai 
is not nonmonotonically random. O 
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7.6 Demuth randomness 


In this section we introduce a notion of randomness due to Demuth [94, 95], 
whose underlying thesis was that reasonable functions should behave well 
on random points. 


Definition 7.6.1 (Demuth [94, 95]). A sequence of £} classes {[W,(e)] }eew 
is called a Demuth test if 


(i) Wao l) < 27° and 


(ii) g is an w-c.e. function; that is, there are a computable function f 
and a computable approximation g(e) = lim, g(e, s) such that |{s : 


g(e,s+1) # g(e,s)}| < f(e) for all e. 


We say that a set A passes this Demuth test if it passes it in the Solovay 
test sense: A ¢ [W,,.)] for almost all e. 
A set is Demuth random if it passes all Demuth tests. 


The idea here is that while the levels of the test are all c.e. objects, 
the function picking the indices of the levels is not computable but only 
approximable.!5 If the function g used to define the test members is only 
A$ then we get another notion of randomness, called limit randomness, 
studied by Kučera and Nies [220]. Limit randomness is implied by Schnorr 
randomness relative to Q’ (a concept further studied by Barmpalias, Miller, 
and Nies [27]), and hence by 2-randomness. Kuéera and Nies [220] also 
studied weak Demuth randomness, where a set is weakly Demuth random if 
it passes all Demuth tests {[W;(e)]}ecw such that [W(o)] 2 [Wo] 2 ---- 
See [220] for more on these notions. 

Every Martin-Lof test is a Demuth test, and every Demuth test is a 
Martin-Léf test relative to 0’, so we have the following. 


Proposition 7.6.2. 2-randomness implies Demuth randomness, which in 
turn implies 1-randomness. 


Notice that if a set is w-c.e. then it cannot be Demuth random, and 
hence Q is not Demuth random. (Consider the finite Demuth test given by 
Ve = [Q | e+ 1] for e € w.) Thus Demuth randomness is stronger than 
1-randomness. Demuth [95] constructed a A9 Demuth random set, showing 
that 2-randomness is stronger than Demuth randomness. One method to 
establish this result is to construct a test that serves a purpose similar to 
that of a universal Martin-Lof test. (There is no universal Demuth test.) 


15Barmpalias [personal communication] has noted that a natural example of a Demuth 
test is the null class of all sets that compute functions not dominated by a AS almost 
everywhere dominating function f, that is, a function f such that for almost every a and 
almost every g <r a, the function f dominates g. That these sets can be captured by a 
Demuth test can be seen by using the natural construction of Kurtz [228] in Theorem 
8.20.6 below. We will examine almost everywhere domination further in Section 10.6. 
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This is done by enumerating all pairs {(ve(-,-), Ye) : e E€ w}, where ye and 
We are partial computable functions, and where we allow ¢ye(z, s)[t] | only 
if 

1. ve(y,s)[t] | for all y < z, 

2. pelai], 

3. {u:u <t A ge(a,ut1) # pelz, u)}| < o-(x), and 

4. (Wy. (2,s)[t]) < 277. 


That is, we enumerate all partial Demuth tests and then we can assemble 
the tails as usual to make a test universal for Demuth randomness. This 
test is of the form {[Whn(e)] }eew with h a A$ function (in fact an (w+1)-c.e. 
function). The leftmost set passing this test will be Demuth random and 
AS. Thus we have the following. 


Theorem 7.6.3 (Demuth [95]). There exists a AS Demuth random set. 


We will show in Theorem 8.14.2 that all Demuth random sets are GL. It 
is also possible to show that no Demuth random set is of hyperimmune-free 
degree. (Indeed, Miller and Nies (see [306]), proved that if a set is GL; and 
DNC then it is hyperimmune. Hence no 1-random set that is GL; can be 
hyperimmune-free. But there are hyperimmune free weakly 2-random sets, 
as we see in the next chapter.) This result shows that weak 2-randomness 
and Demuth randomness are incomparable notions. 


7.7 Difference randomness 


Following the proof of Theorem 6.1.3, we discussed the class of 1-random 
sets that do not compute Ø. Results such as Theorems 8.8.4 and 11.7.4 
below will show that the sets in this class behave much more like “truly ran- 
dom” sets than computationally powerful 1-random sets such as Q. In this 
section, we present a test set characterization of this class due to Franklin 
and Ng [157], which attests to its naturality as a notion of randomness. 


Definition 7.7.1 (Franklin and Ng [157]). A d.c.e. test is a sequence 
{Un \ Vn}new such that the U, and V, are uniformly £} classes and u(Un \ 
Vn) < 27” for all n. A set A passes this test if A ¢),, Un \ Vn. 

A set is difference random if it passes all d.c.e. tests. 


This definition can be generalized in a natural way to define n-c.e. tests 
and n-c.e. randomness for all n > 1 (where 2-c.e. randomness is what we 
have called difference randomness). However, Franklin and Ng [157] showed 
that this hierarchy of randomness notions collapses; that is, for every n > 1, 
a set is n-c.e. random iff it is difference random. 

Difference randomness can also be characterized in terms of a special 
kind of Demuth test. 
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Definition 7.7.2 (Franklin and Ng [157]). A Demuth test {[Won)]}new 
is strict if g has an w-c.e. approximation g(n, s) such that if g(n,s+1)4 
g(n, s) then [Won),s41] N [Wzn t] = 0 for all t < s. 


Lemma 7.7.3 (Franklin and Ng [157]). A set A is difference random iff 
for every strict Demuth test {[Wogn)]}ecw, we have A €(),,[Wom)].- 


Proof. Suppose there is a strict Demuth test {[Wg(n)]}new such that A € 
NnlWom)]- Let Un = U,[Won,s)] and Vn = Uf{[Worn,s)] : gin, s +1) F 
g(n,s)}. It is easy to check that {Un \ Vn}new is a d.c.e. test that A does 
not pass. 

Now suppose there is a d.c.e. test {Un \ Va}new that A does not pass. We 
may assume without loss of generality that 4(Un[s] \ Vn[s]) < 27” for all n 
and s. We may also assume that A is l-random, since otherwise there is a 
Martin-L6f test that A does not pass, and every Martin-L6f test is a strict 
Demuth test. Let {Cn i : n E€ w, i < 2} be uniformly ©? classes defined 
as follows. 

Let sn,o = 0. For each n, let Cn, o copy Un+1 until u(Cho) exceeds 2~”. If 
such a stage s,,,1 is ever reached, then stop building Cno and begin building 
Chi by copying Un+2 \ Cn,o until u(Cn,1) exceeds 27”. (Note that, in this 
case, Cro is a AY class, so Un+2 \ Cn,o is still a XY class.) Continue in this 
fashion, at step i building Cn, by copying Un+i+1 \ (Cro U +++ U Ch i—1) 
until u(Cn,i) exceeds 27” at some stage Sn,i+1, if ever. It is easy to see that 
for each n there is an i, < 2” such that this construction enters step in 
but never leaves it. 

The Ch, are clearly uniformly X}, so we can define a computable function 
g such that for each n and s, we have [Won,s)] = Cn,i for the largest i such 
that s > sn. Let g(n) = lims g(n, s). It is easy to check that { [Wzn] fnew 
is a strict Demuth test, and hence so is {[Wg(n)]}n>n for any N. We now 
show that there is an N such that A €(),,3 y[Wo(n)]. 

Let 


S = {Un+i[8n i] \ VngilSny] i new A0<t< in}. 


The sum of the measures of the elements of S is bounded 5>,, 53,27"? < 
oo, so S is a Solovay test. By our assumption that A is 1-random, there is 
an N such that A ¢ Un+i[8n,i] \ Vn+i[Sn,] for all n > N and 0 <i S in. 
Let n > N. For 0 <i < in, we have A ¢ Va+i, so that A € Vi+i[Sn,i], and 
hence A ¢ Un+ilSn,i] = Cadat But A € Una AAs so 

AE Un+in+1 \ (Ch,0 U-+-U Cn,in—1) = Chyin = [Won]. 
Thus A € nsw [Wam]. O 


Using this characterization, we can show that the difference random sets 
are exactly the “computationally weak” 1-random sets. 


Theorem 7.7.4 (Franklin and Ng [157]). A set is difference random iff it 
is 1-random and does not compute 0’. 
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Proof. Suppose that A is 1-random but not difference random. Let 
{[Wo(n)]}new be a strict Demuth test such that A € (),,[Wan)]. Let 
t(n) be an A-computable function such that for each n there is a k with 
Atk E Won) [t(n)]. Let S = {[Wony[s]] : n € O64, \05}. Then S is a Solo- 
vay test, so for almost all n, if n enters 9’ at stage s+1, then A ¢ [W,(n)[s]]], 
and hence s < t(n). Thus n € O iff n € Øm) for almost all n, and hence 
O <rt <r A. 

For the other direction, since every difference random set is 1-random, it 
is enough to assume that A >, 0’ and build a d.c.e. test that A does not 
pass. We build an auxiliary c.e. set C. By the recursion theorem, we may 
assume we have a reduction C = T^ (as explained in the proof of Theorem 
2.20.1). Let 


Sna = {X : Vj <i(T*((n, 5) = 1) A T*((n, i) |= 0}. 


Let C = {(n,t) : w(Snu) > 27-7}, let Un = U{ Sni : VI < i(ulSn j) > 
2-")}, and let Vp = U{ Sn, : (Sn) > 2-"}. The Sni are uniformly ©? 
classes, and hence so are the U,, and the Vn. Fix n. The S;,; are pairwise 
disjoint, so there is a least i such that u(Sn,i) < 27”. Then Un \ Vn = Sry, 
and if ITX = C then X € Spi, SO in particular A € S,,;. It follows that 
{Un \ Vn}new is a d.c.e. test that A does not pass. Oo 


Thus every difference random set is l-random, and this implication is 
strict. Lemma 7.7.3 shows that every Demuth random set is difference ran- 
dom. As we will see in Theorem 8.13.1, no weakly 2-random set can compute 
Ø, so weak 2-randomness also implies difference randomness. As mentioned 
in the previous section, Demuth randomness and weak 2-randomness are 
incomparable notions, so both of these implications are strict. 

See [157] for a martingale characterization of difference randomness. 


7.8 Finite randomness 


A finite Martin-Léf test is a Martin-Lof test {[V-] : e € w} where |V.| < 
oo for all e; that is, each [Ve] is clopen. A set is finitely random if it 
passes all finite Martin-Lof tests. We say that a finite Martin-Lof test is 
a computably finite Martin-Lof test if, additionally, there is a computable 
function f such that |V.| < f(e). A set is computably finitely random if 
it passes all computably finite Martin-Léf tests. Interestingly, for A8 sets 
finite randomness and 1-randomness coincide. 


Proposition 7.8.1. If A is finitely random and AY then A is 1-random. 


Proof. Suppose that A is A} and not 1-random. Let Up, U1, ... be a univer- 
sal Martin-Lof test. Let Vo, Vi,... be the test defined by letting V;[s] = U;[¢] 
for the largest t < s such that A, € U;[t], if there is one, and t = s otherwise. 
Then Vo, V,,... is a finite test, and its intersection contains A. O 


7.9. Injective and permutation randomness 319 


Beyond the A$ sets the notions are quite different. One could argue that 
notions of finite randomness are not really randomness notions (because 
they are not stochastic), but it might in any case be interesting to see 
what insight they give into computability. We do not cover these notions 
further here, but point out one recent theorem, which indicates that they do 
provide some insight. A degree is totally w-c.e. if every function it computes 
is w-c.e. 


Theorem 7.8.2 (Brodhead, Downey, and Ng [44]). A computably enumer- 
able degree contains a computably finitely random set iff it is not totally 
W-C.e. 


At the time of writing, little else is known about these notions. 


7.9 Injective and permutation randomness 


Two variations on nonmonotonic randomness were suggested by Miller and 
Nies [278] as possible methods of attacking Question 7.5.6. Both use the 
idea of restricting betting strategies to oblivious scan rules; that is, no mat- 
ter what the input sequence A is, the places to be scanned are determined 
exactly by the previous places we have bet on, independently of the ob- 
served values of A at these places, so that the scan rule maps N<” to N. 
Thus, there is an f such that if we have bet on positions no,...,nz, then we 
will bet on position f((no,...,%)), where of course this value cannot be 
in {no,...,nx}. A sequence is injectively random if it is nonmonotonically 
random for all computable betting strategies based on such scan rules. It is 
permutation random if it is nonmonotonically random for all computable 
betting strategies based on such scan rules with the additional requirement 
that the strategy must bet on all bits eventually. (That is, the scan rule is 
also surjective.) 

Clearly, every nonmonotonically random set is injectively random, ev- 
ery injectively random set is permutation random, and every permutation 
random set is computably random. The following is what is known in this 
area. Due to space limitations, we only sketch the proof. 


Theorem 7.9.1 (Kastermans and Lempp [199]). There is an injectively 
random set that is not 1-random. 


Proof sketch. We need to build a c.e. martingale M and a set X such 
that M is unbounded along X but X is injectively random. We will think 
of M as an infinite sum of uniformly c.e. martingales M;, each weighted 
so as to make sure that M = ae M; is a martingale. Each M; bases its 
procedure on a guess; in order to win, it suffices that one of the M; be 
unbounded along X. This idea is familiar from Theorem 6.3.7, where we 
constructed an optimal supermartingale, and Corollary 7.4.7. In the follow- 
ing, we will restrict ourselves to dealing with just two injective computable 
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martingales. For the general case, dealing with all such martingales, see 
[199]. 

We first sketch a construction to make X permutation random: We need 
to ensure that each permutation martingale is bounded on X. For a single 
permutation martingale d, we have our c.e. martingale Mo guess that d 
is total. Consequently, Mo will always favor the successor of a node on 
which d gains less. In this way, we determine a sequence A on which Mo 
succeeds, but such that d is bounded on A, so if Mo’s guess is correct, we 
can take X = A. It is true that d is not monotonic so d may be betting 
elsewhere before it bets on the next bit. However, since d is assumed to be 
total, we can always wait until bets have been placed on the next bit and 
then simply take the statistical average, thereby providing a “monotonized” 
version of d. We also have, for the ith node ø € 2“”, a c.e. martingale Mj+1 
guessing that d is not defined on ø. This martingale can simply concentrate 
its capital on a sequence B extending o, and if its guess is correct, we can 
take X = B. 

To defeat two permutation martingales dg and dı, each with initial cap- 
ital < 1, say, we have two cases for dı: Under the guess that do is not 
defined on o, we can simply run the above strategy in the cone above o. 
Under the guess that do is partial, the strategy for dı is more complicated; 
we cannot simply run the above strategy since dı may be undefined only 
on nodes o where dp is very large. (Strictly speaking, this is not a problem 
for this two-strategy case, but it would be for the general construction.) So 
we modify the above strategy by distinguishing the following cases: 

(i) dı is undefined on a node ø at which dp is bounded by 2, say. We 
can then safely restrict our attention to nodes above o and proceed as for 
a single permutation martingale. 

(ii) dı is total when restricted to nodes ø at which dp is bounded by 
2. We can then pretend that dı is indeed total without restrictions by 
modifying dı to a permutation martingale d} that behaves like dı but bets 
evenly as soon as a node ø is reached at which dp reaches 2. We now use a 
“monotonized” version of dg + adi, for some suitable c. Since our sequence 
X will not extend any ø at which dp has reached 2, it is safe to use di in 
place of dı. 

Finally, to deal with injective martingales, we need one more ingredient. 
The additional difficulty is that we can no longer “monotonize” as above, 
since we cannot afford to wait until all bets on the next bit have been 
placed. Instead, for a single injective martingale, M bets only on bits for 
which it knows that d bets as well (i.e., an infinite computable subset of the 
bits on which d bets). To deal with two injective martingales do and d1, say, 
we distinguish cases, dealt with by separate strategies. If there are infinitely 
many bits on which both dp and dı bet, then we simply restrict ourselves 
to an infinite computable set of such bits. If there are only finitely many 
bits on which both dp and dı bet, say none past bit k, then past this bit k, 
we can run separate strategies against dọ and dı on disjoint sets of bits, 
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which will not interfere with each other. The details are a bit messy; see 
Kastermans and Lempp [199] for the full proof. oO 


There are two views on the above theorem. The first is that injective ran- 
domness is very different from nonmonotonic randomness, and the theorem 
says nothing about the question of whether nonmonotonic randomness and 
1-randomness coincide. The second view is that perhaps the result could be 
generalized to solve that question. Maybe some kind of measure-theoretic 
generalization of the Kastermans-Lempp argument (looking at the mea- 
sure of where two nonmonotonic martingales coincide) might work, but 
the problem seems difficult. 

There seem to be a number of other potentially interesting randomness 
notions intermediate between computable randomness and 1-randomness. 
We mention two that can be motivated by thinking about the coding of 
tests into supermartingales in the proof of Schnorr’s Theorem 6.3.4 that a 
set is 1-random iff no c.e. supermartingale succeeds on it. There, we start 
with a uniformly c.e. sequence Ro, Ri,... of prefix-free generators for a 
Martin-Lof test. We build a c.e. supermartingale d that bets evenly on a0 
and gl until it finds that, say, c0 € Rn, at which point it starts to favor 
aQ, to an extent determined by n. If later d finds that 01 € Rm, then what 
it does is determined by the relationship between m and n. If m < n then 
d still favors o0, though to a lesser extent than before. If m = n then d 
again bets evenly on g0 and ol. If m > n then d switches allegiance and 
favors o1. Of course, this switch can happen several times, as we find more 
R; to which g0 or o1 belong. 

The computable enumerability of d is essential in the above. A 
computable supermartingale (which we have seen we may assume is 
rational-valued without loss of generality) has to decide which side to 
favor, if any, immediately. Hitchcock has asked whether an intermediate 
notion, where we allow our supermartingale to be c.e. but do not allow it 
to switch allegiances in the way described above, is still powerful enough 
to capture l-randomness. The purest version of this question was sug- 
gested by Kastermans, in discussing Hitchcock’s question with Downey 
and Lempp. A Kastergale!® is a pair consisting of a partial computable 
function g : 25% — {0,1} and a c.e. supermartingale d such that g(a) |= i 
iff Js (ds(ai) > d,(o(1 — i)) iff d(ai) > d(o(1 — i)). A set is Kastermans 
random if no Kastergale succeeds on it. A Hitchgale is the same as a Kaster- 


gale, except that in addition the proportion BER (where we regard 2 as 
being 0) is a ©} function, so that if we ever decide to bet some percentage 
of our capital on 77, then we are committed to betting at least that per- 


16We reflect here this (so far informally adopted) practice of portmanteau naming of 
martingale varieties, without necessarily endorsing it. It may be worth noting that a 
martingale is not a martin-gale. The Ozford English Dictionary suggests that the word 
comes from the name of the French town of Martigues. 
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centage from that point on, even if our total capital on 7 increases later. A 
set is Hitchcock random if no Hitchgale succeeds on it. It is open whether 
these notions differ from each other or from 1-randomness. 


8 


Algorithmic Randomness and Turing 
Reducibility 


In this chapter, we look at the distribution of l-random and n-random 
degrees among the Turing (and other) degrees. Among the major results 
we discuss are the Kucera-Gacs Theorem 8.3.2 [167, 215] that every set is 
computable from a 1-random set; Theorem 8.8.8, due to Barmpalias, Lewis, 
and Ng [24], that every PA degree is the join of two 1-random degrees; and 
Stillwell’s Theorem 8.15.1 [882] that the “almost all” theory of degrees 
is decidable. The latter uses Theorem 8.12.1, due to de Leeuw, Moore, 
Shannon, and Shapiro [92], that if a set is c.e. relative to positive measure 
many sets, then it is c.e. This result has as a corollary the fundamental 
result, first explicitly formulated by Sacks [341], that if a set is computable 
relative to positive measure many sets, then it is computable. Its proof will 
introduce a basic technique called the majority vote technique. 

We also explore several other topics, such as the relationship between 
genericity and randomness; the computational power of n-random sets, es- 
pecially with respect to n-fixed point free functions; and some important 
unpublished results of Kurtz [228] on properties that hold of almost all sets, 
in the sense of measure. These results use a technique called risking mea- 
sure, which has recently found applications elsewhere, such as in Downey, 
Greenberg, and Miller [108]. 
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8.1 IT? classes of 1-random sets 


For each n > 1, relativizing Q to Ø) shows that there are n-random 
sets computable in 0(”),1 We can get a stronger result using I? classes. For 
each constant c, the class {A : Yn K(A | n) > n — c} is clearly a IT? class, 
so basic facts about IT? classes give us several interesting results about the 
1-random sets, which have been noted by several authors. 


Proposition 8.1.1. The collection of 1-random sets is a £} class. 
Proposition 8.1.2. There exist low 1-random sets. 
Proof. Apply the Low Basis Theorem 2.19.8. o 


Proposition 8.1.3. There exist l-random sets of hyperimmune-free 
degree. 


Proof. Apply the Hyperimmune-Free Basis Theorem 2.19.11. O 


Proposition 8.1.2 is obviously particular to 1-randomness, since no 2- 
random set can be A$, let alone low. In Theorem 8.21.2, we will see that 
this is also the case for Proposition 8.1.3, since every 2-random set has 
hyperimmune degree. On the other hand, the above results obviously rel- 
ativize, so, for instance, for all n > 1, there exist n-random sets with 
0()-computable jumps. 


8.2 Computably enumerable degrees 


Kučera [215] completely answered the question of which c.e. degrees contain 
1-random sets, by showing that the only such degree is the complete one. 


Theorem 8.2.1 (Kučera [215]). If A is 1-random, B is a c.e. set, and 
A Sr B, then B=, V. In particular, if A is 1-random and has c.e. degree, 
then A=, W. 


Proof. Kuéera’s original proof used Arslanov’s Completeness Criterion 
(Theorem 2.22.3). We give a new direct proof. 

Suppose that A is l-random, B is c.e., and YË = A. Let c be such that 
K(A [ n) > n—c for all n. We will enumerate a KC set, with constant 
d given by the recursion theorem. Let k = c+ d+ 1. We want to ensure 
that if B | YP (n + k)[s] = Bs | YP (n + k)[s], then 0(n) = Ø (n), which 
clearly ensures that (’ <. B. We may assume that our approximations are 
sufficiently sped-up so that YP (n + k)[s] | for all s and all n < s. 

If n enters @’ at some stage s > n, we wish to change B below y? (n+k)[s]. 
We do so by forcing A to change below n + k. That is, we enumerate a KC 


lIt is also easy to construct an arithmetically random set computable from 0). 
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request (n+ 1, As [| n + k). This request ensures that K(A,; [n+k) < 
n+d+1 = n+ k-c, and hence that Af n+ k Æ As | n+ k. Thus 
B | YP (n+k)[s] 4 Bs | yP (n+k)[s], as required. (Note that we enumerate 
at most one request, of weight 2~'"+)), for each n € N, and hence our 
requests indeed form a KC set.) o 


In the above proof, if Y is a wtt-reduction, then so is the reduction from 
B to Ọ' that we build. Hence, we have the following result. 


Corollary 8.2.2. If A is 1-random, B is a c.e. set, and A <u. B, then 
B =, W. In particular, if A is 1-random and has c.e. wtt-degree, then 
Å Eru W. 


8.3 The Kuéera-Gacs Theorem 


In this section we present a basic result, proved independently by Kuéera 
[215] and Gács [167], about the distribution of 1-random sets and the re- 
lationship between 1-randomness and Turing reducibility. Specifically, we 
show that every set is computable from some l-random set. We begin with 
an auxiliary result. 


Lemma 8.3.1 (Space Lemma, see Merkle and Mihailović [267]). Given a 
rational 6 > 1 and integer k > 0, we can compute a length I(6,k) such that, 
for any martingale d and any o, 


{r € 28k) : dior) < dd(a)}| > k. 


Proof. By Kolmogorov’s Inequality (Theorem 6.3.3), for any l and ø, the 
average of d(aT) over strings 7 of length | is d(o). Thus 


Hr € 2! : dlor) > dd(c)}| Z 1 
2! ô 
Let I(ô, k) = [log 4+], which is well-defined since ô > 1. Then 


91(6,k) 
Hre 218k) . d(at) > dd(a)}| < ae 
so 
1(5,k) 
Hre 218k) dlor) < ĉd(o)}| > Pees 2 
= 2k) (1 _ 6-1) > L (1 = 64) =k 


One should think of the Space Lemma as saying that, for any o and 
any martingale d, there are at least k many extensions 7 of o of length 
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|o| + 1(6,&) such that d cannot increase its capital at ø by more than a 
factor of ô while betting along T. 

We wish to show that a given set X can be coded into a 1-random set 
R. Clearly, unless X itself is 1-random, there is no hope of doing such 
a coding if the reduction allows for the recovery of X as an identifiable 
subsequence of R. For instance, it would be hopeless to try to ensure that 
X <,, R. As we will show, however, we can get X Swe R. The key idea in 
the proof below, which we take from Merkle and Mihailovié [267], is to use 
the intervals provided by the Space Lemma to do the coding. 


Theorem 8.3.2 (Kučera [215], Gács [167]). Every set is wtt-reducible to 
a 1-random set. 


Proof. Let d be a universal c.e. martingale. We assume that we have applied 
the savings trick of Proposition 6.3.8 to d so that for any R, if liminf, d(R [ 
n) < oo then R is l-random. 

Let ro > rı >--- be a collection of positive rationals such that, letting 
bi = Wi<iti: the sequence {;}ic, converges to some value 8. Let ls = 
I(rs,2) be as in the Space Lemma, which means that for any ø there are 
at least two strings T of length ls with d(or) < rsd(c). Partition N into 
consecutive intervals {I,}sew with s| = ls. 

Fix a set X. We construct a l-random set R that wtt-computes X. 
At stage s, we specify R on the elements of J,. We denote the part of R 
specified before stage s by cs. (That is, os = R | $;<, li.) If s > 0, then we 
assume by induction that d(o;) < 8,1. We say that a string 7 of length 
ls is s-admissible if d(osT) < Bs. Since Bs = rsBs—ı (when s > 0) and 
ls = l(rs,2), there are at least two s-admissible strings. Let 7 and 7 be 
the lexicographically least and greatest among such strings, respectively. 
Let os41 = OsTi, where i = X(s). 

Now liminf, d(R | n) < 8, so R is 1-random. We now show how to 
compute X(s) from os41 = R | dic, li. We know that o541 is either 
the leftmost or the rightmost s-admissible extension of os, and being s- 
admissible is clearly a co-c.e. property, so we wait until either all extensions 
of ø to the left of a, are seen to be not s-admissible, or all extensions 
of o to the right of 0,4; are seen to be not s-admissible. In the first case, 
s ¢ X, while in the second case, s € X. Oo 


We will refer to the kind of coding used in the above proof as Gács coding, 
as it is an adaptation by Merkle and Mihailović [267] of the original method 
used by Gács [167]. 

Merkle and Mihailović [267] also adapted the methods of Gács [167] to 
show that the use of the wtt-reduction in the Kuéera-Gacs Theorem can 
be quite small, on the order of n + o(n). This proof is along the lines of the 
above, but is a bit more delicate. We will see in Theorem 9.13.2 that this 
bound cannot be improved to n + O(1). 
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8.4 A “no gap” theorem for 1-randomness 


The Kuéera-Gacs Theorem allows us to examine more deeply the charac- 
terization of 1-randomness by Miller and Yu, Theorem 6.7.2. We recall that 
this theorem states that a set is 1-random iff any of the following equivalent 
conditions holds. 


(i) C(ATn|n) >n- K(n) — O(1). 
(ii) C(A} n— K(n)— O(1). 


2 
(iii) C(A | n) > n — g(n) — O(1) for every computable function g such 
that 5°29) < o. 


(iv) C(A In) > n= G(n) - O(1), 


where 


n 


Gln) Kst) ifn = 2’ and Kepi(t) 4 Ks(t) 
n) = 
n otherwise. 


This function is clearly a Solovay function in the sense of Definition 3.12.3, 
that is, a computable upper bound for K that agrees with K up to a 
constant infinitely often. Using the Kučera-Gács Theorem, Bienvenu and 
Downey [39] showed that this is not a coincidence, as all functions that can 
take the place of G in Theorem 6.7.2 are Solovay functions. 


Theorem 8.4.1 (Bienvenu and Downey [39]). Let g be a function such 
that A is 1-random iff C(A | n) > n — g(n)— O(1). Then g is a Solovay 


function. 


To prove this result, we will show that in both characterizations of 1- 
randomness, K(a | n) > n— O(1) and C(a [ n) > n — K(n) - O(1), 
the lower bound on the complexity is very sharp; that is, there is no “gap 
phenomenon”. 

In Corollary 6.6.2, we saw that A is 1-random iff lim, K(A [ n)— n = 
oo. Together with Schnorr’s Theorem 6.2.3, this result gives the following 
dichotomy: Either A is not 1-random, in which case K(a | n) — n takes 
arbitrarily large negative values, or A is l-random, in which case K(a | 
n)—n tends to infinity. So, for instance, there is no A such that K(A f n) = 
n+O(1). We can ask whether this dichotomy is due to a gap phenomenon. 
That is, is there a function h that tends to infinity, such that for every 
l-random A, we have K(A [ n) > n + h(n) — O(1)? Similarly, is there 
a function g that tends to infinity such that for every A, if K(A [ n) > 
n—g(n)—O(1) then A is 1-random? We will give negative answers to both 
of these questions, as well as their plain complexity counterparts. 


Theorem 8.4.2 (Bienvenu [37], see also Bienvenu and Downey [39]). 


(i) There is no function h that tends to infinity such that if K(A | n) > 
n — h(n) — O(1) then A is 1-random. 
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In fact, there is no function h that tends to infinity such that if K(A Ù 
n) > n— h(n) — O(1) then A is Church stochastic (as defined in 
Definition 7.4.1). 


(ii) There is no function h such that if C(A [ n) > n—K(n)—h(n)—O(1) 
then A is 1-random (or even Church stochastic). 


Proof. Since we can replace h by the function n+ min{h(k) : k > n}, we 
may assume that h is nondecreasing. We build a single A that establishes 
all parts of the theorem simultaneously. Let h~!(n) be the least m such 
that h(m) =n. 

If h is computable, then we can simply take a 1l-random X and ob- 
tain A by inserting zeroes into X at a sufficiently sparse set of positions, 
say h~'(0),h~1(1),....2 However, we are working with an arbitrary or- 
der h, which may grow slower than any computable order, so this direct 
construction may not work, since inserting zeroes at a noncomputable set 
of positions may not affect the randomness of the resulting set. To over- 
come this problem, we invoke the Kucera-Gacs Theorem and choose our 
l-random set X so that h <1 X. Intuitively, the sequence A resulting from 
inserting zeroes into X at positions h~1(0),h~1(1),... should not be 1- 
random, or even Church stochastic, since the part of A consisting of the 
original bits of X should be able to compute the places at which zeroes 
were inserted. However, the insertion of zeroes may destroy the Turing re- 
duction ® from X to h~+. In other words, looking at A, we may not be 
able to distinguish the bits of X from the inserted zeroes. 

We solve this problem by delaying the insertion of the zeroes to “give ® 
enough time” to compute the positions of the inserted zeroes. More pre- 
cisely, we insert the kth zero at position ng = h~!(k)+t(k) where t(k) is the 
time needed by ® to compute h~1(k) from X. This way, nz is computable 
from X | npk in time at most nz. We can then construct a computable 
selection rule that selects precisely the inserted zeroes, witnessing the fact 
that A is not Church stochastic (and hence not 1-random). Moreover, since 
the “insertion delay” makes the inserted zeroes even more sparse, we still 
have K(A în) > n— h(n) — O(1). And similarly, since X is l-random, by 
Theorem 6.7.2 we have C(A | n) > n — K(n) — h(n) — O(1). 

The details are as follows. We may assume that t is a nondecreasing 
function. Let A be the set obtained by inserting zeroes into X at positions 
h~*(n) + t(n). To show that A is not Church stochastic, we construct a 
(total) computable selection rule S that filters the inserted zeroes from A. 
We proceed by induction to describe the action of S on a sequence Z. 

Let kn the number of bits selected by S from Z | n and let on be the 
sequence obtained from Z | n by removing all selected bits. At stage n+1, 


?This approach was refined by Merkle, Miller, Nies, Reimann, and Stephan [269], who 
used an insertion of zeroes at a co-c.e. set of positions to construct a left-c.e. real that 
is not von Mises-Wald-Church stochastic, but has initial segments of high complexity. 
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the rule S' selects the nth bit of Z iff $7” (kn)[n]] and for the computation 
time s of ®°"(k,), we have 67" (kn) + 5 =n. 

Clearly, S is a total computable selection rule. We claim that, on A, the 
rule S' selects exactly the zeroes that have been inserted into X to obtain 
A. Suppose that the first i many bits of A selected by S are the first i 
many inserted zeroes, the last of these being A(m). Let A(n) be the next 
inserted zero. Let | € (m,n) and assume by induction that no bit of A 
in (m,1) is selected by S. Then o; < X and kı = i, so if P% (kı) | then 
P7 (ki) = PŽ (i) = h-1(i), and the time of this computation is ¢(i). But 
PX (i) + t(i) Æ l, since l is not an insertion place, and hence A(I) is not 
selected by S. So, by induction, no bit of A in (m,n) is selected by S. Thus 
On < X and kn = i. Furthermore, since n is the (i + 1)st insertion place, 
n= h(i) +t(i), and °” (kn)[n] |= ®* (i) = h(i), so A(n) is selected by 
S. Thus we have established our claim, which implies that A is not Church 
stochastic. 

Now fix n and let i be the number of inserted zeroes in A | n. Then 
X Ì n-— i can be computed from A f n, so K(A [ n) > K(X l n—-i)— 
O(1) > n — i — O(1). By the choice of insertion positions, i < h(n), so 
K(A fn) > n-— h(n) — O(1). A similar calculation shows that C(A [ n) > 
n — K(n) — h(n) — O(1). o 


The above construction can also be used to get the following dual version 
of Theorem 8.4.2. 


Corollary 8.4.3 (Bienvenu and Downey [39]). There is no function g that 
tends to infinity such that K(A | n) > n+ g(n)— O(1) for every 1-random 
A. 

Similarly, there is no function g that tends to infinity such that C(A } 
n) > n— K(n)+ h(n) — O(1) for every 1-random A. 


Proof. We prove the first statement, the proof of the second being 
essentially identical. 

Assume for a contradiction that such a g exists. We may assume that g 
is nondecreasing. Let h be an order that is sufficiently slow-growing so that 
h(n) < g(n — h(n)) + O(1) and perform the construction in the proof of 
Theorem 8.4.2. Then, letting i be the number of inserted zeroes in A | n, 
we have 


K(Atn) > K(X [n—1) - O(1) >n-—i+g(n-—i)- O(1) 
2n—h(n) + g(n— h(n)) — O01) > n- O0), 


contradicting the fact that A is not 1-random. oO 


Miller and Yu [279] extended the above result to any unbounded function 
(rather than only those that tend to infinity). We will present this result 
in Theorem 10.4.3. Bienvenu and Downey [39] also used the results above 
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to give a different proof of Theorem 6.7.2. A further application of these 
results is to prove Theorem 8.4.1. 


Proof of Theorem 8.4.1. Let g be a function such that A is 1-random iff 
C(A în) > n—g(n) — O(1). Let h(n) = g(n) — K(n). Then A is 1-random 
iff C(A | n) > n—K(n) —h(n) —O(1), so by Theorem 8.4.2, h cannot tend 
to infinity, and thus g is a Solovay function. O 


The consequences of Theorem 8.4.2 go beyond its applications to Solovay 
functions. For example, it can be used to show that Schnorr randomness 
does not imply Church stochasticity, as mentioned in Section 7.4.1. By 
Theorem 7.3.4, if K(A | n) > n — h(n) — O(1) for some computable order 
h, then A is Schnorr random. On the other hand, Theorem 8.4.2 says that 
this condition is not sufficient for A to be Church stochastic. 

One can also adapt the proof of Theorem 8.4.2 to separate Church 
stochasticity from Schnorr randomness within the left-c.e. reals, as we 
now sketch. Let a be a 1-random left-c.e. real. Let t(n) be least such that 
t(n) > t(n—1) and |a—ayn)| < 27”. Let p be obtained from a by inserting 
zeroes in positions t(0),t(1),.... Since t is approximable from below, / is 
left-c.e., and by the same reasoning as above, it is not Church stochastic. 
Let f(n) be the least m such that t(m) > n. The same kind of computation 
as above shows that K(8 [ n) > n— f(n) — O(1). It is easy to show that 
t grows faster than any computable function, so f grows more slowly than 
any computable order, whence ( is Schnorr random. This result improves a 
theorem of Merkle, Miller, Nies, Reimann, and Stephan [269], who proved 
an equivalent fact for a weaker notion of stochasticity. For details on that 
result, see Bienvenu [37]. 


8.5 Kučera coding 


One of the most basic questions we might ask about the distribution of 
1-random sets is which Turing degrees contain such sets. Kučera [215] gave 
the following partial answer, which was later extended by Kautz [200] to 
n-random sets using the jump operator, as we will see in Theorem 8.14.3. 


Theorem 8.5.1 (Kučera [215]). [fa > 0’ then a contains a 1-random set. 


Proof. Let a > 0’ and let X € a. Let R be as in the proof of Theorem 8.3.2. 
Then X <+ R. Furthermore, we can compute R if we know X and can tell 
which sets are s-admissible for each s. The latter question can be answered 
by 0’. Since X >, W, it follows that R <+ X. Thus R is a 1-random set of 
degree a. O 


We now give a different proof of Theorem 8.5.1, which is of course also 
an alternative proof of the Kučera-Gács Theorem 8.3.2, along the lines of 
the original proof of Kučera [215]. This version is due to Reimann [324] (see 
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also Reimann and Slaman [327]). Let So, S1,... be an effective list of the 
prefix-free c.e. subsets of 2<”, and let Sk, s be the stage s approximation to 
Spk. We begin with Kucera’s useful construction of a universal Martin-Lof 
test. 


Kuéera’s universal Martin-Lof test. Fix n € N. For each e > n, enu- 
merate all elements of Sa, (e) (where we take Ss, (e) to be empty if &.(e) f) 
Fe Secs 2-lel < 27°, (That is, if this sum ever 
gets to 27°, stop enumerating the elements of Sa, (e) into Rn before it does.) 
Let Un = [Rp]. 

The R, are uniformly c.e. and as 27lal < esn 2 ° = 2°". Thus 
{Un}new is a Martin-Löf test. To see that it is universal, let {Vn }new be a 
Martin-L6f test. Let e be such that V; = [Ss.()] for all i. Every computable 
function possesses infinitely many indices, so for each n there is an i > n 
such that ®e = ®;. For such an i, we have [Ssa] = [Se.()] = Vi, which 
means that every element of [Sg,(;)] is enumerated into Rn. So (m Vm E 
Un. Thus (m Vm © Nn Un- 


We next need a lemma similar in spirit to the Space Lemma. 


into a set Rn as long as >> 


Lemma 8.5.2. Let {Un}nen be Kučera’s universal Martin-Löf test, and 
let P, be the complement of Un. Let C be a TIN class. Then there exists a 
computable function y : 25° x N > Q? such that for any o € 2<” and 
neN, 


P,ACA Io] #0 > uC [o]) = yl n). 


Proof. It is easy to check that if Pa N CN [co] #4 @ then p(CN [c]) > 0, 
but we need to show that we can give an effective positive lower bound for 
MCN loD). _ 

Since C is a IT? class, there is an index k such that C = [Sp]. Fix o and 
n, and define the partial computable function ® as follows. On input j, 
search for an s such that p([o] \ [Sk s ]) < 27%. If such an s is ever found, 
then let ®(j) be such that Sg ,) is finite, [Ss] covers [o] \ [Sks], and 
U([Sacj)]) < 27%. Clearly, {]Sa(;)]}jeu is a Martin-Léf test. Let e > n 
be an index such that Pe = ®, obtained effectively from o and n. Let 
y(o,n) = 27°. 

Suppose that ®e(e) |. Then [Ss.(e)] CG Un, so there is an s such that 
lo] \ ISk, ] E Un. But 


CN fel = lo] \ [Sx] € lo] \ [Sx.s], 


so CN [øo] C Un, and hence Pa NCN [o] = 9. 
Now suppose that ®.(e)T. Then u(lo] \ [Sk,s]) = 27° for every s, so 


HCO [o]) = Clo] \ [SD = tim ullo] \ [Se,s]) > 27° = yio, n). 
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Alternate proof of Theorem 8.5.1. Let B >, 0’. We need to show that 
there is a l-random set A such that A =, B. Let {Un}new be Kuéera’s 
universal Martin-Lof test. We describe how to code B into an element A 
of Uo. Let T be a computable tree such that [T] = Up and let E be the set 
of extendible nodes of T (i.e., those nodes extended by paths of T). Note 
that E is co-c.e., and hence (’-computable. 

Let y be as in Lemma 8.5.2 with C = Uo, and let b(o) = [—log y(a,0)]. 
Then we know that, for any ø, if Uo N fo] 4 0, then (Oo [o]) > 27°. 
Thus, if ø € E then ø has at least two extensions of length b(0) + 1 in E. 

Suppose that, at stage n, we have defined A | m, for some mpn. Let 
o = A} mn. We assume by induction that o € E. Let 79 and 7, be the 
leftmost and rightmost extension of ø of length b(c) + 1 in E, respectively. 
As pointed out in the previous paragraph, To Æ 7. Let A [ b(o) = Ti, where 
i= B(n). 

Since A € [T] = Uo, we know that A is 1-random. We now show that 
A=, B. 

The construction of A is computable in B and W. Since we are assuming 
that B >, 0’, we have A <+ B. For the other direction, first note that the 
function n +> Mnp is computable in A. To see that this is the case, assume 
that we have already computed mn. Then mn41 = b(A | Mn) + 1. Now, 
to compute B(n) using A, let o = A | Mn and let 7 = A | mp4y1. We 
know that 7 is either the leftmost or the rightmost extension of o of length 
Mn+1 in E. Since F is co-c.e., we can wait until either all extensions of ø of 
length mn4+1 to the left of 7 leave E, or all extensions of ø of length my+1 
to the right of r leave E. In the first case, s ¢ B, while in the second case, 
se B. O 


We call the coding technique in the above proof Kučera coding. 

The Kučera-Gács Theorem goes against the intuition that random sets 
should be highly disordered, and hence computationally weak. However, 
note that this result is quite specific to 1-randomness. For example, if A 
is 2-random then it is 1-random relative to 0’, and hence relative to Q, 
so by van Lambalgen’s Theorem, Q is 1-random relative to A, and hence 
Q £r A. Thus, no 2-random set can compute Ø. (We will have more to say 
on this topic in the next section.) Furthermore, Theorem 8.5.1 can be com- 
bined with van Lambalgen’s Theorem to prove the following result, which 
shows how randomness is in a sense inversely proportional to computational 
strength. 


Theorem 8.5.3 (Miller and Yu [280]). Let A be 1-random and B be n- 
random. If A <q B then A is n-random. 


Proof. The n = 1 case is trivial, so assume that n > 1. Let X =, 9("-) 


be l-random. Since B is n-random, it is 1-random relative to X. By van 
Lambalgen’s Theorem, X is 1-random relative to B, and hence relative to 
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A. Again by van Lambalgen’s Theorem, A is 1-random relative to X, and 
hence relative to 9’. Thus A is n-random. oO 


8.6 Demuth’s Theorem 


By Theorem 8.2.1, the only 1-random c.e. degree is 0’, so the class of 1- 
random degrees is not closed downwards, even among the nonzero degrees. 
The following result shows that there is a sense in which it 7s closed down- 
wards with respect to truth table reducibility. The proof we give is due to 
Kautz [200], and uses the results and notation of Section 6.12. 


Theorem 8.6.1 (Demuth’s Theorem [95]). If A is 1-random and B <,, A 
is not computable, then there is a 1-random C =, B. 


Proof. Let e be such that 64 = B and ®Ž is total for all oracles X. Let 


plo) = n (EID: Yn < Jol (®2(n) = o(n))}) 


and let v = up. We claim that B is 1-v-random. Suppose otherwise, and 
let {Vn}new be a Martin-Léf v-test such that B € (),, Vn. Let Un = {X : 
PŽ € Va}. It is easy to check that the U, are uniformly ©? classes and 
(Un) = v(Vn) < 27”, so the Un form a Martin-Léf test. But A € N, Un, 
contradicting the hypothesis that A is 1-random. Thus B is 1-v-random. 
Let C € {),(B | s). Then B = seq, C, since B is not computable, and 
hence neither is C. By Theorem 6.12.9, C =, B and C is 1-random. Oo 


Too recently for inclusion in this book, Bienvenu and Porter [private 
communication] gave an example of a set B <,, Q such that there is no 
1-random Č =, B. 


Corollary 8.6.2 (Kautz [200]). There is a 1-random degree a such that 
every noncomputable b < a is 1-random. 


Proof. By Proposition 8.1.3, there is a 1-random set A of hyperimmune-free 
degree. By Proposition 2.17.7, if B <+ A then B <,, A, so the corollary 
follows from Demuth’s Theorem. O 


It is not known whether a can be made hyperimmune. We will extend 
this result to weak 2-randomness in Corollary 8.11.13. 

Another nice application of Demuth’s Theorem is an easy proof of an 
extension of the result of Calude and Nies [51] that Q is not tt-complete. 


Corollary 8.6.3. If A is an incomplete left-c.e. real then A £u Q. 
Proof. By Theorem 8.2.1, no incomplete c.e. degree is 1-random. O 


As a final corollary, pointed out by Nies, we get a short proof of a theorem 
of Lachlan [233] whose direct proof is considerably more difficult. 
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Corollary 8.6.4 (Lachlan [233]). There is a c.e. set that is wtt-complete 
but not tt-complete. 


Proof. The previous corollary, combined with Proposition 6.1.2, shows that 
Q is wtt-complete but not tt-complete, so it is enough to define a c.e. set 
A =,, Q. An example of such a set is the set of dyadic rationals less than 
Q. m 


8.7 Randomness relative to other measures 


In this section, we revisit the material of Section 6.12. It is natural to ask, 
given a set X, whether there is a (possibly noncomputable) measure v such 
that X is 1-v-random. (This question can be thought of as asking whether 
X has some randomness content that can be extracted by an appropriate 
choice of v.) Of course, every set is 1-v-random if it is an atom of v. If X is 
computable then {X} is a X class, so being an atom is the only way that X 
can be 1-v-random. The following result shows that if X is noncomputable, 
then there is always a less trivial way to make X be 1-v-random. 


Theorem 8.7.1 (Reimann and Slaman [327]). If A is noncomputable then 
there is a v such that A is 1-v-random and A is not an atom of v. 


The proof of this result uses the relativized form of the following basis 
theorem. (In Section 15.5 we will study the special case of this basis theorem 
in which X = Q.) 


Theorem 8.7.2 (Reimann and Slaman [327], Downey, Hirschfeldt, Miller, 
and Nies [115]). For every 1-random set X and every nonempty TI} class 
P, there is an X-left-c.e. real A E€ P such that X is 1-random relative to 
A. 


Proof. Let 


V= {lol :dsVA € P, Ir g o (KA(r) < |r|- i}. 


It is easy to see that the V; are uniformly ©? classes, and that u(V;) < 27Ż, 
since if A € P then V; C {X : In(K4(X în) < n—1)}. Thus {Vi hew is 
a Martin-Löf test. If X is not 1-random relative to A for all A € P, then, 
by compactness, for each i there is a o < X such that [o] C V;, and hence 
X EQN; Vis 

Thus, if X is 1-random, then there is an A € P such that X is 1-random 
relative to A. We must still show that A can be taken to be an X-left-c.e. 
real. For each i, let S; = {A € P : Vn(K4(X | n) > n—i)}. Each S; is 
a m* class. We have shown that S; is nonempty for large enough 7. For 
such an i, the lexicographically least element A of S; is an X-left-c.e. real 
satisfying the statement of the theorem. O 
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We will also need the fact that we can represent the space of all proba- 
bility measures on 2” as a IT? class P. It is not too difficult to do so using 
basic methods from effective descriptive set theory; see [325, 327]. 


Proof of Theorem 8.7.1. It is straightforward to relativize the proof of The- 
orem 8.5.1 to show that for all X and Y such that X $ Y >, X’, there 
is an R that is l-random relative to X such that X @Y =, X OR. 
Let A be noncomputable. By Theorem 2.16.2, there is an X such that 
X@A >, X’. Fix such an X and let R be 1-random relative to X and 
such that X P A= X @R. 

Let ® and UV be X-computable functionals such that P? = A and U4 = 
R. Let p(o) be the shortest string 7 such that o < ®7 and 7 =< Y7. Of 
course, p(o) may be undefined, but it will be defined if o < A. 

We wish to define a measure v such that A is 1-v-random and A is not 
an atom of v. To make A be 1-v-random, we ensure that v dominates 
an image measure induced by ®, thereby ensuring that every 1-random 
set in the domain of ® is mapped by ® to a 1-v-random set. Thus, we 
restrict ourselves to measures v such that pu([p(o)]) < v(fo]) < u([¥7]) 
for all ø such that p(o) is defined. The first inequality ensures the required 
domination and the second that v is not atomic on the domain of Y. 

It is easy to see that the subclass M of P consisting of representations of 
those v that satisfy the above inequalities is a rn ia class, since u([p(o)]) is 
X-approximable from below and pu([W7]) is X-approximable from above. 
Furthermore, M is nonempty, since the inequalities involved in its def- 
inition yield compatible nonempty intervals, and hence we can take an 
extension [ of ® to a total functional and use I to define a measure with 
a representation contained in M. 

By the relativized form of Theorem 8.7.2, there is a P € M such that 
R is 1-random relative to X 6 P. Let v be the measure encoded by P. 
Since A is not an atom of v, we are left with showing that A is not 1-v- 
random. Assume for a contradiction that A is covered by the Martin-L6of 
v-test {Vn}nen. Let Go, Gi,... be uniformly (X @ P)-c.e. prefix-free sets 
of generators for the V;. Let Un = Usec, [p(o)]. The Un are uniformly 
vt *©P classes, and (Un) < v(Vn), since for each ø we have p([[p(o)]) < 
v({o]). Thus the U,, form a Martin-Lof test relative to X © P. But for 
each n there is a o < A in Vn, and p(o) < R is in Un. Thus R € N, Un, 
contradicting the fact that R is 1-random relative to X @ P. O 


A rather more subtle question is which sets are 1-v-random for some 
continuous measure v. Reimann and Slaman [327] showed that a variation 
on the halting problem is never continuously random. Subsequently, Kjos- 
Hanssen and Montalban (see [327]) noted the following. 


3Their particular example was the set {sn : n € N} where so = 0 and sny1 = 
max(min{s : 04 [n+1=0' [n+ 1}, sn +1). 
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Theorem 8.7.3 (Kjos-Hanssen and Montalbán, see [327]). If P is 
a countable TI? class and v is continuous, then no member of P is 
1-v-random. 


Proof. Since v is continuous and P is countable, v(P) = 0, so there is a 
v-computable function t such that v(Pin)) < 27". Thus {Pi~ny}new is a 
Martin-L6f v-test covering P.* O 


We now make some brief comments for those familiar with concepts and 
results from higher computability theory. For any computable ordinal a, 
there is a set X of degree 0° that is a member of some countable IT? class, 
so there is no bound below Aj on the complexity of the collection NCR 
of never continuously random sets. Reimann and Slaman [327, 329] have 
further explored this class and, more generally, the classes NCR, of sets 
that are never n-v-random for a continuous v, obtaining some remarkable 
results. They showed that NCR C A} and, using very deep methods such as 
Borel Determinacy, that every class NCR, is countable. They also showed 
that, quite surprisingly, there is a precise sense in which metamathematical 
methods such as Borel Determinacy are necessary to prove this result. It 
seems strange that, although randomness-theoretic definitions such as n- 
randomness have relatively low complexity levels, the metamathematics of 
proving the countability of the classes NCR, is so complex. See [327, 328, 
329] for more on this subject. 


8.8 Randomness and PA degrees 


In light of earlier results in this chapter, it is natural to ask whether the 
collection of 1-random degrees is closed upwards. In this section we give 
a negative answer to this question by examining the relationship between 
randomness and the PA degrees introduced in Section 2.21, a connection 
first explored by Kuéera [215]. 

As we saw in Section 2.21, one of the characterizations of the PA degrees 
(which we can take as a definition) is that a is PA iff each partial com- 
putable {0, 1}-valued function has an a-computable total extension. As we 
saw in Section 2.22, this fact implies that if a is PA then it computes a 
diagonally noncomputable (DNC) function, that is, a total function g such 
that g(n) Æ ®,(n) for all n. The same is true of 1-random degrees. 


Theorem 8.8.1 (Kučera [215]). Every 1-random set computes a DNC 
function. 


Proof. Let A be 1-random. Let f(n) be the position of A | n in some ef- 
fective listing of finite binary strings. Since A is l-random, K(f(n)) = 


4In fact, this proof shows that no member of P is even weakly 1-v-random. 
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n) + O(1) > n — O(1). On the other hand, if ®,(n) |, then 
®,(n)) < K(n) + O(1), so there are only finitely many n such that 
p 


A-computable DNC function. O 


This result has the following interesting consequences, the first of which 
also has a direct proof using a version of the recursion theorem. 


Corollary 8.8.2 (Kučera [216]). [fa is 1-random and c.e. then a = 0’. 


Proof. Apply Arslanov’s Completeness Criterion, Theorem 2.22.3 (together 
with Theorem 2.22.1). O 


Corollary 8.8.3 (Kučera [216]). If A and B are 1-random and A, B <z 0," 
then the degrees of A and B do not form a minimal pair. 


Proof. By Theorem 8.8.1, each of A and B computes a DNC function, 
and hence computes a fixed-point free function (by Theorem 2.22.1). By 
Theorem 2.22.7, the degrees of A and B do not form a minimal pair. O 


Corollary 8.8.3 also follows from Theorem 7.2.11, since if A,B <r W, 
then {A, B} is a X} class (in fact, a II$ class). 

Let A and B be relatively 1-random A8 sets. Heuristically, A and B 
should have very little common information, and thus we might expect 
their degrees to form a minimal pair. Corollary 8.8.3 shows that this is not 
the case, however. Still, our intuition is not far off. We will see in Corollary 
8.12.4 that if A and B are relatively weakly 2-random, then their degrees 
form a minimal pair. Furthermore, we will see in Corollary 11.7.3 that even 
for relatively 1-random A and B, any set computable in both A and B 
must be quite close to being computable, in a sense that we will discuss in 
Chapter 11. 

A further connection between PA degrees and 1-random degrees is that, 
since there are IT? classes consisting entirely of 1-random sets, every PA 
degree computes a l-random set (by the Scott Basis Theorem 2.21.2). On 
the other hand, Kuéera [215] showed that the class of sets of PA degree has 
measure 0, and hence there are 1-random degrees that are not PA. He also 
showed that there are PA degrees that are not 1-random, and hence the 
collection of 1-random degrees is not closed upwards. The exact relationship 
between PA degrees and 1-random degrees was clarified by the following 
result of Stephan [379], which also yields Kuéera’s aforementioned results 
as corollaries. 


Theorem 8.8.4 (Stephan [379]). If a degree a is both PA and 1-random 
then a> 0’. 


Proof. Let A Žr 0’ have PA degree. We first construct a partial computable 
function f such that for each e, the class of all sets B such that ®? is a 
total extension of f has small measure. Then we use f to show that A is 
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not 1-random, using the fact that, since A has PA degree, A can compute 
a total extension of f. 

We proceed as follows for all e simultaneously. Let Ie = [2°?, 2°+3 — 1]. 
Within Ie, define f as follows. At stage s, let as be the least element of Ie 
such that f(a,) has not yet been defined. (We will show below that such 
a number always exists.) For į = 0,1, let Pe s, be the class of all B such 
that, for all n € Ie, 


1. 87 (n)[s] | 
2. ifn <a, then ®?(n) = f(n), and 
3. ifn =a, then Ë (n) =i. 


Let desi = u(Pe si). By the usual use conventions, whether B € Pes, 
depends only on B | s, so Pog; is a AY class. For the same reason, de, ; is 
rational and the function (e, s, i) > de,s; is computable. If de,s,0 + de,s,1 > 
27(e+1), then choose i < 2 such that desi < de,s1—i and let f(as) = i. 
Otherwise, do nothing at this stage. 

Clearly, f is partial computable. When f(a,) is defined at stage s, 
we ensure that 6? does not extend f for all B € Pos, 1—f(as); and 
u(Pe s Fea) 2 2—(e+2), Furthermore, for two such stages s and t, we 
have P s1—f(as) VPe,t,1— f(a,) = 9, so we cannot define f on all of Ie. Thus 
there is a stage t such that de,s.o0 + de.s,1 S 2-(€+1) for all s >t. 

Since A is PA, it can compute a total {0, 1}-valued extension g of f. Let 
eo < e1 < --- be such that på = g for all i. Let ko, kı, ... be a computable 
enumeration of Ọ without repetitions. 

Let e(s) = ex, and let r(s) be the first stage t > s such that de(s),t,0 + 
de(s),t,1 < 2-(e(s)+1) Let S = {Pe(s),r(s),0 U Pe(s),r(s),1 : s € N}. Then 
S is a collection of uniformly © classes. Furthermore, X de(s), r(s),0 + 
drO Soe 27(e(s)+1) < 1, so S is a Solovay test. 

Let h(i) be the least s such that all computations ®4(n) for n € Ie, have 
settled by stage s. Then h S+ A. There must be infinitely many s such that 
h(ks) < s, since otherwise, for all but finitely many n, we would have n € @ 
iff n = ks for some s < h(n), which would imply that A >, 0’, contrary to 
hypothesis. For each s such that h(ks) < s, we also have h(ks) < r(s), and 
hence A € Pes) (s),0 U Pe(s),r(s),1- Thus A is in infinitely many elements of 


S, and hence is not 1-random. O 


Corollary 8.8.5 (Kučera [215]). There are PA degrees that are not 1- 
random. 


Proof. Apply Theorem 8.8.4 to a low PA degree. m 


Corollary 8.8.6 (Kučera [215]). The collection of 1-random degrees is not 
closed upwards. 
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Proof. As mentioned above, every PA degree computes a 1-random set. 
Now apply the previous corollary. O 


Stephan [379] noted the following improvement of this result. 


Corollary 8.8.7 (Stephan [379]). Leta 2 0’. Then there is a degree b >a 
that is not 1-random. 


Proof. Let f(n) be the least s such that 0% | n = Ø [ n. Then a set 
computes 0)’ iff it computes a function that majorizes f. By the relativized 
form of the hyperimmune-free basis theorem, there is a PA degree b > 
a that is hyperimmune-free relative to a. Since a # 0’, there is no a- 
computable function that majorizes f. Since every b-computable function 
is majorized by some a-computable function, there is no b-computable 
function that majorizes f. Thus b # 0’. Since b is a PA degree, it cannot 
be 1-random. m 


As Stephan [379] put it, Theorem 8.8.4 “says that there are two types 
of Martin-Löf random sets: the first type are the computationally power- 
ful sets which permit to solve the halting problem [Ø]; the second type of 
random sets are computationally weak in the sense that they are not [PA]. 
Every set not belonging to one of these two types is not Martin-Lof ran- 
dom.” We have already alluded to this dichotomy between the 1-random 
sets that compute @’ and the ones that do not (in the paragraph follow- 
ing Theorem 6.1.3), and have seen in Section 7.7 that the latter can be 
characterized as the difference random sets. We will see other results that 
point to a real qualitative difference in terms of computability-theoretic 
strength between these two kinds of 1-random sets. As we have already 
pointed out, we should expect randomness to be antithetical to compu- 
tational power. Indeed, as we move from 1-randomness to 2-randomness, 
or even weak 2-randomness, we do lose computational power. However, 
Stephan’s result exemplifies the fact that we do not need to go so far. If we 
ignore the 1-random sets above §)’ (which, as we pointed out following The- 
orem 6.1.3, there are reasonable heuristic reasons to do), then phenomena 
such as the Kuéera-Gacs Theorem disappear, and we find that 1-random 
sets are indeed computationally weak in various ways. 

We conclude this section with a further interesting connection between 
PA and 1-random degrees. 


Theorem 8.8.8 (Barmpalias, Lewis, and Ng [24]). Every PA degree is the 
join of two 1-random degrees. 


Thus, an incomplete PA degree is an example of a non-1-random degree 
that is the join of two 1-random degrees. 

Note that Theorem 8.8.8 does not hold for 1-genericity, or even weak 
1-genericity, in place of 1-randomness, since there are hyperimmune-free 
PA degrees, but by Theorem 2.24.12, every weakly 1-generic set has 
hyperimmune degree. 
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Before we prove Theorem 8.8.8, we point out a corollary. While the 1- 
random degrees are not closed upwards, one might wonder about weaker 
notions of randomness such as weak 1-randomness. After all, every hyper- 
immune degree is weakly l-random. The following corollary was obtained 
by direct methods, before it was noticed that it could be obtained by an 
application of Theorems 8.8.4 and 8.8.8, together with Theorem 8.11.11 
below, which states that on the hyperimmune-free degrees, 1-randomness 
and weak 1-randomness are equivalent. 


Corollary 8.8.9 (Downey and Hirschfeldt [unpublished]). The weakly 1- 
random degrees are not closed upwards. Indeed, there is a degree that is not 
weakly 1-random but is above a 1-random degree. 


Proof. Let a be hyperimmune-free and PA. By Theorem 8.8.4, a is not 1- 
random. By Theorem 8.11.11, a is not weakly 1-random. But by Theorem 
8.8.8, a is the join of two 1-random degrees. O 


Note that it follows from this result that the degrees corresponding to 
any notion intermediate between weak 1l-randomness and 1-randomness, 
such as Schnorr or computable randomness, are also not closed upwards. 

The idea of the proof of Theorem 8.8.8 is the following. Let C have PA 
degree, and let P be a II? class consisting entirely of 1-random sets. For 
a perfect tree T such that [T] C P, we will define a method for coding C 
into the join of two paths A and B of T, thus ensuring that C <r A È B. 
The coding will be done in such a way that if C can compute the tree T, 
then we also have A@ B <y C. We will then build a class of such trees 
defined by a II? formula (that is, there will be a II? class whose elements 
effectively represent the trees in this class). Then we can use the fact that 
C is of PA degree to obtain a tree in this class that is computable from C 
(an idea of Solovay we have met in Corollary 2.21.4). A key ingredient of 
the proof is the use of indifferent sets for the coding. 


Definition 8.8.10 (Figueira, Miller, and Nies [146]). For a set I, we write 
R=, R to mean that R(i) = R(t) for alli ¢ I. 
A set I is indifferent for a 1-random set Rif R is 1-random for all R =; R. 


Figueira, Miller, and Nies [146] showed that every 1-random set has an 
infinite indifferent set. Their proof uses a computability-theoretic notion 
due to Trakhtenbrot [390]. A set A is autoreducible if there is a Turing 
functional ® such that 64\{"}(n) = A(n) for all n. That is, membership of 
n in A can be determined from A without querying A about n itself. An 
example of such a set is a set A coding a complete theory. There, to find 
out whether the code of a sentence y is in A, we can simply ask whether 
the code of ~ọ is in A. 

Figueira, Miller, and Nies [146] observed that no 1-random set is au- 
toreducible. Indeed, if A is autoreducible then it is easy to define a partial 
computable nonmonotonic betting strategy that succeeds on A, so A is not 
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nonmonotonically random, and hence not 1-random, by Theorem 7.5.5. (It 
is also not hard to build a c.e. martingale succeeding on A directly.) 

For a II} class P and A € P, say that I is indifferent for A in Pif Â € P 
for all A=, A. 


Theorem 8.8.11 (Figueira, Miller, and Nies [146]). If P is a II? class 
and A € P is not autoreducible, then there is an infinite I Sy A’ that is 
indifferent for A in P. Thus, since every 1-random set is contained in a 
II? class all elements of which are 1-random, every 1-random set has an 
infinite indifferent set. 


Proof. First we claim that if there is no n such that {n} is indifferent for 
A in P, then A is autoreducible. Indeed, in this case, we can let Bo and 
Bı be the two sets that are equal to A except possibly at n, and wait 
until one of these B; leaves P, which must happen. Then A(n) = By_;(n). 
This argument can easily be extended inductively to show that there is 
an infinite set I = {no,n...} such that each finite set {no,..., nx} is 
indifferent for A in P. Since P is closed, J is indifferent for A in P. 

We can define nz as the least n > npg—ı such that {no,...,ng—-1,n} is 
indifferent for A in P, and it is easy to see that this n can be found using 
A’, so we can choose I Sr A’. o 


We say that a set is indifferent if it is indifferent for some 1-random set. 
We will not discuss indifferent sets further, but will mention that Figueira, 
Miller, and Nies [146] showed that an infinite indifferent set must be quite 
sparse and compute @’, but there are co-c.e. indifferent sets. It is an in- 
teresting open question whether there is a 1-random set X that computes 
a set that is indifferent for X. The concept of indifference has also been 
explored for genericity; see Day and Fitzgerald [91]. 


Proof of Theorem 8.8.8. We will be working with perfect trees, as in Sec- 
tion 2.17. That is, in this proof, a tree is a partial function T from 2<“ to 
2<% such that for every o € 2<% and i € {0,1}, if T(ci)}, then T(c) | and 
T(a(1 —7)) |, and we have T(c) < Tot) and T(a(1 — i)) | T(ai). A tree T 
is perfect if T(c) | for all ø. A finite tree T of level n is just the restriction 
of a tree (as a map) to strings of length n. We write [T] for the class of all 
B for which there is an A with T(A | n) < B for all n. 

As mentioned above, we want to code a set C of PA degree into 1- 
random sets A and B. A first idea is to use an infinite indifferent set 
I = {no < nı <---} for some 1-random set X to do the coding, by letting 
A be the set defined by A(n;) = C(t) and A(n) = X(n) for n ¢ I, and 
letting B be the set defined by B(n;) = 1 — C(i) and B(n) = X(n) for 
n ¢ I. Then A and B are l-random, and I = {n : A(n) # B(n)}, so 
I<, A@®B, and hence C Sr AQB. 

The problem with this approach is that the class of perfect trees cannot 
be expressed as a II? class in Cantor space, because 2“ is compact while 
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the space of perfect trees, with the natural topology generated by the finite 
trees, is not. Thus, although we can achieve C <+ A®B, we cannot achieve 
Turing equivalence through this approach. To get around this problem, we 
work in a compact subspace of the space of trees. 

Let f be an increasing function. (For convenience we let f(—1) = 0.) For 
a set A, let o4(0),7,4(1),... be the unique sequence of strings such that 
loal) | = f(t) — fi —1) and A = o,(0)o,4(1).... Say that A and B are 
piecewise f-different from level n if o4(t) A oB(i J for all i >n. 

Given A and B that are piecewise f-different from level n, define the 
tree T re as follows. 


TIKO = Al f(n—1) 
TPCT) minf{oa(n + |r|), o8(n + |rl)} 
T1) = TRT) maxfoa(n + |r|), 08 (n+ Ir/)}, 


os 

ws ? 
S T 

S 

II 


where the min and max are with respect to lexicographic ordering. Let 
Tf” = SA | A and B are piecewise f-different from level n}, thought 
of asa subspace of the space of perfect trees. It is not hard to see that T/” 
is compact and f-computably homeomorphic to 2”. 

Let P be a II? class consisting entirely of l-random sets. If f is 
computable, then 


Cy ={A@B | A, B are piecewise f-different from level n and [ra CPt 


is a II? class. Of course, we do not know that it is nonempty, but if so, then 
we can finish the proof as follows: If C is of PA degree, then it computes 
some member [uae of CF. Without loss of generality, we may assume that 
Aft f(n— 1) = Bf f(n— 1) and that for each i > n the string o,(i) is 
lexicographically small than op(i) iff C(i) = 0. Then the sets A and B 
are members of [T a AA C P, and hence are 1-random. Clearly, AS B <r C. 
Furthermore, C (i) = 0 iff ane i) is lexicographically smaller than og(i), so 
C Sr AGB. 

Thus, we are left with showing that there is a computable increasing 
function f and an n such that Cẹ # 0. 

We will need to work with finite approximations to the notion of piecewise 
difference, so we introduce the following terminology. Fix an increasing 
function f and define o4 (i) as above. We say that A € P can be f-switched 
within [n,m] if there is a B such that o4(i) 4 oB(i) for all i € [n,m] and 
for every sequence Xo, X1,... € {A, B}” such that X; = A for i ¢ [n,m], 
we have ox, (0)ox, (1)... € P. In this case we say that B is an f-switching 
partner for A within [n,m]. We say that A € P can be f-switched from 
n if there is a B such that o4(i) # op(i) for all i > n and for every 
sequence Xo, X1,... € {A,B}” such that X; = A for i < n, we have 
aox, (0)ox, (1)... € P. In this case we say that B is an f-switching partner 
for A fromn. 
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Let Cn,m( A) be the class of f-switching partners for A within [n,m] and 
Cn be the class of f-switching partners for A from n. Notice that Cna (A) = 
On Cnym(A) Notice also that each Cy m(A) is clopen and each C,,(A) is 
closed. Let Dy m be the class of sets that cannot be f-switched within 
[n,m]. Notice that Dn,m C Dn,m+1, and the classes Dy, are uniformly 
se f. Let Dn be the class of sets that cannot be f-switched from n. If A € 
ate Dn,m then, by compactness, Cn(A) = M, Cnm(A) # 0, so A € Dn. 
But, clearly, if A € Dn then A € m Drm, so in fact Dn = (m Dn,m, and 
hence Dn = Um Dn,m. Let Dnm = = Da, N P and Dn = =D,NP. 

To show that there is a computable increasing function f and an n such 
that CF A Ø, we will show that there is a computable increasing function f 
such that if X € P is sufficiently random (weakly 2-random suffices), then 
for some n and some Y such that X and Y are piecewise f-different from 
level n, we have pE] C P. It is enough to define a computable increasing 
function f such that (Dn) < O(27”), because then N: D; isa TIS class of 
measure 0, and hence for every weakly 2-random X € P there is some n 
such that X ¢ Dn, which means that bee C P for some Y such that X 
and Y are piecewise f-different from level n. 

We will show that for any increasing function f, we have 


i(Den) < Qi—Ng-F(n) 
and 
(Drone \ Dnm) < 202m) Fm 9 Flme), 
Letting f(0) = 1 and f(n+1) = 2f(n) +n + 2, we then have 
TOEO 
and 
HDi Din) <2 Or, 


from which it follows that (D,) < O(27”). 
We first show that p(Dnm) < 2f™-D2-S™), Fix o of length f(n — 
1), and for each 7 of length f(n) — f(n — 1), let Mor(n, n) be the set 
of all B such that o7B € Dn. n- By the definition of De n, we have that 
Mor(n, n) ON Mopln, n) = O for all T # p of length f(n) — f(n - n Hence 
rears- H Mor(n,n)) < 1, and so u(Dnn N [o]) < 2-4). Since 
there are 2f(—)) many such a, we have that (Drm) < 2f0-1)2- fin n), 
Finally, we show that „(D ried \ Dn. m) < 2f m)-f) =f m), 
Say that a string 7 of length f(m)— f(n—1) is a switching string for A € P 
within [n, m] if for some (or equivalently, for all) 7 of length f(n—1) and all 
B, the set 77 B is an f-switching partner for A within [n,m]. For any string 
T of length f(m) — f(n — 1), let L, be the set of elements of P for which 
T is a switching string within [n,m]. Since every A € P \ Dnm belongs to 


344 8. Algorithmic Randomness and Turing Reducibility 


some L,, we have 
Dec \ nm = UDan my NL,N fo] |oe€ SM Are pie ae ie 


Fix strings ø, of lengths as above and for each string p of length f(m+1)-— 
f(m) let Mop,r(n,m-+1) be the set of all B such that opB € Damia N Lz. 
As before, we have that Mop,-(n, m + 1) N Mop7(n,m + 1) = O for any 
p £ p' of length f(m + 1) — f(m). Hence 


u(Mop (n,m +1)) <1, 
peas (m+1)—fF(m) 


pod 2° H(Dn m+ N Lr N [o] < DET, Thus u(Dn np \ Dam) <S 
of(m)of(m)—-f(n—=1)9-f(m+1), G 


8.9 Mass problems 


A mass problem is a subset of w”. We view the elements of such a class P 
as solutions to some problem, which we identify with P. (For instance, if 
P = {f : Vn.) Tn = 0 | n)}, then we identify P with the “problem” 
of majorizing the settling time of Ø.) There are two natural notions of 
reducing one problem to another in this context. 


Definition 8.9.1 (Muchnik [286], Medvedev [263]). Let P and Q be mass 
problems. 


(i) P is weakly reducible (or Muchnik reducible) to Q, denoted by P <,, Q, 
if for each f € Q, there is a g S- f in P. 


(ii) P is strongly reducible (or Medvedev reducible) to Q, denoted by P <, 
Q, if there is a functional Y such that Yf € P for every f € Q. 


In other words, P is weakly reducible to Q if from each solution to Q 
we can effectively obtain a solution to P, and P is strongly reducible to 
Q if there is a single effective procedure for converting solutions to Q into 
solutions to P. 

Note that if X,Y € 2” then {X} <,, {Y} iff {X} <, {Y} iff X <+ Y, so 
these notions can be seen as extensions of Turing reducibility. It is inter- 
esting to note also that u(P) > 0, where P C 2”, then P is incomparable 
(in terms of both weak and strong reducibility) with any of these single- 
ton classes except the ones of the form {X} with X computable, since the 
Turing lower cone of a set has measure 0 because it is countable, while 
the Turing upper cone of a noncomputable set has measure 0 by Corollary 
8.12.2 below. 

We can take equivalence classes of mass problems under these reducibil- 
ities to arrive at the notions of weak and strong degrees of mass problems. 
The weak and strong degrees both form lattices, with bottom element the 
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degree of w” (which consists exactly of those mass problems that have com- 
putable elements), and top element Ø. The join and meet of the degrees of 
mass problems P and Q (in both the strong and weak degrees) are the 
degrees of {f Og: f€PAg EQ} and {Of : fe P}U{lg: g EQ}, 
respectively. (In the weak degrees, the latter is the same as the weak de- 
gree of P U Q.) Particular attention has been paid to the weak and strong 
degrees of II? classes (in 2”). These form sublattices of the corresponding 
global structures, with the top degree being that of the II? class of (codes 
of) completions of PA. (That this class is complete for weak reducibility 
follows from the Scott Basis Theorem 2.21.2; for the strong reducibility 
case see [359].) 

Let R be the mass problem consisting of all 1-random sets. While R is not 
itself a IT? class, it is weakly equivalent to any nonempty II? class P all of 
whose elements are l-random, such as the complement of one of the levels 
of a universal Martin-Lof test. Clearly R <,, P, since P C R, and P<, R 
by Theorem 6.10.1. Indeed, this theorem shows that Q <, R for any I? 
class of positive measure, so the weak degree of R can be characterized 
as the largest weak degree of II? classes of positive measure, as noted by 
Simpson [359]. Simpson and Slaman [unpublished] and Terwijn [388] have 
shown that there is no largest, or even maximal, strong degree of I? classes 
of positive measure. 

Let P, be the structure of weak degrees of II? classes, with 0 and 1 its 
bottom and top degrees, respectively. We establish some further properties 
of the weak degree rı of R, beginning with a couple of lemmas. 


Lemma 8.9.2 (Simpson [359]). Let P,Q C 2” be nonempty II? classes 
such that u(P) > 0 and deg, (Q) < 1. Then deg, (P)A deg, (Q) < 1. 


Proof. Assume for a contradiction that deg,(P)Adeg,(Q) = 1. Let S be 
the II? class of separating sets for effectively inseparable c.e. sets A and 
B, so that S € 1. Let g € Q. Then for every f € P, there is an element 
of S computable in f ® g. Since there are only countably many Turing 
reductions, there are a functional Y and a class P C P such that u(P) > 0 
and Wl89 € S for all f € P. By Lebesgue density, there is a ø such that 
u(P A [o]) > ł27l°l. Given n, we can g-computably find an i < 2 such 
that W/©9(n) = i for a class of f € [o] of measure at least 227!7! and 
let h(n) = i. If n € A then h(n) = 1, since otherwise there would be an 
f € PA jo] such that U/®9 ¢ S. Similarly, if n € B then h(n) = 0. Thus h 
is a g-computable element of S. Since g € Q is arbitrary, we have S <,, Q, 
contrary to hypothesis. O 


Lemma 8.9.3 (Simpson [359]). Let P,Q C 2” be nonempty II? classes 
such that P <, Q. Then there is a nonempty TI} class Q C Q such that 
PS. Q. 
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Proof. By the hyperimmune-free basis theorem, there is a hyperimmune- 
free Y € Q. Let X € P be such that X <r Y. By Theorem 2.17.7, there is 
a total functional Y such that VY = X. Let Q={ZEQ: VUZE P}. It is 
easy to see that this class has the desired properties. O 


In particular, if Q is weakly reducible to R then it is strongly reducible 
to some nonempty II? class of 1-random sets. 


Theorem 8.9.4 (Simpson [359]). 
(i) O<ry <1. 


(ii) fq EP, is such that q <1, then rı Aq < 1. (That is, rı does not 
join to 1.) 


(iii) If qo, qı €E P, and rı > qo V q1, then rı > qo or rı = qı. (That 1S, 
rı is meet-irreducible.) 


Proof. The class R has no computable elements, and it has an element that 
does not compute a completion of PA, by Kuéera’s result mentioned above 
Theorem 8.8.4, so we have (i). Part (ii) follows from Lemma 8.9.2. 

For part (iii), suppose that R >, Qo U Qi, where Qo, Qi C 2” are II? 
classes. Let P be a nonempty IT? subclass of. R. Then P > w Qo U Q1, so by 
Lemma 8.9.3, there is a nonempty it} class P C P such that P> on Qol UQI. 
E there is a total functional Y such that W/E QUQI for all f € P. Let 

P= ={f eP:wfeQq; }. Then there is an i < 2 such that P, is nonempty. 
Since P; is a nonempty T9 class of 1-random sets, as mentioned above, it 
is weakly equivalent to R, so R=, P, >, Qi. O 


That R is weakly equivalent to some I? class also follows from the fol- 
lowing general result, known as the Embedding Lemma. (See [360] for a 
proof.) 


Theorem 8.9.5 (Simpson [360]). Let P C 2” be a nonempty II? class and 
let S C w” be a ©} class. Then there is a nonempty TI} class Q C 2” such 
that Q =, PUS. 


Thus, in particular, if S C 2” is a ©} class with a nonempty I? subclass, 
then it is weakly equivalent to a I) class. If S is a X$ class with no nonempty 
II? subclass, for example the class of 2-random sets, then the natural IT? 
class to take as P in the above theorem is the class of completions of PA, 
since in that case the weak degree of S U P is the largest degree in Pw 
below that of S. Simpson [360] characterized the weak degree r3 of the 
mass problem of sets that are either 2-random or completions of PA as 
follows. 


Theorem 8.9.6 (Simpson [360]). The degree r3 is the largest weak degree 
of a TI} subset of 2” whose upward closure in the Turing degrees has positive 
measure. 
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Proof. Let P be a TH? class in r3. If Q <, P then every 2-random set 
computes an element of Q, so the upward closure of Q in the Turing degrees 
has measure 1. Conversely, suppose that the upward closure Q in the Turing 
degrees of the II? class Q C 2” has positive measure. It is straightforward 
to show that Q is a X? class, so it has a TI} subclass of positive measure. 
By Theorem 6.10.2, this subclass contains translations of every 2-random 
set, so every 2-random set computes some element of Q. Since Q is a I? 
class, every completion of PA also computes some element of Q. Thus 
Q S.P. m 


Thus rı < rž. In fact, as shown by Simpson [360], we have rı < r3 < 1. 
These inequalities can be shown in several ways, for example as conse- 
quences of Theorem 8.8.4, which implies that an incomplete A$ 1-random 
set cannot compute a completion of PA (and can obviously also not com- 
pute a 2-random set), while no 2-random set can compute a completion of 
PA. 

In this way, many of the classes of sets and functions we discuss in this 
book, such as the class of DNC functions, can be studied in the context of 
weak degrees of IT? classes. Indeed, the weak degree d of the class of DNC 
functions is in P,,, since every PA degree computes a DNC function. Results 
such as Theorem 8.8.1, that every 1-random set computes a DNC function, 
can be reinterpreted as statements about degrees of mass problems (in most 
cases, the weak degrees being the most applicable). For instance, as noted 
by Simpson [360], Theorem 8.8.1 implies that d < rı, and this inequality 
is in fact strict, by Theorem 8.10.3 below. 

For more on mass problems, see Sorbi [373], Simpson [359, 360, 361], and 
Cole and Simpson [72]. 


8.10 DNC degrees and subsets of random sets 


In this section, we prove a strong extension of Kuéera’s Theorem 8.8.1 that 
every 1-random set computes a DNC function, by characterizing the DNC 
degrees in terms of 1-random sets. The following lemma and variations on 
it can be quite useful. Let Po, Pi,... be an effective listing of all IT? classes. 


Lemma 8.10.1 (Kučera [215]). If P is a II? class of positive measure, 
then there is a nonempty II) class Q C P and ac such that for all e, 


QNP. 40> WQn P.) > 277. 


Proof. Let c be such that 217° < u(P). Let Q be the II? subclass of P 
obtained by removing P.[s] whenever u(Pe[s|NQ[s]) < 2~°-°. Then u(Q) > 
u(P) — 33, 27&* = p(P) — 217° > 0, so Q is nonempty. Oo 
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Theorem 8.10.2 (Kjos-Hanssen [204], Greenberg and Miller [171]°). The 
following are equivalent. 


(i) A computes a DNC function. 
(ii) A computes an infinite subset of a 1-random set. 


(iii) There is a T04 class of measure 0 containing a l-random set. (In 
other words, there is a 1-random set that is not weakly 1-random 
relative to A.) 


Proof. (i) = (ii). Let f <r A be a DNC function. Let P be a TH? class 
containing only 1-random sets and let Q and c be given by Lemma 8.10.1. 
For any set S, let Qs = {X € Q: S C X}. We construct an A-computable 
set S = {no < nı < ng <---} such that Qs is nonempty. 

Assume that we have defined S; = {n;}j<; and that Qs, # 0. Uniformly 
in S;, we can compute an e such that P. = Qs,. By Lemma 8.10.1, (Qs,) > 
27°70, Let B = {n : Qs,utn} = 9}. By compactness, B is c.e. Denote the 
elements of B, in the order that they are enumerated, by bo, b;,.... We 
have u(Qs,) < u({X : BA X = 03) =2717l, so |B| <et+e. 

Let yo,71,--- be an effective listing of w<”. Using f, we can effectively 
find numbers do,...,de4c—1 such that dj # y,(j) if the latter is defined 
(because, for each j, we can effectively find an index k such that ®;(k) = 
Yw; (7)). Now let n; be such that yn; = (do,..-,de+c—1, V), where v is chosen 
so that n; > ni—1. For each j < |B|, we have ensured that Yn; (j) 4 7, (J), 
so nj ¢ B. Therefore, Qs;u{n;} is nonempty. 

By construction, S Sr f Sr A. Since Qs = f}; Qs, is a nested intersec- 
tion of nonempty compact sets, it is nonempty. Therefore, S is a subset of 
some l-random set. 

(ii) => (iii). Let X be l-random and let S C X be infinite and A- 
computable. Then the n4 class of all sets that contain S has measure 
0 and contains X. 

(iii) > (i) For each e, let Uo, U1,... be an effective listing of all clopen 
subsets of 2”. Let P bea A class of measure 0 containing a 1-random set. 
There is an A-computable function f such that P C Uf(e) and w(Us ey) S 
27° for all e. For each n, let V, be the union of the clopen sets Ug, (e) 
such that e > n and u(Us.(e)) < 27°. Then {Vn}new is a Martin-Léf test. 
If f(e) = &-(e) infinitely often, then P C (n, Vn. Since P contains a 1- 


>The precise history of Theorem 8.10.2 is the following. Kjos-Hanssen [204] proved 
that (iii) implies (i), by essentially the proof given here. He also proved (ii), and hence 
(iii), from a strong form of (i): that A computes a sufficiently slow-growing DNC function. 
Independently, Greenberg and Miller [171] proved that (i) implies (iii), implicitly proving 
(ii) from (i) at the same time. The short elementary proof that (i) implies (ii) given here 
is due to Miller [personal communication to Downey]. Kjos-Hanssen’s proof relies on 
work in probability theory and, like the proof of Greenberg and Miller, is somewhat 
involved. 
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random set, this is not the case. Hence, f(e) = ®e(e) only finitely often, so 
A computes a DNC function. O 


In the proof that (i) implies (ii), it is easy to code a set A into S by adding 
A(i) into the sequence used to define n;. Thus, the degrees of infinite subsets 
of 1-random sets are closed upward, and hence actually coincide with the 
degrees of DNC functions. 

The connection between DNC degrees and 1-randomness can be clarified 
as follows. 


Theorem 8.10.3 (Ambos-Spies, Kjos-Hanssen, Lempp, and Slaman [8], 
Kumabe and Lewis [225]). There is a DNC degree that does not bound any 
1-random degree. 


Kumabe and Lewis [225] showed that there is a minimal DNC degree, 
which, by Corollary 6.9.5, cannot be 1-random. (The proof in their pa- 
per had existed in manuscript form for several years prior to publication.) 
Ambos-Spies, Kjos-Hanssen, Lempp, and Slaman [8] showed that there is 
an ideal in the Turing degrees containing a DNC degree but no 1-random 
degree. Indeed, they built an ideal J in the Turing degrees such that for 
every X € I, there is a G € I that is DNC relative to X, and such that 
there is no 1-random degree in J, and used this result to derive a separation 
between two principles in the context of reverse mathematics. 

By Theorems 8.10.2 and 8.10.3, there is a subset of a 1-random set that 
does not compute any 1-random sets. 


8.11 High degrees and separating notions of 
randomness 


8.11.1 High degrees, Schnorr randomness, and computable 
randomness 


We have seen in Corollary 8.8.2 that all 1-random sets of c.e. degree (and in 
particular all 1-random left-c.e. reals) are of Turing degree 0’. This result 
fails for computably random (and hence for Schnorr random) sets. 


Theorem 8.11.1 (Nies, Stephan, and Terwijn [308]). Every high c.e. 
degree is computably random. 


We will prove a stronger version of this result in Theorem 8.11.6 below. 
An earlier proof for Schnorr random sets was given by Downey, Griffiths, 
and LaForte [110], effectivizing arguments of Wang [405, 406]. 

Conversely, we have the following result. 


Theorem 8.11.2 (Nies, Stephan, and Terwijn [308]). If a nonhigh set is 
Schnorr random then it is 1-random. 
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Proof. Suppose that A is nonhigh and not 1-random. Let {Un}new be a 
universal Martin-Lof test. Let f(n) be the least s such that A € U,[s]. 
Then f Sr A, so by Theorem 2.23.7, there is a computable function g such 
that g(n) > f(n) for infinitely many n. Let Vp = U,[g(n)]. Then {Vn }new 
is a total Solovay test and A € Vp for infinitely many n, so A is not Schnorr 
random by Theorem 7.1.10. Oo 


Corollary 8.11.3 (Nies, Stephan, and Terwijn [308]). Every Schnorr 
random set of c.e. degree is high. 


Corollary 8.11.4 (Downey and Griffiths [109]). Every Schnorr random 
left-c.e. real is high. 


The following is a direct proof of this corollary. 


Proof of Corollary 8.11.4. Let œa be a Schnorr random left-c.e. real. Let 
T = {(i,j) : |Wi| > j}. Note that T is c.e. We build a functional I such 
that for each i, we have [°(i,k) = T((i,k)) for almost all k. Then it is 
easy to see that a’ can decide which W; are infinite, and hence a is high. 
For each 7, we also build a collection Q; of open intervals with rational 
endpoints forming a total Solovay test. 

At each stage s, proceed as follows. For each (i, k} < s such that [= (i, k) 
is currently undefined, let T®s (i, k) = T.((i, k}) with use k. For each (i, k) 
entering T at stage s, add (a,,a, +27") to Qi. 

Each Q; is either finite or contains an interval of length 2~* for each k. 
In either case, Q; is a total Solovay test. Since a can be in only finitely 
many intervals in Q;, for almost all k, if (i, k} enters T at stage s, then 
a | k Æ as | k, whence T? (i, k) = T((i, kY). m 


8.11.2 Separating notions of randomness 


In Section 7.1.1, we mentioned that 1-randomness, computable randomness, 
and Schnorr randomness are all distinct, even for left-c.e. reals. (These are 
results of Schnorr [348] and Wang [405, 406] for the noneffective case and 
Downey, Griffiths, and LaForte [110] for the left-c.e. case.) Nies, Stephan, 
and Terwijn [308] established a definitive result on separating these no- 
tions of randomness, by showing that the degrees within which they can be 
separated are exactly the high degrees. The easy direction of this result is 
Theorem 8.11.2. Remarkably, the converse to this theorem also holds. To 
prove this fact, we will need the following extension of the Space Lemma 
8.3.1. 


Lemma 8.11.5. Given a rational 6 > 1 and integer k > 0, we can compute 
a length 1(6,k) such that, for any martingale d and any o, 


{r € X : Yp < 7 (d(ap) < dd(a))}| > k. 
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Proof. As in the Space Lemma, let 1(6,k) = [log So). which is well- 
defined since 6 > 1. Let 


S = {re 2'O*) : 3p x 7 (d(ap) > dd(o))}. 


For each 7 € S, let p, be the shortest substring of 7 such that d(ap,) > 
dd(a). Then {p, : T € S} is prefix-free, so by Kolmogorov’s Inequality (The- 
orem 6.3.3), D ,¢g27!?"!d(ap,) < d(c). Thus d(o) > Weg 2!” lód(o), 
and hence pu($) = 0 eg 27!” < 6-1. So 


Pa! \ S| > 2k) (1 = 87!) > 


Theorem 8.11.6 (Nies, Stephan, and Terwijn [308]). The following are 
equivalent. 


(i) A is high. 
(ii) There is a B=, A that is computably random but not 1-random. 


(iii) There is a C =, A that is Schnorr random but not computably 
random. 


Furthermore, the same equivalences hold if A, B, and C are restricted to 
left-c.e. reals. 


Proof. (iii) > (i) and (ii) > (i) follow by Theorem 8.11.2. 

(i) => (ii) Let Mo, Mi,... be an effective listing of all partial computable 
martingales such that M;(A) = 1 if defined. We will first define a partial 
computable martingale M. There will be a perfect class P whose elements 
represent guesses as to which M; converge on certain inputs. Along any 
such element, M will either be undefined from some point on, or its values 
will be bounded. Furthermore, for any B € P whose guesses are correct, M 
will multiplicatively dominate all computable martingales on X; that is, for 
each i there will be an € > 0 such that M(o) > €M;(B | n) for all n. Thus, 
for any such B, no computable martingale will succeed on B. Then, given 
A, we will build such a B in two steps. First, we will define a set F =, A 
containing information about A and partial information about the behavior 
of computable martingales. Second, we will use M and the information in 
F to build a B =w F as above. We will also ensure that there is an infinite 
computable set of numbers n such that B(n) is computable from B | n, 
from which it is easy to argue that B is not 1-random (or even partial 
computably random). 


6 As we saw in Corollary 8.11.4, all Schnorr random left-c.e. reals are high, so this the- 
orem says that, among left-c.e. reals, the three notions of randomness can be separated 
in any degree in which they occur. 
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By Lemma 8.11.5, there is a computable f such that if o € 2” and M is 
a partial martingale defined on all r > ø with r € 2</("), then there are 
at least two strings To <, Ti = o with To, Tı € 2f() such that for i = 0,1, 
if o <p 3 Ti then M(p) < (1+27”")M(o). Given a particular o and M as 
above, we can M-computably find 7) and 7, as above. We denote such 7; 
by eee Let zo = 0 and zp41 = f(zk +1). The idea behind this definition is 
that if o € 27*+1 then TM © 27*+1, 

For a partial martingale M, we say that 1 € 2% is M-poor if for each 
j < k there is an aj = 0,1 such that TM, 41a, < 7- In this case, we call 
(do,---,@k—-1) the M-sequence of n. The perfect class P mentioned above 
is the class of all X such that every X | 2** is M-poor. 

We begin by defining M as described above, together with auxiliary 
numbers rz. Let M(A) = rà = 1. Now suppose that M(n) and ry are 
defined for an M-poor 7 € 2**. Let (ao,...,@%—1) be the M-sequence of n. 
We will try to define M(r) for all r = 7 with |r| < zk+1 as follows. Let 
E = {i: 4,0) < k A Vj ((i, j) < k > auj = 1}. Let D = {7 > n : |r| < 
zk+1}. For all e € E and 7 € D, compute Me(T). If all such computations 
terminate, then for T € D, let 


M(r) =r, + 5 2720417 Mf (7), 
ecE 


where r, is defined recursively so that for all r’ < 7, we have M(r’0) + 
M(r'1) = 2M(7’) and rro = 1711. 

The r, are necessary because at every level zk, some M; might be dropped 
from the sum, and (at most) one new M; might be added. This new mar- 
tingale is added if k = 1+ (2,0) and ay; o) = 1. In this case, it is added with 
the factor 2~?7*—1, which guarantees that 2~?7*—!M;(n) is at most 2772+71 
for all 7 € 27*. (Note that we have M;(7) < 2% since M;(A) = 1.) Thus 
this addition increases the sum by at most 2~7*~!, and therefore can be 
compensated by r,;. At every level, r+ > 2-!7| and at most 27!7!-! of this 
capital is lost to maintain the martingale property of M. 

We now define F =, A. The idea is to have F'((i,7)) for i > 0 code 
whether M; is defined on all strings of length up to 2;;;41)41. Since A is 
high, there is an A-computable g that dominates all computable functions. 
Let F be defined as follows. 


1. Let F((0,0)) =0. 
2. Let F((0,7 + 1)) = A(j) for all j. 


3. For i > 0, let F((i,7)) = 1 if F((2,9")) = 1 for all 7’ < j and M;(r) 
is computed within g(i + j) many steps for all r € 2S” with |r| < 
Zli+j+1,i+j+1)+1: Otherwise let F(li,j)) =0. 


Clearly F =, A. 
Finally, we define B by recursion. The idea is to code F(k) into Bf Zk+1 
while ensuring that B(z,) is computable from B | zk. Suppose that o = 
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B } zę has been defined. If M(o0) < M(o1) then let B(z,) = 0. Otherwise, 
let B(z,) = 1. Let n= Bf zk +1 and let Bf ze41 = TMp) 

Of course, this definition depends on certain values of M being defined, 
so we need to check that this is indeed the case. Note that the aq; j) in the 
construction of M always exist for 7 < B, and are just the bits F((i,7)). 
Furthermore, for all i € E with i > 0, we have (i, j} € F for j < j’ where jj’ 
is maximal such that (i, 7’) < k, so Mi; is defined on all strings of length up 
to 245741447941) 41 Z Zk+1: Thus the computations in the definition of M 
all terminate, and hence M is defined on all extensions of B | zk of length 
up to 2,41. It follows that B is defined up to z,41 and F(k) is coded into 
B. 

Note that the coding ensures that F <,,,, B. Furthermore, for each k we 
can compute B | zk using F [ zk, so in fact B =,,, F. Since A =, F, we 
have B =, A. 

To see that B is not 1-random, it suffices to observe that B(z,) can be 
computed from B | zy. Then we can easily define a partial computable 
martingale (and hence a c.e. martingale, as noted in Section 7.4.2) that 
succeeds on B. 

To see that B is computably random, note first that the values of M on 
B are bounded, since M’s capital while betting on B is not increased at z,, 
while between z, +1 and z,+1, the gain in this capital is at most 1+277-, 
by the choice of the zp, and J], 1+277* < [],1+27-* < co. Now let d be a 
computable martingale. Since g dominates every computable function, and 
every computable martingale appears infinitely often in the list Mo, Mj,..., 
there is an i such that M; = d, and for all j, the value g(i+ j) is greater than 
the number of steps required to compute M;(T) for all r € 2S7(+s+1its+D +1, 
It follows that, for all 7 x B, we have d(n) < 2?7(%+1+1M(m), so d does 
not succeed on B. 


(i) = (ii), left-c.e. case. If A is a c.e. set then we can choose the function g in 
the above proof to be approximable from below. This choice makes F c.e., 
which makes B almost c.e. (as defined in Section 5.1): B(z,) is computed 
from B | zz. Then, letting n = B | zk + 1, we may assume that B Ì z,41 = 
Go unless k enters F, in which case we know that B | zk+1 = TM (and 
recall that 7) <1 74). 


(i) > (iii) We adopt the notation of the previous part of the proof. The set 
C will equal B except on a thin set of z,’s, where we will have C(z,) = 0 
regardless of the value of M. These guaranteed 0’s will be distributed so 
that they appear rarely enough that no computable martingale can suc- 
ceed on C computably fast, but frequently enough that some computable 
martingale can succeed on C. 

If &,(x) | then let w(e, x) = z(e,2,s)41 for the least s such that ®e(x)[s] |. 
Otherwise, let w(e, x) f. Note that is 1-1, and wW(e,z) > z241 > x when 
defined. Also, for any n, we can effectively check whether n € rng y, and if 
so, find the unique e and x such that w(e, x) = n. 
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Define a function p by recursion as follows. If there is an x < n and 
e < logp(x) such that y(e, x) = n, then let p(n) = p(x) + 1. Otherwise, 
let p(n) = n+ 4. The function p is computable, unbounded, and attains 
each value only finitely often. Assume without loss of generality that ®o is 
total, that g is nondecreasing, and that g(a) > (0, x) for all x, where g is 
as above. Let 


h(x) = max{wv(e, x) : yle, x) |< g(x) A e < logp(x) — 1}. 


Note that h <+ A and h is nondecreasing. Furthermore, for any computable 


= 2?! By the usual conventions 


function f, there is an e such that ®e(x) 
on halting times, ~(e,2) > 227 for all z. Thus, since g dominates all 
computable functions, h(loglog x) > f(x) for almost all x. 

Let B and z, be as above. If z = h(x) for some z < zx, then let 
C (zk) = 0. For all other numbers, let C(n) = B(n). Since h Sr A, we have 
C =, A. 

To show that C is Schnorr random, assume for a contradiction that there 
are an į and a computable f such that that Mi(C | f(m)) > m for infinitely 
many m. As with B, when betting along C, the martingale M increases its 
capital by less than 1+27* between zp, and zķ+1. At zz, it cannot increase 
its capital if z, ¢ rng h. If zk € rngh then M can double its capital at z,, 
but A(loglogm) > f(m) for almost all m. Thus M(C | f(m)) < O(log m), 
whence M;(C | f(m)) < O(log m), which is a contradiction. 

Finally, we describe a computable martingale d witnessing the fact that 
C is not computably random. Let 


Gn = {v(e,n): v(e,n) | Ae < log p(n) — 1}. 


These sets are pairwise disjoint, and Gn contains at least one zę such that 
C(z~) = 0 (since by assumption ®o is total and g(x) > w(0,x) for all 
x). We have numbers n and m, initially set to 0. We bet on 0 at strings 
of lengths in Gn and increase m every time our bet is wrong. Note that 
|G,| < log p(n) — 1, so along C, we cannot be wrong log p(n) many times. 
Once we bet correctly, we move to a new n and reset m to 0. Our bets are 
designed to ensure that we increase our capital by OI whenever we bet 
correctly. 

More precisely, we define d as follows. Let d(A) = 1, let nà = 0, and let 
m, = 0. Given d(o), proceed as follows. If |o| € Gn or mo = log p(n), then 
for i = 0,1, let d(ai) = d(o), let noi = no, and let Moi = Mo. Otherwise, 
let d(o0) = d(o)+ 25 and d(o1) = d(o)- 2. Let noo = |a| and moo = 0. 
Let noi = No and mz, = Mo +1. It is easy to check by induction that 
d(c0) > 1. Note also that p(|o|) = p(n.) + 1, by the definition of p. 

When betting along C, once we reach a o0 < C such that o € Go, 
which must exist, we have d(o0) = 1 + O = 1+ 4. Then, when we 
reach a 70 < C such that T € Gjej, which again must exist, we have 
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d(r0) = 1+ TO + FAEN = 1 + $ + . Proceeding in this fashion, we see 
that lim sup; d(C | k) = limsup; 1 + 4+ 4+- + qq = o. 
(i) = (iii), left c.e. case. If A is a c.e. set, then we can take g to be ap- 
proximable from below, so that h is also approximable from below. Let 
ho, hi, ... be such an approximation. We may assume we have defined g, 
and hence h, so that if hs41(n) > hs(n), then hs4i(m) > zs for all m > n. 
We now describe how to give C an almost c.e. approximation Co, C1,.... 
We define C, as follows, beginning with k = 0. 


1. Assume that o = Cs | zk has been defined. If M;(c0) fT then go to 
step 3. If there is an x < zp such that z, = ~(e,x) for some x < zp 
and e < log(p(x)) — 1, and h(a) = zz, then let Cy(z,) = 0. In this 
case, we say that k is active for hs. Otherwise, if M,(00) < M;(c1) 
then let Cs(zk) = 0, and otherwise, let C.(z,) = 1. 


2. Let n = Cy | zk +1. If M,(nr)1 for some r € 27*+1~7*—! then go to 
step 3. Let Cs | 2k41 = Tn,F, (k); If k < s then go to step 1 for k +1. 
Otherwise, go to step 3. 


3. If the recursive definition above is terminated after defining an initial 
segment o for some string g, then let Cs = 00”. We say that Cs was 
terminated due to o. 


It is easy to see that C = lim, Cs, so we are left with showing that Cs S, 
C41 for all s. Fix s, and assume that Cs Æ Cs+1. There are three cases. 


1. If C, is terminated for ø and o < Cs+1, then Cs <, C41, since 
C, = a0”. 


2. If the first disagreement between Cs and C4; happens in step 1 of 
the kth iteration of the procedure, then k < s and k must be active 
for one of hs or hs+, but not the other. It cannot be the case that 
k is active for h,,1, because then, for x as in step 1, we would have 
hs(x) < hs41(x), which would mean that hsii(x) > zs > zk, by 
our assumption on h. So k is active for hs but not for hs+1, which 
means that the disagreement between Cs and Cs+1 happens because 
Cs(zk) = 0 but Cs+1(2k) = 1, and hence Cs <r C41. 


3. If the first disagreement between C's and Cs+1 happens in step 2 of the 
kth iteration of the procedure, then, for 7 as in that step, Tn, F, (k) Ż 
Tn,Fs41(k): Since F is c.e., Th F (k) = Tn,0 <t Tl = Ty,Fe4i(k)» SO 
Cs <t- Cti 


O 


For separating weak 1-randomness from stronger randomness notions, 
the dividing line is hyperimmunity. We will show that every hyperimmune 
degree contains a weakly 1-random set that is not Schnorr random, but if a 
set of hyperimmune-free degree is weakly l-random, then it is in fact weakly 


356 8. Algorithmic Randomness and Turing Reducibility 


2-random. The first result can be proved by considering the relationship 
between weak 1-randomness and weak 1-genericity. (We will return to the 
relationship between randomness and genericity in Section 8.20.) 


Theorem 8.11.7 (Kurtz [228]). Every weakly 1-generic set is weakly 1- 
random. 


Proof. Let G be weakly 1-generic. Let S be a X} class of measure 1. Let V 
be ac.e. set of strings generating S. Since S has measure 1, V is dense, so 
G meets V, and hence must be a member of S. O 


By Theorem 2.24.19, we have the following. 


Corollary 8.11.8 (Kurtz [228]). Every hyperimmune degree is weakly 1- 
random. 


Neither Theorem 8.11.7 nor Corollary 8.11.8 can be reversed, as we have 
seen in Proposition 8.1.3 that there are 1-random sets of hyperimmune-free 
degree, and by Theorem 2.24.19, the weakly 1-generic degrees coincide with 
the hyperimmune degrees. 

Combining Theorem 8.11.7 with the following fact also yields the 
separation result mentioned above. 


Proposition 8.11.9. No weakly 1-generic set is Schnorr random. 


Proof. Let A be weakly 1-generic. Let Sn = {00": o € 2”} and S = U, Sn. 
Then S is computable and dense, so A meets S infinitely often. In other 
words, A € [Sn] for infinitely many n. But >, u([Sn]) = 30, 27” = 2, so 
{[Sn]}new is a total Solovay test, and hence, by Theorem 7.1.10, A is not 
Schnorr random. oO 


Corollary 8.11.10. Every hyperimmune degree contains a weakly 1- 
random set that is not Schnorr random. 


However, the following result shows that outside of the hyperimmune 
degrees, many of our notions of randomness coincide. 


Theorem 8.11.11 (Nies, Stephan, and Terwijn [308]). If A has hyperim- 
mune-free degree then A is weakly 1-random iff A is 1-random. 


Proof. Suppose that A has hyperimmune-free degree and is not l-random. 
Let {Vn}new be a nested Martin-Léf test such that A € N, Vn. Using A, we 
can compute a stage g(n) such that A € Vn. Since A has hyperimmune-free 
degree, there is a computable function f so that f(n) > g(n) for all n. Let 
Un = Vr[f(n)]. Then {Un}new is a Kurtz null test such that A € (), Un, 
so A is not weakly 1-random. O 


Actually, as observed by Yu [unpublished], we can replace the Martin- 
Löf test in the above proof by a generalized Martin-Löf test to show the 
following. 
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Theorem 8.11.12 (Yu [unpublished]). If A has hyperimmune-free degree 
then A is weakly 1-random iff A is weakly 2-random. 


This result improves an earlier direct proof by Miller [personal commu- 
nication] that there is a weakly 2-random hyperimmune-free degree. It has 
the following interesting corollary, which extends Corollary 8.6.2. 


Corollary 8.11.13 (Downey and Hirschfeldt [unpublished]). There is a 
degree a such that every nonzero degree b < a is weakly 2-random. 


Proof. By Proposition 8.1.3, there is a 1-random set A of hyperimmune-free 
degree. Let B <r A be noncomputable. By Proposition 2.17.7, B <,, A, 
so by Demuth’s Theorem 8.6.1, there is a 1-random C =, B. By Theorem 
8.11.12, C is weakly 2-random. O 


As in the 1-randomness case, it is not known whether a can be made 
hyperimmune. 


8.11.3 When van Lambalgen’s Theorem fails 


We are now in a position to prove the result, mentioned in Section 7.1.2, 
that van Lambalgen’s Theorem fails for Schnorr and computable random- 
ness. This result was originally proved by Merkle, Miller, Nies, Reimann, 
and Stephan [269], with the following extension obtained by Yu [412]. 


Theorem 8.11.14 (Yu [412]). Let AP B be Schnorr random and com- 
putable in an incomplete c.e. set. Then A is not Schnorr random relative 
to B and B is not Schnorr random relative to A. The same is true for 
computable randomness. 


Proof. By Theorem 7.1.13, A and B are Schnorr random. By Theorem 
8.2.1, A, B, and A È B are not 1-random. By Theorem 8.11.2, they are 
high. Thus (A9 BY =_ Ø” <r Ø” =, B". By Theorem 8.11.2 relativized to 
B, we conclude that A is not Schnorr random relative to B, since otherwise 
it would be 1-random relative to B, and hence 1-random. The symmetric 
argument shows that B is not Schnorr random relative to A. 

This result holds also for computable randomness because if A ® B is 
computably random then it is Schnorr random, and if A is not Schnorr 
random relative to B then A is not computably random relative to B. O 


By Theorem 8.11.1 (and the existence of an incomplete c.e. set, shown in 
Section 2.14.3), there is a computably random (and hence Schnorr random) 
set computable in an incomplete c.e. set, so we see that van Lambalgen’s 
Theorem fails for Schnorr and computable randomness. 


Corollary 8.11.15 (Merkle, Miller, Nies, Reimann, and Stephan [269]). 
There are sets A and B such that A® B is Schnorr random but A and 
B are not relatively Schnorr random. The same is true for computable 
randomness. 
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Barmpalias, Downey, and Ng [22] have shown that this result holds also 
for weak 2-randomness. 


8.12 Measure theory and Turing reducibility 


The first applications of measure theory to computability theory were due 
to Spector [375], who showed that almost all pairs of hyperdegrees (a gen- 
eralization of the notion of Turing degree to higher computability theory) 
are incomparable, and, even earlier, to de Leeuw, Moore, Shannon, and 
Shapiro [92]. Their result, which we now discuss, was not well known in 
the computability theory community until recently, and has as an immedi- 
ate corollary another fundamental theorem first explicitly stated by Sacks 
[341]. It says that if a set is c.e. relative to positive measure many oracles, 
then it is in fact c.e. Its proof uses what is known as the majority vote 
technique. 


Theorem 8.12.1 (de Leeuw, Moore, Shannon, and Shapiro [92]). If u({X : 
A is c.e. in X}) >0 then A is c.e. 


Proof. If {X : A is c.e. in X} has positive measure then there is an e such 
that S = {X : WX = A} has positive measure. By the Lebesgue Density 
Theorem 1.2.3, there is an X such that lim, 2” u(S N [X [ n]) = 1. Let n 
be such that 2”u(S N [X | n]) > 4 and let o = X | n. We can enumerate 
A by “taking a vote” among the sets extending ø. More precisely, n € A 
iff 2"w({Y :o < Y An € WY}) > 4, and the set of n for which this 
inequality holds is clearly c.e. O 


Theorem 8.12.1 has a very interesting corollary, which was not explicitly 
stated in [92], but later independently formulated by Sacks [341]. For a 
set A, let AST = {B : A <r B}. It is natural to ask whether there is 
a noncomputable set A such that AST has positive measure. Such a set 
would have a good claim to being “almost computable”. Furthermore, the 
existence of a noncomputable set A and ani such that u({B : 6? = A}) = 
1 could be considered a counterexample to the Church-Turing Thesis, since 
a machine with access to a random source would be able to compute A. 
The following result lays such worries to rest. 


Corollary 8.12.2 (Sacks [341]). If u( AST) > 0 then A is computable. 


Proof. If u(AST) > 0 then there is an i such that {B : P = A} has 
positive measure. It is now easy to show that there are j and k such that 
{B : W? = A} and {B : WP = A} both have positive measure. Thus A 
and A are both c.e. o 


It is not hard to adapt the proof of Theorem 8.12.1 to show that if 
u({B : Ais A}?}) > 0 then A is A$. From this result it follows that if 
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d > 0’, then u({B : deg(B’) > d}) = 0. In Section 8.14 we will see that, in 
fact, almost all sets are GL}. 
The following is a useful consequence of Corollary 8.12.2. 


Corollary 8.12.3. If A >r Ú and X is weakly 2-random relative to A, 
then A £r X. 


Proof. Suppose that Ø <y A <r X. Let e be such that PŽ = A, and let 
S={B: P = A}. Then S is a T194 class, and by Corollary 8.12.2, it 
is null. Since X € S, it follows that X is not weakly 2-random relative to 
A. O 


We will see in Section 11.7 that this result does not hold for 1-randomness 
in place of weak 2-randomness, although it does come close to holding in 
that case. The sets A that can be computed by a set that is 1-random rel- 
ative to A are called bases for 1-randomness, and turn out to form a class 
of “randomness-theoretically weak” sets with several natural characteriza- 
tions. Also known as the K-trivial sets, they will be the focus of Chapter 
11. (In the terminology introduced in that chapter, Corollary 8.12.3 says 
that there are no noncomputable bases for weak 2-randomness.) 


Corollary 8.12.4 (Kautz [200]). If two sets are relatively weakly 
2-random, then their degrees form a minimal pair. 


Proof. Let B and C be relatively weakly 2-random, and let A <+ B,C. 
Since B is weakly 2-random relative to C, it is weakly 2-random relative 
to A. By Corollary 8.12.3, A is computable. Oo 


As we have seen in Corollary 8.8.3, Corollary 8.12.4 does not hold for 
1-randomness, and indeed we have the following. 


Corollary 8.12.5. The class of sets of the form A® B such that A and B 
form a minimal pair has measure 1, and includes all weakly 2-random sets 
but not all 1-random sets.” 


Note that, by Kolmogorov’s 0-1 Law, Theorem 1.2.4, any reasonable 
degree-theoretic property like being the join of a minimal pair will hold of 
either almost all or almost no sets. As in the previous corollary, for many 
properties P that hold of almost all sets, careful analysis has revealed the 
least n such that P holds of all n-random sets. For example, by Corollary 
6.9.5 the class of all A that have nonminimal degree has measure 1, and 
includes every 1-random set. We will see other examples below, for instance 
in Theorems 8.14.1, 8.21.2, and 8.21.8. 

Corollary 8.12.2 has the following generalization, whose proof is a 
straightforward modification of the majority vote proof of Theorem 8.12.1. 


‘That this class has measure 1 was first shown by Stillwell [382]. 
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Theorem 8.12.6 (Stillwell [382]). If w({X : A <r B@X}) > 0 then 
AX B. 


An immediate corollary to this result (which we will improve in Theorem 
8.15.1) is the following. 


Corollary 8.12.7 (Stillwell [382]). Let a and b be degrees. Then (aV b) A 
(a Vc) is defined and equal to a for almost all c. 


Proof. Let A € a and B € b. For any set D, Theorem 8.12.6 implies that 
u({C: D <r APC A D $r A}) = 0. Since there are only countably many 
D <r AB, 


u({C:J3D <r AS B(D Lr A®C A Dgr A)}) =0. 


So for almost all C, every D that is computable in both A ẹ B and AQ C 
is also computable in A. Since A is computable in A@® B and A @ C, the 
corollary follows. O 


8.13 n-randomness and weak n-randomness 


In Theorem 7.2.7, we saw that every n-random set is weakly n-random, 
and every weakly (n + 1)-random set is n-random. In this section, we show 
that neither implication can be reversed, even at the level of degrees. 

An important special case of the following result was given in Theorem 
7.2.8. 


Theorem 8.13.1 (Downey and Hirschfeldt [unpublished]). If A is weakly 
(n +1)-random and 0 <+ B <+ Ø™, then A |r B. 


Proof. Clearly A £r B, since otherwise {A} would be a II}; class of 
measure 0. Thus it is enough to show that A cannot compute B. 

Let P, = {X : &* is total}, let Qe = {X : Vk (PŽ (k) | = O*(k) = 
B(k))}, and let Re = Pe N Qe. Then P, is a I} class, and Qe is a 9-8" 
class, since for any string a, if 67 (k) |, then the condition ®2(k) = B(k) can 
be checked effectively in Ø™. Since n > 1, we see that Re is a TI) ,, class. 
If X € Re then X computes B, so by Corollary 8.12.2, Re has measure 0, 
and hence cannot contain a weakly (n + 1)-random set. The theorem now 
follows, since any set computing B must be in Re for some e. O 


It follows immediately from the above theorem that no weakly (n + 1)- 
random set can be Ø™)-computable, or even compute a noncomputable 
Ø)-computable set. Since there are 0")-computable n-random sets, we 
have the following result. 


Corollary 8.13.2 (Kurtz [228]). For every n > 1, there is an n-random set 
that is not of weakly (n+1)-random degree, and indeed cannot be computed 
by any set of weakly (n + 1)-random degree. 
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Kurtz [228] showed that there is a weakly 1-random set that is not of 
l-random degree. Kautz [200] extended this result (at the set level) to 
show that if n > 1, then there is a weakly n-random set that is not n- 
random (though this result was stated without proof earlier by Gaifman 
and Snir [168]). Kautz’ proof was fairly complicated, but we will get a 
simpler one, which works at the level of degrees as well, using the following 
relativized form of Theorem 7.2.25. Note that this result does not follow 
immediately by relativizing the proof of Theorem 7.2.25, because weak 
(n + 1)-randomness is not the same as weak 1-randomness relative to 0. 


Theorem 8.13.3 (Downey and Hirschfeldt [unpublished]). If X >r 0("-) 
is c.e. in ØC then there is a weakly n-random set A such that A ® 
O?-) =, X. 


Proof. The n = 1 case is Theorem 7.2.25, so let n > 2. By Theorem 7.2.6, 
A is weakly n-random iff for every (-))-computable sequence of 52°" ” 
classes {U;}iew such that (U;) < 27t, we have A ¢ ();U;. We do the 
n = 2 case using this characterization. The general case then follows by a 
straightforward relativization. 

Thus we have a £$} set X >, W. We build a weakly n-random A with 
AS =, X via a -computable construction. Let Xo, X1,... be an ap- 
proximation to X as a W-c.e. set. Let So, S1,... be an effective listing of 
the X? classes. We will first discuss how to build A <r X, and later explain 
how to add coding to the construction to ensure that A 9 0070) =, X. 

For simplicity of presentation, we adopt the convention that al (i) l= 
MM Sao’ Gy) S 2-* (that is, we do not allow ©%'(i) to converge unless 
1(Sgo"()) < 27", which we can determine using 0’). We need to satisfy 
the requirements 


Re: O% total => Ji (A ¢ Sav) 


while making A be X-computable. 

Associated with each Re will be a number re, which is initially set to 
equal e + 1 and may be redefined during the construction. We say that Re 
requires attention at stage s if Re is not currently satisfied and for some 
i, we have ©’ (re +i) | and Xs41(i) Æ X.(i). When a requirement Re is 
satisfied, it will be satisfied through a particular number ie (which indicates 
that we have committed ourselves to keeping A out of Sevg.) Initially 
each te is undefined. 

We build A as the limit of strings 09,01,... with |os| = s. Let oo = À. 
At stage s, we proceed as follows. 


1. Fix the least e < s that requires attention. (If there is none then 
proceed to step 2.) Define ie = re +i for the least i such that P% (re + 
t)| and Xs+1(i) Æ Xs(i). Declare Re to be satisfied. For each e’ > e, 
declare Re to be unsatisfied and undefine ie and re. 
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2. Let S = Uj.) Sav g, Let os41 E 2°! be such that p([os4i1]S) <1 


and 0541 [| te = Gs Ì te. 


3. For all e’ such that re is undefined, define re to be a fresh large 


number, so that u([os41] 0 S) + 00.27% <1. 


It is easy to check by induction that the definition of 7,41 at step 2 
is always possible, because of how we define the re at step 3. Let A be 
the limit of the ø.. It is also easy to check that A is well-defined and X- 
computable (since if n < s then o,41 [ n = os [ n unless some number 
less than or equal to n enters X at stage s). Furthermore, the usual finite 
injury argument shows that if pr is total then Re is eventually permanently 
satisfied, because once all R; for 7 < e have stopped requiring attention 
at some stage s, the fact that X £r 0’ implies that Re eventually requires 
attention after stage s. The fact that the S; are open then implies that Re 
is satisfied. 

Adding coding to this construction to ensure that X is computable in 
A@®W is not difficult. We have coding markers m,[s] such that m, = 
lim, m,[s] exists. Every time we have m,[s + 1] 4 m,[s], we ensure that 
A Ù mz[s] Æ os | mn[s]. We also ensure that if n enters X at stage s 
then A | my[s] Æ os | mals]. It is straightforward to add such markers 
to the construction, moving all markers of weaker priority whenever Re 
acts. The requirements on the markers ensure that, knowing A, we can 
follow the construction (which we can do using #’) to find an s such that 
A | mals] = cs | m,[s], at which point we know that n € X iff n € X.. O 


Corollary 8.13.4 (Kurtz [228] for n = 1, Kautz [200] (at the set level)). 
Letn >1. There is a weakly n-random set that is not of n-random degree. 


Proof. Let X be c.e. in Ø”) and such that 0079 <r X <r Ø. By the 
theorem, there is a weakly n-random set S such that S @ 00-9) =, X. 
By the relativized form of Corollary 8.8.2, if Y is 0("~)-c.e. and there is 
an n-random set R with R@O”-) =, Y, then Y =, 0, so there is no 
n-random set Turing equivalent to S. O 


Barmpalias, Downey, and Ng [22] have improved Theorem 8.13.3 in the 
n = 2 case as follows. 


Theorem 8.13.5 (Barmpalias, Downey, and Ng [22]). If the degree of X 
is hyperimmune relative to Ọ' then there is a weakly 2-random set A such 
that A9 =, A =r X. 


There is no known exact characterization of the degrees that are jumps 
of weak 2-random sets. 
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The fact that all 1-random left-c.e. reals are complete might lead to the 
false impression that randomness is a highness notion. In general, however, 
the reality is quite the opposite. We already saw results in this direction 
in Section 8.8, and will see further results (in Sections 15.5 and 15.6, for 
instance) showing that randomness is in fact antithetical to computational 
power, and in many ways, sufficiently random sets begin to resemble highly 
nonrandom (e.g., computable) ones. Thus randomness is in a sense a low- 
ness notion. In this section, we prove a result that lends evidence to this 
claim. Recall that a set X is generalized low (GL)) if X’ =, 0’ @ X. The 
following result generalizes Corollary 8.12.2. We will see in Corollary 8.14.4 
that the n + 1 in its statement is optimal. 


Theorem 8.14.1 (Kautz [200]). Let n > 0. The class {X : X™ =, 
X H} includes every (n+1)-random set, and hence has measure 1. In 
particular, every 2-random set is GL,.° 

Proof. We build a functional ® such that the classes {A : A™ (e) 4 
Ace (¢)} for e € w form a D9, ,-test. It then follows that if A is 
(n + 1)-random, then A™ (e) = 64®%(e) for almost all e, and hence 
A™ <p A9 Ø™. (Of course, AM >, AG O™ is automatic.) 

Let Ci = {A : e € AM} and write Ce for C?. We claim that the Ce are 
uniformly £? classes. To establish this claim, assume by induction that the 
C‘-! are uniformly £? _} classes. Then the classes Dé"! = {A : o < A(™-D} 
are uniformly Aĵ, and C = Uge(e De *, whence the C$ are uniformly X}. 


Thus, by Theorem 6.8.3, uniformly in 0, we can find so classes 
Ue with Ce C Ue and u(Ue) — (Ce) < 27+) for all e. There is an 0(”)- 
computable f taking natural numbers to finite sets of strings such that 
for each e we have [f(e)] © Ue and u(Ue \ [f(e)]) < 27+). Let © be a 
functional such that f = vw” Let 


1 if WF(e) | AA ce [WF (e)] 
6493 (e)= 20 if WF(e) | AA g [VF (c)] 
T otherwise. 


Then 


0 otherwise. 


DAO Ce) f if A € [f()] 


Let Ve = {A : A™ (e) 4 6460 (c)}. Then A € Ve iff either A € Ce 
and A ¢ [f(e)], or A ¢ Ce and A € [f(e)]. Since (Ce \ [F(e)]) < uUe \ 


8Kautz [200] points out that the “almost all” version of this result (that X( =r 
X @@™ for almost every X) is due to Sacks [341] and Stillwell [382]. 
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Lf(e)]) < 2-6 and p([F(e)] \ Ce) < w(Ue \ Ce) < 27+), we have 
(Ve) < 2°. Since the sets [f(e)] are clopen and uniformly computable in 
0), the Ve are uniformly X? ,; classes. Thus the Ve form a X} j-test, as 
required. 


In the n = 1 case of the above proof, we can take Ue = Ce, and it is easy 
to see that we can also ensure that f Swe 0’. It then follows that the Ve 
form a Demuth test, so we have the following result, which was first stated 
by Demuth [95], with a proof sketch, a full proof later appearing in Nies 
[306]. 


Theorem 8.14.2 (Demuth [95]). All Demuth random sets are GLi. 
Using Theorem 8.14.1, Kautz [200] generalized Theorem 8.5.1 as follows. 


Theorem 8.14.3 (Kautz [200]). Ifa > 0™ then there is an n-random set 
A with AP-) €a. 


Proof. The proof of Theorem 8.5.1 relativizes. Recall that in that proof we 
constructed a perfect tree T <r Ý such that [T] C Uo, where Up is the first 
element of Kuéera’s universal Martin-Lof test. To ensure the effectiveness 
of the coding of sets into paths of T used in the proof, we used Lemma 
8.5.2, which allows us to compute effective lower bounds for the measures 
of nonempty sets of the form Up N [a]. We can relative this construction 
to Ø=), We can construct T computably in 0, now letting Up be the 
first element of Kuéera’s universal Martin-Lof test relativized to 0("—)), 
The necessary lower bounds given by the relativized form of Lemma 8.5.2 
are now computable in Ø., We thus get an n-random A such that A® 
0) € a. By Theorem 8.14.1, A®7) =, A@O@-), so A™ Nea O 


Corollary 8.14.4 (Kautz [200]). Let n > 0. The class {X : X™ =, 
X 60} does not contain every n-random set. 


Proof. Let A be n-random and such that A®—-) =, Ø). Then A™ =, 
+D while A@g™ <p AMD @ 9) =, 0, o 


By relativizing Theorem 8.14.1 and Corollary 8.14.4, we get the following 
result, which will be useful below. 


Theorem 8.14.5. The class {X : (X A)™ =, X A™} includes every 
set that is (n+1)-random relative to A, and hence has measure 1, but does 
not include every set that is n-random relative to A. 


8.15 Stillwell’s Theorem 


It is well known that the theory of the Turing degrees is undecidable, as 
shown by Lachlan [232] and in fact computably isomorphic to theory of 
second order arithmetic, as shown by Simpson [358]. On the other hand, 
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in this section we use material from previous sections to prove Stillwell’s 
Theorem that the “almost all” theory of the Turing degrees is decidable. 
Here the quantifier V is interpreted to mean “for measure 1 many”. By Fu- 
bini’s Theorem (see [335]), A C (2”)” has measure 1 iff almost all sections 
of A with first coordinate fixed have measure 1. This fact allows us to deal 
with nested quantifiers. 


Theorem 8.15.1 (Stillwell [382]). The “almost all” theory of the Turing 
degrees is decidable. 


Proof. Here variables a,b,c,... range over degrees. Our terms are built 
from these variables, 0,’ (jump), V, and A. An atomic formula is one of the 
form to < tı for terms tọ, tı, and formulas in general are built from atomic 
ones using the connectives & (used here for “and” to avoid confusion with 
the meet symbol) and ~, and the quantifier V, interpreted to mean “for 
measure 1 many”. 

Corollary 8.12.7 allows us to compute the meet of any two terms of the 
form ag Vay V+- Vag V0") and bo V b1 V-V by VO™ as eg Ver VV 
cı V omin{m,n}), where the c; are the variables common to both terms. For 
example, (a; V a3 V 0) A (a; V as V a7 V 0) = a; VO™). Note that we 
also have a ^c = 0. 

Now we can give a normal form for terms. By Theorem 8.14.5, a(”) = 
av 0) for almost all a. We can use this fact to compute the jump of any 
term of the form ag Va, V---Vam VO. That is, as (ag Vay Vam- -VOM) = 
(ap Var V-V am)®, it follows that 


(ao Var V+- V am VOM) = ao Var Vo Vam V OCHD, 


Hence, using the rule for A, the jump rule, and the join rule (ag V ay V am V 
--- V0) v (bo V bi V bn V- v 0®) = (ao Vai V- Vam Vbo V- V 
bp V 0™ax{lk})), we can reduce any term t to one of the form 


(ao Vay V+- V am VOM), 


The proof is completed by giving the decision procedure. We show that 
every formula with free variables is effectively 0-1-valued. That is, it is 
satisfied by a set of instances of measure 0 or 1, and we can effectively 
determine which is the case. We proceed by structural induction. 

To see that to < tı is effectively 0-1-valued, first put the terms t; in 
normal form, then calculate to A t1. If to Atı = to then to < tı for almost all 
instances. Otherwise, we must have to At, < to, either because tp contains 
a variable not in ty, or because the 0 term in to is too big. In either case, 
to < tı is false for almost all instances. 

If wo, Yı are effectively 0-1-valued then clearly so are Wo&w, and ~y. 
Fubini’s Theorem shows that if w~ is effectively O0-1-valued, then so is 
Vajw(do,-.-,;@n), thus completing the proof. Oo 


366 8. Algorithmic Randomness and Turing Reducibility 
8.16 DNC degrees and autocomplexity 


Kjos-Hanssen, Merkle, and Stephan [205] extended Theorem 8.8.1 to char- 
acterize the sets that compute diagonally noncomputable functions in terms 
of Kolmogorov complexity. Kanovich [197, 198] formulated the following 
definition of complexity and autocomplexity for computably enumerable 
sets, and stated the result that complex c.e. sets are wtt-complete and 
autocomplex sets are Turing complete, as we will see below. 


Definition 8.16.1 (Kjos-Hanssen, Merkle, and Stephan [205], Kanovich 
[197, 198)). 


(i) A is h-complex if C(A | n) > h(n) for all n. 


(ii) A is (order) complex? if there is a computable order h such that A is 
h-complex. 


(iii) A is autocomplex if there is an A-computable order h such that A is 
h-complex. 


Notice that we could have used K in place of C in the definition above, 
since the two complexities differ by only a log factor. Notice too that every 
1-random set is complex. 

We now establish some interesting characterizations of autocomplexity 
and complexity. 


Lemma 8.16.2 (Kjos-Hanssen, Merkle, and Stephan [205]). The following 
are equivalent. 


(i) A is autocomplex. 

(ii) There is an A-computable h such that C(A [ h(n)) > n for alln. 
(iii) There is an A-computable f such that C(f(n)) 2 n for alln. 
) 


(iv) For every (A)-computable (order) h, there is an A-computable g such 
that C(g(n)) > h(n) for all n. 


Proof. (i) = (ii). Let g be an A-computable order such that C(A [ n) > 
g(n) for all n. Then we get (ii) by taking h(n) = min{k : g(k) > n}. 


(ii) > (iii). Let f(n) be the encoding of A f h(n) as a natural number. 
Then C(f(n)) > n—O(1), so we can take f(n) = f(n + k) for a suitable k. 

(iii) = (iv). Clearly (iv) implies (iii). Now let h be A-computable and let 
f be as in (iii). Let g(n) = f(h(n)). Then C(g(n)) = C(f(h(n)) = h(n). 

(iii) > (i). Let f be as in (iii). Let ® be such that 64 = f and let g 
be the use function of that computation, which by the usual assumptions 


This notion should not be confused with that of Kummer complex sets, which we 
will meet in Chapter 16. 
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on the use is an A-computable order. Then for any m > g(n), the value of 
f(n) can be computed from n and A | m, so 


n<C(f(n)) < C(A | m) + 2logn + O(1). 


Hence, for almost all n and all m > g(n), we have C(A | m) > 4. Therefore, 
a finite variation of the A-computable order n +> $max{m : g(m) < n} 
witnesses the autocomplexity of A. 


Similar methods allow us to characterize the complex sets. 


Theorem 8.16.3 (Kjos-Hanssen, Merkle, and Stephan [205]). The 
following are equivalent. 


(i) A is complex. 
(ii) There is a computable function h such that C(A [ h(n)) > n for all 
n. 
(iii) A tt-computes a function f such that C(f(n)) > n for alln. 
(iv) A wtt-computes a function f such that C(f(n)) > n for alln. 


The following result can be viewed as the ultimate generalization of 
Kuéera’s Theorem 8.8.1 that 1-randoms have DNC degree. 


Theorem 8.16.4 (Kjos-Hanssen, Merkle, and Stephan [205]). A set is 
autocomples iff it is of DNC degree. 


Proof. Let A be autocomplex and let f be as in Lemma 8.16.2 (iii). Then 
for almost all n, 


C(®,(n)) < C(n) + O(1) < logn+ O11) <n < C(f(n)), 


so a finite variation of f is DNC. 

Now suppose that A is not autocomplex. We show that no oA is DNC. 
Fix i. Let U be the universal machine used to define C. For each ø let e(o) 
be such that ®,(,)(n) is computed as follows. If U(a)= 7 for some 7, then 
compute ®7(n) and output the result if this computation halts. 

Let h(n) be the maximum of the uses of all computations &4(e(c)) with 
|la| < n. Then h <y A, so by Lemma 8.16.2, there are infinitely many n 
such that C(A | h(n)) < n. For any such n, let on € 2<” be such that 
U(on) = A | h(n). Then 


Afh(n 
Be(on)(€(n)) = BF (e(on)) = Bf (elon), 
so 4 is not DNC. o 
Again, similar methods yield results for complex sets. 


Theorem 8.16.5 (Kjos-Hanssen, Merkle, and Stephan [205]). The 
following are equivalent. 


(i) A is complex. 
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(ii) A tt-computes a DNC function. 
(iii) A wtt-computes a DNC function. 


In particular, the sets that wtt-compute DNC functions and those that wtt- 
compute computably bounded DNC functions coincide. 


By Theorems 8.10.3 and 8.16.4, there is an autocomplex set that does 
not compute any l-random set. Kjos-Hanssen, Merkle, and Stephan [205] 
showed that the proof of Theorem 8.10.3 can be used to extend this result 
as follows. 


Theorem 8.16.6 (Kjos-Hanssen, Merkle, and Stephan [205]). There is a 
complex set that does not compute any 1-random set. 


Kjos-Hanssen, Merkle, and Stephan [205] also showed that a set is com- 
plex iff it is not wtt-reducible to any hyperimmune set. Miller [275] defined 
a set A to be hyperavoidable if there is a computable order h such that if 
®.(n) | for all n < e then Af h(e) 4 ® | A(e). Miller [275] showed that 
these sets are exactly the ones that are not wtt-reducible to a hyperim- 
mune set, so it turns out that a set is hyperavoidable iff it is complex. The 
fact that a set is complex iff it is not wtt-reducible to any hyperimmune 
set has also been used as a tool for proving results in computable model 
theory by Chisholm, Chubb, Harizanov, Hirschfeldt, Jockusch, McNicholl, 
and Pingrey [64]. 

Initial segment complexity and Turing complexity are strongly related 
in the presence of effective enumerations. For instance, in Theorem 9.14.6, 
we will show that if a left-c.e. real œ is l-random and B is a c.e. set, 
then there is a wtt-reduction I with identity use such that T“ = B. In the 
present context, we have the following result, which follows from the lemmas 
above and Arslanov’s Completeness Criterion (Theorem 2.22.3; see also the 
comment following the proof of that theorem and Theorem 2.22.1, which 
says that computing DNC functions is equivalent to computing fixed-point 
free functions). 


Theorem 8.16.7 (Kanovich [197, 198]). Let A be a c.e. set. 
(i) A is complex iff A is wtt-complete. 
(ii) A is autocomplex iff A is Turing complete. 


One of the points of [205] was to show how to avoid the use of Arslanov’s 
Completeness Criterion in results like the above. Thus, a direct proof of 
Theorem 8.16.7 was given in that paper. (Kanovich [197, 198] stated the 
result without proof.) We could also give a direct proof based on the method 
of Theorem 8.2.1. That is, suppose that C(A | n) > h(n) for a computable 
order h. We build a Turing machine M with coding constant c in the 
universal machine used to define C. For each k we can effectively find an 
np such that h(n,) > k+c. If k enters 0’ at stage s, we let M(0*) = As | nk, 
thus ensuring that K(A, [ ngk) < k+c¢< h(ng), whence A | ng Æ As | ng. 
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For the autocomplex case, we can proceed in the same way, except that 
we now approximate h, so while k is not in Ø’, the value of nz, can change. 
We can still recover 0’ from A because the final value of ng is A-computable, 
but this is no longer a wtt-reduction. 

We finish this section with a result that will be important when we 
consider lowness for weak 1-randomness in Section 12.4. A set A is weakly 
computably traceable if there is a computable h such that for all f <+ A, 
there is a computable g with |Dgin)| < h(n) for all n and f(n) € Dg(n) for 
infinitely many n. 


Theorem 8.16.8 (Kjos-Hanssen, Merkle, and Stephan [205]). The 
following are equivalent. 


(i) The degree of A is DNC or high. 
(ii) A is autocomplex or of high degree. 


(iii) There is ag Sr A such that either g dominates all computable func- 
tions or for every partial computable h, we have g(n) 4 h(n) for 
almost all n. 


(iv) There is an f Sr A such that for every computable h, we have f(n) 4 
h(n) for almost all n. 


(v) A is not weakly computably traceable. 


Furthermore, if the degree of B is hyperimmune-free and not DNC, then 
for each g Sr B, there are computable h and h such that 


Yn Im € |n, h(n)] (h(m) = g(m)). 


Proof. (i) = (ii) by Theorem 8.16.4. 

(ii) > (v). Suppose that (v) fails but A is either autocomplex or high. Let 
h be a computable function witnessing the fact that A is weakly computably 
traceable. 

If A is autocomplex, by Lemma 8.16.2, there is an A-computable function 
p such that C(A [ p(n)) > logn + h(n) for all n. Let g be a computable 
function such that {Dg(n)}new weakly traces p(n) and |Dgin)| < h(n) for 
all n. We can describe p(n) by giving n and the program for g, together 
with log h(n) many bits to say which of the elements of Dg ,) is p(n). Thus 
for almost all n, we have C(p(n)) < logn + O(log h(n)) < logn + h(n), 
contradicting the choice of p. 

If A is high, then let p Sr A dominate all computable functions. Let g 
be a computable function such that {Dg(n)}new weakly traces p(n). Then 
the function n ++ max D,,) + 1 is computable, so there are infinitely many 
n such that p > max Dyn), which is a contradiction. 

(v) => (iv). If (iv) fails then given any f <r A, there is a computable 
function h with f(n) = h(n) for infinitely many n. Then (v) fails by letting 
g be such that Dyin) = {h(n)}. 
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(iv) = (iii). If A is high then, by Theorem 8.16.4, there is an A- 
computable function that dominates all computable functions. So suppose 
that A is not high. Let f Sr A be such that for every computable function 
h, we have f(n) # h(n) for almost all n. 

Suppose that y is a partial computable function such that f(n) = y(n) 
for infinitely many n. Let p Sr A be such that for each k there is ann > k 
with y(n) [p(k)] |= f(n). Since A is not high, there is a computable function 
q such that q(k) > p(k) for infinitely many k. We may assume that q is 
nondecreasing. Let h(n) = y(n)[q(n)] if this value is defined, and h(n) = 0 
otherwise. Then h is total and computable. If q(k) > p(k) then there is 
an n > k such that g(n)[a(n)] = g(n)[a(k)] = g(n)[p(k)] = f(n), whence 
h(n) = f(n). Thus there are infinitely many n such that f(n) = h(n), 
contradicting the choice of f. 

(iii) > (i). By Theorem 2.23.7, if g dominates all computable functions 
then A is high. Otherwise, let h(e) = ®e(e). Then g(e) 4 h(e) for almost 
all e, so a finite variation of g is DNC. 

Finally, we verify the last part of the theorem. Let B be a set whose 
degree is hyperimmune-free and not DNC, and let g Sr B. Then B is not 
high, so there is a computable h such that h(n) = g(n) infinitely often. Let 
f(n) be the least m > n such that h(m) = g(m). Then f <+ B. Since B 
has hyperimmune-free degree, there is a computable function h such that 
f(n) < h(n) for all n. Then Vn dm € [n, h(n)] (h(m) = g(m)). O 


8.17 Randomness and n-fixed-point freeness 


Many results in this book demonstrate that randomness is antithetical to 
computational strength, and is in a sense a lowness property. Neverthe- 
less, as the results of this section will show, n-random sets do have some 
computational power.!° 


Definition 8.17.1 (Jockusch, Lerman, Soare, and Solovay [191]). We 
define a relation A ~n B as follows. 


(i) Any Bif A=B. 


10Heuristically, we can distinguish between “hitting power” and “avoiding power”. 
Computing the halting problem, for example, requires hitting power, while having hyper- 
immune degree, say, may be better characterized as an avoidance property (i.e., avoiding 
domination by computable functions). Of course, the real distinction is between prop- 
erties that define a class of measure 0 and those that define a class of measure 1. (Most 
natural properties fall into one of these two cases.) The former will not hold of any 
sufficiently random sets, while the latter will necessarily hold of all sufficiently random 
sets. Obviously, a property defining a class of measure 0 is the same as the negation of 
a property defining a class of measure 1, but this fact does not diminish the heuristic 
usefulness of this observation. 
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(ii) An, Bif A= 
(iii) If n > 2 then A ~n B if A" =, Br-?), 
A total function f is n-fized-point free (n-FPF) if Wea) £n Wz for all x. 


Note that the 0-FPF functions are just the usual fixed-point free func- 
tions. In Theorem 8.8.1 we saw that every 1-random set computes a DNC 
function, and hence a fixed-point free function. We now extend this result 
as follows. 


Theorem 8.17.2 (Kučera [218]). Every (n + 1)-random set computes an 
n-FPF function. 


Proof. We begin with the case n = 1, proving that each 2-random set 
computes a 1-FPF function. We then indicate how to modify that proof to 
obtain the general case. 

Let {Un}new be Kuéera’s universal Martin-Lof test, as constructed in 
Section 8.5. We need only the first element of this test, whose definition we 
now recall. Let So, $1,... be an effective list of the prefix-free c.e. subsets of 
2<. For each e > 0, enumerate all elements of Sg, (e) (where we take Se, (e) 
to be empty if ®.(e) T) into a set R as long as S sesk 27lol < 27°, (That 
is, if this sum ever gets to 27°, stop enumerating the elements of Sg, (e) 
into R before it does.) Let Up = [R]. 

This construction relativizes to a given set X in the obvious way, yielding 
a class U. Let D* be the complement of U. Note that D* has positive 
measure. 

Now let A be 2-random. Since we are interested in A only up to degree, 
we may assume by Theorem 6.10. : ee A € D". Let h be a computable 
function such that Wh EEF =i {Gs finite}. (Recall that We is the ith 
coin of We.) For each e and j, define the DA class Vf as follows. If 
Wee | <J+1 then let V? = Ø. Otherwise, let F}; be the smallest j+1 many 
‘oe of Wr ) and let Ve = U{[r] : Vi € Fy (7(¢) = 1)}. The Vf are 
uniformly ©? 0,0: a and (V£) < 271. Using the recursion theorem with 
parameters, let g be a computable function such that S® ce (g(e)) = Ve 


g(e) 
for all e. We may assume that g(e) > 0 for all e. 
By the construction of US’, we have Vie; N D” = Q for all e. Let ce 


be the shortest initial segment of A containing g(e) + 1 many elements. 
Then, for each e, either Whe j| < g(e) +1 or there is an i < |øe| such that 


Whe (i i) Æ celi), since ole we would have [oe] C V(.), contradicting 


our assumption that A € D”. 
We are ready to define our 1-FPF function f. Let f be an A-computable 
function such that 


Wee) = {(i,n) : i< |oe| A celi) =0 AnEN}. 
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To show that f is 1-FPF, fix e. If [Wee < g(e) +1 then almost every 
column of We is infinite. Since only finitely many columns of W¢,,) are 
nonempty, in this case Wy.) #* We. Otherwise, there is an i < |o~| such 


that WP’ (i) A oeli). If i € Wie then WI is finite but WE} is infinite; 


E ‘wi is infinite but why is empty. In either case, Wye) #* We. 
We now turn to the n > 2 case. For a set B, let BI*! ORB Bul, As 


before, we assume that A is an (n+1)-random set in D’™ Tt is straightfor- 
ward to adapt and relativize the proof of the Friedberg-Muchnik Theorem 
to build a set B that is c.e. relative to Ø"? , low relative to 072, and such 
that for all i, we have 0-2 <, Bl and Bl |, BI*4. Since B is low rela- 
tive to 0-2), given e, i, and k, we can determine whether WT? = gsm 
using 0”) as an oracle. Thus, by analogy with the n = 1 case, we can let h 
be a computable function such that 


Define V,°, g, and ce as before, but with wee in place of Whee: As 
before, for each e, either Wee < g(e) +1 or there must be an i < |øel 
such that WP (i) # oe(i). 

Let f be an A-computable function such that 


we” = {li n) € Bi i<|oel A oeli) =0 A n EN}. 


g(r —2) 


Fe) >, BO >, 0072. We 


We may assume that A(0) = 0, so that We 
claim that W£” ) Aa we ) for all e. 


Fix e. If Wen | < g(e)+1 then there is ai > |o-| such that i ¢ Who 


which means that W£"? År Bl#4, But wie i <r Bl*il, so in this case, 


(n—2) gr-2) 
. f "To (n) (n) 
Otherwise, there is a i < |øoe| such that Whe AC i) Æ Celi). Ifi € Wn 
then wir < BI#‘l but the ith column of we is BM. Since BH in 
BI#4), we have win 2) Ér wee a, 
Finally, if i ¢ Wee then WS") Z, Bl but the ith column of wie 4 
is empty and the other columns of wee (e) are uniformly computable from 
BI#4, Thus we <, Bl‘, and hence in this case also wir?) Ér 
wer” 
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Thus WET? £, We for all e. Since Wey is CEA(@—?)) for 


each e, and fis A-computable, the fact that the proof of the Sacks Jump 
Inversion Theorem 2.16.5 is uniform implies that there is an A-computable 
function f such that for all e, 


(n—2) gir 
Wie =r Fle) 
Therefore W(">?) £, WEP for all e, as required. o 


f(e) 


8.18 Jump inversion 


In this section, we show that the jump operator can be used to study 
the distribution of 1-random (A$) degrees. We do this by proving a basis 
theorem for IT? classes of positive measure. It is of course not the case that 
a nontrivial IT? class must have members with all possible jumps, since we 
could be dealing with a countable II? class, which might even have only 
one noncomputable member. However, as we recall from Theorem 2.19.18, 
if P is a nonempty I? class with no computable members and X >+ W, 
then there is an A € P such that A’ =, AG Y =, X 

Applying this result to a IT? class of 1-random sets, we have the following. 


Corollary 8.18.1. If X >_ 9! then there is a 1-random A such that A’ =, 
ASY =; X 


The situation for A$ 1-randoms is less clear, because there is no extension 
of Theorem 2.19.18 where we additionally have A <y 0’. In fact, Cenzer 
[55] observed that there are IT? classes with no computable members! such 
that every member is GL, and hence every A} member is low. 

To prove jump inversion for A$ 1-randoms, we replace Theorem 2.19.18 
with a similar basis theorem for fat II? classes. 


Theorem 8.18.2 (Kučera [217], Downey and Miller [126]!”). Let P be a 
II? class of positive measure, and let X 2r W be £9. Then there is a A$ 
set A € P such that A’ =, X 


Corollary 8.18.3 (Kučera [217], Downey and Miller [126]). For every £9 
set X Zr Ú, there is a 1-random AÌ set A such that A! =, X 


The proof of Theorem 8.18.2 can be viewed as a finite injury construction 
relative to ’. In that sense, it is similar to Sacks’ construction in [342] of a 


11 Specifically, what is known as a thin perfect class. 

127 [217], Kuéera constructed a high incomplete 1-random set, and in Remark 8 
stated that similar methods allow for a proof of Theorem 8.18.2 (additionally avoiding 
upper cones above a given C such that Ø <r C <r 0’). He also noted that this result 
gives l-random sets at all levels of the high/low hierarchy. 
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minimal degree below 0’. We require two additional ideas. The first is the 
method of forcing with IT? classes, which was introduced by Jockusch and 
Soare [195] to prove the low basis theorem. This method is used to ensure 
that A’ <, X. The second is Kuéera’s Lemma 8.10.1, which allows us to 
computably bound the positions of branchings as in Kuéera coding. 

Even though randomness is not explicit in the statement of Kuéera’s 
Lemma, it is worth noting its implicit presence. Lemma 8.10.1 is proved 
using concepts from randomness and its main application has been to the 
study of the Turing degrees of 1-random sets. 


Proof of Theorem 8.18.2. Let P be a II? class with positive measure and 
let X >> 0’ be a E$} set. Let Q and c be as in Lemma 8.10.1. That is, 
Q C P is a II? class, and for an effective listing P), P,,... of II? classes, if 
QN P, #0, then u(QN P.) > 270+), Note that u(Q) > 0 since P, = Q 
for some e. We will construct a A$ set A € Q such that A’ =, X. 

Before describing the construction, we give a few preliminary definitions. 
For each o € 2“, define a IT? class 


F, ={B€Q:Ve < |o|(a(e) = 0 = &F(e)T)}. 


At each stage s of the construction, we will define a string os € 25, which is 
intended to approximate A’ | s. We will tentatively restrict A to the class 
F,, in order to force its jump. It is important to note that this restriction 
may be injured at a later stage by the enumeration of an e < s into X. 

Next we define a computable function f that grows fast enough to ensure 
that it eventually bounds the branchings between elements of F, for every 
a. We will use f to code elements of X into A (or more precisely, into 
A’). Let h : 2S” x 2S” — w be a computable function such that Pa(r,o) = 
[7] A Fo for all r and ø. Let f(0) = 0 and let 


f(st1) =14max{h(r,0) +0:7 € 27) Ao € 25}. 


Now take r € 2 and ø € 2°, for t > s, such that |r] N F, 4 0. We 
claim that 7 has distinct finite extensions po, p1 E€ 2/¢+) that extend 
to elements of F,. Suppose not, and let G = o1*~’. Then F = F,, so 
WQN Pray) = ulfr] A Fo) < 27FED < 2-(2)+°), which contradicts 
the choice of Q. 

Kučera used the fact that we can bound branchings in a H? class of 
positive measure to code information into members of such a class. The 
most basic form of Kučera coding constructs a sequence by extensions, 
choosing the leftmost or rightmost permissible extension to encode the 
next bit. For our construction, we distinguish only between the rightmost 
extension and any other permissible extension. Recall that <, is the length- 
lexicographic ordering of 2<“. For a II? class R and r € 2/(*+) for some 
s, let Hy(R;7) hold iff 


Vp € 246+) (pf F(s) =T} f(s) AT <i p) > RO [p] = 0). 
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By compactness, RN fp] = 9 iff there is an s such that R[s] A fe] = ģ, so 
H;(R; 2) is a X} condition, and if RA [r] #0, then Hp (R; T) is true iff 7 is 
the rightmost extension of T [| f(s) of length f(s+ 1) that can be extended 
to an element of R. 

It will be useful to understand the interaction between f and Hy. Assume 
that we have r € 2/4) for some t > s, and ø € 2° such that [7] NF, £ 9. 
Let F € 2/(+) be the leftmost extension of r such that [7]NF, 4 0. By the 
definition of f, there are multiple extensions to choose from, so Hy (F,,T) 
is false. In fact, if p < ø, then F, C Fp, so Hp(Fp,?T) is also false. 

We are now ready to describe the construction. Let {Xs}scw be a W- 
computable enumeration of the X} set X. We may assume that Xo = Ø 
and |Xs+1 \ X;| = 1 for all s. We construct A by initial segments using a 
0’ oracle. At each stage s, we find a string Te E€ 2/ for some t > s. We 
will let A = J, Ts. Each stage also produces a string as € 2°, which is an 
approximation to A’, although not necessarily an initial segment of it. For 
each s, we require that the following conditions hold. 


1. [7s] Fo, 4 9. 
2. Ifp=o, fe+1 for e< sand BE [rs] N Fp, then B’(e) = p(e). 


Construction. 

Stage 0. Let To and oo both be the empty string. Then [ro] 0 Fo, = Q 4 9, 
so (1) is satisfied. Notice that (2) is vacuous. 

Stage s +1. Assume that we have already constructed Ts € 2/( for some 
t > s and gs € 2° satisfying (1) and (2). Let e be the unique element of 
Xaaa 

Case 1. If e > s, then let 7.4, € 2f(+” be the leftmost extension 
of 7, such that [7541] O Fo, 4 @. Note that @ can determine whether 
lo] O Fs, = 9, for each p € 2”, so W can find 7541. If [7.41] O Foo 4 9, 
then let 0,41 = 0,0. Otherwise, let 0,41; = gs1. Again, this choice can be 
made using the @’ oracle. Note that (1) and (2) are satisfied by our choices 
of 7,41 and 0541. 

Case 2. If e < s, then let pe = os | e. Let m be least such that 
f((e,m)) > |rs|. First let 7 € 2f(™)) be the leftmost extension of Ts 
such that [F] N Fp. # 0. Next let 7.41 E 2/™+) be the rightmost 
extension of 7, such that [7541] O Fpa 4 Ø. Now inductively define pp for 
each e < k < s + 1. If we have already defined pz, then determine whether 
[7:41] N Fo,0 Æ 9. If so, let pk+1 = px0. Otherwise, let px41 = pel. Finally, 
let 0541 = ps+1. Again, the construction is computable relative to 0’, and 
we have ensured that (1) and (2) continue to hold. 

End of Construction. 


We turn to the verification. The construction is 0’-computable, so A 
is A$. Furthermore, (1) tells us that [r] O Fs, 4 0, for each s. Because 
Fs, C Q C P, this fact implies that every Ts can be extended to an element 
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of P. But P is closed, so A =U, Ts € P. All that remains to verify is that 
A =a X. 

First we prove that A’ <+ X. To determine whether e € A’, use X and @’ 
to find a stage s > e such that Xs l e+1 = X | e+1. Let p = os l e+1. We 
claim that o, | e+ 1 = p for all t > s, because the only way that os e+ 1 
can be injured during the construction is in Case 2, when an element less 
than or equal to e is enumerated into X, which will never happen after 
stage s. Therefore, for all t > s, we have p = o; and hence Fy, C Fp. So 
[n] AF, A 0 for all t > s, which implies that A € F,. By (2), we have 
A'(e) = p(e). Thus we can uniformly decide whether e € A’ using only 
X V =, X. Therefore, A’ Ly X. 

Now we must show that X <, A’. Assume by induction that we have 
determined X | e for some e. Find the least s > e such that Xs [fe = X |e. 
Let p = 0, | e and note, as above, that p x c+ for all t > s. Find the least 
m such that f((e,m)) > |rs|. Of course, both s and m can be found by 
0’. We claim that e € X iff either e € X, or there is an n > m such 
that H;(F,;A | f((e,n) +1)). Ife € X \ Xz, then Case 2 ensures that 
Hy(F,;A | f((e,n) + 1)) holds for some n > m. So, assume that e ¢ X. 
Then for every n > m, the construction chooses the leftmost extension of 
A | f((e,n)) that is extendible in the appropriate I class. This class is 
of the form Fp, where P x o; for some t > s and |p| > e. Then p = P, 
so F> C Fp. The definition of f ensures that there are distinct extensions 
of A | f((e,n)) of length f((e,n) + 1)) that can be extended to elements 
of F5. Therefore, the leftmost choice consistent with Fo must be left of 
the rightmost choice consistent with F. Hence Hy(F,; A | f((e,n) +1)) is 
false. Finally, note that A’ can decide whether there is an n > m such that 
H;(F,;A4 | f((e,n) + 1)), because Hy is X9. Therefore A’ can determine 
whether e € X, proving that X <+ A’. m 


8.19 Pseudo-jump inversion 


In the same way that the construction of a low c.e. set was generalized by 
Jockusch and Shore [193, 194] (as we have seen in Section 2.12.2), Nies 
and Kučera independently realized that Theorem 8.18.2 can be extended 
to a similar pseudo-jump theorem. Recall that an operator of the form 
VY =Y @WY fora c.e. set W with Y <r VY for all oracles Y is called a 
nontrivial pseudo-jump operator. The following is a randomness version of 
Theorem 2.12.3. 


Theorem 8.19.1 (Nies [306], Kučera [unpublished]). For any nontrivial 
pseudo-jump operator V there is a 1-random set B with VB =a W. Indeed, 
if P is any TI} class of positive measure, then there is an A € P such that 
Vi S= W. 
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Nies’ proof in [306] is a full approximation argument, and hence an ef- 
fective construction, but we will use Kuéera’s oracle construction, as it is 
simpler. We thank George Barmpalias for telling us of this proof. 


Proof of Theorem 8.19.1. The proof resembles that of the Friedberg Com- 
pleteness Criterion, Theorem 2.16.1, combined with Kuéera-Gacs coding. 
Let P be a IT? class of positive measure, and let Q and c be as in Lemma 
8.10.1. That is, Q C P is a IT? class, and for an effective listing Po, Pi,... 
of II? classes, if QN P, 4 0, then (QN P.) > 2- +9. Let k > — log u(Q). 

We build an A € Q with V4 =,,, 0’. As in the proof of the Friedberg 
Completeness Criterion, at even stages we force the (pseudo-)jump and at 
odd ones we code. 

At stage 0 we consider the IT? class Mo = {Y : 0 ¢ VY}. Let e be such 
that P. = Mo. If Mo N Q = Í, let Qo = Q. Otherwise, let Qo = Q N Mo. In 
either case, let Ap = À. 

At stage 1, we want to code whether 0 € W. Let e be such that P, = Qo 
and let mo = 2°*¢ +1. Then u(Qo) > 27, so there is a split in Qo by 
level mo. That is, there are at least two strings of length mo that can be 
extended to elements of Qo. As with Kuéera-Gacs coding, if 0 € @ then let 
A, be the rightmost such string, and otherwise let A; be the leftmost such 
string. Let Qı = Qo N [Ai]. 

The construction now works inductively in the obvious way. At stage 2n 
we look at Mn = {Y : n ¢ VY}. If Mn O Qn_1 = Í, we let Qn = Qn-1. 
Otherwise, we let Qn = Qn—1M Mo. In either case we let Asn = Aon . 
At stage 2n + 1, we let e be such that P. = Qon and let my, = 2°7° +1. 
As before, there are at least two strings of length m, that can be extended 
to elements of Qn. If 0 € W, we let Aon+1 be the rightmost such string, 
and otherwise we let Agn+ii be the leftmost such string. Finally, we let 
Qont1 = Qon N [Aan+1]- 

It is easy to see that the questions we have to ask of @ at each stage 
can be computably bounded in advance, so this construction produces an 
A with V4 =,,, W. oO 


Other extensions along similar lines can be found in Cenzer, LaForte, and 
Wu [56]. For instance, using somewhat similar techniques, they showed the 
following. 


Theorem 8.19.2 (Cenzer, LaForte, and Wu [56]). Let V be a nontrivial 
pseudo-jump operator, let P be a II? class of positive measure, and let 
C >, 0’. Then there is an A € P such that V4 =, C. 


It is interesting to note that, in contrast to Theorem 8.19.1, there 
are nontrivial pseudo-jump operators V for which there is no c.e. set 
A with V4 =a 0’, as was recently proved by Ng and Wu [personal 
communication]. 
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8.20 Randomness and genericity 


Martin-L6f’s original definition of 1-randomness arises from the classical 
interpretation of randomness as a notion of being typical in terms of mea- 
sure. We can also look at sets that are typical in terms of category. These 
are the (Cohen) generic sets, which are members of every (suitably defin- 
able) dense open class. In the effective setting, we have the n-generic and 
weakly n-generic sets introduced in Section 2.24. 

In this section, we look at how these two notions of being typical relate 
to each other. The answer, perhaps surprisingly, is that genericity and 
randomness are more or less orthogonal, especially when we look at higher 
levels of the arithmetic hierarchy of classes. 


8.20.1 Similarities between randomness and genericity 


Before concentrating on the differences between randomness and generic- 
ity, we note that some results we have discussed above are special cases 
of general results on forcing, and hence have analogs for genericity. Van 
Lambalgen’s Theorem is an example. 


Theorem 8.20.1 (Yu [411]). The following are equivalent for any n > 1. 
(i) A® B is n-generic. 
(ii) A is n-generic and B is n-generic relative to A. 
(iii) B is n-generic and A is n-generic relative to B. 
) 


(iv) A and B are relatively n-generic (i.e., A is n-generic relative to B 
and B is n-generic relative to A). 


Proof. It is enough to show that (i) and (ii) are equivalent, since the equiv- 
alence of (i) and (iii) then follows by a symmetric argument, while (iv) is 
just the conjunction of (ii) and (iii). We write o @7 for the string p of 
length 2 min(|o|,|7|) such that p(2n) = o(n) and p(2n + 1) = t(n) for all 
n < min(|o|, |r|). 

Suppose that (ii) holds. Let S C 2<% be X? and let § = {r : Jo < 
A(o@7 €S)}. Then § is X4. If there is a 7 < B with r € § then there is 
a o such that or < AGB andor € S. Otherwise, since B is n-generic 
relative to A, there is a 7 < B with no extension in S. Let o = A [ |r| and 
let T = {u : w (o DT 3 pv E S)}. Then T is £? and no member of T 
is an initial segment of A, since otherwise we would have an extension of T 
in S. Since A is n-generic, there is a o’ < A with no extension in T. Then 
(A @ B) [| 2|o’| has no extension in S. Thus A @ B is n-generic. 

Now suppose that (i) holds. First suppose that A is not n-generic. Let 
T C 2%” be a £? set such that no member of T is an initial segment of A 


and every initial segment of A has an extension in T. Let T= {o@®T:0€ 
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TAT E2}, Then T is £? , no member of T is an initial segment of ASB, 
and every initial segment of A® B has an extension in T , contradicting the 
assumption that A B is n-generic. Thus A is n-generic. 

Now suppose that B is not n-generic relative to A. Let S bea ye set such 
that no member of S is an initial segment of B and every initial segment of 
B has an extension in S. There is a X? relation R with S = {7 : In R(A | 
n,T)}. Let S$ = {o@r0(lI-I7) : |r| < Jo] A R(o,7r)}. Then § is 2, and for 
alor < A®B, we have c @7 ¢ S. However, for alla Gt < A@B, there 
exists ao’ OT’ > o T with o’ @7' € S, contradicting the assumption that 
A © B is n-generic. O 


Another example of a theorem about randomness that has an analog for 
genericity is Theorem 8.5.3. 


Theorem 8.20.2 (Csima, Downey, Greenberg, Hirschfeldt, and Miller 
[82]). Let B be 1-generic relative to X and let A Sr B be 2-generic. Then 
A is 1-generic relative to X. 


Proof. Let ® be a reduction such that ®? = A. Let W C 25% be c.e. in X. 
Suppose that no initial segment of A is in W. Let V = {o € 2S” : Jr X 
®° (r € W)}. Then V is c.e. in X, and no initial segment of B is in V. 
Thus there is some 7 < B with no extension in V. Let U = {u € 2%” : 
ado = T (u < ©7)}. Then U is co-c.e. and no initial segment of A is in U, 
so there is some u < A with no extension in U. If v = yu then there is a 
o =7 such that v < 7, so if v € W then o € V, contradicting the choice 
of r. Thus pu is an initial segment of A with no extension in W. O 


Corollary 8.20.3 (Csima, Downey, Greenberg, Hirschfeldt, and Miller 
[82]). If B is n-generic and A Sy B is 2-generic, then A is n-generic. 


Proof. Let X = 0(-» in Theorem 8.20.2. oO 


It is natural to ask whether the full analog of Theorem 8.5.3 holds for 
genericity, that is, whether a 1-generic set below an n-generic set is auto- 
matically n-generic. The following result, whose proof can be found in [82], 
gives a negative answer to this question. 


Theorem 8.20.4 (Csima, Downey, Greenberg, Hirschfeldt, and Miller 
[82]). Every 1-generic set computes a 1-generic set that is not weakly 
2-generic. 


8.20.2 mn-genericity versus n-randomness 


We now discuss the interplay between n-genericity and n-randomness. In 
general, genericity and randomness are antithetical. We already saw in 
Proposition 8.11.9 that 1-genericity is enough to ensure that a set is not 
even Schnorr random. For 1-randomness, we have the following stronger 
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result. (As we have seen in Theorem 8.11.7, for weak 1-randomness, the 
situation is quite different.) 


Theorem 8.20.5 (Demuth and Kučera [96]). If A is 1-generic and B <r A 
then B is not 1-random. 


Proof. By Theorem 2.24.5, the degree of B is not DNC, and hence by 
Theorem 8.8.1, B is not 1-random. O 


Since Q =, @’ and there are A$ 1-generics, this theorem works only in 
one direction. 

Kurtz [228] showed that the upward closure of the weakly 2-generic de- 
grees has measure 0. (We will see in Theorem 8.21.3 that this result cannot 
be extended to 1-genericity.) To prove this result, we need the following 
lemma, whose proof is fairly typical (no pun intended) of measure-theoretic 
arguments in computability theory. 


Lemma 8.20.6 (Kurtz [228]). There is an f Sr @ such that for almost 
every A, the function f dominates every A-computable function. 


Proof. It is enough to build uniformly @’-computable functions fn, such 
that for each n and k, for measure 1 — 2~("+*+) many sets A, if OA is 
total then fn, majorizes oA. We can then let f(m) = MaXk ním frn(m) 
and it is easy to check that f is as required, since it dominates every fn,k- 

We define fn (m) as follows. Let S = {A : &f(m) |}. It is easy to see 
that u(S) is a left-c.e. real, so using @’, we can find a rational q such that 
q < pS) and u(S)— q < 27-@+k+m+2) We can then find a prefix-free 
finite set F of strings such that o € F => ®%(m) | and u([F]) > q. Let 
fn,k(m) = max{®Z(m):o € F}. 

This definition ensures that, for each m, the class of all A such that 
&A(m) l> fn k(m) has measure less than 2~("+*+™+2)_ Thus the class 
of all A such that oA is total but not dominated by fn,k is less than 
En 9—(n+k+m+2) = 9—(n+k+1) | oO 


We will examine this idea of “almost everywhere domination” further in 
Section 10.6. 


Theorem 8.20.7 (Kurtz [228]). The upward closure of the weakly 
2-generic degrees has measure 0. 


Proof. Let f be as in Lemma 8.20.6. Recall that the principal function pg 
of an infinite set G = {ao < a, <---} is defined by pe(n) = an, and that 
for a string g, we let po(k) be the position of the kth 1 in ø, or undefined if 
there is no such position. Let S» be the set of strings such that for at least 
n many k, we have po(k) > f(k). Each Sn is a AÌ dense set of strings, so if 
G is weakly 2-generic, then it meets each Sn, which implies that pg is not 
dominated by f. So if a set computes a weakly 2-generic set, then it must 
be in the class of measure 0 of sets computing functions not dominated by 


f. O 
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8.21 Properties of almost all degrees 


Randomness is, of course, deeply connected with “almost everywhere” 
behavior, since any property that holds of almost all sets holds of all 
sufficiently random sets. In this section, we prove several results about 
computability theoretic properties that hold of almost all degrees. We be- 
gin with Martin’s Theorem 8.21.1 that almost all degrees are hyperimmune. 
We then proceed to three theorems due to Kurtz [228], with related proofs 
of increasing complexity: Theorem 8.21.3 that almost every degree bounds 
a l-generic degree, Theorem 8.21.8 that almost every degree is CEA, and 
Theorem 8.21.16 that for almost every degree a, the 1-generic degrees are 
downwards dense below a. We will also comment on the levels of effec- 
tive randomness needed to ensure that a particular set has each of these 
properties. 

Of course, Theorem 8.21.16 implies Theorem 8.21.3 (as does Theorem 
8.21.8, as we will see in Theorem 8.21.15), which in turn implies Theorem 
8.21.1, since every l-generic degree is hyperimmune, but presenting the 
simpler proofs of Theorems 8.21.1 and 8.21.3 will help in explaining Kurtz’ 
method of risking measure, which is an elaboration of the method used in 
the proof of Martin’s Theorem. (Similar ideas had even earlier been used 
by Paris [314], in proving Corollary 8.21.23 below.) 


8.21.1 Hyperimmunity 


Theorem 8.21.1 (Martin [unpublished]). Almost every degree is hyper- 
immune. 


Proof. By Kolmogorov’s 0-1 Law, Theorem 1.2.4, it suffices to prove that 
there are positive measure many sets of hyperimmune degree. To do so, we 
construct a functional © so that for positive measure many A, we have that 
Z4 is total and not majorized by any computable function. We will meet 
the following requirements for positive measure many sets A. 


Re : ®. total > =4 is not majorized by e. 


The most naive attempt to meet Re is to choose a witness ne and define 
EA(n-) = ®.(ne) +1 for all A. The problem with this approach, of course, 
is that ®.(n.) may not be defined, and we need to make =A be total for 
positive measure many sets A. Thus we begin with a small class of A’s, 
choose a witness n°, and define =4(n°) = e(n?) +1 for all A in our class. 
If e(n?) f, then 24(n2) T for all such A, but Re is automatically met, 
because ®, is not total. If ®.(n®) |, then we eventually satisfy Re for all A 
in our class, and can then move to a new class of sets, using a new witness 
ni. This process can continue until we either cover all sets or have a final 
class C of sets for which we have appointed a harmful witness n? such that 


&.(n*)1, whence =4(n¥)f for all A € C. By ensuring that the measure of 


382 8. Algorithmic Randomness and Turing Reducibility 


C is at most 2~(¢+?), we can restrict the total effect of harmful witnesses 
in the construction to a class of measure at most E, 

The Re work independently. Let v?,..., v2! list 2° in lexicographic 
order. Then Re begins by working only above v?,», appointing a witness 
nt for all extensions of v? 3. We ask that =4(n®) f for all A extending v? 
unless we see that ®e(n?) |, at which point we define =4(n®) = e(n?) +1 
for all such A. We then begin working above v2 42, appointing a fresh large 
witness nl for all extensions of v},,. Again we ask that E4(n}) f for all 
A extending vi, unless we see that ®e(n}) |, at which point we define 
EA(n!) = e(n!) + 1 for all such A and begin working above v?,., and 
so on. At each stage s, if no Re has asked that =4(s) f or already defined 
=4(s), then we define 24(s) = 0. 

Since each Re can get stuck on at most one cone, and that cone has 
measure 2~(¢+?), we see that Z4 fails to be total on a class of measure at 


most >, 27 (e+?) = 4, and for all other A, each Re is met. oO 


Kautz [200] noted the following feature of the above proof. The class of 
all A such that Z4 is total is a II class of positive measure and hence, by 
Theorem 6.10.2, contains elements of all 2-random degrees. Furthermore, 
by construction, for every A in this class, 24 is not majorized by any 
computable function, so we have the following result. 


Theorem 8.21.2 (Kautz [200]). Ifa is 2-random, then a is hyperimmune. 
Thus, the class of sets of hyperimmune degree includes every 2-random set 
but not every 1-random set. 


We have already seen, in Theorem 8.11.12, that this result cannot be 
extended from 2-randomness to weak 2-randomness. Note that this fact 
shows that Theorem 6.10.2 cannot be extended from n-randomness to weak 
n-randomness. 

Kurtz [228] showed that there is no single total computable operator Y 
such that for almost every A, the function U4 is not majorized by any 
computable function. 

Theorem 8.21.2 can also be obtained by the following elegant argument of 
Nies, Stephan, and Terwijn [308]. By Theorem 6.11.7, there is a computable 
g and a d such that a set A is 2-random iff C9(A [ n) > n — O(1). Fix a 
2-random set A and let d be such that C9(A | n) > n—d for all n. Let f(k) 
be the least n such that there are po,...,Pr—-1 < n with C9(A | pi) > pi—d 
for i < k. Then f is A-computable. We claim that f is not majorized by 
any computable function. Assume for a contradiction that h is computable 
and majorizes f. Define the I? class 


P={Z:Vkapi,...,pe < h(k) (C° (Z I pi) > pi — d)}- 


Then P # Ø, and every member of P is 2-random. Since P must have 
a A$ member and there are no AÌ sets that are 2-random, we have a 
contradiction. 
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8.21.2 Bounding 1-generics 


The following result follows from Theorem 8.21.8 below, but discussing 
its proof will help us to understand the more difficult proofs of Theorems 
8.21.8 and 8.21.16. It should be contrasted with Theorem 8.20.7. 


Theorem 8.21.3 (Kurtz [228]). Almost every set computes a 1-generic 
set. 


Proof Sketch. By Kolmogorov’s 0-1 Law, Theorem 1.2.4, it suffices to prove 
that there are positive measure many sets computing 1-generic sets. 

Let Vo, Vi,... be an effective enumeration of the c.e. sets of strings. We 
build a functional = so that for positive measure many sets A, we have that 
Z4 is total and the following requirements are met. 


Re: =4 meets or avoids Vo. 


It will convenient to think of = as a partial computable function from 
strings to strings, but we write =? instead of S(o). Recall from Section 2.9 
that the main rule we need to observe is that for o ~ 7, if =? | and 7 |, 
then =° =< &7. Note that it is not necessary that if =7 | then =7 | for all 
OXT: 

Let us first discuss how to meet the single requirement Ro. We would 
like to find some o € Vo and ensure that Z4 > ø for all A, thereby meeting 
Ro. However, Vo might be empty, and we cannot wait forever to define =. 
Thus, as in the proof of Theorem 8.21.2, we set aside a portion of 2” of 
relatively small measure where we choose not to define = while waiting for 
some o to occur in Vo. For Ro, we divide 2” into two portions, say [00] 
and [00]. We think of [00] as taking the role of v8 in our proof of Theorem 
8.21.2. While we are waiting for some string ø to occur in Vo, we pursue 
a strategy based on the belief that Vo = Ø, and hence Ro is automatically 
satisfied. This strategy builds the reduction = within [00]. 

Thus, we will never define =4 for any A € [00] unless some ø enters Vo. 
Should we find such a ø at a stage s, then we define Z% = øg; that is, we 
ensure that =4 > ø for all A € [00], hence meeting Ro within [00]. At this 
point, following the model of the proof of Theorem 8.21.2, we would like to 
switch attention to [01], trying to satisfy Rp within that cone. The main 
problem not found in the proof of Theorem 8.21.2 is that we can no longer 
satisfy Ro by picking a single new witness and defining the value of =4 on 
that witness, independent of other values on which 24 may already have 
been defined. While we were waiting for a o to enter Vo, other strategies 
might well have already defined =” for several v € 2S*° extending 01, 10, 
and 11. We might have such vo and vı with =”: = 6; and dp | ô1. To satisfy 
Ro within fvi], we need to seek a y; = 6; in Vo. It might be the case that, 
say, there is no such yp in Vo but there is such a 7, in Vo. Thus we need 
to pursue completely separate strategies above each v;. In particular, we 
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cannot work only above 01, since Vo may contain no extensions of =°} and 
yet contain extensions of =!°, say. 

The solution to this problem is to pursue independent constructions 
above all strings of length s in [00], each of which is basically a copy 
of the original construction. To organize these multiple constructions, we 
will color certain strings, using four basic colors: red, blue, green, and yel- 
low. Each of these will also have a subscript denoting what requirement 
the color refers to, so that red4, say, is red for R4.13 

In the beginning, we give the empty string A the color blueo, indicating 
that a strategy for Ro is being carried out above it. We also give the string 
00 the color redo, indicating that we are actively working above 00. As 
before, we would like to find some o € Vo and define Z% = a, thereby 
meeting Ro within the cone [00]. If we actually get to meet Ro in this way 
within this cone, then the color of 00 changes to greeng, indicating that we 
have satisfied Ro within [00]. 

While we are waiting for some o to appear in Vo, we assign the color 
yellowp to the strings of length 2 not colored redo. The idea is that if 00 
becomes greeng then we try to deal with the yellow strings (via extensions). 
While we are acting in this way for Ro, we assign Rı to [0100], giving 01 
the color blue;, giving 0100 the color red, and giving the other length 2 
extensions of 01 the color yellow}. 

As before, if no o ever appears in Vo, we satisfy Ro everywhere. Now 
suppose that there is a stage s at which 00 becomes greeng because we see 
some ø enter Vo and get to define =°° = ø. At this stage, we deal with 
the yellowp strings (namely 01, 10, and 11). As discussed above, it may 
well be the case that there are extensions v of these strings for which =” 
has already been defined, say by the action of R,. Each such extension 
has length at most s, so for convenience we can work above the strings 
Vo, . . - , Vp of length s in [01], first defining =”: = & for the longest o < vi 
for which & has been defined. 

We first remove the color yellow from the length 2 strings. We then give 
each v; the color blueg and begin a new construction at each of them that is 
a clone of the basic construction. That is, we make each v;00 a redg string, 
and give the other length 2 extensions of the v; the color yellowo. 

Now the goal of Ro via each redo string v;00 is to find a string c; € Vo 
with =” < o;, and then make v;00 greeng by defining 2” = o;. 

Of course, once Ro is satisfied within the cone [00], we can have R; take 
the role of Ro and satisfy it within that cone precisely as we did for Ro. 

More generally, Re will have a number of blue, nodes v, with all its 
length e + 2 extensions colored yellowe, save one such extension p that is 


13For those familiar with the terminology, we mention that these are really e-states, 
and the argument to follow is a kind of full approximation argument. 
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colored rede. This string will turn greeny once we find a y € Ve extending 
=” and define =? = y. 

The key point is that each time we attempt to satisfy Re above some 
string v, either the rede extension p of v never becomes greene, in which 
case Re is satisfied within |v], or it does, in which case Re is satisfied 
within [p] and the construction can continue to try to satisfy Re within 
the yellow, extensions of v. We can then argue that the Re are satisfied on 
a class of positive measure. 

We will give more details of this construction and its analysis in the proof 
of Theorem 8.21.8. O 


Kautz [200] analyzed the proof of Theorem 8.21.3 and showed the 
following. 


Theorem 8.21.4 (Kautz [200]). Every 2-random set computes a 1-generic 
set. 


In Theorem 8.21.8, we will show that every 2-random set is CEA, and 
in Theorem 8.21.15, that every CEA set computes a 1-generic, from which 
Theorem 8.21.4 will follow. We will also give a direct proof at the end of 
Section 8.21.3. 

By Theorem 8.11.12, there are weakly 2-random sets of hyperimmune- 
free degree, and by Theorem 2.24.12, none of these can compute a l-generic. 
Thus Theorem 8.21.4 cannot be extended from 2-randomness to weak 2- 
randomness . 

Kurtz [228] pointed out the following corollary to the above results. 


Corollary 8.21.5 (Kurtz [228]). For almost all degrees a, and indeed for 
any 2-random degree a, the degrees below a are not densely ordered. 


Proof. Let a bound a 1-generic degree b. By Theorem 2.24.9, b is c.e. 
in some strictly lower degree. The corollary now follows by applying the 
relativized form of Theorem 2.18.5 that every nonzero c.e. degree bounds 
a minimal degree. m 


Although almost every degree bounds a l-generic degree, almost no 
degrees are bounded by a 1-generic degree. 


Theorem 8.21.6 (Kurtz [228]). Almost no set is computable in a 1-generic 
set. 


Proof. Suppose otherwise. Then there must be a ® and a & for which the 
set of A such that PF = A for some 1-generic G has measure greater 
than 27}. We obtain a contradiction by building a c.e. 9 C 2<“ such that 
u({A: A= P for some B meeting $}) < 27*, and if G is 1-generic, then 
either G meets S or © is not total. 

Let o0,01,... be an effective listing of 2<”. Let f(z) be the least n such 
that on = o and © is defined on at least k + i + 1 many inputs, if such 
an n exists, and let f(i) be undefined otherwise. Let S = {of : f(z) L} 


386 8. Algorithmic Randomness and Turing Reducibility 


Clearly, S is c.e. If f(i) |, then the class of all A such that A = 6? 
for some B > øp has measure at most 2-**4), so w({A : A = 
®* for some B meeting S}) < 0,2-+**) = 2-*. Now let G be 1- 
generic. If G does not meet S then there is an i such that c; < G and 
no extension of g; is in S, which implies that f(i)f, and hence F can be 
defined on at most k + i many inputs. O 


There is a local characterization of the sets computable in 1-generic ones. 
Ace SC2“ isa =9-cover of a set A if for each o < A there is a T > o 
in S. This ©)-cover is proper if no element of S is an initial segment of A. 
It is tight if it is proper and for each ©)-cover S of A, there are g € S and 
T € S such that o x 7.4 One might think of a tight cover as a “simple 
set for covers”. The following result completely classifies the sets that are 
computable in 1-generic ones. 


Theorem 8.21.7 (Chong and Downey [69, 70]). A set A has no tight 
X9-cover iff there is a 1-generic G 2r A. 


The proof in [70] shows that there is a single procedure ® such that if 
A is computable in a 1-generic set, then there is a 1-generic G <r A” such 
that A = C. Notice that, by Theorems 8.21.6 and 8.21.7, almost every set 
has a tight ©9-cover. 


8.21.3 Every 2-random set is CEA 


In Theorem 2.24.9 we saw that every l-generic set A is CEA, that is, 
computably enumerable relative to some X <, A. In this section we prove 
the remarkable result of Kurtz [228] that being CEA is typical behavior for 
sets also in the measure-theoretic sense. That is, almost every set, and in 
fact every 2-random set, is CEA. Kurtz [228] showed that the particular X 
used in the proof of Theorem 2.24.9 will not work for this measure-theoretic 
version, because it is almost always A-computable, so a different and more 
complex approach will be needed. The proof resembles that of Theorem 
8.21.3 (that almost every set computes a 1-generic set). The main ideas of 
the proof we present are due to Kurtz [228], but we will give the details as 
carefully presented by Kautz [200]. Kautz’ version allows us to show that 
2-randomness suffices to ensure that a set is CEA. 

The following result should also be compared with Theorem 15.4.1 below, 
which states that every 2-random real a is equal to Q? for some B (and 
hence is left-c.e. relative to B). As we will see in Chapter 11, however, this 
B cannot be a-computable. 


Theorem 8.21.8 (Kurtz [228], Kautz [200]). Every 2-random set is CEA. 


14In Chong and Downey [69, 70], a tight D9-cover was called a dense in A, which 
would perhaps be confusing in the present context. 
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Proof. We construct a functional = so that u({A : 24 total A 24 gr A}) > 
1 


z and A is ce. in Z4 whenever =4 is total. By Kolmogorov’s 0-1 Law, 
Theorem 1.2.4, the existence of such a functional is enough to conclude 
that almost every set is CEA. At the end of the proof we will argue that 
2-randomness suffices. 

To make A c.e. in 24 we will ask that n € A iff (n,m) € 24 for some m. 
We say that a string £ is acceptable for a string o if €((n,m)) = 1 > o(n) = 
1. We will always require that =° [s] be acceptable. Of course, restricting 
ourselves to acceptable strings is not enough, since it does not ensure that 
if n € A then (n,m) € Z4 for some m. We will explicitly take care of that 
condition during the construction (which will be easy to do since for every 
c and n there isa T > o with 7((n,m)) = 1 for some m). We will also meet 


requirements of the form 
Re: AZF". 


In the proof of Theorem 8.21.3, there are bluee strings, each of which 
is the base of a cone within which we are attempting to meet Re. Above 
each such string, there is a tree of strings whose leaves are yellowe, except 
for one rede leaf above which we are testing the c.e. set of strings Ve in an 
attempt to turn the rede node greene. The method of this construction is 
in some ways similar, but more complex. 

As before, we attempt to meet Re in the cone above a blue, string v. We 
give the color rede to v1°t?, and give the other extensions of v of the same 
length the color yellow. However, the role of the rede node will be different 
in this construction, and there are now new players, the purple, strings. 
These represent cones Re forbids us to build within during the construction, 
because we seem to be failing to satisfy Re within these cones, as explained 
below. We cannot afford to allow the measure of such cones to become too 
large, so the role of the rede strings is, as Kurtz put it, to act as “safety 
valves” for the pressure exerted by the purple, strings. If the measure of 
cones corresponding to purple, strings becomes too large, the “safety valve” 
pops, and a backup strategy allows us to succeed. The following is the key 
definition. 


Definition 8.21.9. At a stage s, we say that a string 0 € 2S° threatens a 
requirement Re if there are v < T x 0 such that v is blue, and 7 is yellowe, 
and a € € 2S° that is acceptable for 6, such that 


(i) &"[s] =, 
(ii) &§(k)[s] = 7(k) = 0 for some k such that |v| < k < |r|, and 
(iii) no initial segment of 0 has color purple; for j < e. 


In the construction, we will give any string that threatens Re the color 
purplee. If 0 is purplee, then its image under = could be an initial segment 
of a set B such that 6? = A for some A extending 0. We hope to avoid 
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having =4 = B for such A and B, so we stop building © above purple, 
nodes. 

If A > 7 for a yellow. string 7 and no initial segment of A is purple; for 
j <S e, then we cannot have A = =, and hence A satisfies Re. To see that 
this is the case, suppose otherwise. Then Et (k) = v(k) = 0 for some k 
with |v| < k < |r|, since 7 is not v1°*?. But then some initial segment of 
A extending 7 will eventually threaten Re, and hence be colored purple. 

Thus, if there are not too many purple, strings, then Re is met on a class 
of sufficiently large measure. Our main concern is what to do when we do 
have too many purple, strings. 

For each purple, string 0, let 0’ be the unique string of length |6| extend- 
ing the red, string p > v with 6(m) = 0’(m) for all m > |p|. Note that item 
(ii) above implies that there is a k such that E(k) = r(k) = 0 41 = p(k), 
since p = v1°+?. Thus, if we choose to define =4 on sets A > p to emulate 
BS, then we cannot have p^ = A for such A. If the density of purple, 
strings above v grows too big, then using this fact we will be able to satisfy 
Re above these 0’, giving them color greene. (By density here we mean the 
measure of the union of the cones [o] above purple, strings ø divided by 
the measure of [v].) 

More precisely, when the density of purple. strings above the blue, string 
v exceeds 2~ +3), there must be some yellow, string 7 such that the density 
of purple, strings above 7 also exceeds 27 (+3), Let 09, . . . , On be the purple, 
strings above such a T. For each 6;, let €; be a string witnessing the threat 
to Re as in Definition 8.21.9. Then 


(i) &; is acceptable for 6;, 
(ii) E" x &, and 


(iii) P: (k) = 0 = 6;(k) for some k with p(k) = 1. 


The construction will be such that =°[s] = =7 [s]. 

Now we act as follows. First, any string extending v loses its color, in- 
cluding v itself. (We are considering Re in isolation here. In the presence 
of other requirements, strings colored purple; for i < e do not lose their 
colors, to respect the priority order of requirements.) Then we give each 0; 
color greene. Finally, for each i < n, we define =e = éi, which ensures that 
PE” (k) Æ O(k) for some k with |v| < k < |r|, justifying the use of the 
color greene for the strings 04. Note that each time we are forced to pop 
our safety valve in this way, we are guaranteed to satisfy Re on a set of 
relative measure at least 2~(°+5) above v. We will be able to show that this 
measure is sufficient for our purposes. Notice also that we are now able to 
replicate this construction on strings extending those that have lost their 
color. 

We now proceed with the formal details. 
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Construction. 
At each stage s, we let D, be the set of strings ø on which we have 
defined =° [s]. The leaves of Ds are called the active strings at stage s + 1. 


Stage 0. Assign A the color blueg, assign 00, 01, and 10 the color yellowg, 
and assign 11 the color redo. 


Stage s +1. This stage consists of four substages. 


Substage 1. For each e < s and each o € Ds, if o threatens Re then color 
o purple. 
Substage 2. For each e < s and each blue; string v, if the density of purple. 
strings extending v is at least 27(°+3), then proceed as follows. (We say 
that Re acts for v.) 

Let p be the rede string extending v, and T a yellow, string extending 
v with the highest density of purple. strings extending it. Let 60,...,6n 
be the purple, strings extending 7, and let &5,...,€, be corresponding 
witnesses for the 0;’s threat to Re. For each i < n, let 0; be the string of 
length |0;| extending p with 0;(m) = 0;(m) for all m > |p]. 

Declare that every ø > v loses its color unless it is colored purple; for 
some j < e. There are now two cases. 
Case 1. p has an extension with color purple; for some j < e. In this case, 
do nothing. 
Case 2. Otherwise. Then for each 7 < n, let z’; = ĉi. Give each 0; color 
greene. 


Substage 3. For each active string o that is not rede for any e and has no 
substring that is purple, for any e, proceed as follows. Let e be least such 
that ø has no substring colored green, or yellowe. Let € be the lexicograph- 
ically least string such that o(n) = 1 iff €((n,m)) = 1 for some m. (Note 
that € is acceptable for ø.) Let =7° = 27! = €, and give o0 and o1 color 
blueg. 

Substage 4. For each e and each active blue, string v, let =”° = =” for all 
g € 2°t2, Give v1°+? color rede. Give the other length e + 2 extensions of 
v color yellowe. 

End of Construction. 


Verification. We will need the following color classes. 


Be = {A: do < A(o has final color yellow, or greene) }. 


Se = {A : Jo < A (o has final color rede)}. 


P. = {A : 3o < A (o has final color purplee)}. 
Let S= U, Se and P = U, Pe- 


Lemma 8.21.10. Let A € (e Be. Then =A is total, A is c.e. in Z4, and 
A $r EA. 
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Proof. Substages 3 and 4 of the construction ensure that =“ is total and 
that n € A iff (n,m) € =4 for some m, whence A is c.e. in =4. Thus we are 
left with showing that A ¢+ =4. Assume for a contradiction that there is 
a least e such that A = =", Let o < A have final color yellow. or greene. 
Case 1. o has final color greene. Then, by construction, at some stage we 
define =” = £ for some € with £(k) = 0 41 = o(k) = 1 for some k, which 
is a contradiction. 

Case 2. ø has final color yellow,. Let p be the associated rede string. There 
is a k such that p(k) = 1 # 0 =o(k). By our assumption, o(k) = oF" (k). 
Let € be an initial segment of =4 such that ®§(k) = 0. Then £ is acceptable 
for o, and thus o threatens Re via € at all sufficiently large stages. Thus 
a is colored purple, unless some initial segment of it is colored purple; for 
some j < e. In any case, there is a T x ø that is colored purple; for some 
j < e at some point in the construction. The string T can never later lose 
its color, for if it did, then o would also lose its yellow, color. But then the 
construction above 7 is eventually permanently halted, contradicting the 
assumption that A € Ne Be. O 


We will now show through a sequence of lemmas that p((, Be) > 4. Let 
Bey S22”, 


Lemma 8.21.11. u(Be_1 \ (Be USUP)) =0. 


Proof. We do the case e > 0. The e = 0 case is similar, using o = À. 

Assume for a contradiction that u(Be_1 \ (Be U S U P)) > 0. The class 
Be—ı is a disjoint union of clopen sets |o] where o has final color yellowe_ 
or greene_;. For some such ø, we have p(fo] \ (Be U SU P)) > 0. Let so 
be the stage at which o receives its final color. 

By the Lebesgue Density Theorem 1.2.3, there is a G > o such that 
u([G]\(BeUSUP)) > 27!71(1-2-@e+5)). In particular, [E] is not contained 
in Be US U P, so no substring of ẹ has final color red; or purple; for any 
i, and no substring of o has final color yellowe, greene, rede, or purplee, 
which implies that no substring of ¢ has final color bluee. We may assume 
that G is sufficiently long so that some substring 7 of Ẹ is active at stage 
S0. 

First suppose that 7 has a purple; substring y for some 7 at stage so. We 
know that y will eventually lose its color. Suppose this loss of color comes 
from some R; with j < e acting for a blue; node v. Then it is easy to check 
from the construction that v < ø, so R;’s action also causes ø to lose its 
color, which is a contradiction. Thus y’s loss of color must come from some 
R; with j > e acting for a blue; node v = T. Now it is easy to check from 
the construction that some predecessor of r must have color blue, at some 
stage s > so. 

Now suppose that 7 has no purple; substrings for any 7 at stage sq. It 
cannot be the case that 7 is colored red; for some j < e, since then o would 
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not have its color. If 7 is colored red; for some j > e, then it has a blue. 
substring. Otherwise, it becomes blue, at stage so. 

Thus, in either case, there is some stage s > sọ at which G has a blue, 
substring. Let v be the longest such substring. At some stage t, the string 
v loses its color. By the same argument as above, this loss of color cannot 
come from the action of some R; with j < e, since then ø would lose its 
color, and it cannot come from the action of R; for j > e, since v cannot 
have any blue; substrings. Thus it comes from the action of Re itself. 

So the density of purple, strings above v is at least 2~ (+9) at stage t. At 
the end of stage t, there are pairwise incompatible strings yo,...,%m such 
that [v] = Us<m[%i] and each +; is either greene, bluee, or has a purple; 
substring for some j < e. If 7; is greene then that is its final color, and if 7; 
has a purple; substring for some j < e, then purple; is that substring’s final 
color (in both cases by the same argument as above, that a loss of color 
would have to come from the action of some Rp with k < e, which would 
also cause ø to lose its color). In either case, ¢ cannot extend yi. But if yi 
has color blue, at stage t, then again G cannot extend yi, by the choice of v. 
Thus @ does not extend any ¥;, and hence [a] is a union of sets of the form 
[vi]. Since we are assuming that y([@]\(BeUSUP)) > 271° (1 —27(2°+5)), 
there must be an i such that ([y] \ (Be U S U P)) > 2711 — 2-@et9)), 

Such a y; cannot have color green, or have a substring with color purple, 
for j < e, since, as noted above, in either case these colors would be final, 
and we would have [7;] C Be US U P. Thus q; is colored blue, at stage t. 

This color cannot be final, since otherwise every set extending y; would 
have an initial segment with final color rede or yellowe, and hence we would 
have [y] C Be U SU P. So there is a stage at which y; loses its color. By 
the same argument as above, this loss can happen only through the action 
of Re, so there is a stage at which the density of purple. strings above yi 
is at least 27(°+3), Let p = y1°+? be the rede string above yi. 

If p has a substring with color purple; for some j < e then this substring’s 
color is final, so [p] C P, whence p([y] N (Be U S U P)) > 27" +e+2), 
which is a contradiction. 

Otherwise, it follows from the construction that the density of greene 
strings above p is at least 27(°+3), and, as argued before, each of these 
strings has green, as its final color. Thus p([y] O (Be U SU P) è 
Q-(lelte+3) — g-(lvil+2e+5) which again is a contradiction. o 


Lemma 8.21.12. Be41 C Be. 


Proof. Let A € Be+1, and let o < A have final color green,+1 or yellowe+1, 
with v < o the associated bluee+1 string. When v received its bluee+1 color, 
there must have been some string T < v with color greene or yellowe, as 
otherwise v would have been colored bluee. Any action removing this color 
from 7 would necessarily remove the color from o as well, and hence 7’s 
color is final. O 


392 8. Algorithmic Randomness and Turing Reducibility 


Lemma 8.21.13. u(S UP) + uNe Be) =1. 
Proof. We again let B_1 = 2”. Since 
(Be-1\ Be) O SUP = Be_1\ (Be U SUP), 
it follows from Lemma 8.21.11 that p((Be_1 \ Be) SU P) = 0, and hence 


“(Ue \ Be) n SU P) =0. 

By Lemma 8.21.12, U.(Be-1 \ Be) Uf), Be = 2%, and it is easy to see 
from the construction that (SU P)N (Ne Be) = b, so SUP C U,(Be-1\Be), 
and hence u(S U P) = u(U,(Be-1 \ Be)). 

Thus 


(SUP) + „(N B.) = 1(UiB \ B.)) + “(9 B.) =1 


e 


O 


Lemma 8.21.14. y(S) < å and p(P) < +. 

Proof. By construction, the set of strings v with final color blue, is prefix- 

= For any such v, there is a single rede node 7 above “i; and u(Îr]) = 
~(e+2) u(fv]). Thus u(Se) < 27+), and hence u(S) < 4. Similarly, the 

an of purple, strings in |v] for any blue. string vis bada by 27 (6+3), 

and hence (P) < 27+), whence p(P) < 4. Oo 


Putting together the previous two lemmas, we have pu((}, Be) > i, which 
together with Lemma 8.21.10 and Kolmogorov’s 0-1 Law, shows that almost 
every set is CEA. 

The class {A : 34 total} is a T9 class of positive measure, and hence, 
by Theorem 6.10.2, for every 2-random set X, there are A and ø such that 
X = cAand E^ is total. If A € SUP then =^ is not total, and if A € Ne Be 
then Z4 <, A, so by Lemma 8.21.13, u({A : E4 total A A <r E4}) =0. 
This class is the union of the TÌ classes {A : =4 total A A = pE), so it 
cannot contain any 2-random sets. Thus for every 2-random set X, there 
are A and o with X = cA such that =4 is total (which implies that A is 
c.e. in Z4) and Z4 <, A, so that A is CEA, and hence so is X. O 


The following result shows that Theorem 8.21.3 follows from Theorem 
8.21.8. We give a proof due to Shore (see [228]). 


Theorem 8.21.15 (Folklore). If a set is CEA then it computes a 1-generic 
set. 


Proof. Let A be c.e. in B <y A. We construct a 1-generic set G Sr A via 
a finite extension argument. Let Ao, A1,... be a B-c.e. approximation to 
A. Let c(n) be the least s such that A, | n = A fn. Let Vo, Vi,... be an 
effective enumeration of the c.e. sets of strings. Let Go = A. At stage s, if 
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there is a least e < s such that we have never acted for e and there is a 
a € V.[c(s + 1)] with o = Gs, then let G54; =. (In this case, we say we 
have acted for e.) Otherwise, let Gs+1 = Gs. 

It is easy to check that lim, |G;| = oo. Let G = lim, Gs. Assume for 
a contradiction that G is not 1-generic. We show that c <r B, which is 
impossible, as it implies that A <+ B. Let e be such that G neither meets 
nor avoids V.. Let sọ be a stage after which we never act for a number less 
than e. Let s > so and assume we know G's. Then we can find a stage t such 
that some extension of G, occurs in Vejt]. (Such an extension must exist, 
since G does not avoid Ve.) We must have t > c(s + 1), since otherwise we 
would have acted for e at stage s. Thus we can compute c(s + 1) using B 
(as the least u such that A, [ n = A; | n), from which we can compute 
G41. Proceeding by induction, we can compute c from B. O 


As mentioned following Theorem 8.21.4, there are weakly 2-random sets 
that do not compute any 1-generic sets. Thus there are weakly 2-random 
sets that are not CEA. 

Theorems 8.21.8 and 8.21.15 together give us Kautz’ Theorem 8.21.4 
that every 2-random set computes a 1-generic set. The following is a direct 
proof, applying the analysis in the proof of Theorem 8.21.8 to the similar 
(but simpler) construction in the proof of Theorem 8.21.3. 


Proof of Theorem 8.21.4. Let & be the functional built in the proof of The- 
orem 8.21.3. Then {A : =4 total} is a II9 class of positive measure, and 
hence, by Theorem 6.10.2, contains elements of all 2-random degrees. Thus 
it is enough to show that if Z4 is total and A is 2-random, then =4 is 
1-generic. 

For the construction in the proof of Theorem 8.21.3, let 


Be = {A: do < A(o has final color yellow, or greene) }, 


Se = {A : Jo < A (o has final color red.) }, 


and S = |J, Se. (Recall that in this construction there are no purple 
strings.) Arguing as in the proof of Theorem 8.21.8, we can show that 
u(5) + u(Ne Be) =1. 

Let Ye be the class of all A such that, infinitely often, some initial segment 
of A receives color yellowe. Then Ye is a TIL class, and Y.NS = YO). Be= 
0, so u(Ye) = 0. Thus if A is 2-random, then A ¢ Ye for all e. We will show 
that then A € Me Be, which implies by construction that if 34 is total then 
it is 1-generic, thus proving the theorem. 

So we are left with showing that if A ¢ e Be then A € Ye for some e. 
Let e be least such that A ¢ Be. We do the argument for the case e > 0; 
the case e = 0 is similar. 

Let s be such that for each i < e, some initial segment of A has received 
final color yellow; or green; by stage s. Let o < A have final color yellowe_, 
or greene_ 1. Suppose that T < A has some color, at a stage t > s. Recall 
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that if 7 later loses its color through the action of some R;, then T must 
have a blue; substring v, and in this case every successor of v loses its color. 
Thus 7 can lose its color only through the action of Re, since for i > e no 
substring of 7 can be blue;, while for i < e, any blue; substring of 7 is also 
a substring of o, whose color is permanent. 

Now assume for a contradiction that the color 7 has at stage t is rede. 
Since Z4 is total, this color cannot be permanent, so at some point it is 
removed through the action of Re, which means that 7 then receives color 
greene, which must be permanent, since Re never acts to remove this color, 
and by the argument in the previous paragraph, neither does any other R;. 
But we are assuming that A ¢ Be, so we have a contradiction. 

Thus no initial segment of A receives color rede after stage s. It is then 
easy to check from the construction that there must be a stage s > s 
at which some initial segment of A has color yellow.. This color cannot 
be permanent, since A ¢ Be, so there must be a stage s” > s’ at which 
again some initial segment of A receives color yellow, and so on. Thus 
AcY. O 


8.21.4 Where 1-generic degrees are downward dense 


A class C of degrees is downward dense below a degree a if for all nonzero 
b <a there is a c < bind. 


Theorem 8.21.16 (Kurtz [228]). For almost all degrees a, the class of 
1-generic degrees is downward dense below a.!° 


Proof. The method of this proof is based on that of Theorem 8.21.3, but is 
considerably more complicated. Assume for a contradiction that the class 
of degrees below which the class of 1-generic degrees is not downward dense 
has positive measure. Then there is an e such that the class C of A such 
that 64 is total, noncomputable, and does not compute a 1-generic set is 
positive. By the Lebesgue Density Theorem 1.2.3, there is a ø such that 
uC o]) > Zo-lel, Let Y4 = 624. Then the class of all A such that Y4 
is total, noncomputable, and does not compute a 1-generic set is greater 
7 


than 3. Our contradiction will be obtained by constructing a functional 


® such that u({A : Y^ total and 1-generic}) > z. To do so, we need to 
ensure that for measure ł many sets A, we have that ©” is total and the 
following requirements are met, where Vo, Vi,... is an effective enumeration 


of the c.e. sets of strings. 


A 
Re: P meets or avoids Ve. 


15The precise level of randomness necessary to ensure that a has this property is not 
known. 
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Let 
p*(o) = u({A : Y^ is total, noncomputable, and extends o}). 


We will use the method of Theorem 8.21.3, but with p*(c) replacing 271°! 
as the measure of |ø]. Again we will have bluee, rede, yellow., and green, 
strings, but we will need much more subtlety in the way that these colors 
are assigned. There will also be an additional color, graye, whose role will 
be discussed later. 

Unfortunately, we cannot actually compute p*. If we could, then we could 
proceed very much as in the proof of Theorem 8.21.3. Working above a blue, 
string v for the sake of Re, we would search for a maximal finite set E, of 
pairwise incompatible extensions of v such that for some p € Ep, 


p*(v)2- +9) < p*(p) < p*(v)2- er). 


By Corollary 8.12.2, lim, p*(X [| n) = 0 for all X, and p*(o) = p*(o0) + 
p*(o1) for all ø, so such a set exists. We would then give p color rede and 
the other members of E, color yellowe, and proceed much as before. Such 
a construction would give us a ® such that 
A yá é 1 
u({A : YÊ total and ®” not 1-generic}) < 5 
which would yield our contradiction, since then 


W{A : ^ total and 1-generic}) 


> w({A: Y^ total}) — u({W4 total and Y| not 1-generic}) 
Spit nee 
BB 
Of course, we cannot compute the actual value of p*, so we will be forced 
to use an approximation p to p* defined as follows. Let F'(o) be the longest 
initial segment of Y7[|ø|]. Let 


ps(o) = uT € 2° : o 3 F(r) $I) 


and let p(o) = lims ps(c). Note that p(o) = u({A : o < 43) (where by 
o =< V4 we mean that Y4(n) |= o(n) for all n < |o|.) At a stage s of the 
construction, we will use ps in place of p*. The new ideas in this construction 
will allow us to overcome the difficulties that this use of approximations 
causes. 

One obvious issue is that p, converges to p and not to p*. Let 


Y ={o:p({A:o < U4 A W4 is nontotal or computable}) > zo), 


We will later show that the class of sets A that meet Y has measure less 
than H, We will discuss two problems arising out of the ps not converging to 
p*. Both cause the apparent density of rede strings extending certain blue. 
strings to be too large. Our solution in both cases will be to argue that in 
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such cases the relevant rede strings belong to Y, and hence the measure of 
the class of sets extending them is not unacceptably large. 

The first difficulty arises because U4 might not be total for all A, and 
hence it might be that p(o) 4 p(o0) + p(ol) for some ø. Let us for now as- 
sume we are dealing directly with p, rather than with its approximations ps. 
Let v be an active blue, string. Suppose that we use the following strategy 
for choosing rede and yellow. strings. Begin by giving v color rede. During 
later stages, if p is the current red, string extending v, compute p(p0) and 
p(pl). If p(pi) < p(v)2- +) for i = 0,1 then do nothing. Otherwise, let i 
be least such that p(pi) > p(v)27(°+3) and make pi the new rede extension 
of v, giving p(1 — i) color yellow. 

The problem with this strategy is that we might well have p(p) > 
p(v)2— +?) but p(pi) < p(v)2-(+3) for i = 0,1. In this case, if we al- 
low p to remain rede, then we might lose an unacceptably large fraction of 
the potential domain in this attempt to meet Re. On the other hand, if we 
make one of the pi rede, then we risk having insufficient density of green, 
strings if Ve contains an extension of v. 

The solution to this dilemma is to give one of the pi the color red, if 
p(pi) > p(v)2~¢+4). Now, of course, it may be that p(p) > p(v)2~ +?) but 
p(pi) < p(v)2—°* for i = 0,1, so it would appear that the same problem 
as before presents itself. However, in this case we have p € Y, and hence 
the apparent loss of measure caused by leaving p with the color rede can 
be blamed on Y. By controlling the measure of Y, and hence the effect of 
strings in Y on the construction, we will ensure that this kind of loss of 
measure occurs only acceptably often. 

The second problem we face is that U4 might be computable for some 
A. There might be a computable set C > v such that u({A : Y4 = C}) > 
p(v)2-‘°+4), and we may always choose our red, strings p > v so that 
p < C, which would cause us to pick a new red, string infinitely often. One 
apparent problem this situation causes is that our finite maximal set E, of 
pairwise incompatible extensions of v grows each time we change our rede 
extension of v, and hence can be infinite in the limit. This problem turns 
out to be irrelevant: whether the final set of red. and yellow, extensions of v 
is finite or infinite is immaterial; the only question is whether the measures 
assigned to the colors are correct. 

More important is the fact that, along C, we may still lose an unaccept- 
ably large amount of measure while attempting vainly to settle upon a final 
rede string. However, if ({A : W4 = C}) > 0, then for all sufficiently large 
n, 

M{A:C invA} p(Ctn) 
2 a a 
since {A : Y4 =C}=),{A: C [ n = Y4}. Thus C Ìn € Y, and we 


are again saved by the fact that a measure loss due to strings in Y is 
controlled. 


w({A: X^ = C}) > 
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The last problem we must overcome is that we have to work with p, in- 
stead of p. Suppose that at stage s we have a rede string p extending a blue, 
string v with the desired condition p,(v)2~“°+?) > p.(p) > ps(v)2~ +4). 
At a later stage t, we could have p;(v) > ps(v) while p:(p) = ps(p), which 
could mean that the ratio of p;(p) to p:(v) is unacceptably small. (Since 
we need to ensure only that the density of rede and green, strings above 
each blue, string is bounded away from zero, we can declare “unacceptably 
small” to mean less than 2~‘°+®), for technical reasons that will become 
clear later.) 

It is now that the new color graye comes in. The graye strings will act as 
“traffic lights”, as explained below. The red, and yellow, strings will occur 
as extensions of graye strings, while the blue, strings control the placement 
of the gray. strings. In this construction, it will be possible for one blue, 
string to extend another. With this fact in mind, we say that a blue, string 
v’ belongs to a blue, string v if v is the longest blue, proper substring of v’. 
A green, or graye string y belongs to v if v is the longest (not necessarily 
proper) blue, substring of y. Finally, a rede string p belongs to v if p 
extends a graye string belonging to v. We will ensure that if v is a blue, 
string, then either no string properly extending v has a color, or else the 
greene, bluee, and graye strings that belong to v form a finite maximal set 
of incomparable extensions of v. When we compute the density of greene 
and red, strings that extend a blue, string v, we will use only those that 
belong to v. 

Suppose that v is an active blue, string at a stage s such that ps(v) > 0. 
(No action will be taken for v until p.(v) > 0.) We begin by giving v 
itself the color gray. (without removing the color blue, from v). Suppose 
that at a stage t > s we appoint a rede string belonging to v, and that 
at a later stage u, the density of red. and green, strings belonging to 
v becomes unacceptably small. That is, for the rede and green, strings 
60,-+-,6n belonging to v, 


jcn Pulds) < 27 (e+6), 
Dulv) 


We then remove all colors from all strings properly extending v, and remove 
the color graye from v. We refer to this process as a wipe-out above v. Let 
Q0,--.,Qm be the active strings extending v at stage u. We do nothing 
above v unless there is a stage v > u such that )) 5 < Pu(aj) > PY) The 
key observation is that, unless v € Y, such a v must exist. In this case, 
we give each a; the color graye, and for each j < m we begin to seek rede 
extensions of a;. 

If at some stage w > v, the density of rede and green, strings belonging 
to v is again unacceptably small, then we again perform a wipe-out above 
v, and try to place graye strings above v as before. Note that wipe-outs can 
occur at most finitely often, since each wipe-out requires the approximation 
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to p(v) to at least double. After the final wipe-out, we can meet Re above 
v without any interference. 

We now turn to the formal construction. Let Y and ps be defined as 
above. 


Construction. 

Stage 0. The only active string is A. Give A the color blueg and define 
Dis 

Stage s+ 1. At this stage, we work for each e < s+ 1. The stage is divided 
into five substages. 


Substage 1. (Red action) For each rede string p for which there is a v € V.[s] 
with ®? x v, proceed as follows. Let 6°’ = v for i = 0,1. Remove the color 
rede from p and give it the color greene. For the unique graye string y = p, 
remove the color graye from y, and remove the color of all yellow, strings 
extending ¥. 

Substage 2. (Gray placement, or wipe-out recovery) For each blue. and 
nongraye string v such that no string properly extending v has a color, 
proceed as follows. Let ag,...,Q@n be the active strings that extend v. If 
J jcn Ps (aj) > pe) then give each a; the colors graye and rede. 
Substage 3. (Red push-out) For each rede string p, proceed as follows. Let 
y be the unique graye substring of p. If woes < 2-(€+4) for i = 0, 1 then 


do nothing. Otherwise, let 7 be least such that pantei) > 27(°+4), Remove 
the rede color from p. Give the color rede to pi and the color yellowe to 
p(1 — i). Let $” = ®? for j = 0,1. 

Substage 4. (Wipe-outs) For each blue, string v, proceed as follows. Let 


j<n Ps+1(9;) > 


00,;-+-,6n be the red, and green, strings belonging to v. If x Fam 


2—-(e+®) then do nothing. Otherwise, remove all colors from all proper 
extensions of v; if v has color graye then remove this color. 

Substage 5. (Blue placement) For each nonactive string o, proceed as fol- 
lows. If there is an e such that ø has a bluee and nongray. substring v 
none of whose proper extensions has a color (so that we are still attempt- 
ing wipe-out recovery above v), then do nothing. Otherwise, let e be least 
such that ø extends neither a greene nor a yellow. string, and give ø the 
color bluee. 

End of Construction. 


Verification. We will need the following classes. 


Be = {X : X has an initial segment with final color green, or yellowe}. 


Se = {X : X has an initial segment with final color rede}. 


Let Y be as above. 
Let X € Ne Be. We claim that ®* is total and l-generic. To establish this 
claim, fix e. Since X € Be there is a string ø < X with final color greene 
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or yellowe. In green, case, there is a rT < ®* in Ve by the construction. In 
the yellow, case, there cannot be an extension of ®7 in Ve, since otherwise 
Re would eventually act to remove the color yellow, from ø. In either case, 
PX meets or avoids Vz. Since for each n there is an e such that V; = 27”, 
we see that ®* is also total. 

Thus it is enough to show that p({A : U4 total and in N, Be}) > 4- 
Every set is in one of the following classes, where we let B_, = 2”. 


(i 

(ii) {A: 4 total and in [Y]}, 

(iii) U.{A: U4 total and in Se \ [Y]}, 

(iv) U,{A: V4 total and in Be—1 \ (Be U Se U [Y])}, 
) 


) {A: WA total and in Me Be}, 
) 


(v) {A: U4 not total}. 


The last class has measure less than z, so it is enough to show that the 


sum of the measures of the classes in items 2—4 is at most 3. We will do so 


by showing that u({A: U4 € [Y]}) < 4, that u({A : Y^ total and in Se \ 
[Y]}) < 2-(+?), and that u({A : Y4 total and in B._1\(BeUS-U[Y])}) = 
0. 


Lemma 8.21.17. u({A: U4 € [Y]}) < 5. 


Proof. Let T be the set of elements of Y with no proper substring in T. 
Then 


= > 2u({A : U4 is nontotal or computable}) 


> 2u({A: do €T (o < Y4) and Y4 is computable or nontotal}) 
=2 5 u({A:o < Y4 and Y4 is computable or nontotal}) 


o€T 


> Slo) = Y MUA: o x Y4) = aAA: Y4 © (VTP). 


o€T o€T 
O 


Lemma 8.21.18. p({A: U4 is total and in Se \ [Y])}) < 272. 


Proof. Let R be the set of strings with final color rede and G be the set 
of strings with final color graye. Note that the elements of G are pairwise 
incompatible. Each element of R has a substring in G, and each element of 
G has at most one extension in R. 

Let p € Rand y € G be such that y x p. If plp) > 27+? p(y) then 


p(p0) + p(pl) < Be) since otherwise the color red, would be passed from 
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p to one of the pi at some stage. Thus in this case p € Y. So 
u({A : © is total and in Se \ [Y])}) 
< X rlo): pe R\Y} 
<j (27 CHD (a) sy € G} < 272, 
o 


We finish by showing that u({A : Y4 total and in Be—1 \ (Be U Se U 
[Y])}) = 0. The intuitive reason that this fact is true is that if Y4 is total 
and in Be—1 \ (Be U Se U[Y]), then we make infinitely many attempts to 
satisfy Re for A, and as we will see, the probability that we do so is 0. We 
begin with some auxiliary lemmas. 


Lemma 8.21.19. Be C Be_1. 
Proof. The proof is the same as that of Lemma 8.21.12. O 
Lemma 8.21.20. u({A : U4 is computable and not in [Y]}) = 0. 


Proof. Assume not. Then there is a computable set C ¢ [Y] such that 
u({A: Y4 = C}) > 0. Since {A : Y4 = C} = {4: C In < Y4}, for all 
sufficiently large n we have 
u{A:C ins} _ p(Ctn) 
2 2 , 
whence C | n € Y, contradicting the assumption that C ¢ [Y]. o 


w({A: U4 = C}) > 


Lemma 8.21.21. Suppose that u({A : WA total and in Be_-1 \ (Be U 
Se U[Y])}) > 0 and let 6 < 1. Then there is a o such that p({A : 
Y4 total and in Jo] \ (Be U Se U [Y])}) > 627/21. 


Proof. It will be convenient to work in 3”. For ø € 3<”, we write Jols 
for the basic open set of all extensions of ø in 3”. To avoid confusion, for 
a € 2S”, we write [o]2 instead of [o] for the set of extensions of ø in 2”. 

Let © be a functional from 2” to 3” defined by letting @4(n) = Y4(n) 
if the latter is defined, and O4(n) = 2 otherwise. Clearly © is Borel. Let 
g(a) = p({A: o < O4}) for o € 3<”. Note that if o € 2%” then q(c) = 
p(o). By a result of Carathéodory (see Royden [335, p. 257]), there is a 
unique extension of q to a measure g on the Borel sets of 3”. It is easy to 
check that F(U) = u({A : 04 € U}) for Borel U. The Lebesgue Density 
Theorem can be proved for J, so for every Borel U C 3” of positive J- 
measure, there is a ø € 3” such that the Gdensity of U in [o]3 exceeds 
ô. 

By the hypothesis of the lemma, q(Be—1 \ (Be U Se U[Y]2)) > 0, so there 
is ao € 3” such that the ¢density of [r]2 \(BeU Se U [Y ]2) in [o]3 exceeds 
ô. Clearly o € 2<”, since otherwise [o]3 N ([7]J2 \ (Be U Se U [Y]2)) = 0 


8.21. Properties of almost all degrees 401 


and by the definition of 7 we have that u({A : U4 total and in [o]2 \(BeU 
Se U [Y]2)}) > 82710. m 


Lemma 8.21.22. u({A: Y4 total and in Be—1 \ (Be U Se U[Y])}) = 0. 


Proof. Assume for a contradiction that the lemma fails. Let o be as in the 
previous lemma for 6 = 1 — 27 (°+7), If e > 0 then, since Be—1 is generated 
by the strings with final color greene or yellowe, we may assume that o 
extends such a string. 

If a string has final color graye then every set extending it is either in 
Be U Se or is the limit of a sequence of rede strings, in which case it is 
computable. Thus, by Lemma 8.21.20, o cannot extend such a string. It 
follows that we appoint a maximal set I of pairwise incompatible extensions 
of o and give each of them the color bluee. There is a v € I such that 
u({A : V4 total and in [v] \ (Be U Se U [YP } > (1 — 27 60)27l, 

After v has wiped-out for the last time at a stage sọ, we appoint a 
maximal set of pairwise incompatible graye strings Yo,..-,Ym = V. Let 6? 
be the rede or green, string extending y; at stage s > so, or 67 = qi if 
there is no such string. Let Cs = [{62 : i < m}] and let C = fN, Cs. Let 
X € C. If there is an 7 such that the ôf come to a finite limit 6; < X then 
6; is either green, or rede, and hence X € Be U Se. Otherwise, X is the 
limit of 6? for some i, and hence is computable. Thus, by Lemma 8.21.20, 
u({A: WA total and in C}) < u({A : W4 total and in Be U Se U[Y]}). 

Therefore, to obtain a contradiction, it is enough to show that 
u({A : WA total and in C}) > 27-+72-I¥!, Assume not. Then, since 
Cs, 2 Csyt4i 2 +++, for all sufficiently large s, we have p({A 
Y4 total and in C,}) < 27(°+7)2-l”l, It is then easy to see that for all suf- 
ficiently large s we have >; <m Ds(5#) < 2-@*727-I"l < 2-t)p.(v), the 
last inequality holding because p(v) > 2~!”!+!. Therefore, v must wipe-out 
again after stage sg, contradicting the choice of so. O 


As argued above, this lemma completes the proof of the theorem. O 


The original proof of the following consequence of the above result was, 
to the authors’ knowledge, the first use of the method of risking measure. 


Corollary 8.21.23 (Paris [314]). The upward closure of the class of 
minimal degrees has measure 0. 


Jockusch [188] showed that the initial segment of degrees below a 1- 
generic degree is never a lattice, so we have the following. 


Corollary 8.21.24 (Kurtz [228]). The upward closure of the class of 
degrees whose initial segments form lattices has measure 0. 


Part III 


Relative Randomness 
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Measures of Relative Randomness 


Measures of relative complexity such as Turing reducibility, wtt-reducibili- 
ty, and so on have proven to be central tools in computability theory. The 
resulting degree structures have been widely studied, and there has been 
considerable interplay between structural results and insights informing our 
understanding of the concept of computability and its application to such 
areas as effective mathematics and reverse mathematics. In this chapter, 
we examine reducibilities that can act as measures of relative complexity, 
and hence perform a similar role in the theory of algorithmic randomness. 

We use the term “reducibility” loosely, to mean any transitive and reflex- 
ive preorder on 2”. For example, given the association between randomness 
and high prefix-free complexity of initial segments, it is natural to consider 
K-reducibility, where A <x B if K(A [ n) < K(B fn) 4+ O(1), and think 
of this preorder as a reducibility measuring relative randomness, although 
there is no corresponding concept of reduction in this case. That is, we have 
no way of generating a short description for A [ n from one for B [ n, just 
the knowledge that there is one. Before studying this important notion, we 
introduce some stronger reducibilities, many of which are “real” reducibil- 
ities, beginning with one defined by Solovay [371]. In Section 9.2 we will 
discuss Solovay’s motivation for considering this notion. 
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9.1 Solovay reducibility 


As we will see below, probably the easiest way to define Solovay reducibility 
on left-c.e. reals is to say that a is Solovay reducible to 8 if there are a 
constant c and a left-c.e. real y such that c8 = a + y. We begin, however, 
with Solovay’s original definition, which is not restricted to left-c.e. reals 
(although Solovay reducibility is badly behaved outside the left-c.e. reals 
(see Proposition 9.6.1 below), and hence its applications to date have been 
restricted to the left-c.e. reals). 


Definition 9.1.1 (Solovay [371]). A real a is Solovay reducible, or S- 
reducible, to a real 3 (written a <s 8) if there are a constant c and a 
partial computable function f : Q — Q such that if q € Q and q < 8, then 
f(a) |< a and a — f (q) < c(6— q). 


One way to look at this definition is that a sequence of rationals con- 
verging to 8 from below can be used to generate one that converges to a 
from below at the same rate or faster. This idea is made precise for left-c.e. 
reals in the following result. 


Proposition 9.1.2 (Calude, Coles, Hertling, and Khoussainov [47]). Let 
a and p be left-c.e. reals, and let qo < qı <-:- —> a and ro<rı <: > 
be computable sequences of rationals. Then a Ss p iff there are a constant 
c and a computable function g such that œ — qg(n) < c(B — rn) for all n. 


Proof. Suppose that a <s 8, and let c and f be as in Definition 9.1.1. 
Given n, we have f(rn) |< a, so there is an m such that f(rn) < qm. Let 
g(n) =m. Then a — qyin) < & — f (rn) < ce(8 — rn). 

Conversely, suppose there are c and g as above. Given s € Q, search for 
an n such that s < rn, and if such an n is found, then let f(s) = dg(n). If 
s < B then n exists, and a — f(s) < ce(B — rn) < c(b — s8). o 


The connection between Solovay reducibility and relative randomness 
comes from the fact that Solovay reducibility implies K-reducibility (as 
well as C-reducibility, where A <c B if C(A [ n) < C(B | n) + O(1)). To 
prove this fact, we begin with a lemma. 

Lemma 9.1.3 (Solovay [371]). For each k there is a constant cy, such that 
for all n and all o,7 € 2”, if 0.o — 0.T| < 217”, then C(o) = C(r) + ck 
and K(o) = K(T) cp. 


Proof. Fix k. Given o of some length n, we can compute the set S of 
T € 2” such that |0.0 — 0.7| < 2*-”. The size of S depends only on k, and 
we can describe any T € S by giving o and 7’s position in the lexicographic 
ordering of S. Thus C(r) < C(o) + O(1) and K(r) < K(o) + O(1), where 
the constants depend only on k. The lemma follows by symmetry. O 


Theorem 9.1.4 (Solovay [371]). Ifa <s B then C(a fn) < C(G T n)++ 
O(1) and K(a fn) < K(8 fn) + 0O(1). 
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Proof. Let c and f be as in Definition 9.1.1. Let k be such that c+ 2 < 
2*. Let Bn = 0.(8 | n) and an = 0.(a | n). Since Bn is rational and 
B — Bn < 27", we have a — f(Bn) < c27”. Let 7, E 2” be such that 
|0.Tn — f(Bn)| < 27”. Then 


lan — 0.T| < la — an| + a — f(Bn) + |0.t — f(Bn)| < (e+ 2)2-" < 247”. 


Thus, by Lemma 9.1.3, K(a [ n) < K(7)+O(1). But 7, can be obtained 
computably from 8 | n, so K(a | n) < K(8 [ n) + O(1). The proof for 
plain complexity is the same. O 


One useful property of Solovay reducibility is that it also implies Turing 
reducibility (which we will see later is not the case for K-reducibility). 


Proposition 9.1.5. For any reals a and ß, if œ Ss p then a Sr b. 


Proof. Let c and f be as in Definition 9.1.1. For each n, we can ø- 
computably find a rational qn < Ø such that 6 — qn < 27”. Then 
g(qo), 9(q1),--. is a G-computable sequence of rationals converging to a 
at a computably bounded rate. Thus a Sr £. O 


On the other hand, S-reducibility does not imply wtt-reducibility. Recall 
that a real is strongly c.e. if it is a c.e. set when thought of as a subset of 
N. 


Theorem 9.1.6 (Downey, Hirschfeldt, and LaForte [113]). There exist 
left-c.e. reals a Ss B such that a ws B. Moreover, B can be chosen to be 
strongly c.e. 


Proof. It will be convenient to build an almost c.e. set A and ac.e. set B 
and think of a and 8 as 0.A and 0.B, respectively. We ensure that a <s 8 
while meeting the following requirement for each e and i. 


Rea: Yn (ye (n) l< O(n) |) > OF ZA. 


We arrange these requirements into a priority list in the usual way. 

The idea for satisfying a single requirement Re, is simple. We choose 
a number n and wait until ®;(n)[s] |. We then put n into B and put the 
interval (n, s] into A. This action adds 27” to @ and less than 27” to a. We 
then wait until 6?(n) |= 0 with use less than ®;(n) (and hence less than 
s, by the usual use conventions). If this happens, we put n into A, remove 
the interval (n, s| from A, and put s into B. This action adds 2~* to both a 
and £. It also preserves y? (n), and hence ensures that P(n) = 0 4 A(n). 

We now proceed to the general construction. Each requirement Re; be- 
gins by picking a fresh large nei. Initially, we say that all requirements are 
in the first phase. At stage s, we say that Re, requires attention if either 
Re, is in the first phase and ©,(n-,;)[s] |, or Re, is in the second phase 
(defined below) and ØB (ne i)[s] |= 0 with y?(n.i)[s] < Pilne). 

At stage s, let Re; be the strongest priority requirement that requires 
attention. (If there is no such requirement then proceed to the next stage.) 
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Initialize all weaker priority requirements, which means they have to pick 
their n’s to be fresh large numbers and are all now in the first phase. If 
Re, is in its first phase, then put ne, into B, put the interval (ne, s] into 
A, let se; = s, and declare Re, to be in its second phase. Note that ne; 
was not already in B because requirements weaker than Re, work beyond 
Ne i, While whenever a requirement stronger than Re, requires attention, 
Ne, i is picked to be a fresh large number. Thus, this action adds 2~”"« to 8 
and less than 2~"°* to a. If Re 4 is in its second phase, then put ne, into 
A, remove the interval (Nei, Se,i] from A, and put se; into B. This action 
adds 275e: to both a and £. 

This completes the construction. Clearly, A is almost c.e. and B is c.e. 
Furthermore, a Ss (3, since at each stage we add at least as much to 8 as 
to a. Assume by induction that we are at a point in the construction such 
that no requirement stronger than Re, will ever require attention, so ne; 
has reached its final value. If ®;(ne,;) | then eventually Re, will require first 
phase attention, at a stage Sei. Note that ®;(nei) < Sei: At this point, 
(nei; Sei] enters A, but ne; is not in A. If we never have ®?(n..;)[t] |= 0 
with yË (ne i)[t] < Pilne.) for t > sei, then Re, is satisfied, since we never 
put ne, into A. Otherwise, at the first such stage t, we put ne, into A but 
do not change B below y?(n-.;)[t]. From that point on, we never change 
B below Y8 (ne i)[t], and never remove nei from A. Thus Re, is satisfied. 
In any case, Re; eventually stops requiring attention. o 


We finish this section by giving another characterization of Solovay re- 
ducibility on left-c.e. reals already mentioned above, namely that a is 
Solovay reducible to @ iff there are a constant c and a left-c.e. real y such 
that cB = a + y. We begin with a lemma that will also be useful below. 
Here and below, when we have a sequence ro, r1, ..., we take the expression 
Tn —Tn—1 to have value ro when n = 0. 


Lemma 9.1.7 (Downey, Hirschfeldt, and Nies [116]). Let a and 8 be left- 
c.e. reals and let ro < rı <---— B be a computable sequence of rationals. 
Then a Ss 2 iff there is a computable sequence of rationals po < pi < 

-— a such that for some constant d we have ps — ps—1 < d(rs — rs—1) 
for all s. 


Proof. If there is a sequence pp < pı <--- as in the lemma, then a — pn = 
eon Pe — Ps-1 < d) s>nTs — Ts-1 = AB — rn), so by Proposition 9.1.2, 
a Xs B. We now prove the converse. 

Let qo < qı < --- — a be a computable sequence of rationals, let c and g 
be as in Proposition 9.1.2, and let d > c be such that qgio) < dro. We may 
assume without loss of generality that g is increasing. Let po = qg(0)- 

There must be an so > 0 such that qg(s,) — dg(0) < C(Tso — To), since 
otherwise we would have a — qg(0) = lims qg(s) — qg(0) > lims c(rs — ro) = 
c(B—ro), contradicting our choice of c and g. We can now define p1,..., Ds, 
so that po < +- < Pso = 4q(s0) and ps — Ps—1 S c(rs = Ts—1) < d(rs = Ts—1) 
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for all s < so. For example, if we let u the minimum value of c(rs — rs—1) 
for s < so and let t be least such that po + c(r: — ro) > qg(so) — 27°, then 
we can define 

Pst Crsy1—Ts) ifs+1<t 
C+) ift<s+1< so 
g(so) ifs+1= sp. 


Pst+1 = $ g(so) — 27 


We can repeat the procedure in the previous paragraph with so in place of 
0 to obtain an sı > so and psy+41,---;Ps, Such that psy < +++ < Psy = Qg(s1) 
and ps, —ps—1 < d(rs—1s—1) for all so < s < sı. Proceeding by recursion in 
this way, we can define a computable sequence of rationals po < pı <--- 
with the desired properties. O 


Theorem 9.1.8 (Downey, Hirschfeldt, and Nies [116]). Let a and B be 
left-c.e. reals. The following are equivalent. 


(i) a Ss 2. 


(ii) For each computable sequence of nonnegative rationals bo, b1,... such 
that B = >>, bn, there are a constant d and a computable sequence of 
rationals €9,€1,... € [0,d] such that a= 0, enbn. 


(iii) There are a constant d and a left-c.e. real y such that dB =a + 7. 


Proof. (i) = (ii) Let bo, b1,... be a computable sequence of nonnegative 
rationals such that 6 = >>, b; and let rn = ae b;. Apply Lemma 9.1.7 
to obtain d and po,pi,... as in that lemma. Let en = “52. Then 
Èn Enbn = Don Pn — Pn-1 = Q, and En = pey E [0, d] for all n. 

(ii) = (iii) Let bo,b1,... be a computable sequence of nonnegative ra- 


tionals such that 6 = >, bn. Let €0,€1,... be as in (ii), and let y = 
din(d — En)bn- 

(iii) > (i) Let ro < rı < +++ — a and so < sı <---> y be computable 
sequences. Let pp = =+, Then po < pı < ++: B and a—rn < d(G—pn), 
so by Proposition 9.1.2, œ Ss 8. O 


9.2 The Kuéera-Slaman Theorem 


Solovay introduced Solovay reducibility to define a class of reals with many 
of the properties of Q, but with a machine-independent definition. First he 
noted that Q is Solovay complete, in the sense that a <s Q for all left-c.e. 
reals a. 


Proposition 9.2.1 (Solovay [371]). If a is a left-c.e. real then a Ss Q. 


Proof. Let a be a left-c.e. real. Let M be a prefix-free machine such that 
a = p([dom M]), and let 7 be such that U(ro) = M(o) for all ø. If we can 
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approximate Q to within 27(171+), then we can approximate a to within 
27”, so a [s Q. O 


Furthermore, for any (not necessarily left-c.e.) real a, if Q <s a then, 
by Theorem 9.1.4, œ is 1-random. Solovay [371] proved that the Solovay- 
complete left-c.e. reals (which he called Q-like) possess many of the 
properties of Q. He remarked: “It seems strange that we will be able to 
prove so much about the behavior of [K(Q [| )] when, a priori, the defini- 
tion of Q is thoroughly model dependent. What our discussion has shown 
is that our results hold for a class of reals (that include the value of the uni- 
versal measures ...) and that the function [A (Q | n)] is model independent 
to within O(1).” 

Several left-c.e. reals that arise naturally in the theory of algorithmic 
randomness are 9-like. For example, Kučera and Slaman [221] showed that 
if {Un}new is a universal Martin-Lof test, then u(Un) is Q-like for all n > 0.1 
Another example are the values Q(c) from Definition 3.9.3. 

The following two results establish that using 9-like reals in place of Q 
makes no difference in the same way that using any set of the same m- 
degree as the halting problem gives a version of the halting problem, by 
Myhill’s Theorem. Thus, it turns out that Solovay’s observations are not 
so strange after all. 

The first result establishes that any Q-like real is a halting probability. 


Theorem 9.2.2 (Calude, Hertling, Khoussainov, and Wang [50]). Jf 
a is Q-like then there is a universal prefiz-free machine U such that 
p([domU/]) = a. 


Proof. By Lemma 9.1.7, there are approximations to a and Q, and a con- 
stant c such that 0,41 — Qs < 2°(a@s41 — as) for all s. We may assume that 
c is large enough so that a+27° < 1 and 27° <a. 

Let 6 =a+27°(1—Q). Note that £ is a left-c.e. real, since 


B= (as Qs 4 2 (Qs+1 Q5))), 


and each summand is positive. Also, 3 < 1, so there is a prefix-free machine 
M such that p([dom M]) = 8. Since 6 > 27°, we may assume that there 
is a p € 2° such that M(p) |. Let U(c) = M(o) if o # p and let U(pr) = 
U(r) for all r. Then U codes U and hence is universal, and pol [dom 61) = 
u([dom MJ) — 27° + 27° = 8 — 27-*(1-Q) =a. o 


The complete characterization of the 1-random left-c.e. reals in terms of 
Solovay reducibility is given by the following result. 


Kučera and Slaman [221] noted that a version of this result was proved earlier by 
Demuth [93]. 
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Theorem 9.2.3 (Kuéera-Slaman Theorem [221]). If œ is 1-random and 
left-c.e. then it is Q-like. 


Proof. Let @ be a left-c.e. real. We need to show that 6 <s a. Define 
a Martin-Lof test {Un}new in stages. At stage s act as follows. If a, € 
Un[s] then do nothing. Otherwise let t be the last stage at which we put 
anything into U, (or t = 0 if there is no such stage), and put the interval 
(Qs, as + 27"(Bs — b:)) into Un. We have u(Un) < 27", so {Un} new is a 
Martin-Léf test. Thus there is an n such that a ¢ Un. Let so = 0 and let 
S1, 82,... be the stages at which we put something into Un. Then for i > 0 
we have Giga: — We, > 2" (0s, — Bay) 5 S0 8 Ss a. o 


Thus we see that for left-c.e. reals a, the following are equivalent. 
(i) a is 1-random. 


X, a for all left-c.e. reals 8. 


(ii [s a. 

K(B > n) < K(a [ n)+O(1) for all left-c.e. reals 8. 
(v) KQ Tn) < K(afn)+O(1). 
(vi) K(Q [ n) = K(a îl n)+0(1). 


) 
ii) 6 
) 9 
(iv) 
) 
) 
) 


(vii) a is the halting probability of some universal machine, that is, a 
version of 2. 


Notice in particular that if a and (@ are both 1-random left-c.e. reals, then 
a =s p, and hence K(a Ìn) = K(8 | n)+O(1). Since the 1-randomness of 
X requires only that K(X [| n) > n+ O(1), but K(X | n) can be as large 
as n+ K(n) + O(1), the prefix-free complexity of the initial segments of a 
1-random set can oscillate quite a bit. However, this oscillation is the same 
for all left-c.e. reals. That is, remarkably, all 1-random left-c.e. reals have 
high complexity (well above n) and relatively low complexity (close to n) 
at the same initial segments. 

These results can be seen as providing a randomness-theoretic version of 
Myhill’s Theorem 2.4.12. 

It is interesting to note that all 1-random left-d.c.e. reals are either left- 
c.e. or right-c.e. 


Theorem 9.2.4 (Rettinger [unpublished]). Let a be a 1-random left-d.c.e. 
real. Then either a or 1 — a is a left-c.e. real. 


Proof. By the characterization of left-d.c.e. reals in Theorem 5.4.2, there 
is a computable sequence of rationals go,qi,... such that lim; qi = a and 
>; la+41 — q| < 1. Suppose there is an n such that q; < a for all i > n. 
Then we can pick out a nondecreasing subsequence of the q; converging to 
a, and hence a is left-c.e. Similarly, if there is an n such that q; > a for 
all 2 > n then 1 — a is left-c.e. We claim that one of these two cases must 
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hold. Suppose otherwise, and let I; be (qi, qi+1) if qi < qi+ı and (qi+1, qi) 
if qi > G41. Then a € I; for infinitely many i. But 57, || < 1, so the J; 
form a Solovay test, contradicting the 1-randomness of a. O 


9.3 Presentations of left-c.e. reals and complexity 


Recall from Chapter 5 that a presentation of a left-c.e. real œ is a prefix- 
free c.e. set W C 2<% such that a = X ew 27!7!. In Corollary 5.3.14 we 
saw that there are noncomputable left-c.e. reals œ such that any presenta- 
tion of a is computable. By Theorems 9.2.2 and 9.2.3, such reals cannot 
be 1-random, since the domain of a universal prefix-free machine is not 
computable. However, Stephan and Wu [380] showed that they must have 
rather high initial segment complexity, and in particular must be weakly 
1-random. 


Theorem 9.3.1 (Stephan and Wu [380]). Let a be a left-c.e. real for which 
there is a computable f such that K(a | f(n)) < f(n) —n for all n. Then 
a has a noncomputable presentation. 


Proof. We may assume that f is increasing. It is easy to see that there 
is a computable sequence of rationals ag < a, < --- — a such that, 
thinking of the a, as strings, for each s we have |a,| > f(s) and K(a, | 
f(n)) < f(n) —n for all n < s. Let ro = ao and rs41 = Qs+1 — Qs. 
Thinking of the r, as strings, let L = {(n,0°) : s € N A re(n) = 1}. Then 
VinosyeL2 ” = Lis 7s =a, so L is a KC set, and the domain P of the 
corresponding prefix-free machine is a presentation of L. Thus it is enough 
to show that P is not computable. 

Assume for a contradiction that P is computable. Then for each n we 
know all strings of length n in P, and hence know all s such that (n,0°) € L. 
Thus there is a computable g such that s > g(n) > rs < 2~” for all n. 
Since a is not computable, there is an n such that a — ag f(m)) > gone. 
Since K(a, | f(n)) < f(n) —n for all s > g(f(n)), we have {as l f(n): 
s > g(f(n))}| < 2f™-". Tt follows that there is an s > g(f(n)) such 
that rs41 = Qs41 — As > 27”t227 0 (n)-n)-2 — 2-f™) | contradicting the 
definition of g. o 


In particular, by Theorem 7.2.16, we have the following. 


Corollary 9.3.2 (Stephan and Wu [380]). If every presentation of a left- 
c.e. real a is computable then a is either computable or weakly 1-random 
but not 1-random. 
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9.4 Solovay functions and 1-randomness 


Recall from Section 3.12 that Solovay proved the existence of a Solovay 
function, that is, a computable function f such that 37, 2-f™ < oo, 
whence K(n) < f(n) + O(1), and liminf, f(n) — K(n) < ov. It turns 
out that, among the computable functions f such that sum >, 2757F) js 
finite, the Solovay functions are precisely those for which this sum is a 
l-random real. The proof of this result exploits the fact that the Kučera- 
Slaman Theorem provides a method for characterizing Solovay functions 
in terms of Q. 


Theorem 9.4.1 (Bienvenu and Downey [39]). Let f be a computable 
function. The following are equivalent. 


(i) f is a Solovay function. 
(ii) E, 2-f™ is a 1-random real. 


Proof. (i) = (ii). If f is a Solovay function, we already know by definition 
thata=)>>, 2-f(”) is finite. Let us now prove that a is 1-random. Suppose 
it is not. Then for each c there is a k such that K(a | k) < k — c. Given 
a | k, we can effectively find an s such that })., 2-f() < 2-*, Hence, by 
a standard KC Theorem argument, we have K(n | a | k) < f(n)—k+O(1) 
for alln > s. Thus, for alln > s, 


K(n) < f(n)+ K(a tk) -—k+0(1) 
< fn) +(k-) b+ O(1) < f(a) —c + O10). 


Since c can be taken arbitrarily large, lim, f(n) — K(n) = œ; i.e., f is not 
a Solovay function. 


(ii) > (i). Suppose for a contradiction that f is not a Solovay function 
but a = So, 2-/(™ is 1-random. By the Kuéera-Slaman Theorem 9.2.3, 
Q <s a. Let g be as in the definition of Solovay reducibility. That is, g is 
a partial computable function such that, for some d, if q is a rational less 
than a, then g(q) |< Q and Q — g(q) < 24(a — q). 

Fix c and suppose that a | k is given for some k. Since a—(a | k) < 27*, 
we have Q — g(a | k) < 2-**4. Thus, from a | k we can compute an s(k) 
such that ’ p> s(k) 27K(n) < g-k+4 Tf k is large enough, then n > s(k) > 
K(n) < f(n) — c—d (because f is not a Solovay function), whence 


5 9757F (n) < g-ce-d 5 97K(n) < g—c—dg—kt+d < gokoe 
n>s(k) n>s(k) 


So for large enough k, knowing a | k suffices to effectively approximate a 
to within 2~*~°. In other words, a | (k +c) can be computed from a | k 
and c. Therefore, for all large enough k, 


K(a | (k+c)) < K(a | k,c) + O(1) < K(a | k) + 2loge + O(1). 
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The constant in that expression is independent of c, so choose c such that 
the expression 2logc + O(1) in the above inequality is smaller than c/2. 
Then, for all large enough k, 


K(a |} (k+e)) < K(a f| k)+ 


NIO 


An easy induction then shows that K(a | k) < O (È), contradicting the 
assumption that & is 1-random. O 


The following easy corollary, which says that there are nondecreasing 
computable upper bounds for K, is not at all obvious without the previous 
result. 


Corollary 9.4.2 (Bienvenu and Downey [39]). There exist nondecreasing 
Solovay functions. 


Proof. It suffices to take a computable sequence {rn }new of rational num- 
bers such that every rn is a negative power of 2, the rn are nonincreasing, 
and 0, fn is a 1-random real. (It is easy to see that such sequences ex- 
ist.) Then let f(n) = —log(rp) for all n. The function f is computable, 
nondecreasing, and, by Theorem 9.4.1, is a Solovay function. o 


9.5 Solovay degrees of left-c.e. reals 


As with any reducibility, we can take equivalence classes of reals under 
S-reducibility, which we call Solovay degrees or S-degrees, and are partially 
ordered in the obvious way. One way to express the main result of Section 
9.2 is that there is a largest S-degree of left-c.e. reals, which consists exactly 
of the 1-random left-c.e. reals, or, equivalently, the versions of Q. We have 
seen that S-reducibility implies Turing reducibility, and it is easy to show 
that if ais computable then a <s £ for any left-c.e. real 8. Thus there is also 
a least S-degree of left-c.e. reals, which consists exactly of the computable 
reals. As we will see, between these two extremes there is a rich structure. 

It was observed by Solovay [371] and others, such as Calude, Hertling, 
Khoussainov, and Wang [50], that the Solovay degrees of left-c.e. reals 
form an uppersemilattice, with the join operation induced by addition (or 
multiplication). Downey, Hirschfeldt, and Nies [116] showed that this up- 
persemilattice is distributive, where an uppersemilattice is distributive if 
cx aVb=> Aco < adc < b(c= co V c). 


Theorem 9.5.1 (Solovay [371], Calude, Hertling, Khoussainov, and Wang 
[50], Downey, Hirschfeldt, and Nies [116]). The Solovay degrees of left-c.e. 
reals form a distributive uppersemilattice, with the join operation induced 
by addition. 


Proof. Let a and be left-c.e. reals. By Theorem 9.1.8, a, 8 Ss a+ b. 
Now suppose that œ, B Xs y. Let qgo,q,... be a computable sequence of 
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nonnegative rationals such that y = >>, dn. By Theorem 9.1.8, there is 
a constant d and computable sequences of rationals €p,¢1,... € [0,d] and 
ôo, 61,.-- € [0, d] such that a = $, Endn and 8 = D>, Ondn. Then en + dn € 
(0, 2d] for all n, and a+ 8 = „(En + On)dn- So, again by Theorem 9.1.8, 
a+ B Xs y. Thus addition induces a join operation on the S-degrees of 
left-c.e. reals. 

Now suppose that y Ss a+ 8. Let ao, a1, ... and bo, b1,... be computable 
sequences of nonnegative rationals such that a = >°,, an and 6 = } „bn. 
By Theorem 9.1.8, there is a constant d and a computable sequence of 
rationals €9,€1,... € [0, d] such that y = )0,, en(an+bn). Let yo = Yo, Enan 
and 7 = J`, Enbn. Then y = yo +71 and, again by Theorem 9.1.8, yo Ss a 
and 71 Ss 8. Thus the uppersemilattice of the S-degrees of left-c.e. reals is 
distributive. O 


It is straightforward to modify the above proof to show that the join 
operation on the S-degrees of left-c.e. reals is also induced by multiplication. 
On the other hand, the S-degrees of left-c.e. reals do not form a lattice. 


Theorem 9.5.2 (Downey and Hirschfeldt [unpublished]). There exist c.e. 
sets A and B such that the Solovay degrees of A and B have no infimum 
in the Solovay degrees of left-c.e. reals. 


Proof. We actually prove something stronger, namely that there exist c.e. 
sets A and B such that for any set X <+ A, B, there is a c.e. set S with 
S <, A,B and S$ Lr X. The proof is a straightforward adaptation of the 
proof that the c.e. wtt-degrees are not a lattice, using a method introduced 
by Jockusch [190]. We build c.e. sets A and B and auxiliary c.e. sets Sij 
to meet the following requirement for each 2, j, k. 


A 
REIK 3 oA = oP total > Siz Xs A,B A Sij Æ pri é 


The proof is a standard finite injury argument, and it will suffice to describe 
our action for a single Ri j,k- 

At stage s, let ms be largest such that ®A(m){s] | for all m < ms and 
4[s] | ms = P [s] | ms. Let o = &4[s] | ms. Choose a fresh large 
n and wait for a stage s such that ®7(n)[s] |. Then initialize all weaker 
priority requirements (which means they have to pick new fresh large n’s). 
If ®2(n)[s] Æ 0 then do nothing. Otherwise, proceed as follows. First put 
n into A. Suppose there is a stage t > s such that ®A[¢] [| ms = PP [t] | ms 
(and Rijk has not been initialized meanwhile). Note that oP [t] | ms = 
a? [s] | ms = ø, because requirements weaker than Ri jẹ do not put 
numbers into B [ p? (ms — 1)[s] at stages greater than or equal to s. Now 
put n into B and into Si; j. 

If Rijk is never initialized after stage t then no number enters A [ 
yi (ms — 1)[t] at stages greater than or equal to t, so if Ri j,k’s hypothesis 


A 
holds, then o < 64, so pri (n) = ©2(n)[s]. If this value is 0, we eventually 
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put n into S; j, while otherwise we never put n into S; j. In either case, 
A 
Sij(n) £ D7 (n). 

Suppose that #4 = a? and fix s. Any n being controlled by some Ri,j,k 
at stage s will eventually enter S; j unless Ri jẹ is initialized. Thus we 
can find a stage g(s) such that if such an n ever enters S; j, it does so by 
stage g(s). All numbers entering S; j after stage g(s) must also enter A and 
B after stage s. Thus, thinking of our c.e. sets as reals, S; j — S;,;[9(s)] < 
A-— Ajs] and S;,;—5;,;[9(s)] < B—B[s] for all s, and hence S; j <s A,B. O 


Some results about the structure of the S-degrees of left-c.e. reals come 
for free from the fact that S-reducibility implies Turing reducibility. For in- 
stance, there are minimal pairs of S-degrees of left-c.e. reals because there 
are minimal pairs of c.e. Turing degrees. Other results require work, how- 
ever. The question that led both authors into the study of algorithmic 
randomness was whether the partial order of S-degrees of left-c.e. reals is 
dense. This question led to the following results, which we will prove in a 
general context, applicable to many other reducibilities, in Section 9.8. 


Theorem 9.5.3 (Downey, Hirschfeldt, and Nies [116]). Let y <s a <s 2 
be left-c.e. reals. There are left-c.e. reals Bo and Bı such that y <s Bi <s @ 
fori =0,1 and bo + b1 =a. 


In other words, in the S-degrees of left-c.e. reals, every incomplete degree 
splits over every lesser degree. 


Theorem 9.5.4 (Downey, Hirschfeldt, and Nies [116]). Let y <s Q be a 
left-c.e. real. There is a left-c.e. real B such that y <s B <s Q. 


These two theorems together establish the following result. 


Corollary 9.5.5 (Downey, Hirschfeldt, and Nies [116]). The partial order 
of Solovay degrees of left-c.e. reals is dense. 


The hypothesis that a <s Q in the statement of Theorem 9.5.3 is nec- 
essary. In fact, the S-degree of Q does not split at all in the S-degrees of 
left-c.e. reals, which can be seen as a structural reflection of the qualitative 
difference between 1-random and non-1-random left-c.e. reals. This fact will 
follow from a stronger result that shows that, despite the upwards density 
of the S-degrees of left-c.e. reals, there is a sense in which the S-degree of Q 
is very much above all other S-degrees of left-c.e. reals. We begin with two 
lemmas, the second of which will not actually be necessary in the proof of 
Theorem 9.5.8 below, but will be helpful in motivating that proof, and will 
also be used in Section 9.8. 


Lemma 9.5.6 (Downey, Hirschfeldt, and Nies [116]). Let a and £ be left- 
c.e. reals and let ag < ay <- — a and Bo < Bı <---— 8 be computable 
sequences of rationals. Let f be an increasing computable function and let 
k > 0. If there are infinitely many s such that k(a— as) > B — Bris), but 
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only finitely many s such that k(at — as) > Bra) — Beis) for all t > s, then 
p Ssa. 


Proof. By taking (fo), 8fa),--- instead of bo, 81, ... as an approximating 
sequence for 6, we may assume that f is the identity. 

By hypothesis, there is an r such that for all s > r there is a t > s 
with k(at — as) < b: — Bs. Furthermore, there is an so > r such that 
k(a — aso) > B — Bso. Given s;, let s;+ı1 be the least number greater than 
si such that Alas, .; — sy) S Gsi43 — Bay: 

Assuming by induction that k(a — as,) > 6 — Gs,, we have 
k(a—ds,,,) ra k(a—dg,)—k(s,,, —As;) > Bo Oa Gag ~ bs:) = DAP seas 
Thus so < sı <--- is a computable sequence such that k(a—as,) > B— pbs: 
for all i. 

Now define the computable function g by letting g(n) be the least s; that 
is greater than or equal to n. Then 8 — Bgin) < k(a — Ag(n)) < k(a— an) 
for all n, and hence 6 Ss a. o 


Lemma 9.5.7 (Downey, Hirschfeldt, and Nies [116]). Let 6 £s a be left- 
c.e. reals. Let f be a total computable function and k € N. 


(i) For each n either 
(a) bt — Brin) < klar — an) for all sufficiently large t or 
(b) bi — Bem) > klar — an) for all sufficiently large t. 
(ii) There are infinitely many n such that (b) holds. 


Proof. If there are infinitely many t such that b; — Bf) S klat — an) and 
infinitely many t such that 6; — By(n) > k(az — an) then 


B — brin) = lim b; — Bpen) = lim k(az — an) = k(a — an), 


which implies that 8 =, a. 
If there are infinitely many t such that 6; — Bfn) < k(at — an) then 


p= Brn) = lim 5 a Bfn) < lim k(o — an) = k(a — an). 


So if this happens for all but finitely many n then @ <s a. (The finitely 
many n for which p — fin) > k(a — an) can be brought into line by 
increasing the constant k.) o 


Theorem 9.5.8 (Downey, Hirschfeldt, and Nies [116]). Let a and 8 be left- 
c.e. reals and let ao <a, <- -- — a and Bo < Bı < --- — B be computable 
sequences of rationals. Let f be an increasing computable function and let 
k > 0. If GB is 1-random and there are infinitely many s such that k(a—as) > 
B— Bris), then a is 1-random. 


Proof. As in Lemma 9.5.6, we may assume that f is the identity. If œ is 
rational then we can replace it with an irrational computable real a’ such 
that a’ — a’, > a— Qs for all s, so we may assume that a is not rational. 
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We assume that a is not 1-random and there are infinitely many s such 
that k(a — as) > 8 — Gs, and show that 8 is not 1-random. The idea is to 
take a Solovay test A = {J;};en such that a € I; for infinitely many i and 
use it to build a Solovay test B = {Ji}ien such that 8 € J; for infinitely 
many 2. 

Let U = {s : k(a — as) > 8 — bs}. Since we are assuming 8 is 1-random 
but a is not, 8 £s a, so Lemma 9.5.7 guarantees that U is A$. Thus a first 
attempt at building B could be to run the following procedure for all ¿ in 
parallel. Look for the least t such that there is an s < t with s € U; and 
a, € I;. If there is more than one number s with this property then choose 
the least among such numbers. Begin to add the intervals 


(Bs, Bs + klas+ı — Os)], [8s + k(@&s+1 — Os), Bs + klas+2 — &s)l,-.- (9.1) 


to B, continuing to do so as long as s remains in U and the approximation of 
a remains in J;. If the approximation of a leaves I; then end the procedure. 
If s leaves U, say at stage u, then repeat the procedure (only considering 
t 2 u, of course). 

If a € J; then the variable s in the above procedure eventually assumes 
a value in U. For this value, k(a — as) > 8 — Gs, from which it follows that 
k(Qu — as) > B — bs for some u > s, and hence that 8 €E [Bs, Bs + klau — 
as)]. So @ must be in one of the intervals (9.1) added to B by the above 
procedure. 

Since a is in infinitely many of the J;, running the above procedure for all 
i guarantees that (@ is in infinitely many of the intervals in B. The problem 
is that we also need the sum of the lengths of the intervals in B to be finite, 
and the above procedure gives no control over this sum, since it could easily 
be the case that we start working with some s, see it leave U at some stage 
u (at which point we have already added to B intervals whose lengths add 
up to Qu—1 — as), and then find that the next s with which we have to 
work is much smaller than u. Since this could happen many times for each 
i, we would have no bound on the sum of the lengths of the intervals in B. 

This problem would be solved if we had an infinite computable subset 
T of U. For each [;, we could look for an s € T such that a, € J;, and 
then begin to add the intervals (9.1) to B, continuing to do so as long as 
the approximation of a remained in J;. (Of course, in this easy setting, we 
could also simply add the single interval [8s, 8s + &|J;|] to B.) It is not 
hard to check that this would guarantee that if a € J; then £ is in one of 
the intervals added to B, while also ensuring that the sum of the lengths 
of these intervals is less than or equal to k |J;|. Following this procedure for 
all i would give us the desired Solovay test B. Since 8 £s a, though, there 
is no infinite computable T C U, so we use Lemma 9.5.6 to obtain the next 
best thing. 

Let 


S={s:Vt > s(k(az— as) > bt — Bs)}. 
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By Lemma 9.5.6 and the assumption that 3 £s a, we may assume that S 
is infinite. Note that k(a—a,) > 8 — bs for all s € S. In fact, we may 
assume that k(a — as) > 8 — bs for all s E€ S, since if k(a — as) = 8 — bs 
then ka and ( differ by a rational amount, and hence ĝ is not 1-random. 

The set S is co-c.e. by definition, but it has an additional useful property. 
Let 


St] = {s : Vu € (s, t](k(au — as) > Bu — Bs)}- 
If s € S[t — 1] \ Sft] then no u € (s,t) is in S, since for any such u we have 
k(ar = Qu) = k(ar 5 as) 3 k(au = Qs) z Be = Bs g (Bu = Bs) = Br =? Bu- 
In other words, if s leaves S at stage t then so do all numbers in (s, t). 
To construct B, we run the following procedure P; for all ¿ in parallel. 


Note that B is a multiset, so we are allowed to add more than one copy of 
a given interval to B. 


1. Look for an s such that a, € Jj. 
2. Let t= s + 1. If a; ¢ J; then terminate the procedure. 
3. If s ¢ S{t] then let s = t and go to step 2. Otherwise, add the interval 
[8s + k(ar-1 — as), Bs + k(at — as) 
to B, increase t by one, and repeat step 3. 


This concludes the construction of B. We now show that the sum of the 
lengths of the intervals in B is finite and that £ is in infinitely many of the 
intervals in B. 

For each 7, let B; be the set of intervals added to B by P; and let l; 
be the sum of the lengths of the intervals in B;. If P; never leaves step 1 
then B; = 0. If P; eventually terminates then l; < k(a; — as) for some s,t 
such that a,,a; € I, and hence l; < k|J;|. If P; reaches step 3 and never 
terminates then a € J; and l; < k(a@— as) for some s such that a, € Jj, 
and hence again l; < k |I;|. Thus the sum of the lengths of the intervals in 
B is less than or equal to k >; | < oo. 

To show that £ is in infinitely many of the intervals in B, it is enough to 
show that, for each i, if œ € J; then £ is in one of the intervals in B;. Fix i 
such that a € J;. Since a is not rational, a, € J; for all sufficiently large u, 
so P; must eventually reach step 3. By the properties of S discussed above, 
the variable s in the procedure P; eventually assumes a value in S. For this 
value, k(a— as) > 8 — bs, from which it follows that k(&u — as) > 8 — Bs 
for some u > s, and hence that 8 € [8s, 8s + klau — as)|. So 8 must be in 
one of the intervals (9.1), all of which are in Bj. o 


The following corollary appears originally in Demuth [93], without proof, 
and was independently rediscovered by Downey, Hirschfeldt, and Nies [116]. 
We thank Antonin Kučera for bringing Demuth’s paper to our attention. 
(A discussion of this paper may be found in [221, Remark 3.5].) 
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Corollary 9.5.9 (Demuth [93]). If ao and a, are left-c.e. reals such that 
Qo + a, is 1-random then at least one of ao and a; is 1-random. 


Proof. Let @ = ag + ay. For i = 0,1, let aio < aii < =- — ay be 
a computable sequence of rationals, and let Bs = ao,, + 1,3. For each s, 
either 3(ao —a0,s) > B— bs or 3(a1—a1,5) > B— bs, so for some i < 2 there 
are infinitely many s such that 3(a; — ai,s) > 6 — bs. By Theorem 9.5.8, 
Q; is 1-random. oO 


Combining Theorem 9.5.3 and Corollary 9.5.9, we have the following 
results, the second of which also depends on Theorem 9.2.3. 


Theorem 9.5.10 (Downey, Hirschfeldt, and Nies [116]). A left-c.e. real y 
is 1-random if and only if it cannot be written as a+ B for left-c.e. reals 
a, B <s Y. 


Theorem 9.5.11 (Downey, Hirschfeldt, and Nies [116]). Let d be a Solovay 
degree of left-c.e. reals. The following are equivalent: 


1. d is incomplete. 
2. d splits. 
3. d splits over any lesser Solovay degree. 


These results apply only to left-c.e. reals. For example, given Q = 
0.aoa1a2 ..., let a = 0.ao0a20... and @ = 0.0a10a3.... Then neither a 
nor @ is 1-random, but a+ B=. 

We finish this section by noting that the structure of the S-degrees of 
left-c.e. reals is not too simple. 


Theorem 9.5.12 (Downey, Hirschfeldt, and LaForte [114]). The first- 
order theory of the uppersemilattice of Solovay degrees of left-c.e. reals is 
undecidable. 


The proof of this result uses Nies’ [301] method of interpreting effectively 
dense boolean algebras. 


9.6 cl-reducibility and rK-reducibility 


Despite the success of S-reducibility in characterizing the 1-random left-c.e. 
reals, there are reasons to search for other measures of relative randomness. 
For one thing, S-reducibility is quite strong, and is rather uniform in a way 
that K-reducibility, for instance, is not. (That is, if a <s 8 then a is quite 
closely tied to 8 in a computability-theoretic sense, while there is no reason 
to suppose that, whatever we mean by “A is no more random than B”, 
this notion should imply that A is so closely tied to B.) Furthermore, S- 
reducibility is quite badly behaved outside the left-c.e. reals, as exemplified 
by the following result. 
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Proposition 9.6.1. There is a right-c.e. real B that is not S-above any 
left-c.e. real (including the computable reals). 


Proof. It is enough to build 8 so that 6 Zs 1. To do so, we satisfy the 
requirements 


Re: IqEQlq <P A (®&(g)l<1 > 1-.(q) > ell -— q))), 


where we think of ®p,®,,... as functions from rationals to rationals. We 
denote the stage s approximation of @ by Bs. We begin with G9 = 1. We 
initially choose qo < qi < --- < 1. At stage s, we look for the least e < s 
such that ®e(qe)[s] |< 1 and 1—®e(qe) < e(Gs—qe). If there is no such e, we 
let 6,41 = Bs and proceed to the next stage. Otherwise, we let 3,41 < Bs 
be such that ge < 6,41 and 1— Pelqe) > e(Gs4+1 — qe). We then redefine all 
qi for i > e so that ge < qe+1 < +++ < Bs+1. We say that Re acts at stage 
s. 

Assume by induction that all R; with i < e act only finitely often, and 
let t be the least stage by which all such requirements have stopped acting. 
Then the value of qe at stage t is permanent. If Pelqe) T or Pelqe) |> 1 
then R, is satisfied and never acts after stage t. Otherwise, there is a least 
stage s > t such that ®e(qe)[s] |. We ensure that 1 — ®e(qe) > e(8s41 — qe). 
Furthermore, we have ge < Bu < Bs+1 for all u > s, whence 1 — ®.(q.) > 
e(G — qe). Thus Re is satisfied and never acts after stage s. o 


Downey, Hirschfeldt, and LaForte [113] introduced another measure of 
relative complexity, now often called computable Lipschitz or cl-reducibility. 
This reduction was originally called sw-reducibility by Downey, Hirschfeldt, 
and LaForte.? 


Definition 9.6.2 (Downey, Hirschfeldt, and LaForte [113], Csima [80] and 
Soare [368]). A set A is cl-reducible to a set B (written A Sa B if there is 
a functional I such that T? = A and y?(n) < n + O(1). 

If the constant is zero, then we will call this an ibT-reduction, for identity 
bounded Turing reduction, and write A Sr B. 


If A <a B then we can describe A | n using B Ìn and O(1) many more 
bits (to represent the additional bits of B below y?(n)). Thus C(A | n) < 
C(B {| n)+O(1) and K(A |n) < K(B fn) + O(1). In other words, like S- 
reducibility, cl-reducibility implies both K-reducibility and C-reducibility. 
Obviously, cl-reducibility also implies Turing (and even wtt-) reducibility. 

A strong form of ibT-reducibility has been used by Nabutovsky and 
Weinberger [292] for problems in differential geometry, as described in 


?This abbreviation stands for “strong weak truth table reducibility”. The authors 
have deservedly received a certain amount of flak over this terminology. Hence the 
name change, suggested by Barmpalias and Lewis [247], which reflects the fact that 
cl-reducibility is an effective version of a Lipschitz transformation. See [247] for more on 
this view of cl-reducibility. 
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Soare [368] and Csima and Soare [85]. For a c.e. set We, the modulus func- 
tion, or settling time function, Mme of We is defined by letting me(n) be the 
least s such that Wes [n = Wert | n for all t > s. Suppose that A and 
B are c.e. sets. We say that B is settling time dominated by B if there is 
an enumeration W; of B and an enumeration W; of A such that for all 
computable functions f, we have m;(n) > f(m,(n)) for almost all n. One 
can replace the existential quantifiers in this definition by universal ones, 
as this notion is invariant on cl-degrees (Soare [368]). We do not pursue this 
notion further, but clearly there seem to be interesting connections with 
Kolmogorov complexity; see Csima [80], Csima and Shore [84], Csima and 
Soare [85], and Soare [368]. For a discussion of extensions beyond the c.e. 
sets, see Csima [81]. 

We will see in Section 9.10 that S-reducibility and cl-reducibility are 
different on left-c.e. reals, and indeed neither implies the other, but that 
they agree on c.e. sets. We will also see that cl-reducibility is much less 
well behaved than S-reducibility. For instance, there is no largest cl-degree 
of left-c.e. reals, and there is no join operation on the cl-degrees of left-c.e. 
reals. 

We would like a measure of relative randomness combining the best 
features of S-reducibility and cl-reducibility while being less uniform and 
more closely tied to initial segment complexity. The following is a natural 
candidate, introduced by Downey, Hirschfeldt, and LaForte [113]. 


Definition 9.6.3 (Downey, Hirschfeldt, and LaForte [113]). A set A is 
relative K -reducible or rK-reducible to a set B (written A <,x B) if K(A Ì 
n| Bin) < O(1). 


Since C(a | T) < K(o | 7) + O(1) and K(a | T) < 2C(o | 7) + O(1), it 
would not change this definition to use plain complexity in place of prefix- 
free complexity (and thus there is no separate notion of “rC-reducibility” ). 
If A <. B then the initial segments of A are easy to describe given the 
corresponding initial segments of B, and thus it makes sense to think of A 
as no more random than B. Clearly, rK-reducibility implies K-reducibility 
and C-reducibility. 

We now give alternate characterizations of rK-reducibility that demon- 
strate how it can be seen as a less uniform version of both S-reducibility 
and cl-reducibility. Item (ii) below can be seen as a form of “computation 
with advice”. 


Theorem 9.6.4 (Downey, Hirschfeldt, and LaForte [113]). The following 
are equivalent. 


(i) A <x B. 


(ii) There are a partial computable function f : 25° x N > 2<” and a 
constant k such that for each n there is a j < k for which f(B ft 
nj)l=Aln. 
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(iii) There are a partial computable function g : 2<” — Q and a constant 
c such that for each n there is a r € 2"*° with |0.B —0.7| < 27” for 
which g(r) | and |0.A — g(T)| < 27”. 


Proof. (i) > (ii) Suppose that K(A [n| B fn) <c for all n. Let 70,...,7% 
be the strings of length less than c and define f as follows. For a string o 
and j < k, if U7 (rj) | then f(o,j) = U7 (ri), and otherwise f(o, 7) f. For 
each n there must be a j < k such that U?!"(7;) |= A | n. For this j we 
have f(B i n,j)J=Aln. 

(ii) => (iii) Let c be such that 2° > k and define the partial computable 
function g as follows. Given a string o of length n, whenever f(c, j) | for 
some new j < k, choose a new 7 > o of length n + c and define g(r) = 
0.f(o,7). Then for each n there is a r = B | n such that g(r) |=0.(A Ìn). 
We have |0.B — 0.7T| < 27” and |0.A — g(r)| < 27”. 

(iii) > (i) For a string o € 2”, let S, be the set of all v for which there 
isa r € 2”+° with |0.0 — 0.7| < 27"*! and |0.v — g(7)| < 2771. It is 
easy to check that there is a k such that |S,| < k for all ø, and hence that 
K(v | o) < O(1) for all o and v € S,. Fix n and let T € 2”+° be such that 
|0.B — 0.r| < 27” and |0.A — g(r)| < 27”. Then |0.(B | n) — 0.r| < 27771 
and |0.(A [ n) — g(7)| < 2-"t!. Thus A [ n € Spin, and hence K(A Ìn | 
B în) < O(1). O 


Corollary 9.6.5 (Downey, Hirschfeldt, and LaForte [113]). If A <a B 
then A <x B. 


Proof. Suppose that A = TË and y?(n) < n+c for all n. Let o0,...,02¢—1 
be the strings of length c. For j < 2°, let f(T, j) = T7% [ |r| if the latter is 
defined. Then for each n there is a j < 2° such that f(B ln, j) J= A Ìn. 
Thus item (ii) in Theorem 9.6.4 holds. o 


Corollary 9.6.6 (Downey, Hirschfeldt, and LaForte [113]). If œ Ss 6 then 
a Sx b. 


Proof. Let the partial computable function f and the constant k be such 
that if q € Q and q < 8, then f(q) |< a and a — f(q) < k(8 — q). Let c 
be such that 2° > k and let g(c) = f(0.c) if the latter is defined. Given 
n, we have 8 — 0.(8 | (n+ c¢)) < 27+. Thus g(8 | (n+ c¢)) |< a and 
ja — g(8 | n+ c)| < 27”. So item (iii) in Theorem 9.6.4 holds. Oo 


For left-c.e. reals, we have another characterization of rK-reducibility in 
terms of “settling times”. It roughly says that if a <.. Ø then there are 
approximations to a and @ such that a [ n cannot change much after the 
stage at which 8 | n settles to its true value. For a left-c.e. real œ and a 
fixed computable approximation ag < a, < --- — a, let the mind-change 
function m(a,n,s,t) be the cardinality of {u € [s,t] : au [mA Qu4i Ùn}, 
and let m(a, n, s) = lim; m(a,n, s, t). 
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Theorem 9.6.7 (Downey, Hirschfeldt, and LaForte [113]). Let a and 8 be 
left-c.e. reals. The following are equivalent. 


(i) @ <x £. 


(ii) There are a constant k and computable approximations ag < ay < 
-> a and Bo < Bı < --- — B such that for all n and t > s, if 
bi T n = Bs |n then m(a,n,s,t) < k. 


(iii) There are a constant k and computable approximations ag < ay < 
-— a and bo < Bı < --- — L such that for all n and s, if Bf n = 
Bs | n then m(a,n,s) S k. 


Proof. (i) = (ii) We may assume that a and ĝ8 are irrational, since otherwise 
(ii) is easy to show. Let c be such that K(a | n | 8 [ n) < c for all n. Let 
Bo < Bi < +++ —> Band â < @ < -++ > a be computable sequences of 
rationals. Let œo = ĝo = 0. Suppose we have defined an and n. Search 
for i and j such that &; > an and 6; > Bn, and for al m < n +1, 
we have K(a; | m | B; | m) < c. Such i and j must exist because the 
approximations to a and $ eventually settle on their first n + 1 many bits. 
Let Qn+1 = Qi l (n + 1) and Bn41 = bj l (n + 1). 

It is easy to see that ag < a, < --- — a and bo < 61 < --- — 8. Suppose 
that 6; |n = 6, | n. Then for all u € |t, s], we have K(a, Tn | & fn) < c. 
Thus a, | n assumes fewer than 2° many values for such u, and hence 
mla, n, s, t) < 2°. 

(ii) > (iii) Obvious. 

(iii) > (i) Define a partial computable function f as follows. Given 7 and 
j <S k, wait for a stage s such that T = @, | |r|. If such a stage is found, 
then wait for a stage t > s such that m(a,n,s,t) = j. If such a stage is 
found, then let f(7,7) = az+1 Ù |r|. Then for each n there is a j < k such 
that f(8 Tn, j) =a Ùn. m 


Despite its nonuniform nature, rK-reducibility implies Turing reducibil- 
ity. 
Theorem 9.6.8 (Downey, Hirschfeldt, and LaForte [113]). Jf A <x B 
then A <- B. 


Proof. Let k be the least number for which there exists a partial computable 
function f such that for each n there isa j < k with f(B[n,j)|=Aln. 
There must be infinitely many n for which f(B | n,j)| for all j < k, since 
otherwise we could change finitely much of f to contradict the minimality 
of k. Let no < nı <--- be a B-computable sequence of such n. Let T be 
the B-computable subtree of 2<” obtained by pruning, for each i, all the 
strings of length n; except for the values of f(B | ni,j) for j < k. The 
tree T has bounded width, so each element of [T] is B-computable. But 
A € [T], so A Sr B. o 
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Since any computable set is rK-reducible to any other set, the above 
theorem shows that the computable sets form the least rK-degree. By the 
Kuéera-Slaman Theorem, together with the fact that rK-reducibility im- 
plies K-reducibility and is implied by S-reducibility, the largest rK-degree 
of left-c.e. reals is the same as the largest S-degree of left-c.e. reals, namely 
the 1-random left-c.e. reals. Furthermore, like the case of S-reducibility 
but unlike that of cl-reducibility, the rK-degrees of left-c.e. reals are an 
uppersemilattice, with join induced by addition. 


Theorem 9.6.9 (Downey, Hirschfeldt, and LaForte [113]). The rK-degrees 
of left-c.e. reals form an uppersemilattice with least degree that of the com- 
putable sets, highest degree that of the 1-random left-c.e. reals, and join 
induced by addition. 


Proof. All that is left to show is that addition induces a join. Let a and 
GB be left-c.e. reals. Since a, 8 <s a+ p, we have a, <S.x a + p. Let 
a, B <.x y. Then we can compute (a + 8) | n given a |Ì n and B Ìn, 
together with a couple of bits of information to indicate whether there are 
carries from further bits of a and y. Since K(a | n |y tn) < O(1) and 
K(B > n|yfn) < OQ), it follows that K((a+ 8B) -n|yfn)< OQ). O 


Notice that in the above proof, the only use made of the fact that we were 
working with left-c.e. reals was in showing that a, 8 <x a+ 8. That is of 
course not necessarily the case in general, since, for example, 2+ (1—Q) £x 
1. It follows from the proof of Theorem 9.5.2 that the rK-degrees of left-c.e. 
reals are not a lattice. 

As we will see in Section 9.8, the analogs of Theorem 9.5.3 and Corollary 
9.5.5 hold for rK-reducibility. Together with Corollary 9.5.9, they give the 
following result. 


Theorem 9.6.10 (Downey, Hirschfeldt, and LaForte [113]). The partial 
order of rK-degrees of left-c.e. reals is dense. Furthermore, in the rK-degrees 
of left-c.e. reals, every incomplete degree splits over every lesser degree, 
while the complete degree does not split at all. 


Raichev [319, 320] observed that rK-lower cones are well-behaved, in the 
following sense. 


Theorem 9.6.11 (Raichev [319, 320]). For any A, the reals rK-reducible 
to A form a real closed field. 


The proof uses similar approximation methods to that of Theorem 5.4.7. 
See [319] for details. 

Thus rK-reducibility shares many of the nice structural properties of 
S-reducibility on the left-c.e. reals, while still being a reasonable measure 
of relative randomness on all sets. There are still some basic open ques- 
tions about rK-reducibility, however, such as whether the semilattice of 
rK-degrees of left-c.e. reals is distributive, or whether every set is rK- 
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reducible to a 1l-random set. We will see in Section 9.13 that there are 
sets that are not cl-reducible to any 1-random set. 


9.7 K-reducibility and C-reducibility 


Recall that A is K-reducible to B (written A <x B) if K(A [ n) < 
K(B [ n) + O(1), and A is C-reducible to B (written A <c B) if C(A | 
n) < C(B | n)+ O(1). These reducibilities are the most basic measures of 
relative randomness based on the Kolmogorov complexity approach. If A 
is l-random and A <x B, then B is clearly 1-random. The same holds if 
A Sc B by Theorem 6.7.2. 

We have seen in Theorem 3.4.4 that a set A is computable iff C(A f n) < 
C(n) + O(1). The following theorem extends that result. 


Theorem 9.7.1 (Stephan [personal communication]). Let a and 8 be left- 
c.e. reals. Ifa Sc B then a <p 8.3 


Proof. If 8 =, 0’, then there is nothing to prove, so we assume that 3 <r W. 
Let f(n) be the least s such that n € Ø}, if there is such an s, and f(n) T 
otherwise. Let g(n) be the least s such that 8 [n= Bs | n. Then there are 
infinitely many n such that f(n)|> g(n), since otherwise we could compute 
Ø using g and hence using 3. Thus we can find a 3-computable infinite set 
SC such that f(n) > g(n) for all n € S. 

For n € S, we can determine 8 | n by computing f(n), since then 
b | n= Biin) | n. Thus for all such n we have C(@ | n) < C(n)+ O(1), and 
hence C(a [ n) < C(n) + O(1). Since S is 6-computable, the relativized 
form of Chaitin’s Theorem 3.4.5 implies that a <r (3. O 


We will see in Chapter 11 that this result is not true if we replace plain 
complexity by prefix-free complexity. Indeed, even the analogue of Theorem 
3.4.4 fails to hold in that case, because there are noncomputable sets A 
such that K(A | n) < K(n) + O(1). Sets with this property (including all 
the computable sets) are called K-trivial because they form the lowest K- 
degree, and are of great interest in the theory of algorithmic randomness, 
as we will see in Chapter 11. 

For left-c.e. reals, it follows from the Kučera-Slaman Theorem that the 
largest K-degree and the largest C-degree both consist exactly of the 1- 
random left-c.e. reals. Furthermore, the K-degrees and C-degrees of left-c.e. 
reals have basic structural properties similar to those of the S-degrees and 
rK-degrees of left-c.e. reals, as we now show. 


3This result is not true in general outside the left-c.e. reals. If C(A f n) < 2 


Zz, Sa 
27 SAY, 
then A <c Q, but there are uncou itably Many suc: A. 
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Theorem 9.7.2 (Downey, Hirschfeldt, Nies, and Stephan [117]). Let a and 
p be left-c.e. reals. Then C((a + 8) [ n) = max(C(a [ n), C(8 | n)) £O(1) 
and K((a + 8) | n) = max(K(a în), K(G Tn) + O(1). 


Proof. We do the proof for prefix-free complexity; the same works for plain 
complexity. Let y = a+ p. Let ag <a, < --- — a and fo < b1 <- —> p 
be computable sequences of rationals and let ys = a, + s. 

If we know y | n then we can find an s such that ys | n = y | n. The 
approximation to œ [ n can change at most once after stage s, since if 
there were two such changes, we would have y — Ys > a — as > 27”, and 
hence ys | n Æ y | n. Thus we can describe a [ n given y | n and one 
more bit of information, whence K(a [ n) < K(y [ n) + O(1). Similarly, 
K(B tn) < K(7 1 n)+O(1). 

For the other direction, fix n. Let s be least such that a, [non =a Į n 
and let t be least such that 6t [n= 8 [| n. Suppose that s > t. Then given 
a [| n, we can compute s, which also gives us 8 | n = Bs | n. From this 
information plus a couple of bits to represent possible carries from further 
bits of a and 8, we obtain y [ n. Thus K(y | n) < K(a@ f| n) + O(). 
Similarly, if t > s then K(y Tn) < K(8 în) + O(1). o 


Corollary 9.7.3 (Downey, Hirschfeldt, Nies, and Stephan [117]). The K- 
degrees and C-degrees of left-c.e. reals both form uppersemilattices with join 
given by addition. 


We will see in Section 9.8 that the analogs of Theorem 9.5.3 and Corollary 
9.5.5 hold for K-reducibility and C-reducibility. Together with Corollary 
9.5.9, they give the following result. 


Theorem 9.7.4 (after Downey, Hirschfeldt, Nies, and Stephan [117]). 
The partial orders of k-degrees and C’-degrees of left-c.e. reals are dense. 
Furthermore, in both the K-degrees and C-degrees of left-c.e. reals, every 
incomplete degree splits over every lesser degree, while the complete degree 
does not split at all. 


As mentioned above, the fact that S-reducibility, cl-reducibility, and rK- 
reducibility imply Turing reducibility allows us to transfer certain results, 
such as the existence of minimal pairs, from the Turing case. This tool is 
not available for K-reducibility. We will see in Theorem 9.15.8 that minimal 
pairs of K-degrees do exist, but it is not known whether there are minimal 
pairs of K-degrees of left-c.e. (or even AQ) reals. 

In Chapter 10, we will discuss the structure of the K-degrees and C- 
degrees of 1-random sets. 
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9.8 Density and splittings 


In this section, we give a unified proof of the density and splitting theorems 
for various reducibilities considered above (Corollary 9.5.5 and Theorems 
9.5.3, 9.6.10, and 9.7.4). Indeed, we will show that analogous results hold for 
all reducibilities with a few basic properties given in the following definition. 


Definition 9.8.1. Let Co, C1,... be an effective list of all left-c.e. reals. 

A reducibility r on the left-c.e. reals is X} if there is a total com- 
putable function ® such that for all a,b, we have Ca <. Cy iff 
dkVm An (a,b, k, m,n). 

The reducibility r is standard if r is ©}, every computable real is r- 
reducible to any given left-c.e. real, addition is a join in the r-degrees of 
left-c.e. reals, and for any left-c.e. real a and any rational q > 0, we have 
a =, qa. 


Standard reducibilities include Solovay reducibility, rK-reducibility, K- 
reducibility, and C-reducibility (but not cl-reducibility, as addition is not a 
join in the cl-degrees of left-c.e. reals). We begin with the splitting theorem. 


Theorem 9.8.2 (after Downey, Hirschfeldt, and Nies [116]). Let r be a 
standard reducibility on the left-c.e. reals. Let y <, a <s Q be left-c.e. 
reals. There are left-c.e. reals B° and 3! such that y <, Bt <, a fori=0,1 
and B? + Bl =a. 

Proof. Let a be such that Ca = a and let ® be as in Definition 9.8.1. We 
build left-c.e. reals 6? and 3!. By the recursion theorem, we have by and 
bı such that 3’ = Cy,. We want to ensure that y <, 3’ <, a for i = 0,1 
and 3° + 3! = a while satisfying the following requirement for each e and 
i=0,1. 


Rie : InVm-®(a, b, e,n, m). 


These requirements ensure that 3’ #, a. Since 6° + 8! = a and y F, a, 
they also ensure that y #, 6’. 

By Lemma 9.1.7 and the fact that cy =, y for any rational c, we may 
assume without loss of generality that 2(7, — Ys—-1) S @s — @s—1 for all s. 
(We adopt the convention that uo — u—1 = Ho for any left-c.e. real u.) 

In the absence of requirements of the form Rı—i, e, it is easy to satisfy 
simultaneously all requirements of the form Ri e: simply let Bi = ys and 
B1 = a,—7s. In the presence of requirements of the form R1—i,e, however, 
we cannot afford to be quite so cavalier in our treatment of 6'~*; enough 
of a has to be kept out of 31~* to guarantee that 3'~* is not r-above a. 

Most of the essential features of our construction are already present 
in the case of two requirements Ri e and Rii e, which we now discuss. 
We assume that Ri e has priority over Ri—i e’. We will think of the BI as 
being built by adding amounts to them in stages. Thus 32 will be the total 
amount added to 3% by the end of stage s. At each stage s we begin by 
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adding ys — Ys—1 to the current value of each 3; in the limit, this action 
ensures that (37 >, y. 

We will say that Rie is satisfied through n at stage s if Vm < 
s7®(a,b',e,n,m). The strategy for Rie is to act whenever either it is 
not currently satisfied or the least number through which it is satisfied 
changes. Whenever this happens, Ri, e initializes Rj_;,-7, which means that 
the amount of a — 2y that R4_;,-" is allowed to funnel into Bt is reduced. 
More specifically, once Rı—i e’ has been initialized for the mth time, the 
total amount that it is thenceforth allowed to put into 8t is reduced to 
Denn, 

The above strategy guarantees that if Ri—; e is initialized infinitely often 
then the amount put into 3° by Rı—ie (which in this case is all that is 
put into 3’ except for the coding of y) adds up to a computable real. In 
other words, 3° =, y <, a. But then there is a stage s after which Rj. is 
always satisfied and the least number through which it is satisfied does not 
change. So we conclude that Ri—i e is initialized only finitely often, and 
that Ri e is eventually permanently satisfied. 

We now have the problem of designing a strategy for R1_;,- that respects 
the strategy for Ri e. The problem is one of timing. To simplify notation, 
let @ = a — 2y and 4, = Qs — 275. Since Rii e is initialized only finitely 
often, there is a certain amount 2~™ that it is allowed to put into 6t after 
the last time it is initialized. Thus, if Ri_;,-- waits until a stage s such 
that &@ — @, < 2~™, adding nothing to (6° until such a stage is reached, 
then from that point on it can put all of @ — @, into 6t, which of course 
guarantees its success. The problem is that, in the general construction, a 
strategy working with a quota 27™ cannot effectively find an s such that 
a-—a, < 27™., If it uses up its quota too soon, it may find itself unsatisfied 
and unable to do anything about it. 

The key to solving this problem (and the reason for the hypothesis that 
a <s Q) is the observation that, since the sequence 09, 91,... converges 
much more slowly than the sequence Qo, @1,..., we can use 2 as an “in- 
vestment adviser”, which tells Rı—ie' how much to put into 6f at each 
stage. More specifically, at a stage s, if Ri_i,-’’s current quota is 27™ then 
it puts into 6f as much of @, — @s_1 as possible, subject to the constraint 
that the total amount put into 3’ by Rı—i e since the last stage at which 
it was initialized must not exceed 2~™Q,. As we will see below, the fact 
that Q >s a implies that there is a stage v after which Rı—; e is allowed 
to put all of & — @, into 6t. 

In general, at a given stage s there will be several requirements, each with 
a certain amount that it wants (and is allowed) to direct into one of the 
BI. We will work backwards, starting with the weakest priority requirement 
that we are currently considering. This requirement will be allowed to direct 
as much of @, — @s_1 as it wants (subject to its current quota, of course). 
If any of @, — @s_1 is left then the next weakest priority strategy will be 
allowed to act, and so on up the line. 
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We now proceed with the full construction. We give Ri e stronger priority 
than Rye if 2e +i < 2e’+ 7%’. Recall that we say that Rie is satisfied 
through n at stage s if Ym < s7®(a,b',e,n,m). Let n¥° be the least 
n through which Ri e is satisfied at stage s, if such an n exists, and let 
nee = œ otherwise. We say that Ri e requires attention at stage s if either 
be — o0 or nb? Æ ntti. If Rie requires attention at stage s then we say 
that each requirement of weaker priority than Ri e is initialized at stage s. 

Each requirement Ri e has associated with it a left-c.e. real Tee, which 
records the amount put into 31~* for the sake of Rie. We decide how to 
distribute 6 = as — as—1 between 3° and 8! at stage s as follows. 


n 


1. Let j = s and € = 2(7, — ys-1), and add ys — ys—ı to the current 
value of each 6t. 


2. Let i < 2 and e € N be such that 2e +i = j. Let m be the number 
of times Ri e has been initialized and let t be the last stage at which 
Ri e was initialized (or t = 0 if there has been no such stage). Let 


¢ =min(6 — e, 27N, — (TSi — 7°). 
Add ¢ to £ and to the current values of rb° and 6!~*. 


3. If e = ô or j = 0 then add 6 — € to the current value of 8? and end 
the stage. Otherwise, decrease j by one and go to step 2. 


This completes the construction. Clearly, y <, 6" <, a for i = 0,1 and 
B° + B! = a. We now show by induction that each requirement initial- 
izes requirements of weaker priority only finitely often and is eventually 
satisfied. 

Assume by induction that Ri e is initialized only finitely often. Let j = 
2e +i, let m be the number of times Ri; e is initialized, and let t be the last 
stage at which R; e is initialized. The following are clearly equivalent. 


1. Ri, is satisfied. 

2. lim, n° exists and is finite. 

3. Ri e eventually stops requiring attention. 
Assume for a contradiction that Ri e requires attention infinitely often. 
Since Q £s a, part (ii) of Lemma 9.5.7 implies that there are v > u > t 
such that for all w > v we have 27 GEM) (Qy — Qu) > Qw — Qu. Furthermore, 


by the way the amount ¢ added to T*%® at a given stage is defined in step 2 
of the construction, 7° — 77°° < 2-9+™MQ,, and 72°, — TE? < Qw_1— Qu. 
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Thus for all w > v, 


Qw — Ay—-1 = Ay — Ay — (Qw—1 = Qu) 
< 27 (+m) (Qw — Qu) — (Qw—1 — Au) 
= DUM — (2-G4™MO, + ay_1 — au) 


—(j i i,e {E i, 
< 2 Gtmg, — (rit — ri 4 rt, — 1h) 
— 9-(jtm ie i,e 
= 2-( Qu — (TÉS -Ti ). 


Thus, after stage v, the reverse recursion performed at each stage never 
gets past j, and hence everything put into 3’ after stage v is put in either 
to code y or for the sake of requirements of weaker priority than Rie. 
Let r be the sum of all 71~*’ such that R1-i,e has weaker priority than 
Ri e. Let sı > t be the lth stage at which Ri; e requires attention. If Ri—i e 
is the pth requirement on the priority list and p > 7 then pe — ie < 
2-@t+)O, Thus T — Ts, < Dsi PA = 27'Q < 27, and hence 7 is 
computable. i 

Putting together the results of the previous two paragraphs, we see that 
B' <. y. Since a £, y, we have a £, 3’. It now follows that there is 
an n € w such that Ri e is eventually permanently satisfied through n, 
and such that Ri e is eventually never satisfied through any n’ < n. Thus 
lims nve exists and is finite, and hence Ri; e is satisfied and eventually stops 
requiring attention. oO 


We now prove the upwards density theorem. 


Theorem 9.8.3 (after Downey, Hirschfeldt, and Nies [116]). Let r be a 
standard reducibility on the left-c.e. reals. Let y <, Q be a left-c.e. real. 
There is a left-c.e. real B such that y <, B <, Q. 


Proof. Let a and c be such that Ca = y and Ce = Q, and let ® be as in 
Definition 9.8.1. We build 8 >, y (with b such that Cp = 6 given by the 
recursion theorem) to satisfy the following requirements for each e. 
Re: 
Se: 


nV¥m-®(b, a,e,n,m). 


Ww Ww 


nV¥m7®(c, b,e,n,m). 


As in the previous proof, the analysis of an appropriate two-strategy case 
will be enough to outline the essentials of the full construction. Let us 
consider the strategies Se and Re, the former having priority over the 
latter. 

The strategy for Se is basically to make ( look like y. At each point of 
the construction, Re has a certain fraction of Q that it is allowed to put 
into 8 (in addition to the coding of y into 8, of course). We will say that 
Se is satisfied through n at stage s if Vm < s7®(c,b,e,n,m). Whenever 
either Se is not currently satisfied or the least number through which it 
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is satisfied changes, Se initializes Re’, which means that the fraction of Q 
that Re is allowed to put into ( is reduced. 

As in the previous proof, if Se is not eventually permanently satisfied 
through some n then the amount put into @ by Re is computable, and 
hence 8 =, y, which, as before, implies that there is a stage after which Se 
is permanently satisfied through some n and never again satisfied through 
any n’ < n. Once this stage has been reached, Re is free to code a fixed 
fraction of Q into 8, and hence it too succeeds. 

We now proceed with the full construction. For e < e’, we give a re- 
quirement Xe stronger priority than a requirement Ve. We also give Re 
stronger priority than Se. As mentioned above, we say that Re is satisfied 
through n at stage s if Vm < s7®(b,a,e,n,m). Similarly, we say that Se is 
satisfied through n at stage s if Vm < s 4®(c, b, e,n, m). For a requirement 
Xe, let n¥e be the least n through which %, is satisfied at stage s, if such 
an n exists, and let nle = oo otherwise. We say that the requirement Xe 
requires attention at stage s if either ne = œo or n¥e £ no. 

At stage s, proceed as follows. First add =~ to the current value 
of 8. If no requirement requires attention at stage s then end the stage. 
Otherwise, let Xe be the strongest priority requirement requiring attention 
at stage s. We say that Xe acts at stage s. If ¥ = S then initialize all 
weaker priority requirements and end the stage. If X = R then let m be 
the number of times that Re has been initialized. If s is the first stage at 
which Re acts after the last time it was initialized (or is the very first stage 
at which Re acts), then let t be the last stage at which Re was initialized 
(or let t = 0 if there has been no such stage), and otherwise let t be the 
last stage at which Re acted. Add 27(°+™+3) (N, — Q) to the current value 
of 6 and end the stage. 

This completes the construction. Since 8 is bounded by 3+)>, 27°1?Q = 
ae. it is a well-defined left-c.e. real. Furthermore, y <S, 8. 

We now show by induction that each requirement initializes requirements 
of weaker priority only finitely often and is eventually satisfied. Assume by 
induction that there is a stage u such that no requirement of stronger 
priority than Xe requires attention after stage u. The following are clearly 
equivalent. 


1. X is satisfied. 


X, 


2. lim, ný° exists and is finite. 


3. Xe eventually stops requiring attention. 
4. Xe acts only finitely often. 


First suppose that X = R. Let m be the number of times that Re 
is initialized. (Since Re is not initialized at any stage after stage u, this 
number is finite.) Suppose that Re acts infinitely often. Then the total 
amount added to £ for the sake of Re is 2-(°+™Q, and hence 2 =, Q £, 7. 
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Thus there is an n such that Re is eventually permanently satisfied through 
n, and such that Re is eventually never satisfied through n’ < n. Thus 
lim, n®« exists and is finite, and hence Re is satisfied and eventually stops 
requiring attention. 

Now suppose that ¥ = S and Se acts infinitely often. If v > u is the 
mth stage at which Se acts then the total amount added to 8 after stage v 
for purposes other than coding y is bounded by >, 2~@+™+2)Q < 27-741, 
It follows that 6 =, y Z, Q. Thus there is an n such that Se is eventu- 
ally permanently satisfied through n, and such that Se is eventually never 
satisfied through n’ < n. So lim, n$e exists and is finite, and hence Se is 
satisfied and eventually stops requiring attention. O 


Combining Theorems 9.8.2 and 9.8.3, we have the following result. 


Corollary 9.8.4 (after Downey, Hirschfeldt, and Nies [116]). Let r be a 
standard reducibility on the left-c.e. reals that is at least as strong as Solovay 
reducibility. Then the r-degrees of left-c.e. reals are dense. 


9.9 Monotone degrees and density 


One notable reducibility missing from the list above is monotone reducibil- 
ity, introduced in Section 4.5. Certainly this is a ©3 reducibility for which 
the degree of Q is the top degree among left-c.e. reals and the computable 
sets form the bottom degree. However, it is not known whether addition 
induces a join on this degree structure. 


Open Question 9.9.1. Does addition induce a join on the monotone 
degrees of left-c.e. reals? 


We conjecture that the answer is no. In spite of this lack of knowledge, 
there is still a downward density theorem for monotone reducibility. 


Theorem 9.9.2 (Calhoun [46]). The monotone degrees of left-c.e. reals 
are downward dense, meaning that if b is a nonzero Km-degree of left-c.e. 
reals then there is a Km-degree of left-c.e. reals a with b >a > 0. 


The proof uses the following useful lemma, which says that we can use 
simple permitting in this case. 


Lemma 9.9.3 (Calhoun [46]). Suppose that A = lim, A, and B = lim, Bs 
are monotonic approximations to left-c.e. reals A and B and f is a com- 
putable function such that Bs | n = B } n= Apis) [n= An for all s 
and n. Then A Spm B. 


Proof. Let U be a universal monotone machine. We build a monotone ma- 
chine M by letting M (0o) = Ags) | n whenever U (o) = Bs | n and defining 
M (c) in this way does not violate the monotonicity of M. By the hypothesis 
of the lemma, for all n, if U(o) = B Ì n them M(co) =A Ìn. O 
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Proof of Theorem 9.9.2. The argument is a finite injury one. We are given 
a noncomputable left-c.e. real B = lim, B, and build a noncomputable 
left-c.e. real A <Km B. (In fact, A will be a c.e. set.) We keep A Sgm B 
by Lemma 9.9.3 and simple permitting. We must meet the requirements 


Roe: B £m A with constant e 
and 
Ree41 : A Æ We. 


The Rge41 are enough to make A nontrivial, as the trivial Km-degree 
consists of the computable sets. Associated with the Rj are movable mark- 
ers n(j, s), with n(—1, s) = 0 for all s. We meet Rj between n(j — 1, s) and 
n(j, s). It will be clear from the construction that lim, n(j, s) exists for all 
j. 

To meet Rze, we allow Rze to assert control of various locations of A. If 
Roe asserts control of position n at stage s, we ensure, with the appropriate 
priority, that A;(n) = A,(n) for all t > s. At stage s, the requirement Rze 
will have control of A [ [n(2e — 1,s),n(2e,s)). At stage s + 1, if we see 
Km,(Bs | n(2e,s)) < Kms(Ag | n(2e, s)) + e, then we allow Rze to assert 
control of the next position by setting n(2e,s + 1) = n(2e, s) + 1. Notice 
that, once Ry. has priority, this can happen only finitely often, lest B be 
computable. 

Meeting Roe+1 we use a simple permitting argument. Once Ree41 has 
priority, if it has control of position n, when we see that A, | n(2e+1,s) = 
We s | n(2e + 1,5) we set n(2e + 1,s +1) = n(2e + 1,s) +1, and if ever 
B; permits n(2e + 1, s) then we can make a disagreement in the usual way 
by changing A;(n(2e + 1, s)). By Lemma 9.9.3, it cannot be the case that 
Rəe+1ı asks for permission infinitely often but never receives it, since in 
that case A would be computable but we would also have B < xm A, which 
would make B computable. O 


Open Question 9.9.4. Are the Km-degrees of left-c.e. reals dense? 


9.10 Further relationships between S-, cl-, and 
rK-reducibilities 


It follows from Theorem 9.1.6 that S-reducibility does not imply cl- 
reducibility on the left-c.e. reals. The following result shows that S- 
reducibility and cl-reducibility are in fact incomparable on the left-c.e. 
reals. 


Theorem 9.10.1 (Downey, Hirschfeldt, and LaForte [113]). There exist 
left-c.e. reals a Sa B such that a hea B. Moreover, a can be chosen to be 
strongly c.e. 
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Proof. We must build a and 8 so that a <a @ and a is strongly c.e., while 
satisfying the following requirement for each e. 


Re: AdEQ(C< BA (®(qhl<a > elb- q) <a-—®,(q))). 


These requirements suffice because any partial computable function is equal 
to ®, for infinitely many e. 

We discuss the strategy for a single requirement Re. Let k be such that 
e < 2}. We must make the difference between 3 and some rational q < 3 
quite small while making the difference between a and ®e(q) relatively 
large. At a stage t we pick a fresh large number d. For the sake of Re, we 
will control the first d+k+2 many bits of 6 and a. We set (;(n) = 1 for all 
nwithd<n<d+k+1, while at the same time keeping a(n) = 0 for all 
such n. We let q = b+. Note that, since we are restraining the first d+k+2 
bits of 3, we know that, unless this restraint is lifted, @ — B, < 27(¢+*+?), 

We now need do nothing until we come to a stage s > t such that 
Pe s(q) |< as and a, — Pe (q) < 2702. Our action then is the following. 
First we add 2—4+*+) to @,. Then we again restrain 8 | d+k+2. Assuming 
that this restraint is successful, e(8 — q) < 2~(4+?) 42-(G4D < 274, 

Finally we win by our second action, which is to add 27% to a. Then 
a— as > 274, so a— &.(q) > 27-4 > efb — q), as required. 

The theorem now follows by a simple application of the finite injury 
priority method. When we add 2~(¢+*+)) to @ at stage s, since 6,(n) = 1 
for all n with d S n < d+ k + 1, bit d — 1 of @ changes from 0 to 1. On 
the a side, when we add 2~¢ at stage s, the only change is that bit d — 1 
of a changes from 0 to 1. Hence we keep a <a 8 (with constant 0). It is 
also clear that a is strongly c.e. O 


On the other hand, S-reducibility and cl-reducibility do coincide on c.e. 
sets, as the following results show. 


Theorem 9.10.2 (Downey, Hirschfeldt, and LaForte [113]). Let a be a 
left-c.e. real and B be a strongly c.e. real. If œ Sa B then a Ss 6. 


Proof. Let A be an almost c.e. set and B be a c.e. set such that there 
is a reduction TË = A with use n + c. Let a = 0.A and 8 = 0.B. We 
may assume that we have chosen approximations of A and B such that 
T? (n)[s] = Ag(n) for all s and n < s. We may also assume that if n enters 
A at stage s then n < s. If n enters A at stage s then some number less 
than or equal to n + c must enter B at stage s. Since B is c.e., it follows 
that 6, — Bs-1 > 27+. But n entering A corresponds to a change of at 
most 27” in the value of a, so Bs — Gs—1 > 27°(as — as—1). Thus for all s 
we have a— as < 2°(3 — Gs), and hence a Ss £. Oo 


Theorem 9.10.3 (Downey, Hirschfeldt, and LaForte [113]). Let a be a 
strongly c.e. real and p be a left-c.e. real. Ifa Ss B then a <q b. 
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Proof. Let œ and ( satisfy the hypotheses of the theorem. Let the com- 
putable function f and the constant k be such that a—a p(s) < 2*~1(G—s) 
for all s. To compute a | n using @ [| n + k, find the least stage 
s such that 8, | n+k = B | n+k. Then B— bs < 2-™*, so 
a — apg) < 2571270+k) = Q-(™+D_ Since a is strongly c.e., we must 
have a [ n = ars) Ìn, since any change in the value of a | n adds at least 
2-("+1) to the value of a. o 


Corollary 9.10.4 (Downey, Hirschfeldt, and LaForte [113]). For c.e. sets 
A and B, we have A Ss B iff A Sa B. 


Thus cl-reducibility can be a particularly useful tool in studying c.e. sets. 
For example, we have seen that there is a largest S-degree of left-c.e. reals, 
but we now show that there is no largest S-degree of c.e. sets. 


Theorem 9.10.5 (Downey, Hirschfeldt, and LaForte [113]). Let A be a 
c.e. set. There is a c.e. set that is not cl-below A, and hence is not S-below 


A. 


Proof. The argument is a finite injury construction, but is nonuniform, in 
the sense that we build two c.e. sets B and C, one of which is not cl-below 
A. Let T'e be e with use restricted to n + e on input n. We satisfy the 
following requirements. 


Rei: TAABVTASC. 


These requirements suffice because if B <a A then there is an e such 
that Tá = B, in which case the requirements of the form Re, ensure that 
C £a A. 

The idea for satisfying a single requirement Re, is simple. Let 


I(e,i, 8) = max{n: Ym < n (T4 (m)[s] = Bs(m) A TA(m)[s] = C.(m))}. 


Pick a fresh large number k and let Re; assert control over the interval 
[k, 3k] in both B and C, waiting until a stage s such that I(e,i,s) > 3k. 
First work with C. Put 3k into C, and wait for the next stage t where 
I(e,i,t) > 3k. Note that some number must enter A; \ A, below 3k + i. 
Now repeat with 3k — 1, then 3k — 2, and so on. In this way, 2k many 
numbers are made to enter A below 3k + i. Now we can win using B, by 
repeating the process and noticing that, since k is larger than e and i, we 
cannot have 2k many numbers entering A below 3k +i and 2k many other 
numbers entering A below 3k + e. 

The theorem now follows by a standard application of the finite injury 
method. O 


Since both S-reducibility and cl-reducibility imply rK-reducibility, it fol- 
lows from Theorems 9.1.6 and 9.10.1 that rK-reducibility does not imply 
either of them on left-c.e. reals. We now show that this is the case even for 
c.e. sets. 
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Theorem 9.10.6 (Downey, Hirschfeldt, and LaForte [113]). There exist 
c.e. sets A and B such that A <,x B but A La B. 


Proof. Let Te be Pe with use restricted to n + e on input n. We build c.e. 
sets A <S,x B to satisfy the following requirements. 


Rete £A. 


The construction is a standard finite injury argument. We discuss the sat- 
isfaction of a single requirement Re. For the sake of this requirement, we 
choose a fresh large n, restrain n from entering A, and restrain n + e from 
entering B. If we find a stage s such that [?(n)[s] |= 0 then we put n 
into A, put n + e into B, and restrain the initial segment of B of length 
n +e. Unless a higher priority strategy acts at a later stage, this action 
guarantees that TË (n) 4 A(n). 

We ensure that the followers picked by different requirements are far 
enough apart that for each m there is at most one e such that Re has a 
follower n < m but n +e > m. Thus, if B | m = Bs | m then A | m can 
change at most once after stage s. By Theorem 9.6.7, A S,x B. O 


One further difference between cl-reducibility and S-reducibility is that 
if œa is a noncomputable left-c.e. real, then there is a noncomputable c.e. 
set cl-below a, while there may not be any noncomputable c.e. set S-below 
a. 


Proposition 9.10.7 (Downey, Hirschfeldt, and LaForte [113]). Let a be a 
left-c.e. real. Then there is a c.e. set B such that B Sa a anda La B. 


Proof. At stage s+1, for each n, if as(n) # as41(n) then put (n, i) in B for 
the least i such that (n, i) ¢ B,. If as |m =a | m then Bs [m= B Ìm, 
since (n, i) > n for all n. Thus B <a a. There are at most 2” many i such 
that (n, i) € B, and a(n) = 0 iff there are an even number of such i. Thus 
a [La B. O 


Theorem 9.10.8 (Downey, Hirschfeldt, and LaForte [113]). There is 
a noncomputable left-c.e. real a such that all c.e. sets S-below a@ are 
computable. 


Proof. Recall that a prefix-free c.e. set A C 2<% is a presentation of a if 
reà 27lel = a. By Corollary 5.3.14, there is a noncomputable left-c.e. 
real œ such that every presentation of a is computable. Let 6 <s a be 
strongly c.e. Then there is a positive q € Q and a left-c.e. real y such that 
a = q6 + y. Let k be such that 27} < q and let 6 = y + (q—27*)@. Then 
ô is a left-c.e. real such that a = 2-*3 + ô. 

Let bo, b1, ... and do, d1, . .. be computable sequences of natural numbers 
such that 27} 6 = $; 27% and 6 = $}; 27%. Since 8 is strongly c.e., so is 
2-*B, and hence we can choose bo, b1,... to be pairwise distinct, so that 
the nth bit of 8 is 1 iff n + k = b; for some i. 
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By the KC Theorem, since >, 27 + 0, 27% = a < 1, there is a prefix- 
free c.e. set A with an enumeration o9,01,... such that |oo;| = b; and 
lozis1| = d; for all i. Now Dooce, 27l0l = a, so A is a presentation of a, 
and hence is computable. Now we can compute ĝ as follows. Given n, run 
through all strings of length n+ k in A and determine whether any of them 
is gz; for some i. If so, then 3(n) = 1, while otherwise, G(n) = 0. oO 


9.11 A minimal rK-degree 


In this section, we will prove the following result. 


Theorem 9.11.1 (Raichev and Stephan [321]). There is a minimal rK- 
degree. 


This result is interesting because rK is one of the few measures of relative 
randomness for which we know whether or not there is a minimal degree. 
The proof below uses the fact that rK is reasonably well-behaved on very 
sparse sets. Merkle and Stephan [270] have exploited this idea of using 
sparse sets to establish results about measures of relative randomness quite 
fruitfully, as we will see in Section 9.15. 


Proof of Theorem 9.11.1. We build a II? class [T] for a computable tree T 
with no computable paths. The tree T will have the property that for all 
total functionals ®, for all X € [T], there is a string o < X such that one 
of the following holds: 


(i) 6* and Y are compatible for all Y € [T] extending o or 
(ii) #7 and Y are incompatible for all Z 4 Y extending o in [T]. 


We make the set S of splitting nodes of [T] computably sparse. That is, 
for all computable functions g, 


Vo € SYT ES, (a < T > g(la]) < |r). 


The proof uses movable markers. For each string v, at each stage s the 
marker m, rests on a splitting node of Ts. At stage 0, we have Tp = 25” 
and m, = v. At each stage s we will prune T, to make Ts+1. The basic 
action is called procedure CUT(ø,7). This procedure can be invoked for 
o < T. It prunes all paths that extend mo for all o x o’ < T, but not m,. 
Then all markers are moved accordingly. That is, we move Meo to mr, and 
Mov tO Mrp. 

The construction at stage s works for nodes of length < s and has the 
following actions. 


(a) If there is a ø, an i < 2, and an e < |o| with ®.(x)[s] = m,;(x) for 
all x < |o|, then invoke CUT (o, a(1 — i)). 
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(b) If there are o,6,v, and e < |o| such that ©7"°°[s] and ®7"+1[s] are 
compatible for all arguments y < |o|, but ®7"-°[s] and 6”-1"[s] are 
incompatible at some argument y < |o|, then invoke CUT(a0, a08) 
and CUT(ol, clv). 


(c) Finally, if there are 0,7,v, and e <S |o| with o < T < v and |m,| < 
®.(|m>|)[s] < my, then invoke CUT(r, v). 


It is easy to show that all the markers stop moving at some stage. Addi- 
tionally, at each stage the tree Ts is perfect, and hence (), Ts is a perfect 
tree. By (a), [T] has no computable members, and by (b) and (c), for all 
X € [T], there is a string ø < X satisfying either (i) or (ii) above, and 
the splitting nodes of T are computably sparse. Now let A be a path on 
T of hyperimmune-free degree, obtained using the Hyperimmune-Free Ba- 
sis Theorem 2.19.11. We claim that A has minimal rK-degree. Suppose 
that Ø A, B <,x. A. Then B <r A also and hence, as A is hyperimmune 
free, B <,, A. Let ^4 = B be the witnessing truth table reduction with 
computable use g. 

We show that A <,x B. Since B is not computable, (ii) must hold for ®. 
Let o be the string mentioned in (ii). We need the following lemma. 


Lemma 9.11.2. For almost all n and almost all stages t, the tree T; has 
at most two extensions of o of length n with extensions in T, that map to 
B în under ©. 


Proof. For k > |o| let f(k) be the first stage such that for all strings v 
with A | (k —1)7(1— A(k)) < v of length y(s) on Ts, there exists x < s 
with 6”(x) |# ®4(zx). Let f(k) = 1 for k < |o|. The function f is total, 
since otherwise there is a k such that for each s there is a string vs, with 
A} (k-—1)°(1— A(k)) < vs of length y(s) on Ts and 6”: (x) = 64(2) for 
all x < s. Then Y = liminf,v, € [T] is distinct from A and 64 = ðY. 
However, (ii) holds as B is noncomputable, so this is a contradiction. 

Notice that f is A-computable, and hence, as A is hyperimmune free, 
there is a computable function g majorizing f. 

Now choose n larger than |ø], the length at which T becomes g-sparse, 
and the length of the first splitting node of A on T. Let 7 be the last 
splitting node on A | n and v < 7 any splitting node extending o. Then 
by sparseness, we know that for s = f(|o]), 


s <g(lol) < |r| < n. 


Thus by stage s, every p € T, extending A [ (|y| — 1)7(1 — A(|v|)) = 
v~(1 — A(|v|) will have an argument x < s with ° (x) 4 64(x) = B(x). 
Therefore p cannot map to B f n under ®. As v is an arbitrary splitting 
node of T below the last splitting node of A [ n, only strings extending the 
last splitting node of A | n can map to B |Ì n under ®. O 
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To complete the proof, given B [ n, run through computable approxima- 
tions of T, until a sufficiently large stage t is found where T, has at most 
two extensions of o that can map to B | n under ®. The stage t exists by 
Lemma 9.11.2. We can find these extensions effectively from B | n as ® 
is a tt-reduction. The output of the two strings being found, one will be 
A Ìn. This is an rK-reduction. o 


Raichev and Stephan [321] established various facts about minimal rK- 
degrees. For example, they showed that there are 28° many of them, as 
the hyperimmune-free basis theorem shows that every II? class with no 
computable members has 28° many hyperimmune-free members. Addition- 
ally, they showed that minimal rK-degrees have fairly low initial segment 
complexity. 


Theorem 9.11.3 (Raichev and Stephan [321]). If A has minimal rK- 
degree, then for any computable order g, and for Q either C or K, 
Q(A Tn) < Q(n) + g(n) + O01). 

Proof. Given any computable strictly increasing function h, define the h- 
dilution Ap of A by An(h(n)) = A(n) and Ap(k) = 0 for k ¢ rng h(n). 
Notice that An Ss A <r An and hence Ap =x A if A has minimal rK- 
degree. To describe Ap (n) [ n we need only Q(n) plus k bits of information, 
where k is the number of elements of rng h(n) that are less than n. Since 
A <.x An, the same is true of A, up to a constant. Thus, given any g, it is 


easy to choose a fast enough growing h to make Q(A [ n) < Q(n) 4+ g(n) + 
O(1). o 


This result shows that if A has minimal rK-degree then it is far from 
random. By the Kučera-Gács Theorem 8.3.2, we know that there is a 1- 
random R with A Swa R. Now choose an h growing much faster than the 
use of the reduction A <,,4; R. Then Ap <s R, where Ap is as in the above 
proof, and hence we have the following result. 


Theorem 9.11.4 (Raichev and Stephan [821]). Every real of minimal 
rK-degree is rK-reducible to a 1-random real. 


Raichev and Stephan also showed that there are 1-random reals with no 
minimal rK-degrees below them. 


9.12 Initial segment complexity and completeness 
for left-c.e. reals 


Although K-reducibility is far from implying cl-reducibility, even on left- 
c.e. reals, if the prefix-free complexity of the initial segments of a left-c.e. 
real a is much greater than that of the corresponding initial segments of a 
left-c.e. real G, then we do have 8 <a a. 
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Theorem 9.12.1 (Downey, Hirschfeldt, and LaForte [113]). Let a and 8 
be left-c.e. reals such that lim, K(a [| n)— K(8 | n) = co. Then 8 <a a. 


Proof. Since cl-reducibility implies K-reducibility, a $a 3, so it is enough 
to show that 8 Sa a. 

Let ca(n) be the least s such that a, [ n = a [ n, and define cg(n) 
analogously. Define a prefix-free machine M as follows. For each n, s, and 
o, if U(o)[s] |= Gs | n and M(c) has not been defined before stage s, then 
let M(o) = as [ n. Suppose that cg(n) > ca(n). If U(o) |= 8 fn then 
M(o)|= a | n, so K(a fn) < K(6 [ n)+O(1). Thus cg(n) < ca(n) for 
almost all n, which clearly implies that 8 Sa a. O 


Stephan [personal communication] has shown that this result has quite 
limited applicability, however. Its hypothesis implies that lim, K(a \ n) — 
K(n) = œ, which implies in turn that a is wtt-complete. 


Theorem 9.12.2 (Stephan [personal communication]). Let a be a left-c.e. 
real such that lim, K(a f n) — K(n) = co. Then a is wtt-complete, and 
indeed a > 0’. 


Proof. We give a new proof of this result. For Stephan’s original proof, see 
Downey [103]. Let no, nı,... be an enumeration without repetitions of Q. 
Let L = {(Ki(ns),as | ms) : t > s}. Then the weight of L is bounded by 
Vs Duloj=n, 2-17! < 1, so L is a KC-set. Thus K (as | ns) < K(ns)+O(1). 
Hence, for all but finitely many s, we have a | ns # a, | ns. So, for all but 
finitely many n, we can compute @’(n) using a | n by searching for a stage 
s such that a [ n =a, [ n, and noting that n € Q iff n = n, for some 
t<s. O 


Of course, we can use any c.e. set in place of Ọ’ in the above proof, so we 
have the following result, whose second part follows by Theorem 9.10.5. 


Corollary 9.12.3. Let a be a left-c.e. real. Then either a >. B for all c.e. 
sets B or there are infinitely many n such that K(a | n) < K(n) 4+ O(1). 

Thus, if A is a c.e. set then there are infinitely many n such that K(A Ù 
n) < K(n) + O(1). 


Stephan [personal communication] also noted that the analog of Theorem 
9.12.2 holds for plain complexity. He attributes this result to folklore. 


Theorem 9.12.4. Let a be a left-c.e. real such that lim, C(a@ [| n)—C(n) = 
oo. Then a is wtt-complete, and indeed a >. W. 


Proof. Let f(n) be the least s such that x € 0, if there is such an s, and 
f(n) = 0 otherwise. Let g(n) be the least s such that a [n =a, | n. If 
a Fa Ø then g does not dominate f. In other words, there are infinitely 
many n such that g(n) < f(n). For any such n, we have a [| n = an) Ìn, 
whence C(a | n) < C(n) + O(1). o 
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9.13 cl-reducibility and the Kucera-Gacs Theorem 


Recall that the Kucera-Gacs Theorem 8.3.2 states that every set is wtt- 
reducible to a 1-random set. In this section, we show that this wtt-reduction 
cannot in general be improved to a cl-reduction. In other words, the use of 
the reduction in the Kuéera-Gacs Theorem cannot be made to be n+ O(1). 
Indeed, there is a #’-computable set that is not cl-reducible to any complex 
set. (Recall that a set A is complex if there is a computable order h such 
that K(A Ìn) > h(n) for all n.) 


Lemma 9.13.1 (Downey and Hirschfeldt [unpublished]). Let T be a cl- 
reduction with use bounded by x +c, leto € 2<”, and let f be a computable 
order. There exists a T > o such that for every u € 2'7/+¢, if TY = T then 
K(p) < f(|ul). Furthermore, T can be found ( -computably. 


Proof. It is enough to prove the existence of such a 7, since then we can @’- 
computably search for one. We assume the usual convention that if T = v 
and v’ < v then there is a p’ x p such that IT” =v’. 

Let h(v) be the number of strings u of length 2!”!+¢ such that IT! = v. 
Then h(v0) + h(v1) < 2h(v), so h is an integer-valued supermartingale. 
Let o’ > o be such that h(o’) is minimal among all extensions of ø. Then 
h(a'0) = h(o’), since h(a’0) > h(o’) by the choice of o’, and h(a’0) < h(o’) 
since otherwise h(o’1) < h(a’). Similarly, h(o’1) = h(a). Proceeding this 
way by induction, we see that h(v) = h(o’) for all v > o’. Thus there is a 
k such that if T” = v for v > o’, then K(u) < K(v) +k. 

Let T > o’ be such that K(T) < f(|rT| +c) —k. It is easy to see that such 
aT exists, because K(o’0") < K(n) + O(1) and K(n) has no computable 
lower bound, so that we can take r = o’0” for a sufficiently large n. Then 
T has the desired properties. O 


Theorem 9.13.2 (Downey and Hirschfeldt [unpublished]). There is an 
A <, 0! that is not cl-reducible to any complex set. 


Proof. Let [9,T1,... be an effective listing of the cl-reductions, with the 
use of T, bounded by x +n. Let fo, fi,... be a 0’-effective listing of the 
computable orders. Let oo = À. Given Cne), by Lemma 9.13.1 we can Q- 
computably find a T > Cn e) such that for every p € alri+n if T = 7 then 
K(u) < fe(|ul). Let om, ey41 = T. Let A = U; ci. Then A <p W. If A <a X 
then there are infinitely many n such that T = A. For any such n and 
any computable order fe, let k = |o(n,e)41|. Then K(X [| k+n) < f(k+n). 
Thus X is not complex. O 
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9.14 Further properties of cl-reducibility 


This section could be called “When reducibilities go bad”. We will see that 
in spite of a number of nice features mentioned in the previous section, 
cl-reducibility also has some undesirable properties. 


9.14.1 cl-reducibility and joins 


By Theorem 9.5.2, and the note following it, the cl-degrees of left-c.e. re- 
als do not form a lowersemilattice. That is a common feature of many 
reducibilities. However, the cl-degrees of left-c.e. reals also do not form an 
uppersemilattice; that is, there is no join operation for them. This result 
was first proved directly by Downey, Hirschfeldt, and LaForte in [113], but 
follows from the proof of the following result of Yu and Ding [414]. 


Theorem 9.14.1 (Yu and Ding [414]). There is no cl-complete left-c.e. 
real. 


Actually, they proved something even stronger: 


Theorem 9.14.2 (Yu and Ding [414]). There are two left-c.e. reals ag and 
a, such that there is no left-c.e. real B with a; Sa B for i= 0,1. 


Proof. The proof of this theorem has gone through a number of simpli- 
fications, particularly in the induction. The first significant streamlining 
was due to Barmpalias and Lewis [246]. The proof we will follow is due to 
Barmpalias, Downey, and Greenberg [21]. 

The main idea of the construction is that if @ is a left-c.e. real that cl- 
computes both ao and ay, then alternatingly adding little bits to ag and 
a, (drip-feeding them, as it were) is sufficient to drive 8 to be too large. 
Intuitively, a real 8 computing another real y with use x for every x means 
that as soon as y changes at position x, the real 8 must change at a position 
less than or equal to x. That is, if y can be computed with oracle @ and 
use x, then £ is not less than y. So if there were a largest c.e. cl-degree p, 
we could select two reals ap and a, and change them alternatingly to drive 
b to be very large. 

Furthermore, we can reserve parts of the reals for this purpose, to work 
independently for each requirement. In more detail, suppose that To and 
Tı are cl-reductions and that 8 is a left-c.e. real. For all such triples, we 
need to meet the requirement 


Rro.ria: Either TË # ao or PY # ay. 


For simplicity of presentation, we will take the reductions T; to be ibT- 
reductions, but this assumption is inessential to the proof below; in the 
general case, the only change is that longer interval such as [k, k + 2**°] 
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instead of [k, k + 2*| would be needed.* We view left-c.e. reals as both infi- 
nite binary sequences and as the corresponding elements in the Euclidean 
interval [0, 1] (via binary expansions). Addition means the usual arithmetic 
addition. 

To meet requirement R = Rp,7r,,8, we describe a family of modules, 
each indexed by an interval of natural numbers. Let a < b. A stage s is 
expansionary for the [a,b)-module (for R) if for both i = 0,1 we have 
rf [s] D &i,s | b. The instructions for the module are as follows. 


Repeat the following 2°74 — 1 many times: 


1. At the next expansionary stage, add 2~° to ao. 
2. At the next expansionary stage, add 2~° to a1. 


At the end, wait for the next expansionary stage and then 
return. 


To meet the requirement R, we run the [k, k+2*)-module for R for some 
k. We will shortly argue that this module cannot return, so it must get 
stuck waiting for some expansionary stage, and hence R is met. It is easy 
to see that assuming that we start with a; | [a, b) = 0°~, the fa, b)-module 
for any requirement makes changes only in a; | [a,b) (for both i = 0,1) 
and so if for distinct requirements we run modules on disjoint intervals, 
then there is no interaction between the requirements and so we can meet 
them all. 

The verification relies on the following lemma. For this lemma, we think 
of a finite binary string also as a natural number (via binary expansion). 


Lemma 9.14.3. Suppose that aot, | [a,b) = a1, | [a, b) = 0°~*. Suppose 
that at stage to, an [a,b)-module for R begins and returns at a stage tı. 
Then 


Br, Ta— bi fasb—a. 


Proof. By induction on b — a. If b = a there is nothing to prove. Assume 
the lemma holds when b — a = n, and let a < b be such that b-a=n+1. 
The key observation is that the [a,b)-module consists of three parts: 


1. Running the [a + 1, b)-module. 


2. Running one iteration of adding 27? to ap and then a, (and waiting 
for expansionary stages). 


3. Running the [a + 1, b)-module again. 


4In fact, as observed in [21], if A and B are sets with an upper bound in the cl-degrees, 
then they also have one in the ibT-degrees, and similarly, if a set A is cl-reducible to a 
1-random (left-c.e.) real, then it is ibT-reducible to a 1-random (left-c.e.) real. 
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Note also that both times we run the [a + 1,b)-module, we start with 
a; | [a+1,b) = 0”: the first time by the assumption of the lemma, and the 
second because when the first [a + 1, b)-module halts we have a; [ [a,b) = 
01” for both i; we then add 2~°, which makes a; | [a,b) = 10”. 

Let so be the stage at which the first [a + 1,b)-module returns, and sı 
be the stage at which the second one begins. By induction, 


Bs, at+1—6, fat+len 
and 
Br, Ta+1-— 8s fat1len. 


Between so and sı we have a change in ao(a), which forces a change in 
B Ù a+1 by the next expansionary stage, and then a change in aj(n), 
which forces another change in @ | a+ 1. Each of these changes adds at 
least 1 to 8 [a+1. Thus, in total, 


Be, fa+1— bio fat+l1 > 2(n +1), 
which implies that 


bu ac Bro laž n+l1, 


as required. o 


This concludes the verification: the [k, k + 2*)-module can never return 
because that would force 3 | k > 2", which is impossible. O 


The Kučera-Slaman Theorem 9.2.3 says that all 1-random left-c.e. reals 
are the same in terms of their complexity oscillations, and have sequences 
of rationals converging to them at essentially the same rates; and that 
from any of them, we can obtain any given left-c.e. real via a rather strong 
reduction. One consequence of Theorem 9.14.2, however, is that, in general, 
there is no efficient algorithm (in terms of the number of bits used) to obtain 
the bits of a left-c.e. real from the bits of a 1-random left-c.e. real. 


9.14.2 Array noncomputability and joins 


By adding multiple permitting to the argument above, Barmpalias, 
Downey, and Greenberg [21] were able to classify the degrees within which 
constructions such as the one in the proof of Theorem 9.14.2 are possible. 


Theorem 9.14.4 (Barmpalias, Downey, and Greenberg [21]). The follow- 
ing are equivalent for a degree d. 


(i) There are left-c.e. reals ao and a, in d that do not have a common 
upper bound in the ibT-degrees (or cl-degrees) of left-c.e. reals. 


(ii) d is c.e. and array noncomputable. 
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Proof. We begin by showing that we can perform the construction in the 
previous subsection within an array noncomputable c.e. degree. Recall from 
Section 2.23 that a c.e. degree d is array noncomputable iff for each (or 
some) very strong array (i.e., partition Fo, Fi,... of N of increasing size), 
there is a c.e. set D € d such that for all c.e. sets W there are infinitely 
many n with W | Fa = D | Fn. Later, we will calculate the desired size of 
Fn for this proof. Assuming this has been done, fix some D € d that satisfies 
the definition for this Fo, Fi,.... To get sufficiently many permissions, a 
requirement R = Rr,,rı,8 as above enumerates an auxiliary c.e. set WR 
and ties its actions to permissions from Fn. 

Again, a module for requirement R will operate on some interval |a, b); 
the notion of an expansionary stage for a module for R on an interval 
(a, b) is defined as before. To such a module, we will assign an n such that 
|F,| > 2(2°-* — 1). Note that we choose distinct n’s for each module for 
R. To request permission, the module picks some x € Fn that is not yet 
in Wp and enumerates it into Wr. Permission is received when at a later 
stage, x enters D. The standard modus operandi for multiple permitting 
is used: if some x € F, enters D before it is enumerated into Wp, then Fn 
can be made incorrect for permitting by withholding x from ever entering 
Wr, so we assume this never happens. 

The new module follows the following instructions: 


Repeat the following 2?~* — 1 many times: 


1. Wait for an expansionary stage, then request permission. 
When permission is received, add 2~° to ao. 

2. Wait for another expansionary stage, then request permis- 
sion. When permission is received, add 2~? to ay. 


At the end, wait for the next expansionary stage and return. 


Note that the choice of n ensures that we can always request new permis- 
sions, as the module above requests at most 2(2?~* — 1) many permissions, 
and so we never get Fan C Wr. 

The overall construction is as expected. For every R we pick an infinite 
set of intervals of the form [k,k +2") and run modules on each interval 
separately (all of these modules together enumerate Wr, though). We en- 
sure that these intervals are pairwise disjoint and that the intervals used by 
different requirements are also pairwise disjoint. Also, to code in D, we fix 
a computable set C' disjoint from every interval used by any requirement. 
Let cn be the nth element of C. For i = 0,1, we declare that a;(c,) = 1 
iff n € D. Since D is a c.e. set and all modules change a; only on their 
assigned intervals, we see that both a, are still left-c.e. reals. 

To conclude the construction, we need to specify the required size of 
Fn so that we can assign, for every requirement R, almost every n as a 
permitting number for some module working for R. So after we specify the 
coding location set C and assign the intervals for every requirement, we 
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define |F;,| to be large enough so that for every m < n, for each of the 
first m many requirements, if [a, b) is the nth interval assigned to R, then 
|F,| > 2(2°-¢ — 1), so that F, can be assigned as a permitting set for the 
(a, b)-module for R. 

For the verification, we note that Lemma 9.14.3 holds for the new 
construction, with the same proof. Thus, for any requirement R, no 
[k, k + 2*)-module for R ever returns. The standard permitting argument 
now shows that it cannot be that every module for some requirement 
R gets stuck waiting for permission: For almost all n, the set Fp is as- 
signed as a permitting set for some module for R, so there is some such n 
with Wr | Fa = D | Fy, whence the module to which Fn is assigned is 
never stuck waiting for permission. As a result, this module must get stuck 
waiting for an expansionary stage, and so the requirement R is met. 

It is clear by coding that D <+ ag,a 1. To conclude the verification, we 
show that ao,a1 Sr D. Fix i < 2 and x. We compute a;(x) with oracle 
D as follows. If £x € C then we can calculate the n such that x = cy 
and then consult D for the value of a;(x). Otherwise, x belongs to some 
interval [a,b) on which a module for some requirement R is working. This 
requirement is assigned some permitting set Fa. Wait for a stage s at which 
D, | Fa = D | Fy. Then, after stage s the segment a; [ [a, b) is fixed, and 
so a;(X) = ai, (£). 

We now prove the converse: If ag and a, are left-c.e. reals with array 
computable (Turing) degrees, then ao and a; have a common upper bound 
in the cl-degrees. The idea is that we can approximate ag and a; with the 
number of mind changes (i.e., the function taking n to |{s : ais41 [nF 
Qi,s | n}|) bounded by a very slow growing function. This fact follows from 
the characterization of array computability as uniform total w-c.e.-ness in 
Lemma 2.23.6: A c.e. degree d is array computable iff for every computable 
order h, every f <+ d has an h-c.e. approximation. We can then use this 
slow bound on the number of mind changes to build a left-c.e. real @ that 
changes somewhere on its first n digits whenever either ao or a1 does so. 

Again we think of these reals as elements of the interval [0, 1]. A request 
that 8 | n change is met by adding 27” to 8. If the number of requests for 
a 3 | n change does not exceed a bound g(n) such that 


X g(nj2- (9.2) 


n21 


then we can construct a left-c.e. real that changes appropriately whenever 
we ask it to. In our case, a request to change 8 | n is made whenever we 
see a new value for ag [| n or a, | n, so if the number of such new values is 
at most gn) then the plan will work. Thus, all we need to do is fix some 
computable order g that grows sufficiently slowly so that (9.2) holds, and 
approximate the functions n > a; [nina I) 6, way, which is possible, 
as mentioned above. 
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There is not much to add to give a formal construction. Fix a computable 
order g that satisfies (9.2). For i = 0,1, fix computable binary functions 
fi such that (writing fi, (n) for fi(s,n)), for all n, the value fi s(n) is a 
binary string of length n, 


Ho: fasala) # fiat) < 2, 


and 
lim fi(n) = a; Ìn. 
We define a left-c.e. real 3: start with 8o = 0 and let 


Bs+1 = Bs T y aat fi, s+1( n) al fi,s(m)}- 


The fact that g satisfies (9.2) and the restriction on the number of mind- 
changes for the f; imply that 8 = lim, s < 1, so 8 is well-defined. 


Lemma 9.14.5. a; Sir b- 


Proof. If s is a stage such that Bs [| n = 8 | n then we never add 27” to 
b after stage s. This fact implies that fi(n) = fi,s(n) for all t > s. Thus 
fi(n) = Qi i n. O 


This concludes the proof of the theorem. O 


Barmpalias, Downey, and Greenberg [21] remarked that the above proof 
for the array computable case does not use the fact that the a; are left- 
c.e. reals. This proof works for any sets that have array computable c.e. 
degrees, because approximations like the f; are available for all sets in those 
degrees. 


9.14.3 Left-c.e. reals cl-reducible to versions of Q 


Although there is no maximal c.e. cl-degree, we can say a little about the 
cl-degrees of 1-random left-c.e. reals. 


Theorem 9.14.6 (Downey and Hirschfeldt [unpublished]). If A is a c.e. 
set and a is a 1-random left-c.e. real, then A Sirr a. 


Proof. Given A and & as above, we must construct [° = A with use 
q(x) = x. Since a is l-random, there is a c such that K(a | n) > n — c for 
all n. We enumerate a KC set L and assume by the recursion theorem that 
we know an e such that if (m,o) € L then K(o) <m+e. 

Initially, we define [°s(n) = 0 for all n, and maintain this definition 
unless n enters A,i1 \ As. As usual, at such a stage, we would like to 
change ['°(n) from 0 to 1. To do this, we need a | n 4 ag | n. Should we 
see a stage t > s with qa [| n Æ a, | n then we can simply declare that 
T! (n) =1 for all u > t. For n > e+ c+ 2, we can force such a t to exist. 
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We simply enumerate a request (n — c — e — 1, œs Ì n) into L, ensuring that 
K(as |n) <n—c—1,s0 that a |n Æ as | n. Note that L is indeed a KC 
set because we make at most one request for each n > e+ c+ 2. O 


Once consequence of this result is Proposition 6.1.2, that Q is wtt- 
complete. 

Barmpalias and Lewis [23] proved that not every left-c.e. real is cl- 
reducible to a 1-random left-c.e. real. (This result should be compared with 
Theorem 9.13.2.) As with Theorem 9.14.2, this result was also strengthened 
by Barmpalias, Downey, and Greenberg [21], to classify the degrees within 
which it holds. 


Theorem 9.14.7 (Barmpalias, Downey, and Greenberg [21]). The follow- 
ing are equivalent for a c.e. degree d. 


(i) There is a left-c.e. real a Sy d not cl-reducible to any 1-random 
left-c.e. real. 


(ii) d is array noncomputable. 


Proof. Suppose that d is array noncomputable. As in the previous subsec- 
tion, we begin with the construction of a left-c.e. real not ibT-reducible to 
a 1-random left-c.e. real, and later add multiple permitting. 

We build a left-c.e. real œ to meet the requirements 


Rr g: If T? =a then £ is not 1-random. 


Here T ranges over all ibT-functionals and 8 ranges over all left-c.e. reals. 
To meet Rr g, we run infinitely many modules, where the nth module 
enumerates a finite set of strings Un with u([Un]) < 27”, such that if T? = 
a then 8 € [Un]. Thus, together, these modules enumerate a Martin-Lof 
test covering Ø, whence Rr,g is satisfied. 

In the previous subsection, we used the leeway we had in the play between 
two left-c.e. reals to drive a potential common upper bound to be too large. 
Here we have only one real to play with, and the role of the second real 
is taken by the element of the Martin-Lof test being enumerated. This 
construction is much more limited because the restriction on the size of the 
enumerated set of strings is much stricter than that on the enumeration of 
a left-c.e. real. 

The modules are built by recursion from smaller and smaller building 
blocks. Consider, for example, the following module, which changes a only 
from the ath bit on, and makes 8 | a+ 1 > 2. (Here, as before, we think 
of a string as a natural number, so, for example, to say that 8 [a+1 > 2 
is to say that 6 | a+ 1 is greater than or equal to 0°~'10 in the usual 
lexicographic ordering of strings.) We assume for now that ( is playing its 
optimal strategy, which is adding the minimal amount necessary to match 
a’s movements. We later remove this assumption. 
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(i) Set a(a + 1) = 1; wait for G(a4 
(ii) Set a(a + 2) = 1; wait for G(a4 


)=1. 
2)=1. 


(memlxxiv) Set a(a+ 1974) = 1; wait for G(a+ 1974) = 1. 


2. Enumerate 0°+111974 into the test element; wait for 3 = 0710”. 


3. Add 27971975 to a, thus setting a = 0710”. Wait for 8 = 07-110”. 


The cost, in terms of the measure of strings enumerated into the test ele- 
ment, is 27471975. as 1975 approaches infinity, we can make the cost as low 
as we like. 

Now this module can be iterated to make 3 [a+1 > 3: 


Run the 2-module from point a+ 1, 


(i) to get a(a +1) = 1 and b(a) = 1. 
(ii) Run the 2-module from point a + 2, 
1. Š to get aļa +2) = 1 and (a +1) =1. 


Run the 2-module from point a + 1979, 
to get a(a + 1979) = 1 and (a + 1978) = 1. 


(mcmlxxx) 


2. Enumerate 07119” into the test element; wait for 8 = 0°7110%. 


3. Set a = 0°10”. Wait for 6 = 0971110”. 


Again the cost can be kept down by making the number 1980 large, and 
then keeping the cost of every recursive call of the 2-module low as well. 

We can now define a 4-module, a 5-module, and so on. Note that there 
is a growing distance between the last point of change in a and the end of 
the string of 1’s in the version of Ø that goes into the test. This distance, 
according to our calculations below, is bounded by the level of the module 
(i.e., it is bounded by n for an n-module). 

We turn to formally describing the modules and investigating their 
properties, without assuming anything about how @ is being built. 

Let R = Rr g. The module Mr(a,n,¢) is indexed by: a, the bit of a 
where it begins acting; n, the level of the module; and £, the bound on the 
measure of the c.e. open set that the module enumerates. 

By induction on stages, define the notion of an expansionary stage for 
requirement R: 0 is expansionary, and if s is an expansionary stage for R, 
and x is the largest number mentioned at stage s or before, then the next 
expansionary stage is the least stage t at which T > a; | a. 

The module Mpr(a, 1,¢) is the following. 


Wait for an expansionary stage, then add 2~*~! to a. Wait for 
another expansionary stage, and return @. 
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For n > 1, the module Mp(a,n,¢) is the following, where U is the set it 
enumerates. 


Let b be the least b > a such that 27° < £. Let e' = Wetec): 


1. Fork =a+1,a4+2,...,b+n, call Mgr(k,n — 1,¢"), and 
add the returned set to U. 

2. Add the current version of 8 | b to U, and wait for a stage 
at which 8 | b changes. 

3. Wait for an expansionary stage, then add 2~>-"—! to a. 
Wait for another expansionary stage, and return U. 


We verify some properties of these modules, which will lead to the full 
construction. 


Lemma 9.14.8. A module Mr(a,n,e) does not change a | a. Indeed, 
there is a computable function c(a,n,e) such that for all R, a, n, and e, 
if c = cla,n,£), and a module M = Mpr(a,n,e) starts at stage s with 
as | [a,c) = 0°", then throughout its run, M changes only a \ [a,c), and 
if it returns at a stage t, then ar | Ja, c) = 10° *"t. 


Proof. By induction on n. The module Mpr(a, 1,¢) changes a(a) only from 
0 to 1, so we can let c(a,1,¢) = a + 1. For n > 2, we can calculate b (and 
e’) as in the instructions for the module, and let 


c(a,n,£) = max{b + n,c(k,n—1,¢’):k € [a+1,...,b4+ n}}. 


Let c = c(a,n,e). Since c > c(k,n — 1,2’) for all k € [a + 1,...,b +n], 
if we start with a, | [a,c) = 0°~%, then by induction, after m iterations 
of part 1 of the module Mr(a,n,¢), we have a | [a,c) = 0170°°2-™"1 
and so at the end of part 1 we have a [ [a,c) = O12+™-20°-8- "1. At 
part 2 of the module, a | [a,c) does not change, and at part 3, we set 
af (apo) = 105771. o 


Lemma 9.14.9. The measure of the set of strings enumerated by a module 
Mprla,n,£) is at most €. 


Proof. By a straightforward induction on n. O 


For the next lemma, we again think of finite binary strings as natural 
numbers. 


Lemma 9.14.10. Suppose that a module Mr(a,n,¢) starts running at 
stage s (with as | [a,c) = 0°, where c is as above), and returns at stage 
t. Then ps fat+1—-—6,fa+1len. 


Proof. By induction on n. The base case n = 1 is easy: if Mr(a,1,¢) starts 
running at stage s and as(a) = 0, then the module changes a,(a) to 1, 
and so by the next expansionary stage we get a change in @ [| a+ 1, which 
implies that 6, fa+1—@,a4+121. 
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Figure 9.1. The longest lines represent elements of Qa+1, the next longest lines 


elements of Qa+2, etc. In this example, n = 6. 


[2n 
pN 
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Bsn Bsp p* 


<n <n 


Figure 9.2. The longer lines represent elements of @; while the shorter lines 
represent elements of Qx+1 \ Qk. Again in this example, n = 6. 


Now assume that the lemma is proved for some n > 1. Suppose that we 
start running Mpr(a,n+1,<¢) at stage Sa with a, | [a,c) = 0°-* (where c= 
c(a,n+1,¢)). Calculate the associated b and c’. Fork = a+1,...,b+n+1, 
let sx be the stage at which the recursive call of Mr(k,n,¢’) returns. By 
induction, we have, for all such k, 


Psy Lor E T k+l èn. 


For each m, let Qm = {227™ : z € Z}. For y € (—00, 00), let Lym be the 
greatest element of Qm that is not greater than y. Then for y € 2”, again 
identified with an element of [0,1], we have y [ m = 2™ Lim. Also, for 
y <6, let 


dm (7,5) = 2” (Ld4m — LY4m) = | (Qm N (7, 8l) |- 
The induction hypothesis then says that 
dk+1(Bsp1; Bsr) >n. (9.3) 


Let 6* = LBs, 1a41 +n2~*1, so that B* € Qa+1. (See Figure 9.1.) 
By induction on k = a,...,b+n +1, we show that 


dk+1 (bsp, 8“) <n. (9.4) 


For k = a this is immediate. If k > a and (9.4) is true for k — 1, then 
because (* is in Qk, for every x € (Qk+1 \ Qk) A (Gs,_,, 8*], there is some 
y > xin QkN (Gs,_,,0*] and so 


dk41(Bs,_1,8") S 2n. 
Together with (9.3), we get (9.4) for k: see Figure 9.2. 
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Peisecles p* 


Figure 9.3. Even though dp4n+2(8s,4.41>8") may be n (in this example, n > 17), 
we see that 3” is the only element of Q,+2 between (5,,,,,, and (* itself. Again 
the shortest lines represent elements of Qp4n+2, the next shortest ones elements 
of Qinti; etc. 


At the end, we get da+b+2(bsp}np1: 8") < n, 80 8 — Baia. S (n+ 
1)2-°-"—~?. Since 2” > n+ 1, we have 6* — fs,,,,, < 27° (see Figure 
9.3). It follows that 6* [b= Bs,,,,,, TD- 

So at the end of step (2) of the module Mr(a,n+1,¢), say at a stage to, 
we have br > 8*, so da+1(bsa, Ft.) 2 n; in other words, Bt a+ 1-— Bs, | 
a+1 > n. At step 3 of the module, we change a(a), and by the next 
expansionary stage, we have a change in 8 | a+1, which adds at least 1 to 
Bf a+ 1. So if the module returns at stage tı, then 


Be fat+1—-6,,fa+1lent+l, 
as required. o 


The construction is now clear: we partition N into disjoint intervals, all 
of the form [a,c(a,2°*',2~")). A requirement R = Rr g will be assigned 
infinitely many such intervals and run Mp(a,2¢*!,2~”) on the nth inter- 
val assigned to it. By Lemma 9.14.10, none of these modules can return, 
because we cannot have 3 [| a+1 > 2°+!. If the hypothesis T? = a of R 
holds, then the module cannot ever be stuck waiting for an expansionary 
stage, and so it must get stuck waiting for 8 to avoid the set of intervals 
U that it enumerates. In other words, if the nth module for R enumerates 
Un, and T? = a, then 8 € Un, as required. If this is the case for all n, then 
b is not 1-random. 

Finally, we can add multiple permitting to this construction to get the 
proof of this part of Theorem 9.14.7. This is done exactly as in the permit- 
ted version of Theorem 9.14.2, so we will only sketch the details. Partition 
N into an infinite computable coding set C and pairwise disjoint intervals 
of the form [a,c(a,2¢*!,2~")) (all disjoint from C). Assign to every re- 
quirement R infinitely many intervals, where the nth interval assigned to n 
is of the form [a,c(a,2°*1,2~”)). For every module Mp(a,n,¢), calculate 
the total number p(a,n,¢) of stages at which the module changes a. Now 
partition N into a very strong array {F,}nen, where for every requirement, 
|Fa| > p(a,27*!,2-") for almost every n (where the nth interval for R is 
[a,c)). Let D € d be {F,, }-a.n.c. 

Every requirement R enumerates an auxiliary c.e. set Wr. To request 
permission, a module M = Mpr(a,2°*!,2~") enumerates some new x € 
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F, into Wr. Permission is later received when x appears in D. The new 
instructions for the modules are as for the original ones, except that every 
change in @ requires permission: 

The new module Mp(a, 1, €) is: 


Wait for an expansionary stage, then request permission. When 
permission is received, add 27%! to a; wait for another 
expansionary stage, and return @. 


For n > 1, the new module Mp(a,n, €) is: 


Let b be the least b > a such that 27” < $; let e’ = a. 


1. Fork =a+1,a+2,...,b+n, call Mgr(k,n — 1,2’), and 
add the returned set to U. 

2. Add the current version of 8 | b to U, and wait for a stage 
at which 8 | b changes. 

3. Wait for an expansionary stage, then request permission. 
When permission is received, add 2~°-"—! to a. Wait for 
another expansionary stage, and return U. 


For every R and n, we run Mpr(a,2°*!,2~”) on the nth interval fa, c) 
assigned for R. We also let a(c,) = 1 iff n € D, where cn is the nth element 
of C. That is the construction. 

Lemmas 9.14.8, 9.14.9, and 9.14.10 hold for the new modules as well, so 
there is no interaction between the requirements. If TÊ = a, then the R- 
modules do not get stuck waiting for expansionary stages. For such R, for 
every n such that Wr | Fn = D | Fn, every request for permission by the 
nth module for R is granted, so the nth module for R gets stuck waiting 
for 3 to leave Un (the open set enumerated by R). Thus for infinitely many 
n we have 8 € Un. By adjusting the set (letting Uj, = Un>m Un) we build 
a Martin-Lof test covering 8, so 8 is not 1-random. 

Now we turn to the other direction of the theorem: If a has array 
computable Turing degree, then there is some 1-random left-c.e. real 
b Zir a. 

Again the idea is to use an approximation to œ which does not change too 
much, and build 8 by requesting that it change by at least 27” whenever 
a | n changes. On top of this, we need to ensure that 8 is 1-random. To 
accomplish this task, let U be the second element of a universal Martin-Löf 
test. If we ensure that 8 ¢ U then we will have ensured that 8 is 1-random. 

We identify U with a prefix-free set of generators for U. Then 
eeu g-lel< F, To ensure that @ is not in U, whenever we discover that 
there is some o € U that is an initial segment of the current version of 
B, we request that this initial segment change by adding 2717| to 8. If the 
approximation to a is sufficiently tight so that the total amount added to 
6 on behalf of following a is less than E, this strategy will succeed. 
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So fix a computable order g such that >>, 2~"g(n) < 4 (we allow the 
value 0 for g for finitely many inputs; we assume that if g(n) = 0 then a [ n 
is simply given to us as a parameter in the construction). 

Get a computable approximation f,(n) for the function n +> a [ n such 
that for all n, we have |{s: fs4i1(n) 4 fs(n)}| < g(n). The left-c.e. real 8 
is defined by recursion. We start with 6o = 0 and let 


Beri = Bet > {2-": faln) A fa(r)} + {2-17 o EU, Ao ~ Bs}. 
Lemma 9.14.11. 6 < 1 (and so is well-defined as an element of 2”). 


Proof. There are two kinds of contributions to 8: following a and avoiding 
U. Now, g satisfies >, 2-"g(n) < 4 and for all n we have |{s: fs41(n) £ 
fs(n)}| < g(n), so the total added to 8 by the clause )7{2~” : fs4i(n) # 
fs(n)} is less than 4. Because £ is a left-c.e. real, for every ø € U, there is at 
most one stage s at which we have ø € U, and o < Bs, so the contribution 
of the clause )7{27!71: o € Us A o < Bs} is at most Ypey 2717 <5. O 


Lemma 9.14.12. 6 ¢ U. 


Proof. If 8 € U then there is some o € U such that o < 8. Then at a late 
enough stage s we have ø € U, and o < (3s, so at stage s we add 27!7! to 
b and force o & p for ever. O 


Finally, the first clause in the definition of 8 shows that 8 2i»rt a, as in 
Lemma 9.14.5. O 


9.14.4 cl-degrees of versions of Q 


We have seen that the Kuéera-Slaman Theorem fails for cl-reducibility. One 
possibility for rescuing some of the content of that result in the cl case is 
that at least different versions of Q might have the same cl-degree. As we 
will see in this subsection, this possibility also fails. 

We begin with the following definition and a result about its connection 
to 1-randomness. 


Definition 9.14.13 (Fenner and Schaefer [145]). A set A is k-immune if 
there is no computable sequence Fo, F\,... of pairwise disjoint sets, each 
of size at most k, such that F, N A # 0 for all n. 


Note that every set is 0-immune, that the 1-immune sets are exactly the 
immune sets, and that hyperimmune sets are k-immune for all k. Fenner 
and Schaefer [145] showed that the classes of k-immune sets form a proper 
hierarchy. We now show that for 1-random sets, the situation is different. 


Lemma 9.14.14. Suppose that |B| = m, and let B be a collection of 
n pairwise disjoint subsets of B, each of size k. Then there are exactly 
gm—kn(ok _ 1)" subsets of B that have nonempty intersection with every 
set in B. 
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Proof. Each B’ € B has 2* — 1 many nonempty subsets, so there are (2* — 
1)” many subsets of (J 6 with nonempty intersection with every B’ € B. 
The size of B\ (JB is m — kn. Each subset of B with the desired property 
is determined by its intersections with |J 8 and with B \ UB, which can 
be chosen independently. oO 


Theorem 9.14.15 (Folklore). Every 1-random (or even weakly 1-random) 
set is k-immune for all k, but no 1-random set is hyperimmune. 


Proof. Let Fo, Fi,... be a computable collection of pairwise disjoint sets, 
each of size at most k. Let Q be the class of sets that have nonempty 
intersection with every F,,. Then Q is a IT? class. Let I, = [0, max Uien Fil. 
By Lemma 9.14.14, for each n, the number of subsets of [,, that intersect 
every F; for i < n is 2!/»|-*n(2* — 1)”, so the measure of Q is bounded 
above by 


2ln|-kn (oe G 1)727 Hal = PE a 1)" i= (1 _ Oe. 


which goes to 0 as n increases, since 1 — 2-* < 1. Thus Q isa null My class. 
So if A is weakly 1-random then A ¢ Q, and hence Fo, Fi,... witnesses the 
k-immunity of A. 

Now let Go, Gi,... be a computable sequence of pairwise disjoint sets 
such that |G,,| = 2”. Let V, be the class of sets A such that Gna N A = 0. 
Then u(Vn) = 27”. So if we let Un = Umsy Vn then Up, U1,... is a Martin- 
Lof test, and (),, Un is the collection of sets A for which there are infinitely 
many n with Gn N A = 9, and so contains every hyperimmune set. O 


We are now ready to show that not all 1-random left-c.e. reals have the 
same cl-degree. 


Theorem 9.14.16 (Stephan, see [21]). There exist 1-random left-c.e. reals 
of different cl-degrees. 


Proof. The following proof is from [21]. 

Let a be a l-random left-c.e. real. Thinking of a as a subset of N, we have 
that N \ a is also 1-random, so by Theorem 9.14.15, there is a computable 
sequence to < tı <--- such that for each n, at least one bit of a | (tn, tn+1] 
is a 0, and the size of (tn, tn+1] is increasing in n. 

Let 8 be the real such that 6(x) = 1 iff x = tn for some n > 0 (in other 
words, 8 = donso 2-tn~1). Since 8 is computable, a + is left-c.e. and 
1-random. 

We claim that a does not cl-compute a+ 8. Suppose that it does. Then 
there is a c and a partial computable function w~ such that for all n, 


pla | (n+ ¢)) = (a+ A)(n). 


For all m, the block a | (tm, tm+1] is not a string of 1’s, so adding 2-'~~+ 
to a does not create a carry before the tmth bit of a. Thus, for every n > 0, 


al (tr +1) +£ | (tn +1) = (a + 8) | (tn +1). (9.5) 
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By Theorem 9.14.15, a is not immune, so there are infinitely many n such 
that a | [tn — c, tn) = 1° and tn—1 < tn — c. By (9.5), for each such n, 


Yla [ tr) = (a + b) (tn = €-) = 1- altn). 


We can now define a c.e. supermartingale M that succeeds on a, which 
is a contradiction: Begin with M (A) = 1. If there is an n such that |o| = tn 
and o [ [tn — c,tn) = 1°, where tn-1 < tn — c, then wait for w(c) to 
converge. If that never happens then M (ci) = 0 for i = 0, 1. Otherwise, let 
i = 1 — 7(0) and let M(oi) = 2M(o) and M(o(1 — i)) = 0. For all other 
a, let M(ci) = M(c) for i =0,1. o 


9.15 K-degrees, C-degrees, and Turing degrees 


Merkle and Stephan [270] have given simple and short but clever argu- 
ments about the structure of the C- and K-degrees, and their relationships 
with the Turing degrees, by using sparse sets. We will see other relation- 
ships between these measures of relative randomness and Turing degrees 
for random sets in Chapter 10. 

We begin with the following result, which we state in relativized form 
for future reference, and which will be important in Chapter 11. 


Lemma 9.15.1 (Merkle and Stephan [270], after Chaitin [61]). If K*(A | 
n) < KX(n)+ O(1) for all n in an infinite set S then A Sr S X’. 


Proof. Let 
T = {o : YT 3 o (|T| € S > KŽ (T) < K* (|r|) +0}. 


Then T is an (S @ X’)-computable tree, A € [T], and, by the relativized 
form of the Counting Theorem 3.7.6, T has bounded width. Thus A is an 
isolated path of T, and hence is (S5 @ X’)-computable. o 


Theorem 9.15.2 (Merkle and Stephan [270]). Let Y C {2":n € w} and 
X <x Y. Then X Lr Y 9V. Hence, if 0' <r Y then X <x Y implies 
X <r Y. 


Proof. The idea is to code Y by a certain sparse set of numbers. Let 
g(n) = 2" + D> ay (2*+?), 
k<n 
Then g(n) € [2”,2("+) — 1] and we can compute Y | 2("+ from g(n). 
Thus K(Y | g(n)) < K(g(n)) + O(1), so K(X | g(n)) < K(g(n)) + O01). 
By Lemma 9.15.1, X <r rng(g) BV <p> YO. oO 
A similar proof establishes the following. 


Theorem 9.15.3 (Merkle and Stephan [270]). If Y C {2?" : n € w} and 
X <c Y then X <7 Y. 
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Proof. Let g(n) = 2° + Yyen 2°*Y Caan Given a number m € Jn = 


(29) 29()+1 _ 1], we can determine Y [| m by knowing m and g(n). 
Since |J,| = 29, we can encode m by a string o of length 29°), From 
a we can also decode g(n), so o is enough to describe Y | m, whence 
C(X Im) < C(Y | m) + O(1) < g(n) + O(1), where the constants depend 
on neither m nor n. Let c be the last constant in this inequality. 

Now let T be the set of strings o such that for all r = ø, if |r| € Jn 
for some n then C(T) < g(n) + c. Then T is a Y-c.e. tree, since g is Y- 
computable. Furthermore, for each n, since | J,| = 29”, there must be some 
in € Jn such that C(in) > g(n). Then for each n we have C(a) < Clin) +e 
for all o € T such that |o| = in. By Lemma 3.4.3, T has finite width. Now 
we can transform T into a Y-computable tree as in the proof of Theorem 
3.4.4, to conclude that X is a path in a Y-computable tree of finite width, 
from which it follows that X <r Y. O 


The following are immediate corollaries to the above result. 


Corollary 9.15.4 (Merkle and Stephan [270]). There is a minimal pair of 
C-degrees of computably enumerable sets. 


Proof. Choose A, B C {2?" : n € w} whose Turing degrees form a minimal 
pair and apply Theorem 9.15.3. O 


Corollary 9.15.5 (Merkle and Stephan [270]). A C-degree contains at 
most one Turing degree. 


Proof. Let A =c B. Let A = {2?" : n € A} and B = {2?":n € B}. Then 
A ewes so by Theorem 9.15.3, â=, B, and hence A=, B. O 


Not all C-degrees can contain entire Turing degrees. Recall that A is 
complex if there is a computable order h with C(A | h(n)) > n for all n 
(or, equivalently, a computable order g with K(A | g(n)) > n for all n). 


Theorem 9.15.6 (Merkle and Stephan [270]). If A is complex then neither 
the C-degree nor the K-degree of A contains an entire Turing degree. 


Proof. We do the proof for C, the K case being essentially the same. Fix 
h as above. Let B =c A. Let D = {h(4n) : n € B}. Then D =, B, 
but D #c A, since C(A | h(4n)) > 4n, while C(D | h(4n)) < C(B | 
n)+O(1)<n+0(1). o 


For the K-degrees, we can apply similar methods to get minimal pairs. 
Recall that a set A is K-trivial if K(A | n) < K(n) + O(1). 


Lemma 9.15.7 (Merkle and Stephan [270]). Suppose that Y is not K- 
trivial and Y <x X. Then there is a function f Sz Y SY such that, for 
each n, the set X has at least one element between n and f(n). 
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Proof. Let c be a constant with Y <x X via c. Let Fa be the collection 
of all sequences D such that D(k) = 0 for all k > n. Let f(n) be the least 
number m > n such that K(D [| m)+c< K(Y | m) for all D € Fa. Such 
an m exists because Y is not K-trivial, and f is computable from §’ and 
Y. As Y <x X via c, for each n, the set X must differ below f(n) from all 
D € Fy, and the result follows. O 


Theorem 9.15.8 (Merkle and Stephan [270]). Suppose that A and B are 
-hyperimmune sets, forming a Turing minimal pair relative to 0’. Then 
the K-degrees of A and B form a minimal pair. Hence there are minimal 
pairs of K-degrees of X} sets. 


Proof. Without loss of generality we may assume that A, B C {2”:n E€ w}. 
Let Y <x A,B. By Theorem 9.15.2, Y <r AGW’, BOO’. Thus Y <+ W, 
as A and B form a minimal pair above WỌ. But by Lemma 9.15.7, if Y is 
not K-trivial, then A and B are not hyperimmune relative to 0’, and the 
result follows. Oo 


Using similar techniques, Merkle and Stephan [270] have constructed 
nontrivial branching degrees in the C- and K-degrees, where a degree is 
branching if it is the infimum of two incomparable degrees. 

Theorem 9.15.8 improves a basic result of Csima and Montalbán [83], 
who were the first to construct a minimal pair of K-degrees. Their method 
is interesting and informative in its own right, and will be dealt with in 
Section 11.12. 

We finish the section with the following result. 


Theorem 9.15.9 (Merkle and Stephan [270]). There is a minimal C- 
degree. 


Proof. We use perfect trees whose branches are subsets of {2?” : n € w}. 
Let To be the computable tree of branches of this form. Having defined Te, 
let Te+ı be a perfect computable subtree of Te so that one of the following 
holds: 


1. 4 is partial for all branches A of T.41; or 
2. 64 is computable for all branches A of T.41; or 


3. ®4 is total for all branches A of T.+, and for any two distinct branches 
A and B of T.41, if o is their longest common initial segment, then 
there is an x such that P4(x) 4 P(x), and any branch C of Te41 
that extends o coincides with either A or B up to the max of the uses 
of A(x) and PB (x). 


The usual arguments show that it is always possible to construct Te+1, 
and that if A € e Te then A is noncomputable and has minimal Turing 
degree. Let B <c A be noncomputable. Since A C {2?" : n € w}, by 
Theorem 9.15.3, B <r A. Let e be such that oa = B. Then case 3 above 
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must hold of Te+1. Given n, suppose that C and D are branches of Te+1 
such that PF (m) = B(m) and 6?(m) = B(m) whenever the relevant uses 
are less than n, but C n #4 A |n and Di} n Æ A fn. Let o be the longest 
common substring of A and C. We may assume without loss of generality 
that D also extends o (since otherwise we can simply interchange the roles 
of C and D). But then there is an x such that 69 (x) 4 64(ax) = B(x) and 
D coincides with either A or C up to the use ®9(x). By the choice of C, 
this use must be greater than n. Since C [| n 4 A | n, we conclude that 
D{n=C fn. In other words, A | 7 is one of at most two strings of length 
non T.41 compatible with B | n, whence C(A f n) < C(B [ n)+O(1). O 


Using more intricate methods, it is possible to prove that every c.e. C- 
degree bounds a minimal C-degree and a minimal rK-degree. It is unknown 
whether there is a minimal K-degree. 


9.16 The structure of the monotone degrees 


In this section we discuss results of Calhoun [46] on the structure of 
monotone degrees. Let M be our fixed universal monotone machine. 
We begin with a technical lemma about the behavior of Km. 


Lemma 9.16.1 (Calhoun [46]). Let s(a,7) be the shortest initial segment 
of o that is incomparable with T ifo |T, and let s(o, T) = X otherwise. 

(i) K(s(o,7)) < Km(o) + Km(r) + 2log Km(c) + 2log Km(r) + O(1). 
) K(jo|) < 3max{Km/(a0), Km(o1)} + O(1). 
) Km(T) < Km(or) + K(|o|) + O(1). 
(iv) For each o there is a c such that Km(r) < Km(or) + ¢ for all r. 

) For each computable set B there is a c such that Km(o~(B [ n)) < 
K(oa) +c for allo andn. 
Proof. (i) Clearly K(s(o,7)) < K(o) + K(r) + O(1), and K(o) + K(7T) < 
Km(c) + Km(r) + 2log Km(o) + 2log Km(r) + O(1), by Theorem 3.15.4. 

(ii) Assume that Km(c0) > Km(o1), the other case being symmetric. 
By (i), 

K (lol) < K(o) + 00) 

< Km(o0) + 2log Km(a0) + Km(o1) + 2log Km(o1) + O(1) 
< 2 Km(00) + 4log Km(a0) + O(1) < 3 Km(o0) + O(1). 

(iii) Define a monotone machine M by M(popi) = v if U(po) = k and 
M(pi) = uv for some pu with |u| = k. If po is a U-description of |o| and p1 
is an M-description of ør, then M(pop1) = T. 

(iv) follows immediately from (iii). 
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(v) By Theorem 3.15.7, Km(o~(B | n)) < K(o) + Km(B [| n) + O(1), 
but since B is computable, Km(B | n) < O(1). O 


Theorem 9.16.2 (Calhoun [46]). If A is neither 1-random nor computable, 
then there is a B such that A | gm B. 


Proof. Let X be 1-random. We build B in stages by a finite extension 
argument. 

For even s, let Bs4; = B,0* for some k such that Km(B,0") < Km(A } 
(|Bs| + &)) — s. Such a k exists because Km(A [ n) is unbounded, while 
Km(B,0*) is bounded, since B,0” is computable. 

For odd s, let Bsi1 = Bs~(X | k) for some k such that Km(B,7(X | 
k)) > Km(A [ (|Bs|+ &)) + s. Such a k exists because B,X is 1-random, 
and hence Km(B,~(X | n)) = n+ O(1), while A is not 1-random, and 
hence Km(A [| (|Bs| + n)) is bounded away from n. 

The even stages ensure that Km(A | n) € Km(B [| n) + O(1) and the 
odd stages that Km(B | n) £ Km(A | n) + O(1). o 


It is straightforward to extend the proof of Theorem 9.16.2 to construct 
a perfect tree such that any two paths have incomparable Km-degrees, 
yielding the following. 


Theorem 9.16.3 (Calhoun [46]). There is an antichain of Km-degrees of 
size 250, 


Since A <Km, B implies A xm B, the two previous theorems hold also 
of the discrete monotone degrees. 

Calhoun [46] proved some further structural results about the monotone 
degrees, such as the following. 


Theorem 9.16.4 (Calhoun [46]). There is a minimal pair of Km-degrees. 


Proof. We construct A and B in stages. Let Ag = Bo = A and no = 0. 

At an even stage s, proceed as follows. Let cı be the constant from 
Lemma 9.16.1 (ii), and let c2 be the constant from Lemma 9.16.1(v) applied 
to 0“. Let Až be an extension of A, with Km(Až) > Km(A,). A string o 
is terminal if there is no proper extension 7 of o with Km(r) = Km(o). 
Let n be large enough so that the following hold. 


(i) n > A3]. 
(ii) There is no terminal o with |o| > n and Km(o) < Km(A¥) + c2 + 8. 


(iii) For all m > n, we have K(m) > 3(K(Až) + cı + co + s), where c; is 
the constant from Lemma 9.16.1 (ii). 


Let Bs41 = B,~0"-!7+l and Ası = A*70"—145l, and let ns41 =n. 
At an odd stage we do the same, but switching the roles of A and B. 
To see that A and B form a minimal pair, suppose that X < xm A, B is 
not computable. We say that s is an increment stage if Km(X | ns+1) > 
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Km(X \ ns). There must be infinitely many increment stages, so suppose 
there are infinitely many even increment stages, the odd case being sym- 
metric. For each even increment stage s, let x be such that ns < £ S 1541 
and Km(X [ «—1) < Km(X [ x). As x > ng, if X | x —1 is terminal, 
then Km(X | a—1) > K(A$) +c2+5 by condition (ii). If X | e—1 is not 
terminal, then 


Km(X | x) = max{Km((X } æ — 1)°0), Km((X fæ -1)°1)} > S@ - c, 


by Lemma 9.16.1 (ii). By condition (iii), K(x) > 3(K(Až) + c1 + ce + 8). 
Thus, in either case, Km(X | x) > K(Až) + co + s. By Lemma 9.16.1(v), 


Km(A | x£) = Km(A*70"7!45!) < K(A*) + cp. 
Since s is unbounded and X <x A, we have a contradiction. O 


Calhoun [46] also showed how to construct many uncountable Km- 
degrees. For a set A and a strictly increasing function f, let A @ f(n) 
be A(fTt(n)) if n is in the range of f, and 0 otherwise. Similarly, o @ f is 
o(f—+(n)) if n is in the range of f and f~!(n) < |o|, and is 0 for all other 
n < f(lol). Let ftn] = max{k: f(k) < n}. 

Theorem 9.16.5 (Calhoun [46]). If f is strictly increasing and com- 
putable, then Km((AQ f) | n) = Km(A | fHn] £01). Hence, if Km(A | 
n) = Km(B f n)£O(1) then Km((A® f) | n) = Km((B®@ f) n)+0(1). 


Proof. When specifying a monotone machine M, we issue instructions of 
the form M(c) > T. What we mean is that, on input g, we want M to write 
T on its output tape. We might also issue another instruction M(c) = 7’. 
As long as 7 and 7’ are compatible, M is still well-defined. (Of course, to 
ensure that M is monotone, we have to satisfy a stricter condition: if we 
issue instructions M (o) = 7 and M(o’) = T’ and o and o’ are compatible, 
then 7 and 7’ must be compatible.) 

To show Km((A@f) | n) < Km(A t f~+[n])+O(1), we build a monotone 
machine M. Let M(p) = (r@f)~0* if M(p) = Tand k < f(|7/+1)—f(|7]). 
To see that M is monotone, suppose that M(p) = cı and M(v) = o2 
with p and v compatible. Then the corresponding 7, and T2 must also 
be compatible, as M is monotone. Assuming Ti = T2, it is easy to see 
that (71 Q f)~0* x (n & f)°0” for any k < f(r] +1) — f (|r|), and 
hence cı =< o2. Thus M is monotone. Now, if o = (A @ f) | n, then 
M(p) x o where p is a minimal-length M-description of A | ftn], and 
hence Km(c) < |p| = Km(A | fHn). 

To show Km(A } f~'[n]) < Km((A@ f) | n) + O(1), we build a mono- 
tone machine N. Let N(p) > o whenever M(p) = o & f. If p and v 
are compatible and we have made N(p) = o and N(v) > o’, then, since 
M is monotone, c & f and o’ & f are compatible, and we may suppose 
of x @f. Then o x a’ by definition of ®. Thus N is monotone. 
Letting o = A} ftin], we have o @ f < (A@ f) | n, and hence if p 
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is a minimal length M-description of o & f, then Km(o) < |p| + O(1) = 
Km(o Q f) + O(1) < Km((A® f) | n) + O(1). 


Corollary 9.16.6 (Calhoun [46]). There is an order-preserving embedding 
from the rationals into the monotone degrees such that each degree in the 
image of the embedding has cardinality 25°. 


Proof. For any rational number r € (0,1), let f,(m) = [4]. Let A be 1- 
random. By Theorem 9.16.5, Km(A® fr | n) = Km(A} f,"[n]) O(1) = 
tf, *[n] + O(1). By construction, f7 '[n] = max{k : [E] < n} =rn+O(1). 
Then the map r+ deggm(A® fr) induces the desired embedding: If r < s 
the lim, sn — rn = co, so A® fr <km AQ fs. Furthermore, if A Æ B are 
1-random, then A® fr =km B® fr but A Q fr 4 B® fr. Since there are 
continuum many l-randoms, each degree in the range of our map has size 
continuum. O 


9.17 Schnorr reducibility 


One can define measures of relative randomness tailored to notions other 
than 1-randomness. We give an example in this section. Given the machine 
characterization of Schnorr randomness from Section 7.1.3, we can define 
a reducibility analogous to K-reducibility for Schnorr randomness. 


Definition 9.17.1 (Downey and Griffiths [109]). A set A is Schnorr 
reducible to a set B (written A <s., B) if for each computable mea- 
sure machine M there is a computable measure machine N such that 
Kn(A Ìn) < Ku(B n) + 0(1)? 


Clearly, if A is Schnorr random and A <s., B, then B is Schnorr random. 
We prove two more facts about this reducibility. The first shows that it is 
not implied by K-reducibility, or even by cl-reducibility. 


Theorem 9.17.2 (Downey, Griffiths, and LaForte [110]). There are c.e. 
sets A and B such that A Sa B but A £sa B. 


Proof. By Proposition 7.1.19, we can restrict our attention to machines 
M such that p([dom M]) = 1. Let Mo, M,... be an effective list of all 
prefix-free machines. We build a computable measure machine M and c.e. 
sets A <a B to satisfy the requirements 


Re: (dom Me]) =1 > An(Kmu(B fn) < Ku. (Al n)—e). 


We build M indirectly, by enumerating a KC set L. 


5It would be possible to define a uniform version of Schnorr reducibility, where an 
index for N must be obtained computably from an index for M, but this notion remains 
unexplored at the time of writing. 
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For each Re we set aside a block [ne, ne +3e+1], with ney. > ne +3e+1. 
We will never allow ne+j for 0 < j < 3e+1 to enter B, but we may possibly 
put ne into B. Thus there are 2°*! many possible values for B | (ne-+3e+2). 
For each e, we enumerate a request (2e + 2,7) for each of these possible 
values 7. These are all the requests ever put into L, so the weight of L is 
equal to $D, 2°+12-@et+2) = 5>, 2-(e+1) = 1. Thus there is a computable 
measure machine M such that Km(B | (ne+3e+2)) = 2e+2 for all e. So it 
is enough to ensure that if j4([dom Me]) = 1 then Km, (A [ (ne+3e+2)) > 
3e + 2. 

There are fewer than 2°¢+? many M.-programs of length less than 3e+ 2, 
so there must be a string T € 2°°*? such that if A(ne) ... A(ne+3e+1) = 7, 
then Kyz,(A | (ne + 3e + 2)) 2 3e + 2, regardless of the other values of A. 
So for each e we wait for a stage s such that 1—p([dom M,[s]]) < 2~8°*1. 
At that stage, we know Me(u) for all Me-programs u of length less than 
3e + 2, and hence can determine a 7 as above. We put numbers into A to 
ensure that A(n.)...A(ne + 3e + 1) = 7, and put ne into B. The latter 
action ensures that A <a B. o 


It turns out that tt-reducibility is related to Schnorr reducibility much 
as wtt-reducibility is to K-reducibility. This is not a surprising fact, since 
the essential difference between a tt-reduction and a wtt-reduction is that 
the former has a computable domain, which is exactly what distinguishes 
a computable measure machine from an ordinary prefix-free machine. To 
obtain a version of tt-reducibility that implies Schnorr reducibility, we need 
to restrict the use in the same way that we did to obtain cl-reducibility from 
wtt-reducibility. 


Definition 9.17.3 (Downey, Griffiths, and LaForte [110]). A set A is 
strongly truth table reducible to a set B (written A <., B) if A Sẹ B 
via a truth table reduction T with use y(n) < n+ O(1). 


Theorem 9.17.4 (Downey, Griffiths, and LaForte [110]). If A Ssu B then 
A Xsan B. 


Proof. Let A <S. B via a reduction [ with use y(n) < n+ c. Let 
Yo,-++;72e-1 be the strings of length c. Let M be a computable mea- 
sure machine. Build a KC set L as follows. For every o and 7 such that 
M(o)|=7 and every j < 2°, enumerate a request (|o|+c, r7% | |r|). (Since 
T is a tt-reduction, [7% | |r| is always defined.) For each o € dom M, 
we add 2°27 (lel+°) = 2-I¢l to the weight of L, so this weight is equal to 
u([dom M]). Thus L is a KC set with computable weight, and hence there 
is a corresponding computable measure machine N given by the KC The- 
orem. If M(o) |= B Ìn then there is a string u of length |o| + c such that 
N(u)|=TFM+9 fn = A |n, so Ky(A tn) < Ku (B fn) + 01). oO 
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Complexity and Relative Randomness 
for 1-Random Sets 


In this chapter, we examine basic questions about the function K, as well 
as related questions about the orderings <c and <x, and other measures 
of relative complexity. We also introduce some other natural measures of 
relative randomness. These measures, which include low for 1-randomness 
reducibility Sır and van Lambalgen reducibility <,,, are at first sight not 
directly related to initial segment complexity, but can be used to naturally 
relate initial segment complexity to Turing reducibility and other measures 
of relative computational complexity. Most of the material in this chap- 
ter concerns relative initial segment complexity and relative randomness 
within the class of 1-random sets, where some of the stronger reducibilities 
considered in the previous chapter do not seem to give us much information. 


10.1 Uncountable lower cones in K-reducibility 
and C-reducibility 


We begin by establishing a relatively easy result and looking forward to 
some related ones we will prove later in the chapter. 

One property that typical computability-theoretic reducibilities share is 
that, for any given set A, there are only countably many sets reducible to 
A. This countable predecessor property does not hold of <x and <c. 


Theorem 10.1.1 (Yu, Ding, and Downey [415]). If A is 1-random then 
there are 28° many sets K -reducible to A, and indeed there are sets of every 
m-degree K-reducible to A. 
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Proof. For aset B, let B = {2 : m € B}. Then K(B | n) < K(n)+K(B |} 
logn)+0(1) < O(logn) < n+0(1) < K(A | n)+0(1), so B is K-reducible 
to A. But the map B => B is 1-1 and m-degree preserving (except when 
B = N), so the result follows. O 


Essentially the same proof shows the following. 


Corollary 10.1.2 (Yu, Ding, and Downey [415]). If A is 1-random then 
there are 28° many sets C-reducible to A, and indeed there are sets of every 
m-degree C-reducible to A. 


Perhaps strangely, it was rather difficult to construct an uncountable 
k-degree. The existence of such a degree follows from work of Reimann 
and Stephan [330] with a little work,! though the original proof is an un- 
published one due to Joe Miller. Space considerations preclude us from 
presenting this material. 

One consequence of this result is that it is not obvious that there are 
continuum many K-degrees, since the usual argument (every degree is 
countable but there are continuum many sets) does not apply. However, 
while the cardinality of sets K-reducible to a given set A might be large, 
the measure of the class of sets K-reducible to A is always 0, as shown by 
Yu, Ding, and Downey [415] and proved below as Theorem 10.3.13. This 
result is enough to conclude that there are uncountably many K-degrees, 
and in fact enough to prove the result of Yu and Ding [413] that there are 
continuum many K-degrees, as we will discuss in Section 10.3.3. 

Another route to this result is through Theorem 10.5.12 below that 
l-random K-degrees are countable. Since there are continuum many 1- 
random sets, this result implies that there are continuum many K-degrees 
of 1-random sets. 

In Section 10.3.4, we will see that the same facts hold of C-reducibility. 

Before looking at this material, however, we will examine the initial seg- 
ment complexity of Q, and introduce other measures of relative randomness, 
particularly van Lambalgen reducibility, first defined by Miller and Yu [280]. 


1Referring to that paper, specifically page 9, Theorem 1 and Lemma 1, Miller points 


out that the construction shows (for the right choice of premeasure) that there is an X 
with initial segment complexity K(X Į n) = }+O(1). The construction is loose enough 


that one could code any set into X (on the bits in positions dn for some constant d), so 
there are continuum many sets with initial segment complexity 5 + O(1). 
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10.2 The K-complexity of Q and other 1-random 
sets 


10.2.1 K(A | n) versus K(n) for l-random sets A 


We have seen a number of results, particularly those of Miller and Yu [280] 
in Section 6.6, establishing relatively precise bounds on the behavior of 
K(A Ìn) for a 1-random set A. We now present results of Solovay [371] on 
the relationship between K(n) and K(A Ìn) for 1-random sets A. 

Recall Corollary 6.6.3, which states that if A is l-random and 
5, 2-4 = ov, then there are infinitely many n such that K(A Ìn) > n+ 
f(n) — O(1). As mentioned in Section 6.6, Solovay [371] had earlier proved 
this result for computable f. Note that, since K(A | m) < m+K(m)+O(1) 
for all m, the n such that K(A [| n) > n+ f(n) — O(1) must be fairly com- 
plex, in the sense that K(n) > f(n) — O(1) for all such n. Solovay [371] 
showed that, for computable f, there must also be such complex n for which 
the complexity of A [ n is not too high. 


Theorem 10.2.1 (Solovay [371]). Let A be 1-random. Let f be a com- 
putable function such that >>, 2-f(") = œ, and let h be a computable 
order.” Then there exist infinitely many n such that K(n) > f(n) — O(1) 
and K(A} n) < n+ h(n) + 0(1).3 


Proof. Let fin) = min{f(n),2logn}. Since X` pin) seiogn 27f) < o0, we 
have >>, 2-4) = oœ. It is enough to prove the theorem with fin place of f, 


A 


since then the fact that K(n) < 2logn for almost all n implies that f(n) = 
f(n) for almost all of the infinitely many n mentioned in the theorem. 

We claim there is a computable function g > f such that $3, 279 (n) = œ 
and K(n) < g(n) + h(n) + O(1). Assuming the claim for now, we argue as 
follows. Since g > f, it is enough to prove the theorem for g in place of f. 
By Theorem 3.11.4, K(A [ n) < n+ K(n)—g(n)+O(1) for infinitely many 
n. For each such n, 


K(n) > K(A | n) -n + g(n) — O(1) > g(n) — O(1), 
since A is 1-random, and 


K(Afn) < n+ K(n) — g(n) + O11) 
<n+g(n)+ h(n) — g(n) +00) =n+ h(n) + O11). 


Thus it remains to establish our claim. To show that K(n) < g(n) + 
h(n) + O(1) it is enough to show that >, 2790-0) < oo. We define g in 


?The prototypes here are f(n) = logn and h(n) = log logn. 
31t is not hard to see that this result would not hold in general without the 
computability hypothesis on f and h. 
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stages so that for each n, we have g(n) equal to either fin) or 2logn. At 
the beginning of stage i, we have defined g(n) for n < m; for some m;. Let 
Mi+ı be least such that 


1< 5 gf) < 2, 


Mi KNL MiyI 


h(n)zi 
which exists because >>, 27) = oœ and lim, h(n) = o. For n € 
[mi, Mmi+1), let g(n) = 2logn if h(n) < i and let g(n) = f(n) otherwise. 
Then 
Dno Lhe Liew 
i my<n<mji44 i 
h(n) >i 
and 
Sr 2-H0)-AO) < D So rioa, S es) 
n i  Smy<n<migi mi <n<mi4y 
h(n) >i h(n) <i 


< es 5 ESP g—2logn x EEDD g—2logn <o. 


Mi Ln<mMmi4I 


h(n) >i 


10.2.2 The rate of convergence of Q and the a function 


The following definition provides a kind of “monotone approximation” to 
K. 


Definition 10.2.2 (Chaitin, see [371]). Let a(n) = min{K(m):m > n}. 
Note that if n > m then a(n) > a(m). We can similarly define a* using 


KX for any set X. 
The function a grows slower than any computable order. 


Proposition 10.2.3 (Chaitin, see [371]). If g is a computable order then 
a(n) < g(n) for almost all n. 


Proof. Let h(k) be the least n such that g(n) > k. Then K(h(k)) < K(k)+ 
O(1) < O(log k). Since h(g(n)) > n for all n, we have a(n) < K(h(g(n)) < 
O(log g(n)), which means that a(n) < g(n) for all sufficiently large n. O 


We now consider the rate of convergence of Q as a series, in the version 
defined as $ „ 27". Let 


jon 


Notice that s(n) goes to infinity with n. 
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Theorem 10.2.4 (Solovay [371]). a(n) — O(log a(n)) < s(n) < a(n). 


Proof. By definition, there is an m > n such that K(m) = a(n), so 
D ee K(m) = 9-a(n), Taking logs, we see that s(n) < a(n). 
For the other inequality, we will show how to compute from Q [| n an 


integer tn so that 
(i) K(t, | Q Tn) = O(1) and 
(ii) s(tn) >n. 


Assuming we have such integers, let k = s(n). Then s(t.) > s(n), so 
tk > n. Together with (i), this fact implies that 


a(n) < K(tk) < K(Q T k) +O(1) < k+ K(k) + OA) = s(n) + O(log s(n)). 


Since s(n) < a(n), we have a(n) = s(n) + O(log s(n)), so a(n) is asymp- 
totically equal to s(n), and hence O(log a(n)) = O(log s(n)), giving the 
desired inequality. 

We finish by defining integers tn satisfying (i) and (ii). Our result uses 
Theorem 3.13.2, which we now recall. Let 


p(n) = |({to € 2": U(o) L}. 


Then Theorem 3.13.2 states that p(n) ~ 27750), 

As usual, let Qs = ’ u(o)jsi 2—I7|, where we may assume that at each 
stage s exactly one new string o, enters the domain of U. Given Q | n 
compute the least kn such that Qg, I n =Q Ìn. Let ti, be the least integer 
greater than |o;| for all i < kn. Then there is a c such that 


">2-Qi n> > {27 : Jol > tp, AU(o) 1} 


= 5y 2-Ip(j) >c 5 97igj-K (3) = cg-sltn), 


jth Jta 


Taking logs, we see that s(t) > n+ O(1). Thus, for a suitable choice of k, 
independent of n, if we let tn = tp} then s(tn) > n. Furthermore, 


K(tn |Q ln) < Ktn |A lnk) + KQ n+k|Q n). 


The first term is O(1) by the explicit description of t, from Q | n. The 
second is evidently O(1) since k is fixed independently of n. o 


10.2.3 Comparing initial segment complexities of 1-random 
sets 


The first person to study (implicitly) the K-degrees of 1-random sets was 
Solovay [371]. He used the relativized version of the a function of the pre- 
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vious subsection to show that no 2-random set is K-reducible to 0.4 Of 
course, we already know that this is the case. Indeed, Theorem 15.6.5 
(which we discussed in Section 6.11) implies that if A is 2-random and 
A <x B, then B is 2-random. (We will extend this result to n-randomness 
in Corollary 10.3.11.) However, Solovay’s methods are of independent in- 
terest, so we give his original proof here. We begin with the following 
result. 


Theorem 10.2.5 (Solovay [371]). There are infinitely many m such that 
K(Q} m) < k+ a" (m) + O(log a” (m)).° 
Proof. We work with a, which is equal to al up to an additive constant. 

Let U be our fixed universal prefix-free oracle machine, and adopt the 
convention that if U¥ (T) |= p, then the use of this computation is at least 
|p|. Let M be the prefix-free machine defined as follows. The machine M 
tries to write its input as ørv such that U(c) = |r| and U” (rT) | with use 
exactly |v|. If that is possible then M outputs v. 

Let pn be the least i such that a°? (i) > n. It is easy to see that K° (pn) < 
n+O(1). Let T be a minimal-length U°-program for pn. Let ¢ be a minimal- 
length U/-program for T. Let Mn be least such that U2!" (r) |. 

Then M(oT(Q | mn)) [= Q | mn. We have |r| = n + O(1), whence 
|a| < O(log n). Furthermore, Mn > pn, so a2 (mn) > n. Thus 


K(Q | mn) < lo] + |r| +12 f mn] + O01) 
< mn +n + O(logn) < mn +a? (mn) + O(log a? (mn)). 


oO 


As we will now see, Solovay [371] also showed that if X is 2-random then 
K(X | n) > n+ a(n) — O(log a(n)). Since a” grows more slowly than 
any -computable function, this result, together with the theorem above, 
shows that no 2-random set is K-reducible to Q. We begin with a lemma. 


Lemma 10.2.6 (Solovay [371]). K” (n) < K(n) — a(n) + O(log a(n)). 


Proof. Let s(n) = — log $ ;>n 270). By Theorem 10.2.4, there is a c such 
that s(n) > a(n) — cloga(n). Let mp be the least n such that a(n) = k. 
(The sums below are taken over only those k such that m, is defined.) Let 


S = {(K(n) — a(n) + (c+ 2) loga(n),n) : n € N}. 


4Solovay actually stated his results in terms of arithmetic randomness, but the 
strengthening to 2-randomness can be extracted from his proofs. 

5We will see in the proof of Theorem 10.2.9 that in fact there are infinitely many m 
such that K(Q [| m) < k +a" (m) + O(1). 
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Then S$ is 0’-computable. Furthermore, 


2 297K n)+a(n)—(c+2)loga(n) _ Do 5 297K —(c+2) log k 


k a(n)=k 
k—(c+2) log k —K(n) _ k—(c+2) log kg—s(mx) 
<a ek J ark a ae ery 
nmk k 
< Xo gk—( c+2) log kg—a(me) +e log a(ms) = x gk—(ct2) log ko—k+c log k 
k k 


= Sees < OO. 
k 


Thus, by the KC Theorem relativized to 0’, we have K® (n) < K(n) 
a(n) + (c+ 2) log a(n) + O(1). 

Theorem 10.2.7 (Solovay [371]). If X is 2-random then K(X | n) 
n+ a(n) — O(log a(n)). 


Proof. Let pn be the position of X | n in the length-lexicographic listing 
of 2<”. Note that pn > n. If X is 2-random then K’ (X Ìn) > n- O(1). 
By Lemma 10.2.6, we have 


v Ol 


K(X [ n) = K(pn) > K" (pn) + alpn) — O(log a(pn)) 


> K" (K | n) + a(pn) — O(log a(pn)) > n + (pn) — O(log a(pn)) 
>n+t+a(n) — O(log a(n)), 
the last inequality following by the monotonicity of a. Oo 


We will return to the connections between 2-randomness and the a and 
s functions at the end of Section 10.4. 


Corollary 10.2.8 (Solovay [371]). If X is 2-random then X £x Q. 


There is no obvious way to extend Solovay’s methods beyond 2- 
randomness. However, we will introduce methods below that allow us to 
show in Corollary 10.3.11 that indeed qo” lk qo” (and, in fact, the 
K-degrees of 2% and 2°(™ have no upper bound) for all m Æ n. 

We finish this subsection with the following result, which shows that 
K(Q | n) is sometimes very close to n. 


Theorem 10. 2, 9 (Solovay [371]). There is an infinite sequence of pairs of 
numbers m°,m such that for i = 0,1, 


(i) a )=n0(1), 


n 


ii) K(Q | mh) < mp +n + O(1), 
(iii) K(m ue a(m®) + O(1), and 
iv) K(m}) = log m} + K(logm}) + O(1). 
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Proof. As in the proof of Theorem 10.2.5, we work with a® in place of o. 
We begin by building mo, mı, . . . satisfying (i) and (ii). That is, a” (mn) = 
n+O(1) and K(Q | mn) < Mn +n +0(1). 

At a first pass, we could use the proof of Theorem 10.2.5. Let pn and 
Mn be as in that proof. Then a?(mn) > n. But K? (pn) < n+ O(1) and 
Mn can be obtained Q-computably from pn, so in fact a? (mn) = n+ O(1), 
as required. Furthermore, as shown in the proof of Theorem 10.2.5, K(Q | 
Mn) S Mn +n + O(log n). 

To remove the O(log n) term, we modify the machine M from the proof of 
Theorem 10.2.5 to a new prefix-free machine N. The idea is to interlace the 
oracle and input information to eliminate the need to provide the length of 
the input as additional information. Thus N attempts to write its input as 
LoYyoL1Y1---LnYno (where the x; are bits and ø is a string) so that letting 
T = £0 . . -En ANd V = yo... Yng, we have U” (T) |. (We adopt the convention 
that if U” (T) | then |v| > |r|.) If that is possible, then N outputs v. It is easy 
to check that N is prefix-free and that, with m, as above and by a similar 
argument as before, N witnesses the fact that K(Q | mn) < m,+n+O(1). 

Now we obtain m? and m} from m,. Let d be such that for every m 
there is an m € [n,4n] with K(m) > logm + K(logm) — d. Let m? be 
the least number greater than or equal to Mn such that K(m®) = a(mn) 
and let m} be the least number greater than or equal to m, such that 
K(m}) > logm! + K(logm}) — d. Then (iii) and (iv) are satisfied. 

By monotonicity, a” (mi) > a” (mn) = n + O(1). But the mi, can be 
obtained (’-computably from Mn, so 


a” (mh) < K” (mh) < K” (mn) + O(1) <n + 0(1), 


the last inequality following because the mn can be obtained @’-computably 
from the pn, and we have already seen that K” (pn) < n + O(1). Thus (i) 
is satisfied. 

Finally, it is easy to check that each m?, is computable from Q | mn, so we 
can describe Q | m?, in a prefix-free way by giving a prefix-free description 
of Q | mp, and, since that description provides us with m, and mi,, a plain 
description of Q | [m,,m?,). Thus 


K(Q | mh) < K(Q. | mn) + CO | [mn m) + O11) 
< Mn HNH MË — Mn +01) = mi +n +01), 
so (ii) is satisfied. o 


10.2.4 Limit complexities and relativized complexities 


There are echoes of Solovay’s work in more recent results of Bienvenu, 
Muchnik, Shen, and Vereshchagin [42, 399]. 


Theorem 10.2.10 (Vereschagin [399]). C% (o) = limsup,, C(a | n)£O(1). 
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Proof. Let V be our fixed universal plain machine. Let M(r,n) = V" (r)[n] 
(where both the oracle and the universal machine are being approximated). 
If n is large enough and 7 is a minimal-length V""’-program for ø, then 
M(r,n) = o, whence C(o | n) < |r| + O(1) = C%(c) + O(1). Thus 
lim sup, C(a | n) < C” (o) + O(1). 

For the other direction, let k = lim sup,, C(o | n)+1. Let Vp = {0 : C(o | 
n) < k}. We have |V,| < 2” for all n. Let B = {7 : ImYn > m (|VaU{r} < 
2¥)}. Then B is @’-c.e. (uniformly in k), e € B, and |B| < 2*. Since we can 
describe o from @ by giving its position in the enumeration of B as a string 
of length k, we have C” (o) < k + O(1) =limsup,, C(o|n)+O(1). O 


Theorem 10.2.11 (Bienvenu, Muchnik, Shen, and Vereschagin [42]). 
K? (o) = limsup,, K(o | n) + O(1). 


Proof. The argument that limsup,, K(o | n) < K® (o) + O(1) is the same 
as in the previous proof, with U in place of V, since then M is prefix-free 
for any fixed n. 

Let (a0, Mo, ko), (01,71, k1),... be an effective enumeration of 25% x 
N xN. Let Ko = K. Given Ks, let J be the result of altering K, so that 
J(os | n) = min{k,, K(os | n)} for all n > ms, leaving all other values 
of K, unchanged. If J is an information content measure, in the sense of 
Definition 3.7.7, then let Ks+1 = J and say that k is good for os. Otherwise 
let K41 = Kg. 

Let I(c) be the least k that is good for ø. Checking whether a given J 
as above is an i.c.m. can be done @’-computably, so I(c) is 0’-approximable 
from above. For each s, let I,(0) be the least k that has been verified to 
be good for ø by stage s (or oo if there has been none). It is then easy to 
verify by induction that >, 27/:() < 1 for all s, so that 37,271) < 1. 
Thus J is an i.c.m. relative to 0’, and hence K” (o) < I(x) + O(1). 

Let k = limsup, K(o | n), let m be such that K(o | n) < k for all 
n > m, and let s be such that (0s, Mms, ks) = (a,m, k). Then the J defined 
at stage s of the above construction equals Ks, whence k is good for a. Thus 
I(a) < k, and hence K” (a) < k+O(1) =limsup,, K(o|n)+O(1). O 


It is straightforward to translate the above proof into the language of 
discrete semimeasures, and indeed that is how the proof is presented in 
[42]. The limit frequency of a partial function f is the function qf(k) = 
lim inf, isn: f OTH, Using the translation of the construction above, we 
have the following. (See [42] for details.) 


Theorem 10.2.12 (Muchnik [287]). Every @’-c.e. discrete semimeasure is 
equal to qf for some total computable function f. 


Theorem 10.2.13 (Bienvenu, Muchnik, Shen, and Vereshchagin [42]). For 
every partial computable function f, the function qf is bounded above by a 
'-c.e. discrete semimeasure. 
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Using almost the same proof we can show the following. 


Theorem 10.2.14 (Bienvenu, Muchnik, Shen, and Vereshchagin [42]). 
KM’ (o) = limsup,, KM (0 | n) + O(1). 


Bienvenu, Muchnik, Shen, and Vereshchagin [42] remarked that it is 
unknown whether the analogous result holds for monotone complexity Km. 


10.3 Van Lambalgen reducibility 


In this section we introduce a measure of relative randomness that is inter- 
esting not only for its own sake, but also as a tool for the analysis of K- 
and C-reducibility and their interactions with Turing reducibility. The fol- 
lowing definition is based on van Lambalgen’s Theorem, which recall states 
that X $ Y is l-random iff X is l-random and Y is 1-random relative to 
X. 


Definition 10.3.1 (Miller and Yu [280]). We say that X is van Lambalgen 
reducible to Y, or simply vL-reducible to X, and write X <,, Y, if for all 
Z, if X @ Z is 1-random, then Y 6 Z is 1-random. 


As usual, we call the equivalence classes induced by this reducibility the 
van Lambalgen degrees (vL-degrees). 
Nies [302] defined the following closely related notion. 


Definition 10.3.2 (Nies [302]). We say that Y is low for 1-randomness 
reducible to X, or simply LR-reducible to X, and write Y <ir X, if for all 
Z, if Z is 1-random relative to X then Z is 1-random relative to Y.® 


By van Lambalgen’s Theorem, if X and Y are both 1-random, then 
Y Sir X iff X <a Y. Notice that if X is not 1-random, then X <,, Y for 
all Y, so vL-reducibility is interesting only on 1-random sets. 

Another related reducibility is extended monotone reducibility, defined 
by writing X <pgme Y if X Z <Km Y © Z for all Z. Since all 1-random 
sets have the same Km-degree, by Theorem 6.3.10, < gme implies <,,, but 
< gme also makes sense on non-l-random sets. 

We will concentrate on studying van Lambalgen reducibility, although, 
of course, since we will be looking only at 1-random sets, all of the results 
below could be phrased in terms of LR-reducibility. 


6The name of this reducibility comes from the concept of lowness for 1-randomness, 
which will be discussed in Section 11.2. In the present notation, a set Y is low for 
1-randomness if Y Xur 0. As we will see in Chapter 11, the class of such sets is a 
natural and highly interesting one, with several characterizations in terms of notions of 
randomness-theoretic weakness. 
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The vL-degrees turn out to be a weak measure of degree of randomness. 
We will see in Corollaries 10.3.10 and 10.3.17 that both <x and <ç re- 
fine <,,. This is the key fact that allowed Miller and Yu [280] to transfer 
facts about the vL-degrees to the K- and C-degrees. This method is useful 
because many basic properties of the vL-degrees are easy to prove from 
known results. 


10.3.1 Basic properties of the van Lambalgen degrees 


In establishing the basic properties of the van Lambalgen degrees, we use 
van Lambalgen’s Theorem, Kučera’s Theorem 8.5.1 that every degree that 
computes Ø is 1-random, and Corollary 11.2.7, due to Kučera and Terwijn, 
that for every X there is a Y >, X such that every set that is 1-random 
relative to X is also 1-random relative to Y. Although we prove Corollary 
11.2.7 only in Chapter 11, since the relevant techniques are more properly 
presented there, we use it here as a black box. 


Theorem 10.3.3 (Miller and Yu [280]). 
(i) The least vL-degree is Os = {X : X is not 1-random}. 
(ii) If X <u Y and X is n-random, then Y is n-random. 


(iii) If X @Y is 1-random, then X and Y have no upper bound in the 
uL-degrees, so there is no join in the vL-degrees. 


(iv) IfY <r X and Y is 1-random, then X Su Y. 
(v) There are 1-random sets X =, Y such that X <+ Y. 
(vi) If X Y is 1-random, then X ®Y <u X,Y and X |Y. 
(vii) There is no maximal vL-degree. 
(viii) There is no minimal 1-random vL-degree. 
(ix) The ©} theory of (R,<..) is decidable, where R denotes the collection 


of vL-degrees of 1-random sets. 


Proof. (i) Immediate from the definition, since if X is not 1-random then 
X © Z is not l-random for any Z. 
(ii) The n = 1 case follows by (i), so let n > 1. By Kuéera’s Theorem, 
there is a l-random Z =, 0("-)). Then X is 1-random relative to Z, so 
X @Z is 1-random. Thus, Y 6 Z is 1-random, so Y is 1-random relative to 
Z, and hence Y is n-random. 
(iii) Assume for a contradiction that X,Y <, Z. Because X <,, Z and 
X @Y is l-random, Z@Y is also 1-random. Therefore, Y @ Z is 1-random. 
But Y <. Z, so Z® Z must also be 1-random, which is a contradiction. 
(iv) Let Z be such that X @ Z is 1-random. Then Z is l-random relative 
to X, and hence Z is 1-random relative to Y, which implies that Y @ Z is 
1-random. Thus X <,, Y. 
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(v) Let X = Q. By Corollary 11.2.7, there isa W >, X such that every 
set that is 1-random relative to X is 1-random relative to W. By Kuéera’s 
Theorem, there is a l-random Y =, W. Then X <, Y. Furthermore, 76X 
is l-random iff Z is 1-random relative to X iff Z is 1-random relative to 
W iff Z is 1-random relative to Y iff Z @ Y is l-random. Thus X =,, Y. 

(vi) By (iii), X |a Y. By (iv), X @Y <u X,Y. Therefore, X @Y <, 

(vii) If X = X1 © Xə is L-random, then X < X1, Xə by (vi). 

(viii) Let X be 1-random and Y be 1-random relative to X. Then X @Y 
is 1-random, so by (i) and (vi), Ø< X BY <u X. 

(ix) As in Lerman [240], it suffices to prove that every finite poset can 
be embedded into (R, S.L). Suppose P = (P, <) and P = {pi}i<n. Pick a 
l-random X = @,.,, Xi. For any k < n, define F(k) = {i : pp < pi} and 
let Yp = Dicr(e) Xi. Let g : P — R be defined by g(pz) = Yp. It suffices 
to prove that pj < pk & Yj Su Yu. If pj < pp, then F(k) C F(Z), so 
Y; <v Yr. If pj £ pe, then k ¢ F(j), so Xk @ Y; is 1-random. But Xk ® Yp 
is not 1-random, since k € F(k). So Yj ui Yk- m 


The following corollary improves an earlier result of Yu, Ding, and 
Downey [415] that 29°” £g 9” for all n > m. It follows immediately 


from part (iii) of Theorem 10.3.3, since if m # n then ae” ga is 
1-random. 


Corollary 10.3.4 (Miller and Yu [280]). If m £ n, then W™ and Q°”? 
have no upper bound in the vL-degrees. 


It is also clear that Q is the least AÌ 1-random set in the vL-degrees, 
and that no 2-random set can be vL-above a A$ 1-random set. 

Notice that parts (ii) and (iv) of Theorem 10.3.3 immediately imply 
Theorem 8.5.3, which states that if X is n-random and Y <+ X is 1- 
random, then Y is n-random. 

Kuéera’s Theorem 8.5.1 says that every degree above 0’ is 1-random, but 
no such degree can be n-random for any n > 1. Thus we have the following. 


Proposition 10.3.5. For every n-random degree a there is a 1-random 
degree b > a that is not 2-random. 


10.3.2 Relativized randomness and Turing reducibility 
In this subsection we prove the following strong extension of Theorem 8.5.3. 


Theorem 10.3.6 (Miller and Yu [280]). Let X <r Y and let X be 1- 
random. For every Z, if Y is 1-random relative to Z, then X is also 1- 
random relative to Z. 


To prove this result, we use the following lemma. 
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Lemma 10.3.7 (Miller and Yu [280]). If X is 1-random then 
Vedevn [u({A: P fn =X fn} < 27t]. 


Proof. Let Co = {A: 64 | n = o}. Note that if o | r then C, NC, = 0. 
Now let F; = {o : (Co) > 27!714*) and let Q; = [FJ]. The Q; form a 
sequence of uniformly £f classes. We claim that u(Q:) < 2~'. Suppose not. 
Then there is some prefix-free D C F; with u([D]) > 2~*. We now have 


u({A: &4 | |o| =o for some o € D}) = 5 u(Co) 
o€D 


Zy orl ab Se or Plo op) soo E 
o€D o€D 


which is a contradiction. So the Q; form a Martin-Lof test. Since X is 
l-random, X ¢ Qe for some c, and the result follows. O 


Proof of Theorem 10.3.6. Let X, Y, and Z be as in the theorem. Let ® 
be such that PY = X, and let c be the constant for this ® and X given 
by Lemma 10.3.7. For each o, enumerate a set F, as follows. If ®7 | |o| 
has use exactly 7, then add T to F, provided that doing so preserves the 
condition Der, 27lel < 2Q-lel+¢, Since each F, is prefix-free, we have 
MLFol) = Xer, 2-!!. Moreover, [Fx] = {A : ®4 | n = X | n} for all 
n, since the choice of c means that we are not prevented from adding any 
strings to Fy tn. 

Now suppose that X is not l-random relative to Z. For each i, define 
the $7 class Q; = UK2(6)<|o|—-c-il ¥o]- Then 


WQ)< X MED 


KZ(o)<Sļ|o|—c—i 


< 5 g-lalt+e < be. = 27i, 


KZ(ø)<ļo|-c—i o 


Hence the Q; form a Martin-Löf test relative to Z. Since X is not 1-random 
relative to Z, for each i there is an n with KZ(X | n) < n-—c-— i, which 
implies that Y € {A : ®4 [n= X | n} C Qi, contradicting the assumption 
that Y is 1-random relative to Z. O 


10.3.3 vL-reducibility, K-reducibility, and joins 


The key ingredient in connecting <x to <,, was the realization by Miller 
and Yu [280] that the initial segment complexity of X determines, for any 
Z, whether X @ Z is 1-random. This idea then allowed them to prove the 
important result that X <x Y implies X <,, Y, which means that the 
results of the previous section have consequences for the K-degrees. 


10.3. Van Lambalgen reducibility ATT 


Recall that strings of length n can be thought of as representing the 
numbers between 2”—1 and 2”+!—2. We also need some additional notation 
for the proofs below. 


Definition 10.3.8 (Miller and Yu [280]). Given X = zozı... and Z = 
2921..., let X Ĝ Z be 


Zo To Lı Z1 T2 L3 L4 L5 Z2 ... Zn T2n—2 ... Uonti_3 Zn+1 --- 


Clearly, X & Z is 1-random iff X $ Z is 1-random. In fact, X 6 Z = 
X ® Z. We can also define o & r for strings o,r € 2<”, provided that 
giti-1! — 2 < |o| < 27l — 2, 


Theorem 10.3.9 (Miller and Yu [280]). X @ Z is 1-random iff 
K(X | (Zn) > (ZT n) +n- O01). 


Proof. First, assume that X © Z is 1-random. Then X © Z is also 1- 
random. Let o = Z poas = Z | (n+ 1). Then K(X | o) = K((X | 
o) ® o’) + O(1). (We use o’ here to make the ®-join defined.) But (X [| 
a) o =(X 8 Z) to +n+1), 50 


K(X fo’) =K((X 6 Z) | (c+n4+1))40(1) > o +n- 0(1). 


For the other direction, define a prefix-free machine M as follows. To 
compute M(r), look for 71, T2, m, and nz such that T = 747, for the 
universal prefix-free machine U we have U(7,) = m © np, and |r| = no. 
If these are found, define M(r) = m7. 

Assume that X @ Z is not l-random. Then for each k, there is an m 
such that K((X ® Z) |} m) < m—k. Take strings nı and n such that 
m © m = (X @ Z) | m and let 7, be a minimal U/-program for mı 6 n2. 
Let n = |n2|. Then |7| < 2” — 2 and ņ2 > 2” — 1, so there is a string T2 
such that 7172 = X | n2. Then M(TiT2) = X | n2. Therefore, 


K(X [(Z}n)) < K(X în) < Ku (X îm) + O(1) 
< |rit2| + O(1) < K(m & m) + |72| + O(1) 
< [mn] — k + |r2| + O(1) = |m72| + [n2] — k + O(1) 
=m +|m|—-k+01)=Zİn+n-k+0(1), 


where the constant depends only on M. Because k was arbitrary, K(X T 
(Z | n)) —(Z [ n) — n is not bounded below. 


Corollary 10.3.10 (Miller and Yu [280]). If X <x Y then X Sa Y. 


Combined with Theorem 10.3.3, this corollary has the following impor- 
tant consequence for the structure of the K-degrees. 


Corollary 10.3.11 (Miller and Yu [280}). 


(i) If X <K Y and X is n-random, then Y is n-random. 
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(ii) If X BY is 1-random, then X |x Y, and X and Y have no upper 
bound in the K-degrees. Therefore, there is no join in the K -degrees. 


(iii) Ifn m then the K-degrees of Q°™ and Q*™ have no upper bound. 


The following is another attractive corollary, which follows from Theorem 
10.3.9 because X is 2-random iff X @Q is 1-random. 


Corollary 10.3.12 (Miller and Yu [280]). X is 2-random iff X is 1-random 
and K(X (Q fn) zQ>n+n—O(1). 


Another important consequence of Corollary 10.3.10 is the following fun- 
damental result, which shows that, while the cardinality of a K-lower cone 
might be big, its measure is always small. It was originally proved by direct 
and more complex methods. 


Theorem 10.3.13 (Yu, Ding, and Downey [415]). For any Y, we have 
p({X :X <K Y}) =0. 


Proof. If X is 1-random relative to Y, then X gu Y, so by Corollary 
10.3.10, X LK Y. Since there are measure 1 many X that are 1-random 
relative to Y, the result follows. O 


Similar methods also show that the cardinality of the K-degrees of 
1-random sets is as large as it can be. (Actually, since <x is Borel, the fol- 
lowing result follows from Theorem 10.3.13 and Silver’s Theorem’ [357] that 
if a Borel (or even just coanalytic) equivalence relation has uncountably 
many classes, then it has continuum many classes.) 


Theorem 10.3.14 (Yu and Ding [413]). There are 2° many K-degrees 
of 1-random sets. 


Theorem 10.3.14 has a direct proof, but it follows from another theorem 
from classical measure theory, as observed by Miller and Yu. 


Theorem 10.3.15 (Mycielski [290]). For any relation E C 2” x 2” such 
that E includes the diagonal and u(E) = 0, there is a perfect set P C 2” 
such that VX,Y € P(X AY > (X,Y) € E). 


We can get Theorem 10.3.14 from Theorem 10.3.15 by considering the 
relation E = {(X, Y): X =x Y V X not 1l-random V Y not 1-random}. 


10.3.4 vL-reducibility and C-reducibility 


In this section we prove analogs of the results of the previous section for 
initial segment plain complexity. Our main result is the following. 


T The original proof of Silver’s Theorem was very complex. Silver’s Theorem is some- 
times called the Harrington-Silver Theorem because Harrington gave a much simpler 
proof using Gandy forcing, as reported in Harrington, Marker, and Shelah [175]. 
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Theorem 10.3.16 (Miller and Yu [280]). Let Z be 1-random. The 
following are equivalent. 
(i) X is 1-random relative to Z. 
(ii) C(X în) > n- K7(n) — O(). 
(iii) C(X fn) + K(Z |n) > 2n—- O(1). 


Proof. Suppose that Z is 1-random and X is 1-random relative to Z. Then, 
relativizing Theorem 6.7.2, 


C(X | n) > C7(X tn) — O11) > n- K? (n) — (1), 


so (i) implies (ii). 
Now assume (ii). Since Z is l-random, by the Ample Excess Lemma, 
Theorem 6.6.1, KZ (n) < K(Z | n) —n + O(1), and hence 


C(X [n) > n- K4(n) — O(1) > 2n — K(Z In) — O(1), 
so (ii) implies (iii) 
Finally, assume (iii). It is straightforward to check that (for any X) we 
have C(X [| (X [ n)) < (X [-n)-—n+O(1). Thus 
K(Z [| (X | n)) 2 2(X Tn) — C(X F(X tn))- 00) 
> 2X fn) —(X fn) +n-O(1) = (X fn) +n- O(1). 


Hence, Z © X is 1-random by Theorem 10.3.9. Thus, by van Lambalgen’s 
Theorem, X is 1-random relative to Z, so (iii) implies (i). O 


The following corollary is more or less immediate. 
Corollary 10.3.17 (Miller and Yu [280}). 
(i) X @ Z is 1-random iff C(X |n) + K(Z în) > 2n- O(1). 
(ii) X <c Y implies X Sa Y. 
(ii) Let X <c Y. If X is n-random then Y is n-random. 
) 


(iv) If X Y is 1-random then the C-degrees of Y and X have no upper 
bound, and hence there is no join in the C'-degrees. 


(v) Ifn#m then the C-degrees of 2°™ and Q%™ have no upper bound. 


It follows, by the same arguments as in the previous section, that the 
measure of the class of sets C-reducible to a given set is always 0, and there 
are continuum many C-degrees of 1-random sets. 


10.3.5 Contrasting vL-reducibility and K-reducibility 


One might hope that K-reducibility and vL-reducibility coincide on the 
1-random sets. However, the following result implies that they differ even 
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for A 1-random sets. A slight modification of its proof shows that C- 
reducibility and vL-reducibility also do not coincide on the 1-random sets. 


Theorem 10.3.18 (Miller and Yu [280]). For any 1-random set X, there 
is a 1-random set Y <> X EV such that X |x Y. 


As noted above, 2 is vL-below every A$ 1-random set. On the other hand, 
Theorem 10.3.18 implies that there is a A9 1-random Y |x 9. Therefore, 
<.1 does not, in general, imply <x on the A} 1-random sets. 

The difficulty in proving Theorem 10.3.18 is getting the precise degree 
bound. Easier methods construct a Y <r X’ (in fact even with Y’ <r X’) 
such that X |x Y: Take a iN bee class P of sets that are 1-random relative to 
X, then use the low basis theorem to get a member of P that is low relative 
to X. Then, by van Lambalgen’s Theorem, X @ Y is 1-random, and hence 
X |g Y, by Corollary 10.3.11. This method would suffice to construct an 
infinite K-antichain in the A$ degrees starting with a low 1-random set. 


Proof of Theorem 10.3.18. Let R = {Z : Yn(K(Z [ n) > n)} and note 
that u(R) > 0. We define two predicates: 
A(t,p) —= w{Z>7:Z2¢ R} >p 
and B(o,s) 4> Jn < |o| (K(o |n) > K(X [ n) +3) 
Adm < |o|(K(o [| m) < K(X J m)—s), 


where o,r € 2“%, p € Q, and s € N. Clearly, we can compute whether 
B(o,s) holds given X @ @’. To see that we can compute whether A(z, p) 
holds given 9’, note that A(T, p) is equivalent to 

Js (uZ > 7: (An < s) Ks(Z [ n) < n}) >p) 

We construct Y = U, os by finite initial segments os € 2<” such that 
B(os41,8) holds, which guarantees that X |x Y. We also require the in- 
ductive assumption that u({{Z : Z > os} N R}) > 0, which ensures that 
Y € R, because R is closed, and hence that Y is 1-random. Finally, the 
construction is done relative to the oracle X 6’, so Y <r- X GW. 


Stage s = 0: Let oo = X. Note that u({Z : Z > oo} N R}) = a(R) > 0, so 
the inductive assumption holds for the base case. 
Stage s + 1: We have defined o, so that u({Z : Z > os} N R}) > 0. Using 
the oracle X @ 0’, search for T > o, and p < 27'7! such that B(r, s) and 
A(T, p). If these are found, then let o,,; = 7 and note that it satisfies our 
requirements. In particular, u({Z : Z > os41} 9 R}) > 27411 — p > 0. 
All that remains is to verify that the search succeeds. We know by 
Corollary 10.3.11 (ii) that u({Z : Z |g X}) = 1. Therefore, w({Z > 
os : Z |x X}MR) > 0. So there is a T > og such that B(r,s) and 
u({Z: Z > 7} R) > 0, which implies that there is a p € Q such that 
p <27!7l and A(z, p). oO 


A similar proof gives the following result. 
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Theorem 10.3.19 (Miller and Yu [280]). For any finite collection 
Xo,.-.,Xn of 1-random sets, there is a1-random Y Sr Xo @:::OXn OW 
such that, for every i < n, the sets Y and X; have no upper bound in the 
K -degrees. 


10.4 Upward oscillations and <x-comparable 
l-random sets 


The main result of this section is a characterization by Miller and Yu [279] 
of the functions g for which K(X | n) infinitely often exceeds n + g(n) 
for every 1-random X. As we will see, these are exactly the functions such 
that >, 2-9(") diverges. We will then use this result to show that there 
are comparable K-degrees of 1-random sets. One direction of the Miller-Yu 
characterization follows from the Ample Excess Lemma (Theorem 6.6.1). 
For the harder direction, we prove the following. 


Theorem 10.4.1 (Miller and Yu [279]). If 3>,, 2-/™ < œœ, then there is 
a l-random X such that K(X | n) < n+ f(n)+O(1). Furthermore, we 
can ensure that X <> f SV. 


The proof of this result is broken up into two parts. The first part is 
essentially technical. We would like to be able to code f into a 1-random 
set in a compact way, but this may not be possible. Instead, we construct 
a function g such that g(n) < f(n) for all n and g can be coded compactly, 
meaning that we can use Gács coding to produce a l-random X such that 
g(n) is computable from the first n bits of X, for all n. Furthermore, we 
ensure that 5°, 279 (n) < oo. The second part of the proof is verifying that 
X is the desired 1-random set, which is the content of the following result. 


Lemma 10.4.2 (Bounding Lemma, Miller and Yu [279]). If }>,,27-9™ < 
oo and g Sr X with use the identity function, then K(X | n) < n+g(n)+ 
O(1). 


Proof. Because >>, 2-9 < oo, using the KC Theorem, we can ensure 
that K9(o) < jo] + g(|o|) + O(1) for all ø. Furthermore, it is easy to see 
from the proof of the KC Theorem that we can arrange things so that, for 
o € 2”, the only part of the oracle that is needed is g | n+1. Since g | n+1 
is computable from X | n, we have a hope of removing the dependence on 
the oracle of the short description 7 of X | n given by the KC Theorem. 
However, it would appear that we need X | n to tell us how to decode 7. 
As Miller and Yu put it, “it is as if we have encrypted the decryption key 
along with our message. We would know how to read the message if only 
we knew what the message said. The heart of the proof is resolving this 
circularity.” 
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By the KC Theorem, there is a prefix-free oracle machine M and To, 7),... 
such that |t,| < g(n)+O(1) and MŽ (Tn) = X În for all n. We may assume 
that MX (Tn) has use exactly n and M* (Tn) reads exactly Tn before halting. 

We think of M as having one-way, read-only input and oracle tapes, such 
that reading a bit moves the corresponding head one position (so that we 
cannot look at the same position of either tape twice). In addition, we think 
of M as having work tapes, which it can use to store the bits of the input 
and oracle that it reads, which is why our assumptions do not limit the 
power of M. 

The key step of the proof is to transform M into a machine M° with no 
oracle. We do this by routing any reading requests that M makes to either 
its input or oracle tape to the input tape of M°. We identify M° with the 
partial computable function that converges on T with output p iff M° halts 
after reading exactly 7 on its input tape and writing p on its output tape. 
In other words, we treat M° as a self-delimiting machine, which ensures 
that M° has prefix-free domain. 

Now suppose that M*(r) |= p with use exactly n, and that M reads 
exactly all of the bits of 7 from the input tape. At certain stages of the 
computation, M asks for the next bit of the input or the next bit of the 
oracle, and by our assumptions, it cannot ask for the same bit of either tape 
more than once. Now merge the bits of r and X | n together in exactly the 
order that they are requested by M, and call the resulting string o. Then 
M°(o) |= p, because the computation of M° on a is indistinguishable from 
the computation of M* on 7. Therefore, Kmo(p) < |o| = n+ |r|. Applying 
this observation to the Tn shows that 


K(X n) < Kye(X fn) +01) < n+ |m) +00) <n+g9(n)+ O(1). 
o 


Proof of Theorem 10.4.1. Let f be such that $ „274 < oo. We want to 
construct a function g such that g(n) < f(n) for all n and >, 2-9™ < o0, 
and furthermore g can be coded in a compact way. In particular, we require 
that 


= 


g(n) < f(n) for all n, 

2. oO < 00, 

3. g(0)=0, 

4. if n #3 mod 4, then g(n) = g(n + 1), and 
5. |g(n +1) — g(n)| < 1 for all n. 


We want to define g to be (point-wise) maximal among the functions sat- 
isfying 1-5. That is, g satisfies 1-5 and if g’ satisfies 1-5 then g(n) > g'(n) 
for all n. 
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Figure 10.1. Here f(10) = 3 and the function 6(10, n) is the upper bound on the 
values of g(n) imposed by that fact. 

Any function g satisfying 3, 4, and 5 will have g(n) < | 4]. Furthermore, 
because g is forced to change at a slow rate, the value of f(n) not only 
bounds the value of g(n), but also places bounds on all values of g. For 
example, if f(10) = 3, then g is at most 3 on [8,11], at most 4 on [4,7] and 
[12,15], and so on. Let b(i,n) be the upper bound placed on g(n) by the 
value of f(i) (see Figure 10.1). Putting together all of the restrictions on 
g(n), we define 


g(n) = min{| 7], min bi, n)}. (10.1) 


Clearly g satisfies 1, 3, 4, and 5, and is point-wise maximal among 
functions that do so. To verify that 2) < oo, note that for any 
i, 


5 alin) < 4.27f 48 5 g-f@-n — 19.9-fM, 
n n>0 


Therefore, 
5 97g(n) < 5 (2 a 5 a 
=X 2H 4AA 2) <8 +Y012.274® < oo. 


Next we prove that g Sr f. Clearly, b <r f. Although (10.1) expresses 
g(n) as the minimum of an infinite f-computable sequence, it is not hard to 
see that we can ignore all but finitely many terms. In particular, if i > 2n, 
then b(i,n) > | 4], so 


g(n) = min{| 2], min b(i, n)}- 


Thus g Sr f. 

The restrictions placed on g allow us to code it compactly into a set C. 
It is of course necessary only to record the value of g(n + 1) — g(n) for all 
n = 3 (mod 4). Two bits are sufficient to code g(n + 1) — g(n) because 
there are only three possible values. Thus we use the first two bits of C to 
record g(4) — g(3), the next two for g(8) — g(7), and so on. Note that g(n) 
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can be computed from C | |5] (or more precisely, C | (2|4])). Of course, 
C Srg Xx Í. 

By the Kučera-Gács Theorem 8.3.2, there is a l-random X such that 
C <r X and X <r CS <- f 60’. (The upper bound on the complexity 
of X is clear from the construction in the proof of Theorem 8.3.2, and 
made more explicit in Theorem 8.5.1.) As was mentioned following the 
proof of Theorem 8.3.2, the Gács version of that result produces an X 
that computes C with use 2n,8 meaning that only the first 2n bits of X 
are used to compute C f n. Therefore, g(n) is computable from X | n, 
for all n. Hence the Bounding Lemma 10.4.2 implies that K(X | n) < 
n+g(n)+0(1)<n+ f(n) + O0(1). oO 


The following corollary improves an earlier result by Bienvenu and 
Downey [39] (Corollary 8.4.3). Their result was the same, but assuming 
that the function h tends to infinity rather than just being unbounded. 


Corollary 10.4.3 (Miller and Yu [279]). If h is unbounded, then there is 
a l-random X such that K(X | n) < n+ h(n) for infinitely many n. 


Proof. Choose a sequence of distinct natural numbers {n;};c. such that 


ae if n = n; 


n otherwise. 


We can apply Theorem 10.4.1 because X, 2740 < 527+ 0, 27” = 4, 
so there is a 1-random X such that K(X | n) < n+ f(n)+0O(1). Therefore, 


When i is sufficiently large, K(X | ni) < ni + h(ni). Oo 


To construct comparable 1-random K-degrees, we need a stronger form 
of Theorem 10.4.1. It is clear that we can modify the proof of that result 
to require that g(n) = g(n + 1) whenever n # 7 (mod 8). Then g can be 
coded into C so that g Sr C with use |n/4]. By Gács coding, there is a 
l-random X <r f @@ such that g is computable from X with use | 4]. So 
for any Z, we have g St X © Z with use n. Applying the Bounding Lemma 
10.4.2 gives the following result. 


Theorem 10.4.4 (Miller and Yu [279]). If >, 2-/™ < œ then there is 
a l-random X <x f OW such that K((X @ Z) |n) < n+ f(n) + O(1) for 
every Z. 


8Indeed, as mentioned there, Merkle and Mihailović [267] adapted the construction 
in Gács [167] to show that the use of the wtt-reduction in the Kuéera-Gacs Theorem 
can be on the order of n + o(n). 
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We can now give the desired classification of functions coding the upward 
oscillations of initial segment complexities of 1-random sets. First we need 
a relatively straightforward lemma. 


Lemma 10.4.5 (Miller and Yu [279]). Assume that Y 279 < co. 


(i) There is a function f <r g with f(n) < g(n) for all n and 
limsup,, 9(n) — f(n) = œ such that Y 2-£™ < ow. 


(ii) There is a function f <> g’ such that lim, g(n) — f(n) = œ and 
v2 FM < o. 


Proof. (i) For each m, let nm = min{n : g(n) > 2m} and let f(mm) = 
|g(nm)/2]. Let f(n) = g(n) for all other values of n. Then 


5 97f(n) < 5 o5g(n) 5 2-™ <. 


Clearly, f(n) < g(n) for all n. Furthermore, f <+ g and lim sup, g(n) — 
f(n) = o0. 

(ii) Let c > >>, 2-9 aa g' computes an increasing sequence {ni }iew 
such that J psn, 2” sn) < = for all i. We may assume that no = 0. Let 


f(n) = g(n) = llog |{i : ci < n}|| (or f(n) = 0 if this value is negative). 
Then 


NO24 < YO i: mi < ny 270 
SLE ea = 2c < œ. 


4 nen; 


Furthermore, f <+ g’ and lim, g(n) — f(n) = œ. oO 
Theorem 10.4.6 (Miller and Yu [279]). The following are equivalent. 
a) ee 


(ii) For every 1-random X, there are infinitely many n such that K(X | 
n) > n+ 9(n). 


Proof. (i) = (ii) We prove the contrapositive. Assume that X is l-random 
and there is an such ae Me > m(K(X [ n) < n+ g(n)). Then 
Nism DOTRI S S . The first sum is finite by the Ample 


Excess Lemma, Theorem 7: so $, 27 g(n) converges. 

(ii) + (i) Again we prove the contrapositive. Assume that X, 279 
converges. By Lemma 10.4.5 (ii), there is a function f such that lim, g(n)— 
f(n) = œ and >, 2-4 < oo. Hence, by Theorem 10.4.1, there is a 1- 
random X such that K(X [ n) <n+f(n)+O(1). This inequality, together 
with the fact that lim, g(n) — f(n) = œ, implies that K(X | n) < n+ g(n) 
for almost all n. o 
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We are now ready to prove that there are comparable l-random K- 
degrees. It seems surprising that this result relies on such difficult methods, 
whereas obtaining incomparable l-random K-degrees (as in Corollary 
10.3.11) is relatively straightforward. 


Theorem 10.4.7 (Miller and Yu [279]). For every 1-random A, there is a 
l-random B Sr AGY such that B <K A. 


Proof. Let g(n) = K(A [ n)—n and note that g St A®0’. By Lemma 10.4.5 
(i), there is a function f majorized by g such that >, 2-/™ < œo and 
limsup,, g(n) — f(n) = oo. Furthermore, f St g Sr A @ Y. Applying 
Theorem 10.4.1 to f produces a 1-random B <r f @0’ <r AS such that 
K(B fn) < n+ f(n) + O(1). But then 


K(B în) < n+ f(n) +01) <n + gn) + O11) = K(A fn) + O(), 
so B <x A. Furthermore, 
lim sup K(A | n) — K(B Į n) > limsup K(A Į n) —n— f(n) - O(1) 
: > limsupg(n) — f(n) — O(1) = o, 
so A <x B. m 


Corollary 10.4.8 (Miller and Yu [279]). For every A$ 1-random A, there 
is a A} 1-random B such that B <x A. 


Miller and Yu [279] observed that by weakening the complexity restric- 
tion on B in Theorem 10.4.7, we can replace <x with what appears to be 
a stronger relation. 


Definition 10.4.9 (Miller and Yu [279]). We say that B is strongly K- 
below A, and write B <x A, if lim, K(A [ n) — K(B fn) = œ. 


Clearly B <x A implies B <x A, but the converse is open. 


Theorem 10.4.10 (Miller and Yu [279]). For every 1-random A, there is 
al1-random B <S, A’ such that B<xK A. 


Proof. First, we wish to find a function g such that $`, 2-9) converges 
and g(n) < K(A | n) —7n for all n. To control the complexity of B, we also 
require g to be low relative to A (otherwise, we could simply let g(n) = 
K(A în) —n). By the Ample Excess Lemma, Theorem 6.6.1, there is a c 
such that $ „ 2"-*(Al) < c. Define a TI? class S C o” by 


S={gew": Ba g(n ? < c and Yn (g(n) < K(A tn) = n) }. 


Note that S is computably bounded (meaning that there is a computable 
function that majorizes every element of S), because K(A [ n)—n < K(n)+ 
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O(1) < 2logn + O(1).° Therefore, by the low basis theorem relativized to 
A, there is a function g € S such that g' <> A’. 

By Lemma 10.4.5 (ii), there is an f such that 37, 2-f™ < œo and 
lim, g(n) — f(n) = ov, and furthermore, f Sr g’ Sr A’. Apply Theo- 
rem 10.4.1 to f to produce a l-random B <r fE < A’ @W <r A’ such 
that K(B | n) < n+ f(n) + O(1). Then 


lim K(A [n) —K(B In) > lim K(A fn) —n— f(n) — O11) 
> lim g(n) — f(n) — O(1) = oe. 
o 


Taking A in the previous corollary to be low, we have the following. 


Corollary 10.4.11 (Miller and Yu [279]). There are A$ 1-random sets A 
and B such that B <x A. 


We finish this section with an application of the Bounding Lemma (and 
other results of Miller and Yu) to extend work of Solovay described earlier 
in this chapter. Recall Theorem 8.4.3, which states that there is no function 
g that tends to infinity such that K(A | n) > n + g(n) — O(1) for every 
l-random A. As we have seen in Corollary 10.3.17, Miller and Yu [280] 
showed that if Z is 1-random, then X and Z are relatively 1-random iff 
K(X J n)+C(Z [ n) > 2n- O(1). Taking Z = Q, we see that a 1-random 
set X is 2-random iff K(X [ n) > n+ f(n)+ O(1), where f(n) = n — 
C(Q | n), which tends to infinity because Q is not infinitely often C-random 
(see Theorem 6.11.3). Thus we have a “single gap characterization” of 2- 
randomness (which can be extended to n-randomness for n > 2 by replacing 
Q by a 1-random set Turing equivalent to 0-9), and hence Theorem 8.4.3 
does not hold for 2-randomness. Miller [unpublished] has shown that there 
is a characterization of 2-randomness via a single gap given by a function f 
that is not just unbounded, but also nondecreasing (i.e., an order). In fact, 
f can be taken to be Solovay’s function s(n) = — log >, 2750) defined 
in Section 10.2.2. 

It will be convenient to use a different characterization of s. We take 
Q = $`, 2-*(™ (which is a 1-random left-c.e. real and hence a version of 
Q) and Qn = Ven 270. Let y(n) = —log(Q — Qn). (It is not hard 
to show that y is independent up to an additive constant of the choice of 
version of 2 and corresponding approximation.) 


Lemma 10.4.12 (Miller [unpublished]). y(n) = s(n) + O(1). 


Proof. We have Q— Qn > Yimsn 2-K(™) so y(n) < s(n) + O(1). For the 
other direction, let f(n) = —log(Qn41 — Qn). Then >, 2-f™ = 0 < co. 


See footnote 11 on page 73 for a comment on computably bounded II classes in 


w”. 
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Since f is computable, we have K(m) < f(m) + O(1), so 


— log 5 27K) < — log 5 2-F™ 4 O(1) 


mn mn 


= — log X (Qm+1—9m)+O(1) = — log(Q—Qn) + O(1) = y(n) +0(1). 


mn 


o 


Let ĝ(n) = max{k : Qn | k =Q | k}. Since Q — 9p < 2770, we have 
A(n) < y(n)+0(1). (Miller asked whether Ẹ is independent up to a constant 
of the choice of Q and {Qn}new, and whether in fact 7(n) = y(n) + O(1).) 


Theorem 10.4.13 (Miller [unpublished]). The following are equivalent. 
(i) A is 2-random. 

ORE T E 

(iii) lim, K(A | n) -n —q(n) = œ. 


The same equivalences hold with y replaced by ¥. 


Proof. It is clear that (iii) implies (ii). Since ¥(n) < y(n) + O(1), each of 
(ii) and (iii) for y implies the respective condition for ¥. So it is enough to 
show that (i) implies (iii) for y and (ii) for 7 implies (i). We assume that 
A is 1-random, since otherwise none of the conditions hold. 

We first assume that (iii) does not hold and conclude that A is not 2- 
random. By Corollary 6.6.4, K4(n) < K(A | n) — n + O(1), so there is a 
c such that S = {n : K4(n) < y(n) + c} is infinite. Define a prefix-free 
machine M4 as follows. If U4(c) |= n, then let M4(o0) = Qn | (la| — ©) 
and M4(o1) = (Qna + 27!7!+*) [| (\o| — c). Fix n € S and let o be a 
minimal length U4-program for n. Then |o| — c = K4(n) — c < y(n), so 
Q-O,, < 27!7!+°, Thus one of M4(a0) and M4(o1) is equal to | (|a|—c). 
Therefore, K4(Q } (|o|—c)) < |o|+O(1) for infinitely many ø. But then Q 
is not l-random relative to A, by the relativized version of Corollary 6.6.2, 
and hence, by van Lambalgen’s Theorem, A is not 1-random relative to Q. 
In other words, A is not 2-random. 

We now assume that A is not 2-random and conclude that (ii) does not 
hold for ¥. Define a function g by recursion on n as follows. To define 
g(n), look for the length-lexicographically least ø such that UAI" (a) < Qn. 
If there is no such ø then let g(n) = n. Otherwise, let g(n) = |o| and 
mark ø as used. Note that g(n) can be computed from A | n, and that 
52 <= J ocdom(U4) 2-lel + 5,27” < œ. Thus, by the Bounding 
Lemma, Theorem 10.4.2, K(A | n) < n+ gln) + 0(1). 

By van Lambalgen’s Theorem, 2 is not 1-random relative to A. Fix 
c and let m be such that K4(Q | m) < m-—c. Let ø be the length- 
lexicographically least U4-program for Q | m. For all sufficiently large n, 
we have U4™ (o) | and Nn | m = Q | m. Therefore, ø is eventually used 
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in the definition of g for some n, and we have g(n) = |o| < m — c. But 
Nn TM =Q | m, so (n) > m. Thus 


K(A Ìn) < n+ Q(n)+ O11) <n+m—c+O(1) <n+¥7(n) —c+ O(1). 
Since c is arbitrary, (ii) does not hold for ¥. o 


Miller [unpublished] also showed that there is no A such that K(A | n) > 
n+a(n)-— O(1). 


10.5 LR-reducibility 


On the l-random sets, vL- and LR-reducibility coincide, but LR-reducibil- 
ity is also quite interesting and important on non-l-random sets. Many 
questions in randomness can be construed as ones about the structure of 
the LR-degrees. The following basic result provides a tool for investigating 
LR-reducibility. 


Theorem 10.5.1 (Kjos-Hanssen [203]). The following are equivalent. 
(i) A Sır B. 


(ii) For every gra class T^ of measure less than 1, there is a SY” class 
VB such that (VP?) <1 and T4C VP. 


(iii) For some member UA of a universal Martin-Löf test relative to A, 
there is a DY? class VP such that p(VP) <1 and U4 C VP. 


Consequently, A Sır B iff every me class of positive measure has a rN 
subclass of positive measure. 


We will give a proof due to Barmpalias, Lewis, and Soskova [25], which is 
conceptually simpler than Kjos-Hanssen’s original proof, but along similar 
lines.1° We begin with three lemmas. 

The first concerns oracle Martin-Lof tests. We can think of such a test 
as a uniformly c.e. sequence {Un}new of sets of axioms of the form (7, o), 
letting UP = Ho : Ir x B[(7,0) € Un]}], where 8 € 2% or 8 € 2<”. It is 
easy to see that any oracle Martin-Lof test can be represented in this way, 
and that the following holds. 


Lemma 10.5.2 (Barmpalias, Lewis, and Soskova [25]). There is a 
universal oracle Martin-Lof test {Un}new with the following properties. 


(i) From a c.e. index for an oracle Martin-Léf test {Vn}new, we can 
compute ak such that for all A € 2” and all n, we have Vex CU 


10That (iii) implies (i) in the B = Ø case was noted by Kučera and Terwijn [223] and 
formed an important tool in their proof that there is a noncomputable c.e. set A SiR 9, 
Corollary 11.2.6 below. 
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(ii) If (71,01), (72,02) E Un and Ti < T2, then oj | o2. 
(iii) If (7,0) € Un then |r| = |o| and (7,0) € Uniri \ Unjr|-1- 


For sets of strings U and V, let UV = {or : 0 EU AT €V}. Let 
U? 25" and U”t! =U, (So Ut = U and U? = UU, for instance.) 


Lemma 10.5.3 (Kjos-Hanssen [203]). Let [Uo], [U1] be open sets and S 
a XY? class of measure less than 1 such that [UoU1] C S. Then there is 
a oad class R of measure less than 1 such that [U;] C R for at least one 
i=0,1. 

Hence, by iteration, if [U] is an open set and S is a mee class of measure 
less than 1 such that [U"] C S for some n > 0, then there is a =? class 
R of measure less than 1 such that [U] C R. 


Proof. It suffices to prove the first part of the lemma, since the second one 
then follows by induction. 
First suppose that there is a ø € Up such that u([o] \ S) > 0. Then we 
can let R= [{7 : Jor] C S}] and note that uw(R) < 1 and [Ui] C R. 
Otherwise, let q be a rational such that a(S) < 1 — q and let R= [{o : 
ullo] \ S) < q27!°I}]. Then [Uo] C R and (1 — q)u(R) < pS), whence 
wR) <1. Oo 


Lemma 10.5.4 (Barmpalias, Lewis, and Soskova [25]). Let {Un}new be a 
universal oracle Martin-Löf test. If A Sır B then there are o and e > 0 
such that [o] É UP and VAN [o] € UP A [ø]. 


Proof. Suppose otherwise. Let oo = À. Given on such that [on] £ UP, let 
On+1 > On be such that [on4i] C UA and [ony] É UP, which must exist 
because UN [on] É UP A [on]. Let X = limn on. Then X € UA for all n, 
so X is not 1-random relative to A, but X ¢ UP, so X is 1-random relative 
to B, which is a contradiction. O 


Proof of Theorem 10.5.1. First suppose that A Sır B. Let {Un}new be 
the test of Lemma 10.5.2. Let o and e be as in Lemma 10.5.4. Let WP = 
[o] U (UP A [o]). Then W? is a =?” class, and UA C W, by the choice 
of o and e. Since |o] ¢ UP, we have WP F Ø. But WP is a TI)? class, 
and every element of WB is in UP, and hence is 1-random relative to B. 
Thus .(W®) > 0, and hence p(W®) < 1, so we have (iii). 

Now consider a se class T4 of measure less than 1, thought of as a 
prefix-free set of strings. Then some subsequence of {(T4)® }kew is a Martin- 
Lof test relative to A. By the properties of {Un}new, there is a k such that 
(T4)* CUA. Hence (T4)* C WP and by Lemma 10.5.3 we have (ii). 

Finally, assume (iii). That is, assume there exist V4 C TP such that 
V4 is a member of a universal Martin-Léf test relative to A, the class 
T? is DY, and p(T?) < 1. Let X be 1-random relative to B. By the 
relativized form of Theorem 6.10.2, there are Y and o such that X = oY 
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and Y € TP C V4. Then Y is 1-random relative to A, and hence so is X. 
Thus A Sir B. O 


Space considerations preclude us from giving too many details about the 
structure of the LR-degrees, but here are some known facts. Additional 
results may be found in, for example, [18, 19, 24, 25, 26]. We will meet 
LR-reducibility again in Section 11.9, in the context of studying lowness 
for weak 2-randomness. 


Theorem 10.5.5 (Barmpalias, Lewis, and Soskova [25]). Every non-GLz 
set has uncountably many LR-predecessors. 


Theorem 10.5.6 (Barmpalias, Lewis, and Stephan [26]). Let A be non- 
computable. Then there are B |, A and C >, A in the LR-degree of 
A. 


Theorem 10.5.7 (Barmpalias [18]). There is no minimal pair of A8 LR- 
degrees. 


Theorem 10.5.8 (Barmpalias [18]). Every A9 LR-degree bounds a nonzero 
c.e. LR-degree. 


As a representative example, we sketch the proof of Theorem 10.5.8. 
(The proof of Theorem 10.5.7 is similar.) We select this theorem because 
its proof involves a technique that is particular to the LR-degrees and relies 
heavily on Theorem 10.5.1. 


Proof sketch of Theorem 10.5.8. Let X ır @ be AS. We build a c.e. set A 
such that Ø <ir A Sır X. Let {Un}new be a universal oracle Martin-Lof 
test, and write U for U4 (so that (U%) < + for all Z). By Theorem 10.5.1, 
to ensure that A Sır X, it is enough to build a N9* class S* such that 
u(S¥) <1 and U4 C 9*. 

Let Vo, Vi, ... be an effective enumeration of all £} classes with (Ve) < 
1 — 27° for all e. By Theorem 10.5.1, to ensure that A Lir 0, it is enough 
to build a D9“ class Q4 such that p(Q4) < 1 and the requirements 


Re: Q^ ¢ Ve 


are satisfied. For the sake of these requirements, we will build auxiliary 
=? classes Ee, and use the fact that, again by Theorem 10.5.1, for each i, 
either UX ¢ Ee or u(Ee) = 1, since X £r 0. 

We identify our oracle ©? classes with their sets of generators, so that 
we can say, for instance, that |o] € U“[s] with a certain use u. 

Whenever we have [øo] € (U4 \ S*)[s], we let a(a,s) be the use with 
which [o] € U4[s] and add [o] to S*[s + 1] with use a(o,s). Of course, 
X | a(o,s) may change several times, requiring us to keep putting [a] back 
into S*, but since X is A$, if a(c,t) = a(o, s) for all t > s, then eventually 
we will have [o] € S* permanently. 
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This method clearly ensures that U4 C $*, but since A will not be com- 
putable, A | a(o,s) may well change after stage s, at a point at which we 
have already put |ø] into S* with an X-correct use. We have then added 
an interval to S* that may not be in U4, which is a threat to our require- 
ment that u(S¥) < 1. Thus we estimate the cost! e(n, s) of enumerating 
n into A at stage s to be u({Z : Z € U4[s] with use greater than n}). 

To describe how these costs stack up, and how we can deal with the 
above problem using the fact that X Lir Ø, we discuss how we meet the 
Re, which are the sources of the A-changes. The basic plan is simple. We 
choose a finite set of strings Ae such that [Ae] is currently disjoint from 
Ve, and put [Ae] into Q4 with some large use n+1. We then wait for [Ae] 
to enter Ve, and remove [Ae] from Q4 by enumerating n into A. We then 
repeat this procedure enough times to ensure that, since (Ve) < 1 — 27°, 
eventually one of our [Ae] never enters V., so that Q4 Z V. 

Unfortunately, every time we put a number n into A, we may incur a 
cost, as explained above. When we put [Ae] into Q4, the opponent can 
also put [Ae] into U4 with the same use, forcing us to put [Ae] into S*. 
The cost incurred when we put n into A and remove [Ae] from Q4 causes a 
problem unless we can ensure that X f n+ 1 is different from all the values 
X[s] | n +1 for which we have declared that [Ae] C S*!5]I"+1. Thus, we 
need a method of forcing enough X-changes to avoid these problems. 

To do so, we will have to be careful in how we select the [A-]’s, and will 
use our auxiliary class Ee. We will keep u(Ee) < (Ve) < 1 and, as long 
as Ve seems to be covering Q4, we will attempt to make Ee cover ux for 
some be > e, chosen dynamically during the construction. (The larger be 
is, the smaller the measure of Ux is, so being able to change be as we go 
along will allow us to deal with injuries to Re.) Since X Lir 0, we cannot 
succeed in making Ee cover U A for the final value of be. We will be able 
to arrange things so that the X-changes that prevent us from doing so are 
exactly the ones needed to ensure that the costs described above do not 
hurt us too much. 

We now describe the basic module for satisfying Re, using parameters ae 
and be determined by the construction. Let k.[s] be the least k such that 
USEF, Eels] £0, let Cels] = UŠ EEI E[s], and let me[s] = «(Ce[s]). 
The module also has a parameter re, initially set to 0. At a stage so at 
which we wish to launch an attack on Re, the module proceeds as follows. 


1. Let pe[so] = 277el8el-¢- m_ [so]. Let Ae be a finite set of strings such 
that u([A-]) = pe[so] and [Ae] A Velso] = 0. Put [Ae] into Q4 with 
a fresh large use ne. 


2. Wait for a stage sı > so such that [Ae] C V.[si]. 


11The idea of cost functions will play an important role in Chapters 11 and 14. 
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(a) Suppose that, while we are waiting, X | k.[so] change before sı 
is found. Then increase re by one, declare that [Ae] is trash, and 
return to step 1. 

(b) Suppose that we find s1. 


i. If c(ne, 80) > Aepe[So], then restrain A | sı and return to 
step 1. 

ii. Otherwise, proceed as follows. Put ne into A, thus removing 
[Ae] from Q4. Put a subset of C.[so] of measure pe[so] into 
Ee and return to step 1. 


We first analyze this module assuming that step 2(a) does not happen. 
Indeed, for simplicity, let us first assume that pe[so] = me[so]. We clearly 
have u(Ee) < u(V.), since we add measure to Ee only after a corresponding 
amount is added to Ve. Thus me must be bounded away from 0, as otherwise 
Ee would cover Ux , which cannot happen since X Lir Ø. Therefore, pe is 
bounded away from 0. Since each time an attack on Re is launched at stage 
sq and ends, the measure of V increases by pe[so], only finitely many such 
attacks can end, and eventually there is an attack that does not reach step 
2, so Re is satisfied. 

If an attack reaches step 2(b)ii, then it removes all the measure it put 
into Q4. If it reaches step 2(b)i, then the restraint imposed on A ensures 
that the aepe[so] = acu([Ac]) much measure that must be in U4 to cause 
(Ne, 80) > aepelso] is permanently in U4. Since ne is redefined to be a fresh 
large number each time an attack is launched, the measures permanently 
added to U4 each time step 2(b)i is reached come from disjoint subsets of 
U4. Thus we see that each time an attack on Re is launched, if the attack 
ends, then j4(Q“) increases by at most + as much as p(U“). The last 
attack launched on Re may never end, so if t is the stage at which this last 
attack is launched, then (Q4) < uu”) + pelt], which is less than 1 if ae 
is at least 2. l 

Finally, we must argue that u(9¥) < 1. Our claim is that p(S*) < 
(U4) + ae (Uğ), which suffices if be is chosen to be large enough. When 
some elements enters U4, the same elements are added to S*. These ele- 
ments may later leave U4, but this event can happen only when we reach 
step 2(b)ii of the module and have X [ ke = X[so] [| ke. The measure of the 
class of elements in question is then at most c(ne, 80) < GePe[So]. We then 
put pe[so] much measure of Ce[so] into Ee. Since X | ke = X[so] | ke, all 
of this measure is in Ux . Such enumerations into Fe correspond to disjoint 
classes of elements of UŽ , so u(S* \ U^) is at most aeu(Uğ), as claimed. 

It is straightforward to check that dropping the assumption that p.[so] = 
Melso] for the actual value pe[so] = 2~"el%e]-*-®m, [9] (while still assuming 
that step 2(a) does not occur, and hence re cannot change) causes no real 
problems. 
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We now briefly discuss removing our assumption that step 2(a) does not 
occur. Each time this step occurs, the current attack on Re is canceled, and 
the set [Ae] that we put into Q4 becomes trash. However, the measure of 
this set is 2~"el8ol-°-m,[ so], and each time step 2(a) occurs, we increase 
re by one. Thus the total measure of our trash is bounded by 27°75. Using 
the fact that X is A9, we can argue that ke[s] must reach a limit and hence 
so must re, so that eventually step 2(a) stops occurring, and Re can be 
satisfied as argued above. 

The remaining details of the proof are relatively straightforward, and 
involve choosing the parameters of the construction appropriately and 
applying the finite injury priority method. Each time a requirement 
acts, it initializes all weaker priority ones, forcing them to increase their 
parameters. The formal details are in [18]. O 


We finish this section by showing that LR-reducibility, which can be seen 
as a way to compare the relative derandomization power of sets, can also be 
characterized in terms of relative compression power. We say that A is low 
for K reducible to B, or simply LK-reducible to B, and write A Six B, 
if K8(c) < KA(o) + O(1).” Clearly, if A Sıx B then A Sın B. The 
following result shows that these reducibilities are in fact equivalent. 


Theorem 10.5.9 (Kjos-Hanssen, Miller, and Solomon [206]). If A Sır B 
then A Sıx B. 


To prove this result, we need the following easy lemma from basic 
analysis. 


Lemma 10.5.10. Let ao, ai,... € [0,1) be real numbers. Then [];(1—ai) > 
0 aff D Qi < ©. 


Proof of Theorem 10.5.9. Let A Sır B. Define finite sets Vo,Vi,... as 
follows. Suppose that V; has been defined for all t < s. Let n and T 
be such that s = (n,T) (where we identify + with a natural number as 
usual). Let m be the length of the longest string in U,-, Ve (or m = 0 if 
s = 0), and let V, = {00" : o € 2™}. Note that for any I C N, we have 
MO ser VD = TT ¢n,zyert — 27”): 

Let I = {{\o|,7) : UA(c) = T}. Then I is A-c.e., and hence P = 
ser [Vs] is a T94 class. Furthermore, 


Se aie 5y SAN N, 


(n,T)EI a€dom(U4) 


12 As with LR-reducibility, this reducibility comes from a notion of lowness that will 
be discussed in Section 11.2. 
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Thus, (0,7) ¢ J for every 7, and hence (P) = [Tin,7,e7(1 — 2-") > 0, by 
Lemma 10.5.10. Therefore, by Theorem 10.5.1, there is a rN tea class Q C P 


with u(Q) > 0. 
Let J = {(n,7) : [Vin] 0 Q = 0}. Then J is B-c.e., and 


I] @-2)=«( NTI) >Q >o. 


(n,T}EJ sed 


Thus, by Lemma 10.5.10, there is a c such that D < 2°. Let 
S = {(n+c,T) : (n,r) € J}. Then S is a KC set relative to B, so if 
(n,T) € J then K?(r) < n+ O(1). Since Q C P, we have I C J, and 
hence (K4(r),7) € J for each 7. Thus KË (T) < K4(r) + O(1), and hence 
A Sık B. O 


This result has several important consequences. One of them is that if 
A is l-random, then the K-degree of A is countable. (We will see another 
one in Theorem 11.2.4.) Recall that, by Theorem 9.15.1, if K*(A în) < 
K*(n) + O(1) then A <r X’. 


Corollary 10.5.11. If A =r X then A Lr X’. 


Proof. If A =r X then A =x X, so K*(A} n) = K4(A în) + 0(1) = 
K4(n) + O(1) = K*(n) + O(1), so Theorem 9.15.1 applies. o 


Corollary 10.5.12 (Miller [unpublished]'3). If X is 1-random then the 
K-degree of X is countable. 


Proof. Suppose that A =x X. By Corollary 10.3.10, A =,, X. Since X 
and A are both 1-random, A =, X. By Corollary 10.5.11, A <+ X’. Thus 
every element of the K-degree of X is computable in X’, and hence the 
K-degree of X is countable. O 


10.6 Almost everywhere domination 

Motivated by a question in the reverse mathematics of measure theory, 
Dobrinen and Simpson [98] introduced the following concepts. 
Definition 10.6.1 (Dobrinen and Simpson [98]). 


(i) A set A is almost everywhere dominating if for almost all X (in the 
sense of measure), for each g Sr X there is an f <+ A that dominates 


g. 


t3 Miller originally proved this result by other methods, before Theorem 10.5.9 was 
known. 
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(ii) A set A is uniformly almost everywhere dominating if there is an 
f <r A such that for almost all X, the function f dominates all 
functions g Sr X. 


As we have seen in Lemma 8.20.6, Kurtz [228] showed that @’ (and hence 
any set computing 0’) is uniformly almost everywhere dominating. Cholak, 
Greenberg, and Miller [67] showed that there are uniformly almost ev- 
erywhere dominating sets that do not compute 0’. On the other hand, it 
follows from Martin’s Theorem 2.23.7 that every uniformly almost every- 
where dominating set is high. It was natural to ask for a characterization 
of the (uniformly) almost everywhere dominating sets. One has now been 
found in terms of LR-reducibility. We will show through a sequence of 
results that the following are equivalent: 


(i) A is almost everywhere dominating. 
(ii) A is uniformly almost everywhere dominating. 
(iii) W <ir A. 


In other words, a set A is (uniformly) almost everywhere dominating iff 
every set that is 1-random relative to A is 2-random. In Section 11.2, we 
will show that there are incomplete c.e. sets with this property, but not 
all high c.e. sets have it, so randomness-theoretic notions are essential in 
answering this question. 

We begin with the following characterizations of (uniform) almost 
everywhere domination. 


Theorem 10.6.2 (Dobrinen and Simpson [98}). 


(i) A set A is uniformly almost everywhere dominating iff for each TI 
class P there is a so class Q C P such that u(Q) = u(P). 


(ii) A set A is almost everywhere dominating iff for each TI} class P and 
each € > 0, there is a TI? class Q C P such that (Q) > p(P) —e. 


Proof. (i) First suppose that A is uniformly almost everywhere dominating, 
as witnessed by the function f <+ A. Let P be a TÌ class. It is easy to 
define a functional ® such that P = {X : 6* total}. Let g*(n) be the least 
s such that ®*(n)[s] |. Then f dominates g for almost all X € P, so we 
can take Q = {X : deVn (®*(n)[f(n) + ©] |)}. 

Now suppose that the second half of (i) holds. Let P = {0°1LX : ®* total} 
and let Q C P bea se class such that u(Q) = p(P). Write Q as an 
effective union of Ua classes Qo, Qi,.... By compactness, for each i, e, 
and n, the set Sein = {®X(n) : 0°1X € Qi} is finite. These sets are 
uniformly A-computable. Let f(n) = max Sein. Then for each e, 


e,i<n 
the function f dominates ®* for almost all X for which 6 is total, from 
which it follows that for almost all X, the function f dominates all total 
Ox, 
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(ii) is just a nonuniform version of the above. First suppose that A is 
almost everywhere dominating. Let P be a H9 class, and let g* be as 
above. For almost all X € P, there is an f <y A that majorizes g*. Since 
there are only countably many A-computable functions, given € > 0 there 
are fo,---, fk <r A such that for all but measure € many X € P, some 
fi with i < k majorizes g*. Let f(n) = maxigk fi(n). Then we can take 
Q = {X :¥n(®*(n)[f(n)] D}. 

Now suppose that the second half of (ii) holds. Fix e and € > 0. Let P = 
{X : ®* total} and let Q C P be a T04 class such that u(Q) > (P) — €. 
Arguing by compactness as above, there is an f Sr A such that f majorizes 
X for every X in Q. Since ¢ is arbitrary, we see that for almost all X, 
there is an A-computable function that majorizes 4. Since there are only 
countably many e, it follows that A is almost everywhere dominating. O 


Theorem 10.6.3 (Binns, Kjos-Hanssen, Lerman, and Solomon [43]). If A 
is almost everywhere dominating then 0’ <ir A. 


Proof. Let Uo, U1,... be a universal Martin-L6f test relative to 0’ and let 
P = UL. Then P is a II9 class of positive measure all of whose elements 
are 2-random. By Theorem 10.6.2, there is a i class Q C P of positive 
measure. Let X be 1-random relative to A. By Theorem 6.10.2, there are 
Y € Q and o such that X = oY. Then Y is 2-random, and hence so is 
X. m 


The other direction of our equivalence relies on the following result, which 
will also be important in Section 11.9. 


Theorem 10.6.4 (Kjos-Hanssen, Miller, and Solomon [206]). The follow- 
ing are equivalent. 


(i) A <r B’ and A Sır B. 
(ii) Every iH class has a So subclass of the same measure. 
(iii) Every SoA class has a pas subclass of the same measure. 


Proof. (i) = (ii) This part of the proof is similar to the proof of Theorem 
10.5.9. Extend the length-lexicographic ordering of strings <, to pairs of 
strings. We define sets of strings V(,,,) inductively. Suppose that we have 
defined Voz) for all (o’,7') Sı (0,7) and let k be the maximum of the 
lengths of strings in Uio’, t<i (o,r) Vior). Let Vior) = {voll : v € 2*}. It 
is easy to see that if I C 2<” x 2<“, then 


u( N Weal) = TL a -2). 
(o,7)El (o,r)El 


Now let S be a nonempty ne class. Let W4 be a A-c.e. prefix-free 
set of generators for S, and let I = {(o,7) : r € W4 with use exactly ot}. 
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Let P = (\6.7,er[Mio,7)]- Note that P is a ne class. Recall the fact 
from Lemma 10.5.10 that if a9,a1,... € [0,1] then [];(1 — a:i) > 0 iff 
yo, ai < co. Now, Degera” = Ð ewa 277l < 1, since W4 is prefix- 
free, so u(P) = Jho yer(l - 27171) > 0. Thus, by Theorem 10.5.1, there is 
a II)? class Q C P with (Q) > 0. 

Let J = {(¢,7) : [Vor] NQ = 0}. Note that J is B-c.e., and J [io res- 
DP Hores Mio,rn]) > 0, so Wiener 2 | < oo. Since A Sr B’, 
there is a B-computable approximation Ap, A;,... to A. Let 


Ts = {(0,7) € J: 3t > s(reE we [t] with use exactly o)} 
and 


U, = {r : Jo ((0,T) € Ts)}. 


Then {T;}scew and {Us}scw are sequences of uniformly B-c.e. sets. Let 
R = U, [Us]. We claim that R is the desired E2? subclass of 9. 

First notice that W4 C U, for all s, and hence R C S. Now, for each 
(o,7) € To \ I, there is a final stage t such that ø is a prefix of A;, as 
otherwise (0,7) € I. Then for any stage s > t, we have (0,7) ¢ Ts. Fix 
€ > 0 and choose n sufficiently large so that 


X2: (o,r) € J A lal, |r| >n} <e. 


Choose s large enough so that if (0,7) € To \ Z and |ø|, |r| < n then 
(0,7) € Ts. Then 


oS\TD< X sm< Y 2r 


TEUs\WA (o,7)ETs\I 
<> {2-1 : (6,7) € J A ol, |r] >n} < e. 


Since € > 0 is arbitrary, u(R) = a(S). 

(ii) > (iii) Let S be a se class and let Po, Pi,... be uniformly Ns 
classes such that S = |; P;. Let P = {01a : di(a € X;)}. Then P is 
a II? class, so by (ii) it has a X9}? subclass Q of the same measure. 
For each i, let Q; = {a : Ola € Q}. Then the Q; are uniformly Ee 
classes with Q; C P; for all i. If u(Y;) < u(X;) for some i, then (Q) = 
52tl) < X2 u(Pi) = u(P), contradicting the choice of Q, so 
p(X;) = p(Y;) for all i. Now let R = (J; Qi. Then R is a E22 subclass of 
P, and (P \ R) < X; WP; — Qi) = 0; so a(R) = 4(P). 

(iii) > (i) If Pisa m4 class of positive measure then by (ii) (which 
is clearly implied by (iii)), P has a £9? subclass S of the same measure. 
Now, S is a countable union of IIS’? classes, so one of these classes has 
positive measure. Thus P has a i? subclass of positive measure, so by 
Theorem 10.5.1, A Sır B. 
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Next, we show that A <r B’. Let on = 0"1 and let U = U,e,lon]. 
Since U is a pana class (and hence a i class), by (iii) there is a m9? 
class Q such that U C Q and p(Q) = WU) = 64277). We claim 
that n € A iff [on] C Q. If n € A, then [o,] C U C Q. On the other hand, 
ifn ¢ A and [on] C Q, then u(Q) > Xica 274+) +27” > (U), which is 
a contradiction. 

Let Qo, Q1, . . . be uniformly SaR classes such that Q = (l); Qk. Then n € 
A iff [on] C Q iff [on] C Qk for all k. Since [on] C Qk isa pon relation, 
these equivalences show that A is rE ae The same argument applied to 
the 5°“ class Unealon] shows that A is I9? as well, and hence A <> 
Bes oO 

Note that A Sır B does not imply A <+ B’ because there is a B with 
uncountably many A <,, B (see Barmpalias, Lewis, and Soskova [25]). 


Theorem 10.6.5 (Kjos-Hanssen, Miller, and Solomon [206]). If 0’ <:p A 
then A is uniformly almost everywhere dominating. 


Proof. Suppose that Ý <ir A. Let P be a II§ class. By Theorem 6.8.3, there 
are uniformly reba classes Ro, Ri,...C P such that u(P) — u(Rn) < 27" 
for all n. Let R = U,, Rn. Then R is a =e class such that R C P and 
u(R) = (P). Since Ọ' <+ A’, it follows from Theorem 10.6.4 that there is 
a yg class Q C R C P such that u(Q) = u(R) = u(P). The theorem now 
follows from Theorem 10.6.2. O 


See [206] for more on almost everywhere domination and related con- 
cepts, including a discussion of the reverse mathematical questions that 
originally motivated the study of this notion. 


14This proof can be used to show more, namely that A’ Sr B’. Applying the proof to 
the ee class Unea lon], we see that A’ is He: But since A <r B’, we have that A’ 


is 59°", so in fact A’ <r B’. It follows that if A <r B’ and A Sir B, then A! <r B’. 
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Randomness- Theoretic Weakness 


In this chapter, we introduce an important class of “randomness- 
theoretically weak” sets, the K-trivial sets. As we will see, this class has 
several natural characterizations, can be used to answer several questions 
in the theory of algorithmic randomness, and is also of great interest to 
computability theory. 


11.1 K-triviality 


Recall Chaitin’s Theorem 3.4.4, which states that C(A | n) < C(n)+O(1) 
iff A is computable. Chaitin asked whether the analogous result holds for K 
in place of C. He was able to show the following, which is Theorem 9.15.1 
for the case X = S = Í. 


Theorem 11.1.1 (Chaitin [61]). If K(A | n) < K(n) + O(1) then A is 
A8. 


Merkle and Stephan [270] noted that essentially the same proof estab- 
lishes the following result, which we have already encountered in Section 
9.15. 


Theorem 11.1.2 (Merkle and Stephan [270]). If K(A [ n) < K(n)+0(1) 
for all n in an infinite set S then A Sr SGW. 


The Counting Theorem in fact shows that the width of the tree T in the 
proof of Theorem 11.1.1 is O(2°), so we have the following result. 
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Theorem 11.1.3 (Zambella [416]). For each c there are O(2°) many sets 
A such that K(A [ n) < K(n) +c for alln. 


Of course, if A is computable then K(A | n) < K(n) + O(1), but as we 
will see in the next subsection, the converse is not true. In other words, 
even though A may look identical to É as far as prefix-free initial segment 
complexity goes, it does not follow that A is computable, even for c.e. sets 
A. Thus we are led to the concept of K-triviality. 

Recall that a set A is K-trivial if K(A [ n) < K(n)+O(1). Equivalently, 
A is K-trivial if A <x Ú. It makes no difference in the above definition if 
we restrict our attention to an infinite computable set of n’s. 


Proposition 11.1.4. If K(A | n) < K(n) + O(1) for all n in an infinite 
computable set S then A is K-trivial. 


Proof. Let h(n) be the nth element of S, in natural order. For any n, we 
have K(n) = K(h(n))+O(1). Furthermore, from a description of A | h(n), 
we can recover n and thus obtain A [n,so K(A \ n) < K(A | h(n))+O(1). 
Thus K(A în) < K(n) + O(1) for all n. oO 


11.1.1 The basic K-triviality construction 


Solovay [371] was the first to construct a noncomputable K-trivial set. His 
method was adapted by Zambella [416] to construct a noncomputable K- 
trivial c.e. set (see also Calude and Coles [49]). Downey, Hirschfeldt, Nies, 
and Stephan [117] gave a new construction of a K-trivial c.e. set, which we 
present below. (A similar construction had been produced independently by 
Kummer in unpublished work.) As we will later see, this construction gives 
a priority-free, and even a requirement-free, solution to Post’s Problem. 
Before presenting the construction from [117], we make a remark. While 
the proof below is easy, it is slightly hard to see why it works. So, by 
way of motivation, suppose that we were to asked to “prove” that Ø has 
the same initial segment complexity as N. A complicated way to do so 
is to build our own prefix-free machine M whose only job is to compute 
initial segments of Ø. If U(c) |= 1” then we want M(c) |= 0”. We can 
build M implicitly, using the KC Theorem, by enumerating the request 
(\o|,0") every time U/(c) |= 1". We are guaranteed that > cgom m 2"! < 
pe ey 2—I¢l < 1, and hence the KC Theorem applies. Note also that we 
could, for convenience and as we do in the construction below, use a string 
of length |o| + 1, in which case we would ensure that Jp ceqgomm 27! < F. 


Theorem 11.1.5 (Zambella [416], after Solovay [371]). There is a 
noncomputable K -trivial c.e. set. 


Proof. We define a noncomputable c.e. set A and a KC set L. As in the 
remark above, we follow U on n, in the sense that, when at a stage s we see 
a shorter o with U(c) = n than we have previously seen, we enumerate a 
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request (|o| +1, A, [ n) into L. To make A noncomputable, we sometimes 
need to make A,ii(n) # As(n). Then for each j with n < j < s, for 
the currently shortest U-program o; for j, we also enumerate a request 
(\o;|, As+1 | j). The construction works by making this extra measure 
added to the weight of L small. 

Let 


A= fn: 3e3s (Wes 0 As =0 A n> 2e An E Wes 


v ete), 


n<j<s 


and let L be as described above. Clearly A is c.e. Since }> i 2-K(3) goes to 
zero as m increases, if We is infinite then ANW, # Ø. Since A is also clearly 
coinfinite, it follows that A is noncomputable. Finally, the extra weight of 
L, beyond one half of the measure of domU/, is bounded by )°, 27 (e+2) 
(corresponding to at most one initial segment change for each e), whence 
the weight of L is bounded by 


1 1 
—(lø|+1) >E) SS Se 
5 a2 +52 seal 
oEdomU e 
So the KC Theorem applies, and hence, since (K(n), A [ n) € L for all n, 
we have K(A | n) < K(n) + O(1). oO 


A useful way to think of this proof is in terms of cost functions. The 
function c(n,s) = Vnej<s 2-*s(9) represents the cost of enumerating n 
into A at stage s. To ensure that A is K-trivial, we need to ensure that 
Yi{e(n, s) : un € Asai \ As} is finite. We will see another example of a cost 
function construction in the proof of Theorem 11.2.5, and will discuss this 
idea further below. 

The above proof admits several variations. For instance, we can make A 
promptly simple, or below any nonzero c.e. degree. We cannot control the 
jump or make A Turing complete, since, as we will see below, all K-trivial 
sets are low. 


11.1.2 The requirement-free version 


As we will see in Section 11.3, the construction above automatically yields 
a Turing incomplete c.e. set. It is thus an injgury-free solution to Post’s 
Problem. It is not, however, priority-free, in that the construction depends 
on an ordering of the simplicity requirements, with stronger requirements 
allowed to add more to the weight of L. We can do methodologically better 
by giving a priority-free solution to Post’s Problem, in the sense that no 
explicit diagonalization (such as that of We above) occurs in the construc- 
tion of the incomplete c.e. set, and therefore the construction of this set (as 


11.1. K-triviality 503 


opposed to the verification that it is noncomputable) does not depend on 
an ordering of requirements. We now sketch this method, which is due to 
Downey, Hirschfeldt, Nies, and Stephan [117], and is rather more like that 
of Solovay’s original proof of the existence of a noncomputable K-trivial 
set. 

Let us reconsider the key idea in the proof of Theorem 11.1.5. At certain 
stages we wish to change an initial segment of A for the sake of diago- 
nalization. Our method is to make sure that the total measure added to 
the weight of our KC set L (which proves the K-triviality of A) due to 
such changes is bounded by 1. Suppose, on the other hand, that we were 
fortunate enough to have U itself “cover” the measure needed for these 
changes. That is, suppose we were at a stage s where we desired to put n 
into As+1 \ Ás and at that very stage K,(j) changed for all 7 € (n, s]. Then 
in any case we would need to enumerate new requests describing As+1 | j 
for all j € (n,s], whether or not these initial segments change. Thus, at 
that very stage, we could also change A, | j for all j € (n,s] at no extra 
cost. 

Notice that we would not need to copy U at every stage. We could enu- 
merate a collection of stages to, tı ... and only update L at stages t;. Thus, 
for the lucky situation outlined above to occur, we would need the approx- 
imation to K(j) to change for all j € (n,t,] only at some stage u with 
ts S< u < ts41. This observation would seem to allow a greater possibility 
for this lucky situation to occur, since many more stages can occur between 
ts and ts41- 

The key point in this discussion is the following. Let to, t,,... be a com- 
putable collection of stages. Suppose that we construct a set A = U, Ar, 
so that for n < ts, if Arq, Tn # Ar, Ùn then Ky, (j) > Ke,,,(7) for all j 
with n < j <S ts. Then A is K-trivial. We are now ready to define such an 
A in a priority-free way. 

Let to,ti,... be a collection of stages such that t; as a function of i 
dominates all primitive recursive functions. (Actually, we do not need i + t; 
to be quite this fast growing; see below for more details.) At each stage u, 
let {aiu : i € N} list Ay. Let At, = At, U [ant ts], where n is the 
least number less than or equal to ts such that Ky,,,(j) < Ki, (j) for all 
j € (n,ts]. (Naturally, if no such n exists, A;,,, = Az,.) Requiring the 
complexity change for all j € (n, ts], rather than just j € (an,t,, ts], ensures 
that A is coinfinite, since for each n there are only finitely many s such 
that Kı (n) < Kı, (n). 

Note that there is no priority used in the definition of A. It is like the 
Dekker deficiency set or the so-called “dump set” (see Soare [366, Theorem 
V.2.5]). 

It remains to prove that A is noncomputable. By the recursion theorem, 
we can build a prefix-free machine M and know the coding constant c of M 
in U. That is, if we declare M (o) = j then we will have U(T) = j for some 7 
such that |r| < |a| + c. Note further that if we put o into the domain of M 
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at stage ts, then 7 will be in the domain of U by stage ts+1 — 1. (This is why 
we required į +> t; to dominate the primitive recursive functions. In fact, we 
only need this function to dominate the overhead of the recursion theorem; 
that is, we only need the property that if o enters the domain of M at stage 
ts, then there is a 7 such that |r| < |o| + c and %,,,-1(7) |= M(c). The 
use of a fast growing sequence of stages was the key insight in Solovay’s 
original construction.) 

Now the proof looks like that of Theorem 11.1.5. We devote 2~ +) of 
the domain of our machine M to ensuring that A satisfies the eth simplicity 
requirement. When we see an, occur in We,t,, where aan Q-Ku) < 
2-(et+e+2) we provide shorter M;, descriptions of all j with n < j < ts so 
that Ky,,,(7) < Ki, (j) for all such j. The cost of this change is bounded 
by 27(°+1), and ant, will enter Ar,,,, as required. 

As observed by Downey, Hirschfeldt, Nies, and Stephan [117], and later 
formally written out by Nies [303, 306], many of the usual computability- 
theoretic variations work for this construction. Thus, for example, there are 
minimal pairs of degrees containing K-trivial sets, and the following holds 
(though the proof is a bit tricky; see [303] for details). 


Theorem 11.1.6 (Downey, Hirschfeldt, and Nies, see [303]). If B is a low 
c.e. set, then there is a K-trivial c.e. set A £r B. Indeed, if Bo, Bi,... is 
a uniformly c.e. sequence of uniformly low sets, then there is a K -trivial 


c.e. set A such that A £r Bi for alli. 


11.1.3 Solovay functions and K-triviality 


Recall from Definition 3.12.3 that a Solovay function is a computable func- 
tion such that 37>, 2-f%™ < œ and f(n) < K(n) + O(1) for infinitely 
many n. In this subsection we point out an attractive connection between 
k-trivials and Solovay functions. 

We begin with an analog of Chaitin’s Theorem 3.4.4 that all C-trivials 
are computable (where A is C-trivial if C(A [ n) < C(n) + O(1)). 


Proposition 11.1.7 (Bienvenu and Downey [39]). Suppose that for each 
computable function f with X., 2750) < œœ, there exists a computable 
function g with >, 2-97 < œœ such that g(A | n) < f(n)+O(1). Then A 
is computable. 

Proof. Let A satisfy the hypothesis of the proposition, and let f be a Solo- 
vay function. Let g be a computable function such that 5°, 2-7) < o0 
and there is a c with g(A [ n) < f(n) + c for all n. Let d be such that 
K(o) < g(a) + d for all ø. Since f is a Solovay function, there is an e such 
that f(n) < K(n) +e for infinitely many n. For any such n, 


H7 € 2”: g(T) < f(n) +e} 
< H{r € 2” : K(T) < K(n)+c+d+ e}| < 2°t1te+t00), 
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where the last inequality comes from the Counting Theorem 3.7.6. So the 
TI? class {X € 2% : Yn (g(X | n) < f(n)+c)}, to which A belongs, has only 
finitely many elements (at most 2°+¢+*+O@) many), and hence all these 
elements are computable. o 


We can use Solovay functions to characterize K-triviality. 


Theorem 11.1.8 (Bienvenu and Downey [39]). A set A is K-trivial iff 
for all computable functions f such that X`, 2750) < œ, we have K(A | 
n) < f(n)+O(1). Moreover, there exists a single such computable function 
g such that 


A is K-trivial @ K(A în) < g(n) + O(1). (11.1) 


Proof. We give a simple proof due to Wolfgang Merkle. 

By Lemma 3.12.2, any K-trivial A satisfies K(A [ n) < f(n) + O(1) for 
all computable f with *,, 2-f() < oo. Thus, it is enough to find such a 
function g so that the < direction of (11.1) holds. In fact, we can take g 
to be Solovay’s Solovay function, the function constructed in the proof of 
Theorem 3.12.1. 

Let A be a set such that K(A [ n) < g(n)+O(1). Given n, let s be least 
such that K.(n) = K(n), and let m = (n, s}. Then g(m) < K(n)+0(1), as 
explained in the proof of Theorem 3.12.1. Since n can be computed from 
m, we have 


K(A |n) < K(A | m) +001) < g(m) + O(1) < K(n) + O(1), 
so A is K-trivial. oO 


Too recently for a proof to be included in this book, Bienvenu, Merkle, 
and Nies [unpublished] have shown that a computable function g satisfies 
(11.1) iff it is a Solovay function. 


Theorem 11.1.9 (Bienvenu, Merkle, and Nies [unpublished]). The 
following are equivalent for a computable function g. 


(i) The function g is a Solovay function. 
(ii) A set A is K-trivial iff K(A | n) < g(n) + O(1). 


Bienvenu, Merkle, and Nies [unpublished] also showed that the above 
result still holds for co-c.e. functions g (where we remove the condition 
that g be computable from the definition of a Solovay function). 


11.1.4 Counting the K-trivial sets 


Zambella’s Theorem 11.1.3 leads one to ask exactly how many K-trivials 
there are for a given constant of K-triviality, and how complicated it is to 
enumerate them. This question has been investigated by Downey, Miller, 
and Yu [127]. Let KT(c) = {A : Vn(K(A | n) < K(n) + c)} and let 
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G(c) = |KT(c)|. The function G appears to be a strangely complicated 
object. We calculate some bounds on its complexity. To do so, we begin 
with a combinatorial analysis. Let KT(c,n) = {0 € 2": K(o) < K(n)+c} 
and G(c,n) = |KT(e,n)|. 


Theorem 11.1.10 (Downey, Miller, and Yu [127]). lim, $2 = 0. Indeed, 
De GP < o0 

Proof. Let n be large enough so that if A and B are distinct elements 
of KT(c) then A | n #4 B | n. Then for any m > n, we have G(c) < 
G(c,m). an for any d we ae © de zi CO < liminf, J; Ae™, and 


2° c<d 2° 
< liminf, Z, S2. But J, S ") < O(1), since for all n, 
Gane kh eek ae Ne 2 Be gee: 
c a€2” d>0 oe2” 
where the last inequality follows by Corollary 3.7.9. O 


The above result is relatively sharp, in the following sense. 


Theorem 11.1.11 (Downey, Miller, and Yu [127]). There is an £ > 0 such 
that G(c) > zy for all large enough c. 


Proof. For any ø, 
K(00") < K(o) + K(0") + O(1) 
< K(o) + K(0l?!*") + O(1) < |o0"| + K(o) + O(1). 


So there is a d such that 00% € KT(K(o) + d) for all ø. If |o| = (c —d)— 
2log(c—d), then K(o) < c—d, so o0” € KT(c). But there are con Dz many 
such ø, so the theorem follows. O 


We now consider the complexity of G. 
Theorem 11.1.12 (Downey, Miller, and Yu [127]). G £r W. 


Proof. Suppose that G <s 0’. Let k be such that 0” € KT(k). Using the 
KC Theorem, we build a machine M with coding constant d, which we 
know in advance by the recursion theorem. Let c > k, 2% be least such that 
Slo) < 274, Such a c exists by Theorem 11.1.10, and we can approximate 
c as the limit of a computable sequence co, c1, .... We may assume that 
cs > d for all s. We build M to ensure that KT(c) has at least 2°74 many 
elements, yielding a contradiction. 

At stage s, proceed as follows. If s = 0, then let Sp = {A}. If s > 0 and 
Cs = Cs—1, then let Ss be a set of strings of length s extending the strings 
in Ss_1 such that |S.| = min(2°°74,2|Ss—1|). If s > 0 and cs # Cs-1, 
then let S, = {0°}. In any case, promise to give each string in S, an 
M-description of length K(s) + cs — d, which is clearly possible because 
2cs d9 (K(s)+es—d) — Z9 K(s), 
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Let t be least such that cs = c for all s > t. Then S; = {0°}, and 
from stage t on, |Ss| grows until it reaches 2°74, Thus there are 2°74 many 
sequences a > 0! such that a Ì s € S, for all s > t. For any such a, we 
have K(a | s) < Kumla | s)+d < K(s)+c for all s >t, and K(a Ì s) < 
K(s)+k < K(s)+c for all s < t. Thus every such a is in KT(c), and hence 
G(c) > 2°74, for the desired contradiction. Oo 


A crude upper bound on the complexity of G is that G <r Ø”. It is 
unknown whether G <+ Ø”, or even whether the answer to this question is 
machine dependent. 


11.2 Lowness 


In computability theory, a set A is called low if its jump has the same 
Turing degree as the jump of Ø. The idea is that, in relation to the jump 
operator, A has no more power as an oracle than Ø. Another way to look 
at this concept is that A is low iff the class of sets that are A$ relative to 
A is the same as the unrelativized class of AÌ sets. We can generalize this 
notion to any relativizable class C, and say that A is low for C if C4 = C. 
For example, we have the following important concept. 


Definition 11.2.1. Let R be a relativizable notion of randomness. A set 
A is low for R-randomness if every R-random set is R-random relative to 


A. 


So A is low for R-randomness if it has no derandomization power with 
respect to R-randomness. Of course, here R can be any of the notions 
we have previously studied, such as 1-randomness, Schnorr randomness, 
etc. For notions of randomness R with a test definition, we also have the 
following notion. 


Definition 11.2.2. A set A is low for R-tests if every R-test relative to 
A is covered by an unrelativized R-test, that is, for every R-test {Un}new 
relative to A, there is an R-test {Vn }new such that Np Vn 2 Nn Un- 


If A is low for R-tests, then it is low for R-randomness, but the converse 
is not necessarily true. For any notion of randomness with universal tests, 
however, the two notions clearly coincide. Thus, for instance, a set is low 
for Martin-Lof tests iff it is low for 1-randomness. 

We can also further generalize the idea of lowness to other notions, such 
as in the following concept due to An. A. Muchnik [unpublished]. 


Definition 11.2.3 (Muchnik [unpublished]). A set A is low for K if 
K(o) < K4(c) + O(1). 
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Suppose that A is low for K. Then K(A | n) < K4(A | n)+O(1) < 
K(n) + O(1), so A is K-trivial. Also, if X is l-random then K4(X | n) > 
K(X | n) — O(1) > n — O(1), so A is low for 1-randomness. 

A set A is low for 1-randomness iff A Sir 0, and low for K iff A <,x 0, 
so Theorem 10.5.9 gives us the following result, originally proved by Nies 
[302]. 


Corollary 11.2.4 (Nies [302]). A set is low for 1-randomness iff it is low 
for K. 


Lowness for 1-randomness was first studied by Kučera and Terwijn [223], 
who answered a question of van Lambalgen and Zambella, first published 
in [416], by showing that there is a noncomputable c.e. set that is low 
for 1-randomness. Their result was an early example of a cost function 
construction (as Kuéera [private communication] has put it, the strategy 
of such a construction is “do what is cheap”), a topic we will return to in 
Section 11.5. It follows from the following more recent theorem, which also 
gives another proof of the existence of noncomputable K-trivial c.e. sets. 


Theorem 11.2.5 (Muchnik [unpublished]). There is a noncomputable c.e. 
set that is low for K. 


Proof. We build a c.e. set A to be low for K while satisfying the usual 
simplicity requirements 


Re: We # A. 
We use a cost function as in the proof of Theorem 11.1.5. Let 
e(n, s) = Soe" :UA[s|(7) | with use greater than n}. 


We think of c(n, s) as the cost of enumerating n into A at stage s. 

Initially, let neo = 2e for all e. Unless explicitly defined otherwise, 
nespi = Ne,s for all e and s. 

At stage s, say that Re requires attention if We,.NAs = Nand nes € We,s. 
If no Re with e < s requires attention, then proceed to the next stage. 
Otherwise, let e be least such that Re requires attention. If c(ne,s,8) < 
2-(¢+?) then put ne s into A. Otherwise, for all i > e, let nj,541 be fresh 
large numbers with ni s+1 > 2i. In either case, we say that Re acts at stage 
s. 

Clearly A is c.e. and coinfinite. Assume for a contradiction that A is 
computable. Let e be least such that We = A. If i < e then either W;N A F 0 
or W; is finite. In either case, R; eventually stops requiring attention. Let 
s be a stage by which all such R; have stopped requiring attention. If there 
were no stage so > s at which Re acts, then we would have net = Nes 
for all t > s and ne, ¢ A. But then nes E€ We, so Re would act at 
the least t > s such that neg € Wet. So there must be such a stage so. 
At that stage, we must have c(ne,s,,80) > 2~(°+?), since otherwise we 
would have nes, E We N A. Now all n;,5,41 for i > e get defined to be 
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fresh large numbers, so the /4-computations contributing to c(ne,s,, So) 
are permanent. Thus p([domU/4]) > 2-‘+?). 

But now, arguing as before, there is a stage sı > sọ at which Re acts, 
and c(ne,s,,81) > 2~+?), Again, the U4-computations contributing to 
C(Ne,s,,$1) are permanent, and furthermore, they are all different from the 
ones that contributed to c(ne,s), So), since their use must be greater than 
Ne,so+1, Which was defined to be greater than the use of computations con- 
tributing to c(ne,so, 80). Thus p([domU/4]) > 2-(+). We can now repeat 
this argument to show that p([dom/4]) > 27° and so on. Eventually we 
conclude that p([domU/4]) > 2, which is a contradiction. 

It remains to show that A is low for K. Let 


L= {(|\r| +1,0) : 3s (UA(r)[s] = o)}. 
The weight of L is bounded by 


5 (w(ldomz4) + X (dom U4 [s] \ domUA[s + iD). 


But if ¢ € domU/4{[s] \ domU/4[s + 1] then there must be an n entering A 
below the use of U4(c)[s] at stage s. Thus pu([domU/“[s]\domU4[s+1]]) < 
c(n, s) for the unique n entering A at stage s. (If there is no such n, then 
domU4[s] \ domU/4[s + 1] = 0.) So the weight of L is bounded by 


5 (u([dome}) + X {eln, s): n € As41 \ As}) 


< 5 (((domee*) + ee) =1. 


Thus L is a KC set. Furthermore, for each ø, the request (K4(c) +1, ø) is 
in L, so K(c) < K4(c) + O(1), as required. Oo 


Corollary 11.2.6 (Kuéera and Terwijn [223]). There is a noncomputable 
c.e. set that is low for 1-randomness. 


We have already seen in Chapter 10 that the following relativized form 
of this result is quite useful. 


Corollary 11.2.7 (Kuéera and Terwijn [223]). For every X there is a 
Y >r X such that every set that is 1-random relative to X is 1-random 
relative to Y (t.e., Y Sır X). 


Here is another application of (the proof of) this result. The construction 
in the proof of Theorem 11.2.5 gives us a way to define a nontrivial pseudo- 
jump operator taking any set X to a set Y <ir X. By Theorem 2.12.3, 
there is an incomplete c.e. set X such that Ọ <ir X. As we have seen in 
Section 10.6, the latter condition is equivalent to being (uniformly) almost 
everywhere dominating. On the other hand, it is not difficult to build a 
low c.e. set A that is not K-trivial, and hence not low for K, by combining 
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lowness requirements with requirements of the form dn (K(A | n) > K(n)+ 
c). (In Theorem 11.4.1, we will see that all K-trivial sets are superlow, and 
hence array computable (by the remark following the proof of Theorem 
2.23.9). Thus the proof of Theorem 2.23.9 is another way to build such an 
A.) Again, we can use this construction to define a nontrivial pseudo-jump 
operator taking any set X to a low set Y £:,n X. By Theorem 2.12.3, there 
is a high c.e. set X such that 0’ ır X. Thus the collection of (uniformly) 
almost everywhere dominating sets contains incomplete c.e. sets, but does 
not contain all high c.e. sets. 

The proof of Theorem 11.2.5 is quite similar to the direct proofs of the ex- 
istence of noncomputable K-trivial sets in the previous section. It is natural 
to wonder whether the notions of K-triviality, lowness for 1-randomness, 
and lowness for K might coincide. (We have already seen that the lat- 
ter two do coincide, and imply K-triviality.) When this question was first 
considered, there was some evidence that this should not be the case. For 
instance, it was known that the K-trivial sets are all A8, and that the join 
of two K-trivial sets is K-trivial, but it was open whether the analogous 
facts hold for lowness for 1-randomness. In the other direction, it was known 
that the sets that are low for 1-randomness are GL, and that, trivially, if 
a set A is low for 1-randomness, then so is every A-computable set, but it 
was open whether the analogous facts hold for K-triviality. As we will see 
below, however, Nies has developed a powerful method that shows, among 
other things, that these three notions do in fact coincide, and hence define 
the same natural class of randomness-theoretically weak sets. 

We finish this section by proving a useful characterization of lowness for 
1-randomness (and hence of K-triviality). The “if” direction of this result 
is similar to a lemma Kučera and Terwijn [223] used in proving Theorem 
11.2.6. 


Theorem 11.2.8 (Nies and Stephan, see [299]). A is low for 1-randomness 
iff there are a 5° class R and ac such that u(R) < 1 and K4(c) < |o|-e> 
lo] C R for all o. 


Proof. Suppose such a class R exists. Let X be 1-random. By Theorem 
6.10.2, there are ø and Y € R such that X = oY. We have K4(Y | n) > 
n — c for all n, so Y is 1-random relative to A, and hence so is X. Thus A 
is low for 1-randomness. 

Now suppose that A is low for 1-randomness. Let V be a ©? class such 
that u(V) < 1 and V contains all sets that are not 1-random. We claim 
that there are ø and k such that [o] £ V and Yr > o (K4^(7T) < |r| — k => 
[7] © V). Suppose that this is not the case. Then we can construct a set 
X as follows. Let 7 = A, and let 7,41 be a proper extension of 7, with 
[m+] É V and K4(t+41) < |r| —n. Let X = limn m. Then X is not 
l1-random relative to A. But X ¢ V, so X is l-random, which contradicts 
the assumption that A is low for 1-randomness. 
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_ Thus we can fix ø and k as above and let R = [{7 : [or] C V}]. Then 
R is a II? class of 1-random sets, and hence cannot be null, so u(R) < 1. 
Furthermore, there is a c such that 


KA(r) < |r| -—¢ > K4(or) <|or| —k => for] CV = [oJ CR. 
oO 


11.3 Degrees of K-trivial sets 


The technique introduced in this section, which has been called the decanter 
method, or, in its full-fledged form, the golden run method, is a fundamental 
one in the study of K-triviality. In this section we will look only at the basic 
method, leaving the more difficult nonuniform applications to the following 
section. It is not difficult to show that K-trivial sets are wtt-incomplete. 
The following stronger result shows that the noncomputable c.e. K-trivial 
sets provide a more or less natural solution to Post’s Problem. 


Theorem 11.3.1 (Downey, Hirschfeldt, Nies, and Stephan [117]). Every 
K-trivial set is Turing incomplete. 


The decanter method evolved from attempted proofs of the negation 
of this result, the failures of which were eventually turned around into 
a proof of the theorem, in the time-honored symmetry of computability 
theory. Subsequently, the removal of artifacts of the original proof, and 
the use of a treelike structure by Nies, led to a very powerful and general 
technique, and, as we will see in the following section, to vast improvements 
of Theorem 11.3.1. The account below is similar to the one in [104]. 


11.3.1 A first approximation: wtt-incompleteness 


The fundamental tool used in all of these proofs is what can be described 
as “amplification”. Suppose that A is K-trivial with constant of triviality 
b, and we are using the KC Theorem to build a prefix-free machine M 
whose coding constant within the universal prefix-free machine U is known 
to be d. Then if we enumerate the request (p,n), meaning that we make 
M describe n by a string of length p, then U must describe n by a string 
of length at most p + d, and hence there must eventually also be a stage 
s at which U provides a description of A, | n of length at most p + b + d. 
Thinking of an opponent who provides U/-descriptions, we notice that the 
existence of the constants b and d means that we have to spend more 
measure describing n than the opponent does describing A, | n. (That is, 
our description increases j4([dom M]) more than the opponent’s increases 
yu([dom U]).) 

If we are trying to claim that A is not K-trivial, then we want to force 
the opponent to waste more measure trying to make A be K-trivial than 


512 11. Randomness-Theoretic Weakness 


we do in playing our strategy. The most basic idea is to force the opponent 
to give short descriptions of many different strings of the same length (i.e., 
versions of A, | n for different s but the same n). The easiest illustration 
of this method is to show that no K-trivial is wtt-complete. 


Proposition 11.3.2. If A is K-trivial then A is wtt-incomplete. 


Proof. Suppose that A is K-trivial and wtt-complete. We know that A is 
AS, so we fix an approximation of A. Let b be a constant of K-triviality for 
A. We build a c.e. set B, and a prefix-free machine M via the KC Theorem. 
By the recursion theorem, we may assume we know a coding constant d 
of M in U, and also a wtt-reduction T4 = B with computable use y (as 
explained in the proof of Theorem 2.20.1). 

Let £(s) be the length of agreement of r4 [s] and Bs. We pick k = 2°+4¢+1 
many followers mo > -+ > Mpz_-1 targeted for B and wait for a stage s such 
that (s) > mo. 

At this stage we choose a fresh large n > y(mo) (and hence greater than 
y(m;) for all i < k), and enumerate a KC request (0,7). At some stage so 
we must get a U-description of As, | n of length b+ d or less. That is, at 
least 2~(°+® must be added to the measure of the domain of U. 

At the first such stage so, we put mo into B, ensuring that A | n # As, | 
n, since n > y(mo). (In this case we could use any of the m,’s, but later it 
will be important that the m,’s enter in reverse order of size.) Now there 
must be a stage sı > so with £(s1) > mo such that As, | n # As, Ìn and 
As, | n also has a U-description of length at most b+ d. Thus we now know 
that p([domU]) is at least 2-27 (+4), 

We now put mı into B, which leads once again to a stage s2 > sı with 
£(s2) > mo such that As, | n # As, | n for i = 0,1 and As, fn has a 
U-description of length at most b+ d. We now know that pu([domU/]) is at 
least 3 - 27 0+4), 

If we repeat this process one time for each m;, we eventually conclude 
that u([domU]) > k-2-@+% = 2b+d+19- (+4) — 2, which is impossible. O 


11.3.2 A second approximation: impossible constants 


The argument above is fine for weak truth table reducibility, since the use 
does not change once defined, but there clearly are problems when T is a 
Turing reduction. That is, suppose that our new goal is to show that no 
K-trivial is Turing complete. The problem with the above construction is 
now the following. 

When we play our M-description of n, we use all the measure of dom M 
to describe a single number. Now it is in the opponent’s power to move 
the use y(mo, s) (or even y(Mp—1,s)) to some value bigger than n before 
matching our description of n with a description of A; | n for some t. 
Thus it costs the opponent very little to match our M-description of n: the 
opponent changes A | y(Mpk-—1, s), makes y(Mmgk—1, s+ 1) larger than n, then 
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describes A,i1 În, and we can no longer cause any changes of A below n, 
as all the [-uses we control are too big. 

It is at this point that we realize it is pretty dumb of us to try to describe 
n in one go. All that really matters is that we load lots of measure beyond 
some point where the opponent will be forced to match it many times. For 
instance, in the wtt case, we certainly could have used many n’s beyond 
(mo), giving each a description of length e for some large e, and attacking 
the opponent by putting markers into B only once we have amassed the 
requisite measure of descriptions of numbers beyond 7(mo). This is the 
idea behind our second approximation to the proof of Theorem 11.3.1. 

In this case, we assume we are given a Turing reduction T4 = B and 
make the following impossible assumption: We assume that the constants 
b and d, defined as in the proof of Proposition 11.3.2, are both 0. 

Hence, when we enumerate a request (p,n) for M, the opponent will 
eventually enumerate a U/-description of A, | n of length at most p. (No- 
tice that, with this assumption, in the wtt case we would need only one 
follower.) 

With IT a Turing reduction, we still have the problem outlined above, 
even with our impossible assumption. That is, if we use the dumb strategy 
of the wtt case, then the opponent can move I’-uses before describing initial 
segments of A, thus describing each such segment only once. 

To get around this problem, we use a drip-feed strategy for loading mea- 
sure, as discussed above. To make our terminology more precise, when we 
issue a request (p,n) for M, we say that we have loaded 27? much measure 
at n. We pick a follower m and attempt to load a large amount of measure, 
say 4, at n’s greater than (m) (we write y(m) instead of y(m, s), think- 
ing of y(m) as a movable marker with value y(m,s) at stage s). Suppose 
we succeed, and the opponent provides corresponding short descriptions 
of initial segments of the current approximation to A, which amounts to 
adding 3 to the domain of U. Then we can force A | y(m) to change, and 
the opponent will not have another measure 3 many short descriptions for 
the initial segments of the new version of A. 

To deal with the possibility of A | y(m) changing before we are ready to 
force it to change ourselves, we establish a trash quota, say t. We want to 
make sure that the total measure corresponding to descriptions we waste 
(that is, descriptions that do not force the opponent to issue two corre- 
sponding descriptions of initial segments of approximations to A) does not 
exceed this quota. Thus, we begin by loading measure in chunks of size a: 
That is, we pick an no > 7(m) and issue the request (4, no). 

The opponent now has two options. One is to change A | 7(m) and move 
y(m). In this case, we have wasted Æ much measure. Then we restart our 
loading procedure, but in chunks of size 5 The opponent’s other option 
is to issue a description of length 4 of the current approximation to A | no. 
If that happens then we pick a new large number nı and load another $ 
much measure at nı. Again we wait for the opponent’s reaction. 
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If the opponent issues a description of length 4 of the current approxima- 
tion to A | nı, then we pick a new large number nz and load yet another 
$ much measure at nz. However, if instead the opponent moves y(m), we 
make the following crucial observation: The $ much measure we loaded 
at nı is wasted, but the a much measure we loaded at no is not, because 
the opponent has already issued a description of length 4 of a version of 
A | n. By changing A | y(m), the opponent is now committed to issuing a 
second description of length 4, for the new approximation to A | n (since 
n > y(m), and hence A | n also changes). So we can move on to loading 
measure in chunks of 5 while having added only a to our total wasted 
measure. 

In general, every time the opponent moves 7(m) and forces us to go from 
loading measure in chunks of size 2~* to loading it in chunks of size 27 *+), 
we add only 27* to our total wasted measure, since only the very last chunk 
of measure of size 27} we loaded is wasted. Thus our total wasted measure 
never exceeds our trash quota 4. If indeed T? = A, then the opponent can 
move y(m) only finitely often, so we eventually reach a final level at which 
we are loading measure in chunks of some fixed size 2~*. Once the total 
measure we have loaded, not counting the wasted amount, reaches our goal 
of 2, we force A | y(m) to change ourselves, and win as before. 

We think of the above strategy as a procedure P(#, 3) designed to load 
3 much mapie beyond y(m) and then change A | y(m), while wasting 


at most ; much measure. We call the set of n such that we give n a 
short description and then force the opponent to give two corresponding 
descriptions of versions of A | n a 2-set, and we call the sum of the measure 
we loaded at these n the weight of this set. 

In this simplified construction, building a 2-set of weight 3 (or any weight 
greater than 3) is all we need to do, so running the single procedure P(#, 4) 
suffices. In the next subsection, we introduce the general concept of a k-set, 


and use it to prove that K-trivials cannot be Turing complete. 


11.3.3 The less impossible case 


We now remove the simplifying assumption of the previous section. A k-set 
is a set of numbers n such that we give n a short description and then force 
the opponent to give at least k many corresponding descriptions of versions 
of A | n. As before, the weight of such a set is the sum of the measure we 
load at these n. In the previous section, by a “corresponding description” , 
we meant one of the same length as the one we gave. But without the 
simplifying assumption of that section, when we give n a description of 
length m, all we know is that the opponent will eventually have to give 
A | na description of length at most m + b+ d, where b and d are as in the 
proof of Proposition 11.3.2. So it is no longer enough to force the opponent 
to provide two descriptions to each one of ours. We now need the opponent 
to provide at least 2°+¢+! many descriptions to each one of ours. In other 
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words, where in the previous section we built a 2-set of weight greater than 
+, we now need to build a 2°+¢+1-set of weight greater than 4. To do so, 
we take the key idea from the wtt case, in which the use is fixed but the 
coding constants are nontrivial, namely, that we can use multiple followers 
to build a k-set for any k we want. 

To simplify our discussion for now, suppose that b+d = 1. Emulating the 
wtt-case, we work with k = 21+! = 4 and try to build a 4-set of sufficient 
weight. We break this task into the construction of a 2-set, which is turned 
into a 3-set, which is finally turned into the desired 4-set. We view these 
constructions as procedures Pj for 2 < j < 4, which are called in reverse 
order as follows. 

Our overall construction begins with, say, Py(3, z), whose task is to build 
a 4-set Cy of weight 3 while wasting at most = much measure. 

To do this, P4( 3, =) calls procedures of the form P3(g,q), which build 
a 3-set C3 by calling procedures of the form P2(g’,q’). The latter build a 
2-set Cp and enumerate a KC set L. 

Each procedure P; has rational parameters g,q € [0,1]. The goal g is the 
weight the procedure wants C} to reach, and the trash quota q is how much 
measure it is allowed to waste. 

The main idea is that procedures P; will ask that procedures P; for i < j 
do the work for them, with Pz eventually really doing the work. The goals 
of the P; are determined inductively by the trash quotas of the P; for 
j > i, in such a way as to ensure that if the procedures are canceled before 
completing their tasks, then the amount of measure wasted is acceptably 
small. 

We begin the construction by starting P4(ł, 4). Its action is first to 
choose a follower m4 and wait until TA(m4) |. Then P, calls P3(2~4,275). 
The idea here is that, instead of directly loading measure in chunks of size 
$ beyond 7(m4) as in the previous section, P; delegates that task to P3. 
(The precise numbers being used here are immaterial, of course, except 
that we need to keep the total wasted measure below P,’s trash quota of 
1 
=.) 

i While we are waiting for P} to return, if y(m4) moves, then we restart, 
this time calling P3(2~*,2~°). Otherwise, the following occurs. 

The procedure P3(2~4,2—°) picks a follower m3 > m4, waits until 
T4(ms) |, and then calls P>(275,276). That procedure picks its own fol- 
lower mz > m3 and waits until T4(mz) |. At this point, Py begins to try 
to load 275 much measure beyond (mz), in chunks of size 277, just as in 
the previous section. (That is, Py uses L to give descriptions of length 7 to 
n’s bigger than 7(mz2).) 

While all of this action is occurring, many things can happen. The sim- 
plest case is that nothing happens to the uses, and hence, as with the wtt 
case, P> successfully loads its goal amount 2~° beyond y(mz,s). Should 
this happen then P> enumerates mə into B, forcing A | y(m2, s) to change 
and hence creating a 2-set C2 of weight 275. Then P, returns. 
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Now P; sees that it has 2~° much measure loaded beyond 7(ms3), but it 
would like another chunk to be loaded there, so it again calls P)(2~°,2~°) 
(which now chooses a new follower m2). If P> again returns successfully, 
then we have a 2-set of weight 274 consisting of numbers greater than 
(m3) (which we are assuming has not moved). Now P; enumerates ms 
into B, causing this 2-set to become a 3-set of weight 274, and returns. 

Now, of course, P4 needs to call P3 again, which will cause further calls 
to Py. One can think of this construction as “wheels within wheels within 
wheels” , spinning ever faster. 

Of course, our difficulties all come about because uses can change, but 
the construction in the previous section gave us a technique to deal with 
that issue. For example, if only y(mz2) moves then, as before, only the last 
amount of measure loaded by P is wasted. So, again as before, P starts 
loading measure in chunks that are half the size of the ones it had been 
previously using. Since we are assuming that [4 = B, and hence all uses 
stabilize, this problem will eventually stop occurring for any particular run 
of Py. 

In general, the inductive procedures work similarly. For example, if (m3) 
moves during a run of P3, then P; cancels the current run of P2(g,q) and 
calls P:(g, 4) instead. Any measure that this run of P2(g,q) had loaded is 
wasted, but what previous calls to P> had accomplished is not. In the end, 
we can argue by induction that all tasks are completed. 

We now turn to the formal details of the construction. 


Proof of Theorem 11.8.1. Suppose that A is K-trivial and Turing com- 
plete. We know that A is A$, so we fix an approximation of A. Let b 
be a constant of K-triviality for A. We build a c.e. set B, and a prefix-free 
machine M via the KC Theorem. By the recursion theorem, we may as- 
sume we know a coding constant d of M in U, and also a reduction T4 = B. 
As above, we will think of the use y4(n) as a marker whose value might 
change during the construction. Let k = 2°+¢+1, 

We assume we have sped up our enumeration of stages enough so that 
K,.(As | n) < Ks(n) +b for all s and all n mentioned in the construction 
by stage s. 

As in the wtt case, our construction will build a k-set Ck of weight greater 
than 4 to reach a contradiction. The procedure Pj for 2 < j < k enumerates 
a j-set Cj. As explained above, the construction begins by calling Pp, which 
calls Py_1 several times, and so on down to Pz, which enumerates L (and 
C2). Each call of a procedure P; has parameters g = 2~* and q = 27” with 
q < g, again as explained above. 

We now describe the procedure P;(g, q). 


1. Choose mj large. 


2. Wait until T4(m;) |= 0. 
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3. Let v be the number of times this procedure has gone through step 
2: 


j = 2: Pick a large number n. Put (r,n) into L, where 27" = 27%q. 
Wait for a stage t such that K;(n) < r + d, and put n into C4. 

j > 2: Let w be the number of P;_; procedures called so far. Call 
PAG: JSk wakay 


4. If the weight of Cj—1 is less than g then repeat step 3. 


5. Put m; into B. This action forces A to change below y4(m;) < 
min(C;-1), and hence makes Cj—ı into a j-set (if we assume in- 
ductively that Cj—ı is a (j — 1)-set). So put Cj_1 into Cj, declare 
Cy1= Ø, and return. 


If y4(m,;) changes during the execution of the loop at step 3, then cancel 
the runs of all subprocedures, and go to step 2. Despite the cancellations, 
Cj—ı is now a j-set because of this very change. (This is an important 
point, as it ensures that the measure associated with numbers already in 
Cj-1 is not wasted.) So put Cj_1 into C} and declare Cj_; = 9. 

This completes the description of the procedures. The construction con- 
sists of calling P,(#, 4), say. It is straightforward to argue that since trash 
quotas are inductively halved each time they are injured by a use change, 
their sum is bounded by +, and that therefore L is a KC set. Furthermore 
Ck is a k-set of weight 3, which is a contradiction since then the measure 
of U exceeds 1, as in the proof of Proposition 11.3.2. O 


The following description is taken from [118]. (We have changed some 
variable names in this quote to match the ones we use.) “We can visual- 
ize this construction by thinking of a machine similar to Lerman’s pinball 
machine (see [366, Chapter VIII.5]). However, since we enumerate rational 
quantities instead of single objects, we replace the balls in Lerman’s ma- 
chine by amounts of a precious liquid, say 1955 Biondi-Santi Brunello. Our 
machine consists of decanters Ck, Cr-1,...,Co. At any stage Cj is a j-set. 
We put Cj_1 above Cj so that Cj—ı can be emptied into C}. The height 
of a decanter is changeable. The procedure P;(g,q) wants to add weight g 
to C}, by filling Cj;_1 up to g and then emptying it into Cj. The emptying 
corresponds to adding one more A-change. 

“The emptying device is a hook (the y“(m)-marker), which besides being 
used on purpose may go off finitely often by itself. When Cj_1 is emptied 
into Cj then Cj_2,...,Co are spilled on the floor, since the new hooks 
emptying Cj_1,...,Cy may be much longer (the y4(m)-marker may move 
to a much bigger position), and so we cannot use them any more to empty 
those decanters in their old positions. 

“We first pour wine into the highest decanter Co, representing the left 
domain of L, in portions corresponding to the weight of requests entering 
L. We want to ensure that at least half the wine we put into Co reaches Cx. 
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Recall that the parameter ( is the amount of garbage P;(g, q) allows. If v is 
the number of times the emptying device has gone off by itself, then P; lets 
P;—1 fill Cj_1 in portions of size 2~’g. Then when Cj_1 is emptied into C}, 
at most 2~’q much liquid can be lost because of being in higher decanters 
Cy_2,...,Co. The procedure P2(g,q) is special but limits the garbage in 
the same way: it puts requests (rn, n) into L where 27" = 2~"q. Once it 
sees the corresponding A | n description, it empties Co into Cı (but Co 
may be spilled on the floor before that because of a lower decanter being 
emptied).” 


11.4 K-triviality and lowness 


At first glance, it may seem unclear whether the K-trivial sets are merely 
an artifact of the definition of prefix-free complexity. (Recall from Theo- 
rem 3.4.4 that all C-trivial sets are computable.) However, work of several 
researchers has shown that the class of K-trivial sets is remarkably robust, 
in that it has a host of natural characterizations via other notions of ran- 
domness theoretic weakness. This phenomenon is similar to what we saw 
for 1-randomness, where various approaches yield the same notion, but in 
this case the equivalence proofs are often rather involved. These alternate 
definitions also have significant degree-theoretic implications. For exam- 
ple, all K-trivial sets are superlow, and the class of K-trivial sets is closed 
downward under Turing reducibility, and in fact is an ideal (i.e., is also 
closed under join). In this section, we prove Nies’ result from [302] that 
every K-trivial set is low for 1-randomness, and hence low for K. We have 
already seen that the latter two notions are equivalent, and lowness for K 
clearly implies K-triviality, so all three notions coincide. 

We begin with a proof that all K-trivial sets are superlow, and then 
describe how to modify this proof to obtain lowness for 1-randomness. The 
method we introduce here, called the golden run method, has proved to be 
one of the major tools in the study of K-triviality and related notions. 


Theorem 11.4.1 (Nies [302]). Every K-trivial set is superlow. 


Proof. We build on the terminology and notation of the previous section, 
and introduce an improved version of the decanter method. 

Let A be K-trivial. In approximating A’, when we see a convergent com- 
putation 64s(e), we need to decide whether to believe this computation. 
If we make only finitely many mistakes for each e, then we ensure that A 
is low, while if we can keep the number of mistakes below a computable 
bound, then we ensure that A is superlow. There is no claim to uniformity 
in the theorem, so we can have infinitely many guessing procedures, as long 
as one them is successful. 

As before, we exploit the fact that changes to the approximation of a K- 
trivial set come at a certain cost, in terms of additional short descriptions 
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of initial segments. By loading measure beyond the use of a convergent 
computation 4: (e), we ensure that any violation of this use will come at 
a relatively large cost. Only once we have loaded sufficient measure will 
we believe this computation. This procedure ensures that the number of 
times we believe an incorrect computation of this form for a given e is 
computably bounded. (If the cost to the opponent of violating the use of a 
computation is made to be 27%, say, then we know we will believe no more 
than 2* many incorrect computations.) Thus we can approximate A’ in an 
w-c.e. manner, whence A is superlow. 

In the proof of Theorem 11.3.1, we built a c.e. set B and assumed we 
had a reduction [4 = B. Whenever we wanted to change A at a stage 
s to transform a (j — 1)-set Cj-1 into a j-set, we could do so simply by 
enumerating some number mj into B, since we arranged things so that an 
A-change below y“(m;)[s] was sufficient to make Cj—1 into a j-set, and 
such a change was guaranteed to happen once m; entered B. What caused 
us problems was that A could change before we wanted it to, but we had no 
trouble ensuring that A would change once we wanted it to. When showing 
that A is superlow, rather than merely incomplete, we no longer have quite 
so much power. If the opponent is to prevent A from being superlow, it has 
to change A reasonably often, but we cannot force such changes to occur 
every time we would like them to. 

We get around this problem by further distributing our measure-loading 
strategy among subprocedures. In the proof of Theorem 11.3.1, a procedure 
P; called a Pj—ı procedure several times, thus obtaining several (j—1)-sets. 
When it had enough such sets, it then promoted them to j-sets by forcing 
appropriate changes in A. The analogous procedure in this proof will run 
several subprocedures simultaneously. Each subprocedure will be associated 
with some index e. Each (j—1)-set C produced by such a subprocedure will 
have its corresponding measure loaded beyond some number n, so that a 
change of the approximation to A | n to a hitherto unseen string will cause 
C to become a j-set. Our level j procedure will assume that such changes 
do not occur and, under that assumption, will guess at values of A’. That is, 
when it has an m such that a change in A [ m would allow it to transform 
a (j — 1)-set C of sufficient weight given to it by a subprocedure associated 
with e into a j-set, and it sees that &4*(e) | with use below m, then it will 
believe that computation. If it is wrong, then C will be promoted. If it is 
wrong sufficiently often for subprocedures associated with some e, then it 
will build up a j-set with weight equal to its goal, and hence will return. 
If not, then it will be able to bound the number of wrong guesses it makes 
about the value of each A’(e), and hence ensure that A is superlow. 

We envision the construction as happening on an infinitely branching tree 
of finite depth k (where & is as in the proof of Theorem 11.3.1), with each 
procedure on the tree having infinitely many subprocedures below it. As in 
the proof of Theorem 11.3.1, the top procedure will attempt to produce a 
k-set of inconsistently large measure, and hence will never return. Thus, at 
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some point in the construction, we will start a run of some procedure that 
neither returns nor is canceled, but such that all the subprocedures it ever 
calls either return or are canceled. As outlined above, this run will succeed 
in guessing A’ with sufficiently few mistakes to ensure that A is superlow. 
We call such a run a golden run. 

It will be convenient to have two kinds of procedures. The procedure 
Pj calls subprocedures Qj—1,e,u, corresponding to potential uses u of con- 
vergent computations P4» (e), which in turn call procedure Pj—ı (except 
for the procedures Q1,¢,., which are the ones that actually perform the 
measure loading by enumerating requests into a KC set L). Each call to a 
procedure comes with two parameters, as in the proof of Theorem 11.3.1, 
a goal g and a trash quota q. As in that proof, a run of a procedure may 
be canceled due to a premature A-change, in which case it will generate 
a certain amount of “wasted measure”. Again as in that proof, the trash 
quota will bound that amount. We choose our trash quotas to ensure that 
the total amount of wasted measure produced over the entire construction 
is small, and choose the goals of calls to subprocedures made by a partic- 
ular run of a procedure to be small enough that the measure wasted by 
their potential cancelations adds up to no more than the trash quota of 
that run. 

We now proceed with the formal details of the description of the pro- 
cedures and the construction. The approximation to A’ showing that A is 
superlow will not happen during the construction, but will be built after 
the fact, in the verification. Let b be a constant of K-triviality for A. We as- 
sume we have sped up our stages sufficiently so that K,(A ] n) < K,(n)+b 
for all s. Let d be a coding constant, given by the recursion theorem, for 
the machine corresponding to the KC set L we build. Let k = 2°+¢+1, 
Procedure P;(g,q), where 1 < i < k and g = 27! > q = 27" for some 
l and r. This procedure enumerates a set C, initially empty. At stage s, 
declare s to be available. (Availability is a local notion, applicable only to 
this particular run of this procedure.) For each e < s, proceed as follows. 


1. If e is available and ®4(e)[s] |, then let u be the use of this compu- 
tation and call Qi—1,e,u (27t) g, min(2~ +1) g, 2- Ci+n))), where n 
is the number of runs of Q;i—1-procedures that have been started by 
this point. Declare e to be unavailable. 


2. If e is unavailable due to a run of Qi—1,e,u(g',q') and As | u # Ası | 
u, then declare e to be available, say that this run of Qi—1,e,u(g', q") 
is released and proceed as follows, where D is the set being built by 
the run of Qi-1,e.u(9', 7). 

(a) If the weight of C U D (defined as in the proof of Theorem 
11.3.1) is less than g then put D into C and proceed to step 
2(b). Otherwise, let D C D be such that the weight of CU D 

is g and put D into C. (It will be easy to see that D exists 


11.4. K-triviality and lowness 521 


from the way D is defined below, because g is of the form 27! 
for some l smaller than all p such that we put (p,n) into L for 
n € D.) Cancel all runs of subprocedures, and end this run of 
P,, returning C. 

(b) If the run of Qi—1,e,u(g',q') has not yet returned, then cancel it 
and all runs of subprocedures it has called. 


Procedure Qj,cu(9,q), where 1 <j < k and g =27' > q=2 for 
some l and r. This procedure enumerates a set D, initially empty. Call 
P;(q,2~(23+3+™). where n is the number of runs of P; procedures started 
so far. If this procedure returns a set C, then put C into D. If the weight of 
Dis less than g then repeat this process, calling a new run of P;. Otherwise, 
end the procedure, returning D. (It is easy to see that in this case the weight 
of D is equal to g.) 


Procedure Q1.c.u(g,q), where g = 27} > q = 27" for some l and r. Choose a 
fresh large number n and put (r, n) into L. Wait for a stage t > n such that 
Ki(n) < r+d and then put n into D. If the weight of D is less than g then 
repeat this process. Otherwise, end the procedure, returning D. (Again, in 
this case the weight of D is equal to g.) 


The construction begins by calling Pp o(1,273). At each stage we perform 
one more cycle of each procedure that is currently running, descending 
through the levels and working in some effective order within each level. 


We now verify that this construction works as intended. Let D; be the 
union of the sets enumerated by Q;-procedures. For j > 1, let C} the union 
of the sets enumerated by P;-procedures, and let C1 = {n : Sr ((r,n) € L)}. 


Lemma 11.4.2. Each C; is an i-set. 


Proof. For each n € D4, let sn be the stage at which n enters D1, and let 
Tn be the unique number such that (rn, n) € L. By construction, we have 
Ks, (As, Tn) S Tn +b+ d. Let i € [2,4] and assume by induction that for 
every n € D;_1, if n enters D; at stage t then there are at least i— 1 many 
distinct strings o of the form K, Ìn for v € [sn, t] such that K(o) < r+b+d. 
We show that C; also has this property, which clearly implies that it is an 
i-set, and that D; also has the property if i < k, so that the induction may 
continue. Suppose that n enters C; at stage t. This enumeration happens 
at step 2(a) in the action of a run of some P,-procedure for some e, and 
corresponds to the release of some run of a subprocedure Q;-1,e,u(g’, q’). By 
the inductive hypothesis, there are i—1 distinct strings ø of the form A, [ n 
for v € [sn, t) such that K,(o) < r+b+ d. Furthermore, the approximation 
to A | u cannot have changed between stages s,, and t — 1, since such a 
change would have caused the run of Qi-1,c,u(g’,q’) to have been released 
sooner. Since A; [ u Æ A; | u, there is a new string T = A; | n, not 
equal to any of these ø, such that Ki(7T) < r+b+ d. Since n is an arbitrary 
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element of Ci, we see that C; has the desired property, an in particular is 
an i-set. oO 


The next lemma shows that trash quotas are respected. 


Lemma 11.4.3. (i) For j € [1,k), the weight of the set of numbers in 
C; \ Dj corresponding to a run of Qj,c,u(g,q) is at most q. 


(ii) For i € (1,k], the weight of the set of numbers in Di-ı \ Ci 
corresponding to a run of P;(g,q) is at most q. 


Proof. (i) There is at most one n corresponding to a run of Qie.u(g,¢) 
in Cı \ Dı, since no number is put into Cı by this run until the previous 
number it put into C4 enters Dı. For such an n, the unique (r,n) € L is 
such that 27” = q. Thus the weight of n is q. 

If j > 1, then all numbers in C} \ D; corresponding to a run of Qj,e,u(9, 9) 
correspond to a single run of P;(q, q’), because each time such a run returns, 
its numbers enter D;. Thus this number never returns, and hence the weight 
of the set of numbers corresponding to it is at most q. 

(ii) Let n be one of the numbers corresponding to a run of P;(g,q) that 
is in D;_; by a stage t but never enters C;. Then n is put in D;_; by a 
run of a subprocedure Qj—1,¢,u(2~ tq, 7) called by this run of P;(g, q). 
We claim that this run of P;(g, q) never calls a subprocedure Qi—1,e,wą after 
stage t. To verify this claim, first suppose that A, | u Æ As—1 | u for some 
s >t. Since n does not enter C; at stage s, it must be the case that the run 
of P;(g,q) returns at that stage, and n is not needed for that run to reach 
its goal. Now suppose that there is no such s. Then the run of Qi—1,e,u that 
put n into D;_, is never released, and e is never available after stage t. In 
either case, the claim holds. 

Thus, for each e there is at most one run of a subprocedure of the form 
Qi-te.u(2~ tq, q') called by our run of P;(g,q) that leaves numbers in 
D;_-1 \ Ci. Thus the sum of the weights of these numbers over all such e is 
at most >, 27(+Y)q = q. Oo 


Lemma 11.4.4. L is a KC set. 


Proof. Since Cp is a k-set and k = 2°+4+1, the weight of Ck is at most 
4, while the weight of C1 \ Cx is less than or equal to Dicj<k Ci \ Dj + 
es <k Di-1 \ Ci, which by the previous lemma is bounded by the sum of 
the trash quotas of all procedures. These quotas were chosen so that this 
sum is at most 4, so the weight of Cı is at most 1. But the weight of L is 


equal to the weight of C1, so L is a KC set. O 


There cannot be a k-set of weight 1, so the top procedure started at the 
beginning of the construction can never return, and of course it is never 
canceled. Since there are only finitely many levels of procedures, there must 
be some run of some procedure that neither returns nor is canceled, but such 
that all the subprocedures it calls either return or are canceled. In other 
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words, there is a golden run of some procedure. This procedure cannot be 
a @-procedure, since each run of a @-procedure calls P-subprocedures with 
the same goal, and never cancels any of them itself, so that if it is never 
canceled, then it eventually fulfills its goal and returns. Thus the golden 
run is of some procedure P;. We now show how to guess at A’ in an w-c.e. 
way. 

Fix e. We begin by guessing that e ¢ A’. Every time the golden run sees 
that ®4(e){s] |, it starts a run of a subprocedure Qi—1,e,u, where u is the 
use of this computation. This run returns unless this use is violated before 
it can do so. If the subprocedure returns, we guess that e € A’. If the use 
u is later violated, then we go back to guessing that e ¢ A’. Every time a 
run of a subprocedure Qi—1,e,u returns, it adds g-tet le to the weight of 
the set C associated with the golden run. Hence, we cannot guess wrongly 
at whether e is in A’ more than 2° many times, lest the golden run reach 
its goal and return. Thus A is superlow. Oo 


Corollary 11.4.5 (Nies [302]). Every K-trivial set is w-c.e. 


The above proof also shows that the K-trivial sets have the following 
property, which will be relevant when we discuss strong jump traceability 
in Chapter 14. We write J4 for the jump of A thought of as a partial 
function. That is, J4(e) = ®A(e). 


Definition 11.4.6 (Nies [303]). A set A is h-jump traceable for a com- 
putable order h if there are uniformly c.e. sets To,71,... such that |T;,| < 
h(n) and J4(n) | => J4(n) € Ta for all n. 

A set A is jump traceable if it is h-jump traceable for some computable 
order h. 


It is easy to see that there is a computable function f such that 
JA(f(e,n)) = ®A4(n) for all e and n, so A is jump traceable iff every 
A-partial computable function has a trace with some computable bound. 
Nies [303] showed the following. 


Theorem 11.4.7 (Nies [303]). A c.e. set is jump traceable iff it is superlow. 


On the other hand, Nies [303] also showed that there is a perfect II? class 
of jump traceable sets (see Theorem 14.5.3 below), and that even within the 
w-c.e. sets, jump traceability and superlowness are incomparable notions. 
For more on jump traceability, see Chapter 14, Nies [303], and Figueira, 
Nies, and Stephan [147]. 

It is easy to see that the proof of Theorem 11.4.1 also yields the following 
result, because instead of guessing at whether e is in A’ with at most 2° 
many mistakes for each e, we could just as easily trace the value of J4(e) 
for each e with at most 2° many mistakes. 


524 11. Randomness-Theoretic Weakness 


Theorem 11.4.8 (Nies [302]). Every K-trivial set is jump traceable.' 
The proof of Theorem 11.4.1 can be modified to prove the following. 


Theorem 11.4.9 (Nies and Hirschfeldt, see Nies [302]). If a set is K-trivial 
then it is low for K. 


Proof. The proof is essentially the same as that of Theorem 11.4.1, ex- 
cept that the “triggering condition” for having a P-strategy launch a 
Q-substrategy changes. Thus we limit ourselves to giving the description 
of the procedures (which will be quite similar to the ones in the proof of 
Theorem 11.4.1) and the necessary changes to the verification. 


Procedure P;(g,q), where 1 < i < k and g = 27! > q= 27" for some l and 
r. This procedure enumerates a set C, initially empty. At stage s, declare 
each o € 2° to be available. For each a € 2S5, proceed as follows. 


1. If ø is available and U4(ø)[s] |= 7 for some 7, then let u be the use 
of this computation and call Qj—1,9,7,u(27!7!g, min(27!7!g, 2-4), 
where n is the number of runs of Q;—1-procedures that have been 
started by this point. Declare o to be unavailable. 


2. If o is unavailable due to a run of Qi-1,9,7,u(g',q’) and As [ u # 
As—ı | u, then declare o to be available, say that this run of 
Qi-1,0,7,u(9', 7’) is released and proceed as follows, where D is the 
set being built by the run of Qj-1,0,7,u(9', 7). 


(a) If the weight of C U D is less than g then put D into C and 
proceed to step 2(b). Otherwise, let D C D be such that the 
weight of C U D is g and put D into C. Cancel all runs of 
subprocedures, and end this run of P;, returning C. 

(b) If the run of Qj-1,0,7(g’, q’) has not yet returned, then cancel it 
and all runs of subprocedures it has called. 


Procedure Qj,o,r,u(9,9), where 1 < j < k and g = 2™! > q = 27" for 
some l and r. This procedure enumerates a set D, initially empty. Call 
P;(q,27C1+3+n)), where n is the number of runs of P; procedures started 
so far. If this procedure returns a set C, then put C into D. If the weight of 
D is less than g then repeat this process, calling a new run of Pj. Otherwise, 
end the procedure, returning D. 


Procedure Q1 o,7,u(9, q), where g = 27! > q = 27" for some l and r. Choose 
a fresh large number n and put (r,n) into L. Wait for a stage t > n such 
that K,(n) < r+ d and then put n into D. If the weight of D is less than 
g then repeat this process. Otherwise, end the procedure, returning D. 


1Zambella had earlier observed that if a set is low for 1-randomness then it is jump 
traceable. See Kuéera and Terwijn [223]. 
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The construction runs as before. The verification that there is a golden 
run is also essentially as before, except for the last paragraph of the proof 
of Lemma 11.4.3. In this case, the same argument as in that proof shows 
that for each o, there is at most one run of a subprocedure of the form 
Qi-1,0,7,u(27!7q, q’) called by our run of P;(g,q) that leaves numbers in 
D;_-1 \ C;. Furthermore, either none of these subprocedures are ever re- 
leased, in which case all of the corresponding o’s are in dom U4, or the run 
of P;(g,q) terminates at a stage s such that none of these subprocedures 
terminate before stage s, in which case all of the corresponding o’s are in 
domU“:-1. Thus the sum of the weights of these numbers over all such ø 
is bounded by either 04g or N4_,q, and in either case is less than q. 

Thus, all that is left to do is to take a golden run of some P;(g,q) and 
use it to show that A is low for K. To do so, we build a KC set W. Let 
c= log ce Whenever a run of Oneieral2> 2; q’) called by the golden run 
returns, put (|o| +c+1,7) into W. We first show that W is a KC set. 

Suppose that (|o| + c+ 1,7) enters W at stage s because a run of 
Qi-1,0,7,u(27!7!q,q’) returns, and A; | u = As | u for all t > s. Then 
o €domU4, so the weight contributed by all such requests is bounded by 
9-(e+1) QA < i. 

Now suppose that (|o| + c+ 1,7) enters W at stage s because a run of 
Qi-1,0,7,u(27!7!q, 7’) returns, and there is at > s such that As | u 4 As | u. 
Then the set D returned by this run has weight 2~!?!q and enters the set C 
built by the golden run. Thus the weight contributed by all such requests 
is bounded by 22C) times the weight of C. Since 2 = 35 and the 
weight of C is bounded by g, the weight contributed by all such requests 
is bounded by $. 

Now fix 7 and let s be the least stage such that for some o of length 
KA4(r), we have U4(c) | [s] = 7 with use u and A; | u = As | u for all 
t > s. It follows easily from the minimality of s that ø must be available 
at s. Thus a run of Qj-1,9,7,u is launched. This run is never canceled, and 
thus must return, by the definition of golden run. So (|o]-+c+1,7) € W, 
and hence K(r) < K4(r) + O(1), where the constant does not depend on 
T. Since 7 is arbitrary, A is low for K. oO 


The following corollary is immediate. 


Corollary 11.4.10 (Nies [302]). The class of K-trivial sets is closed 
downward under Turing reducibility. 


Theorems 11.2.4 and 11.4.9, together with the fact that lowness for K im- 
plies K-triviality, give us the following result, which speaks to the naturality 
of K-triviality as a notion of randomness-theoretic weakness. 


Theorem 11.4.11 (Nies [302]). The following are equivalent. 
(i) A is K-trivial. 


(ii) A is low for 1-randomness. 
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(iii) A is low for K. 


Thus we see that a set has trivial information content iff it has no 
derandomization power iff it has no compression power. 


11.5 Cost functions 


The idea of a cost function probably first explicitly appeared in Downey, 
Hirschfeldt, Nies, and Stephan [117], but is certainly implicit in earlier work 
such as Kuéera and Terwijn [223], and arguably even in the first works on 
priority arguments. The following definition encompasses many important 
examples. 


Definition 11.5.1 (Nies [306], Greenberg and Nies [172]). 


(i) A cost function is a computable function c: N x N — Q7?°. It satis- 
fies the limit condition if lim, sup, c(n,s) = 0. It is monotone if for 
each n, the sequence c(n,0),c(n,1),... is nondecreasing and tends 
to a limit (which we denote by c(n)), and for each s, the sequence 
c(0,s),c(1,s),... is nonincreasing. (Note that in this case, the limit 
condition can be expressed as lim, c(n) = 0.) We think of c as de- 
termining the cost c(n,s) of changing the approximation to A(n) at 
stage s for some AY set A being constructed. 


(ii) Let Ao, A1,... be a computable approximation to a AÌ set A, and 
let ns be the least n such that As+ı(n) 4 As(n). This approximation 
obeys the cost function c if >, c(ns,s) < oo. A A8 set A obeys c if 
it has some computable approximation that obeys c. When A is c.e., 
we assume this approximation Ag, A;,... is an approximation in the 
c.e. sense (i.e., Ag C Ai C+). 


We have already seen two examples of cost functions: the standard cost 
function for K-triviality, c(n, s) = Vo nci<s 2—-*s( and the cost function for 
lowness for K in the proof of Theorem 11.2.5, e(n, s) = S7{27!7! : U4[s](7) | 
with use greater than n}. Both satisfy the limit condition (as do all cost 
functions in which we are interested), but the latter is not monotone. It is 
straightforward to modify the proof of Theorem 11.1.5 to show that for any 
cost function c that satisfies the limit condition, there is a noncomputable 
(indeed, promptly simple) c.e. set that obeys c. 

In the study of randomness-theoretic weakness, there are several con- 
structions that can be cast in terms of cost functions. For example, in 
Theorem 14.4.5 we will see that for each A$ 1-random set Y, there is a 
cost function c such that every c.e. set that obeys c is computable from 
Y. In Section 14.4, we will further exploit the connections between cost 
functions and lowness notions. 
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One outgrowth of Nies’ golden run method was the realization that not 
only can cost functions be used to build K-trivials sets, but they can in 
fact be used to characterize K-triviality. 


Lemma 11.5.2 (Nies [302]). Let A be K-trivial. There is a computable 
sequence of stages v(0) < v(1) < --- such that, letting ns be the least n 
such that Ays41)(n) # Avis+2)(n), and c(n, s) = ere Q-Kosty (i), 
we have >>, C(ns, s) < œ. 


Proof. Run the construction in the proof of Theorem 11.4.9, but with U4 
replaced by M4 for a machine M such that for any o and X, we have 
M*(c) =U(o), and if this computation converges then the use of M* (o) 
is U(o) + 1 (where we identify numbers with strings as usual). 

Choose a golden run of some procedure P;(g,q), and let C be the set 
it builds. For each e, since the approximation to A | e+ 1 eventually 
settles, there must be a run of Qj—1,0,¢,e41(27!7!q, q’) started by our golden 
run with g a minimal length U-description of e, such that this run of 
Qi—1,o,e,e41(27llq, q’) returns but is never released. Thus we can let v(0) = 
0 and let v(s +1) be the first stage such that for all e < v(s), a run 
of Qi-1,0¢,¢,e41(27!7!q, q’) called by our golden run has returned and not 
yet been released, where ce is a minimal length U/,(.41)-description of e. 
Then, letting n, be as above, every one of these runs corresponding to an 
i € (ns, v(s)] is released by stage v(s + 2). Each such release contributes at 
least 27!%lq = 2-*v+ to the weight of C, so together they contribute 
at least C(ns,s)q to the weight of C. Since the weight of C is less than g, 
we have `, (ns, s) < 2 < oo. oO 


Theorem 11.5.3 (Nies [302]). A set is K-trivial iff it obeys the standard 
cost function. 


Proof. Let A be K-trivial. Let c be the standard cost function, and let €, 
v(s), and ns be as in Lemma 11.5.2. Let so be such that J s>s, Ans, s) < 1. 
Let A, = Ay(so+t+1)- Then letting m, be the least n such that n(n) Æ 
A(n) (so that mz = Nnso+t), we have 


So eat) =X 5 2750) 


t t me<ict 
< X X 97 Kv(so+t+1) (i) < 5 Ans, s) <1. 
t me<ixv(sot+t) S2 so 


Thus Âo, Â, ... is an approximation witnessing the fact that A obeys the 
standard cost function. m 


One consequence of this result is that K-triviality is basically a 
computably enumerable phenomenon. 
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Corollary 11.5.4 (Nies [302]). Every K-trivial set is tt-computable from 
some c.e. K-trivial set. 


Proof. Let A be K-trivial and let Ap, A1, ... be an approximation to A wit- 
nessing the fact that A obeys the standard cost function. We may assume 
that Ao = 0. By Corollary 11.4.5 and the proof of Theorem 11.5.3, which 
shows that we can take the A; to be a subsequence of any given approx- 
imation to A, we may also assume that we have a computable function f 
such that {s : As4i(n) Æ As(n)}| < f(n) for all n. Let Bo = 0. Let Boi 
be obtained from B, as follows. First put all of B, into B,,,. Then, for 
each n such that A,41(n) 4 Ag(n), let k be least such that (n, k} ¢ Bs and 
add (n,k) to B,41. The B; form an enumeration of a c.e. set B. It is easy 
to see that the B; obey the standard cost function, whence B is K-trivial. 
Furthermore, A(n) is equal to the parity of the largest m < f(n) such that 
(n,k) € B for all k < m, which is clearly a tt-reduction. 


The following lemma, noted by Downey, Hirschfeldt, Miller, and Nies 
[115], will be useful in Section 15.8. Its proof is similar to that of Lemma 
11.5.2. 


Lemma 11.5.5 (Downey, Hirschfeldt, Miller, and Nies [115]). Let M be 
a prefix-free oracle machine and let A be K-trivial. There is a computable 
sequence of stages v(0) < v(1) < --- such that, letting ns be the least n 
such that Ays41)(n) # Av(s+2)(n) and 


En, s) = X {271° : MA(o)[v(s + 1] 
^ n<use(M4(o)[v(s + 1)]) < v(s)}, 
we have >, @(ns, s) < œ. 


There are of course many possible variations on the idea of a cost func- 
tion. Nies [298] has begun a program he calls the calculus of cost functions, 
which seeks to gain insight into notions related to algorithmic randomness 
by abstracting the idea of a cost function. As a by-product of this work, he 
obtained an interesting characterization of K-triviality that does not seem 
to involve randomness notions directly, although it does involve left-c.e. re- 
als, and its proof uses halting probabilities. (In Miller’s Theorem 15.9.2 we 
will see another such characterization of K-triviality, involving left-d.c.e. 
reals.) 

Nies began by associating a cost function to the approximation of a left- 
c.e. real a, namely ca(n, s) = as — an. His characterization of K-triviality 
is then as follows. 


Theorem 11.5.6 (Nies [298]). A set is K-trivial iff it obeys Ca for every 
left-c.e. real a. 


Proof. Any left-c.e. real a is the halting probability of some prefix-free 
machine N. We may assume that a, = u(dom N[s]). We may also assume 


11.6. The ideal of K-trivial degrees 529 


that exactly one string Ts enters dom N at each stage s. We use an idea 
from the proof of Theorem 3.12.1. Let M be a prefix-free machine such 
that M(7,) |= s for each s, and M(c) f for all other strings o. We may 
assume that we have sped up our stages sufficiently so that M(7;)[s] |= s 
for all s. 

Let cm be defined in the same way as the standard cost function, but with 
Ky in place of K. That is, writing Ky,[s] for the stage s approximation 
to Ky, we have cm(n, 8) = Dncrcg 2 “¥ IM. Then 


Ca(n, s) = 5 gol] — 5 2-Kulsl() — em(n, s), 


n<t[s n<t[s 


so the proof of Theorem 11.5.3 shows that every K-trivial set obeys ca, 
and if we take a = Q, so that cm is the standard cost function, then every 
set obeying Ca is K-trivial. O 


11.6 The ideal of K-trivial degrees 


Recall that a collection of degrees is an ideal if it is closed downward and 
under join. By Theorem 9.7.2, the left-c.e. K-trivial reals are closed under 
addition. Let A and B be K-trivial c.e. sets. Then a = A®@ and 8 = 
0 ® B are also K-trivial, so A® B = a+ ß is K-trivial. In Corollary 
11.4.10, we have seen that the K-trivials are closed downward under Turing 
reducibility, so we have the following result. 


Theorem 11.6.1 (Nies [302]). The K-trivial c.e. degrees form a X3 ideal 
in the c.e. degrees. 


Proof. It remains to show that being K-trivial is a ©} property. But A is 
K-trivial iff there is a c such that for all n and m < n, there is a stage s 
with K,(As | m) < K,(m) +c, which is clearly a U9 definition. oO 


There are not many known natural ideals in the c.e. degrees, and the 
K-trivials form the first nontrivial example whose complexity is this low. 

It turns out that closure under addition and join is a more general fact 
about K-triviality. 


Theorem 11.6.2 (Downey, Hirschfeldt, Nies, and Stephan [117]). [fa and 
b are K-trivial then so is a+ £. 


Proof. Let a and 8 be K-trivial. We may assume that a+ 8 is not com- 
putable, since otherwise we are done. Let c be such that K(a |Ì n) and 
K(B Ìn) are both below K(n) + c for every n. By the Counting Theorem 
3.7.6, there is a d such that for each n there are at most d many strings 
T € 2” satisfying K(r) < K(n) +c. Let Wn be the set of such strings, and 
note that the Wn are uniformly c.e. 
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We can describe (a + 3) [ n by giving a description of n, the positions i 
and j of a | n and 8 Ìn in the enumeration of Wn, and the carry bit from 
bit n+ 1 to bit n when adding a and 8, which is well defined since we are 
assuming that a+ is not computable, and hence in particular not rational. 
Since i,j < d for all n, we have that K((a+ 8) [n) < K(n)+O(1). O 


Corollary 11.6.3 (Downey, Hirschfeldt, Nies, and Stephan [117]). The 
class of K -trivial sets is closed under join. 


Proof. As above, if A and B are K-trivial then so are a = A@@ and 
B=00B,soA®B=a4+6 is K-trivial. Oo 


One consequence of this result is that not every superlow set is K- 
trivial. A proof of the following result appears in Nies [303], and in 
essence in Downey, Jockusch, and Stob [120]. (The original proof was in an 
unpublished manuscript.) 


Theorem 11.6.4 (Bickford and Mills [36]). There exist superlow c.e. sets 
A and B such that A® B =, W. 


Proof sketch. We build a c.e. trace Vo,Vi,... such that |V.| < 3°t+, to 
satisfy requirements of the forms P4(e) € Ve and PË (e) € Ve. We code W 
into A & B using coding markers y(n, s). If n enters Q’ at stage n then we 
put y(n, s) into whichever set does the least overall damage (in terms of 
injury to requirements). We also move markers to build our trace. The idea 
is that if we see that ®A(e)[s] |, say, then we can put &4(e)[s] into Ve s+1 
and move the markers y(n, s) for n > e to fresh large values, while also 
putting them into B to preserve the coding. Then the ®4(e)[s] computation 
can be injured only by computations corresponding to stronger priority 
requirements and by coding of markers corresponding to n < e. O 


Corollary 11.6.5 (Nies [302]). The K-trivial sets form a proper subclass 
of the superlow sets. 


By work of Bickford and Mills [36] and Downey, Jockusch, and Stob 
[120], we cannot replace =, by =w in Theorem 11.6.4. Indeed, Downey, 
Jockusch, and Stob [120] proved that the wtt-degrees of c.e. array 
computable sets form an ideal in the c.e. wtt-degrees, and as men- 
tioned following the proof of Theorem 2.23.9, all superlow sets are array 
computable. 

From Corollary 11.6.3, Downey, Hirschfeldt, Nies, and Stephan [117] 
concluded that the wtt-degrees of K-trivials form an ideal. However, by 
Corollary 11.4.10, we have the following stronger result. (An ideal I is 
generated by S C I if it is the smallest ideal containing S.) 


Theorem 11.6.6 (Nies [302]). The K-trivial degrees form an ideal 
generated by the class of c.e. K-trivial degrees. 
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An ideal is principal if it has a greatest element (in other words, if it is 
of the form {X : X <r A} for some A). By Theorems 11.1.6 and 11.4.8, 
there is no greatest K-trivial degree, so the ideal of K-trivial degrees is not 
principal. 


11.7 Bases for 1-randomness 


The following notion of randomness-theoretic weakness is due to Kučera 
[219]. 


Definition 11.7.1 (Kučera [219]). Let R be a relativizable notion of ran- 
domness. A set A is a base for R-randomness if there is a set X >, A such 
that X is R-random relative to A. 


In this section we focus on bases for 1-randomness. Recall Sacks’ The- 
orem (Corollary 8.12.2), which states that if A is not computable then 
u({X : X >, A}) = 0. In other words, the Turing upper cone above any 
noncomputable set is null. However, by the Kučera-Gács Theorem 8.3.2, 
such upper cones are never Martin-Löf null. Thus we could say that Sacks’ 
Theorem cannot be effectivized. On the other hand, it seems too much 
to expect to effectivize Sacks’ Theorem for the upper cone above A with- 
out reference to A itself. Thus it is more reasonable to ask: When is the 
upper cone above A Martin-Löf null relative to A? It follows easily from 
the existence of universal Martin-Löf tests that the upper cone above A is 
Martin-Löf null relative to A iff A is not a base for 1-randomness. 

We have seen in Corollary 8.12.3 that there are no bases for weak 2- 
randomness other than the computable sets. Kučera [219] showed that all 
bases for 1-randomness are GL. He also observed that if A is low for 1- 
randomness, then it is a base for 1-randomness, since then the 1-random 
X >, A whose existence is guaranteed by the Kuéera-Gacs Theorem 8.3.2 
is also 1-random relative to A. Thus every K-trivial set is a base for 1- 
randomness.” The following result shows that the converse is also true, and 
thus we have yet another characterization of the K-trivial sets in terms 
of a notion of randomness-theoretic weakness. Its proof is known as the 
“hungry sets construction” . 


Theorem 11.7.2 (Hirschfeldt, Nies, and Stephan [178]). A set is K-trivial 
iff it is a base for 1-randomness. 


?Kuéera’s [219] original construction of a base for 1-randomness was different: Take 
a low l-random set A and use the relativized low basis theorem to get a low set B 
that is l-random relative to A. Then use Corollary 8.8.3 to get a noncomputable set 
X <r A,B. Such an X is a base for 1-randomness, because X <r B and B is 1-random 
relative to X, as it is l-random relative to A and X <r A. 
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Proof. As remarked above, it is enough to let A be a base for 1-randomness 
and show that A is K-trivial. Fix a set X >, A that is 1-random relative 
to A and a reduction ®* = A. We will enumerate KC sets La for d € N so 
that there is a d for which La contains (K (|r|) + d+ 2,7) for each 7 < A, 
thus ensuring that A is K-trivial. 

To define the La, we will build uniformly = classes C7 so that the 
following hold. 


1. For each d, the C7 are pairwise disjoint. 
2. WOT) < 2# 07-a, 
3. If X ¢U,.4 C3, then u(C7) = 27% 07D-4 for all r < A. 


Suppose we can build such classes, and let Ua = U, 4 Cz. The Ua are uni- 
formly =? relative to A, and u(Ua) = Ep24 (C3) < Era 2750D < 
2-4, so {Ua}acw is a Martin-Löf test relative to A. 

We now define 


La= {(K;(|7]) +d+ 2,T) : u(Cals]) > J Kamiy 


For a fixed 7, the requests (r,r) € La contribute to the weight of La at 
most twice the weight of the one with the smallest r. Thus the weight of 
La is bounded by 57, (C3), which is less than or equal to 1 since the CẸ 
are pairwise disjoint. So the Lg are KC sets. 

Since X is 1-random relative to A, we have X ¢ U4 for some d, and hence 
(C7) = 2-Kl7)—4 for all r < A, which implies that (K(|7|)+d+2,7) € La 
for all r < A, as desired. So it is enough to build the CZ with the above 
properties. 

To do so, as long as (C7) < 2~-*sl7)-4, we look for strings a such 
that r < ®7 and (C7) + 2712! < 275-(l7)-4, and put [o] into C3. To 
keep our sets pairwise disjoint, we then ensure that no [o’] such that o” is 
compatible with ø is later put into any CY. If X ¢ Ua, then no [øo] with 
o < X is ever put into any C7, so if T < A = ®* then (C7) = 27D -4, 

We now give the details of the construction. We have a separate proce- 
dure for each d € N. Initially, all strings are unused. Each stage s has 2° 
many substages, one for each ø € 2°. Let C3 o denote the approximation 
to C7 at the beginning of the substage corresponding to ø. For each o € 2° 
in turn, if ø is not used then look for the shortest T  ®7[s] such that 
u(CZ a) +278 < 2-Ks(lr)-4. Tf there is such a 7, then put [o] in C} and 
declare every extension of ø to be used. 

Note that, for a fixed d, the C7 are pairwise disjoint, as we only enumerate 
unused strings of length s at stage s. Furthermore, it is clear from the 
construction that (C7) < 2~*(I™)~4 for all d and 7. Thus we are left with 
verifying property 3 above. 

Suppose that X ¢ U__., C3. Assume for a contradiction that (C7) < 
2-K(I7l)—4 for some 7 < A. Let s be a stage such that 
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1. K(|7|) = K.(|7]), 
2. p(OT) +278 < 27E(lTD-4, and 
3. &* | (|r| + DIs] l. 


Then [X [ (s+ 1)] must enter C7 at the substage corresponding to X | 
(s+1) unless it enters some other E or is already used. In any case, there is 
a v and an n such that [X | n] isin CY. But then v x 6*!" < 6* = A, so 
X € [X tn] E U24 C3, contrary to hypothesis. Thus u(C7) = 27¥071)-4 
for all r < A. O 


It is not difficult to adapt the above proof to show directly that every base 
for 1-randomness is low for K. The details are in Nies [306]. (Note, however, 
that this fact does not give us a new proof that every K-trivial is low for 
K, since the fact that every K-trivial is a base for 1-randomness still comes 
from the golden run proof that every K-trivial is low for 1-randomness.) 

As mentioned above, it follows from the Kuéera-Gacs Theorem that every 
set that is low for 1-randomness is a base for 1-randomness. Thus, the 
above result also provides an alternate proof that every set that is low 
for 1-randomness is K-trivial (and even low for K, using the version in 
[306] mentioned above). It also helps restore the intuition that relatively 1- 
random sets should have little common information, which was apparently 
contradicted by Kuéera’s result that there are relatively 1-random sets 
whose degrees do not form a minimal pair (Corollary 8.8.3).° 


Corollary 11.7.3 (Hirschfeldt, Nies, and Stephan [178]). If A and B are 
relatively 1-random then any X S=- A,B is K-trivial. 


Proof. Since A is 1-random relative to B, it is 1-random relative to X. 
Thus X is a base for 1-randomness, and hence is K-trivial. O 


The following is another interesting application of Theorem 11.7.2. 


Corollary 11.7.4 (Hirschfeldt, Nies, and Stephan [178]). Let A be c.e., 
and let Z be 1-random and such that 0! £r A® Z. Then Z is 1-random 
relative to A. 

Consequently, if A is c.e. and A Sr Z for some 1-random Z Zr W (i.e., 
a difference random set Z, as defined in Section 7.7), then A is K-trivial. 


Proof. It is enough to prove the first statement, as the second one then 
follows by Theorem 11.7.2. 

Let US UA, ... be a universal Martin-Löf test relative to A. Suppose 
that Z €),, UA but W r A Z. We may assume that p(U/As[s]) < 27” 
for all n and s. Let the function f <r A@ Z be defined by letting f(n) be 
the least s for which there is a k such that Z | k € UA*[s] with use u and 


3See Kuéera’s original construction of a base for 1-randomness mentioned in the 
previous footnote. 


534 11. Randomness-Theoretic Weakness 


A, |u = A fu. For such s and k, we have Z | k € UA [t] for all t > s. Now 
let m(n) be the least s such that n € Ø} if there is such an s, and let m(n) 
be undefined otherwise. Then 1° n (m(n) l> f(n)), as otherwise we could 
compute Ú’ from A @ Z because, for almost all n, we would have n € Ọ' iff 
ne Driny 

Let Sn = Ursn zew Us" m(x). The classes {Sn }new are uniformly 
DY, and u(Sn) < 27”. Moreover, Z € Mp Sn, since f(x) < m(x) for 
infinitely many x. Thus Z is not 1-random. O 


Hirschfeldt, Nies, and Stephan [178] also studied bases for computable 
randomness. They showed that these include every AQ set that is not DNC, 
but no set of PA degree. Jockusch, Lerman, Soare, and Solovay [191] showed 
that if an n-c.e. set is DNC, then it is Turing complete. Since 0’ is a PA 
degree, it follows that an n-c.e. set is a base for computable randomness iff 
it is Turing incomplete. Franklin, Stephan, and Yu [159] showed that a set 
is a base for Schnorr randomness iff it does not compute 0’. 


11.8 ML-covering, ML-cupping, and related 
notions 


Corollary 11.7.4 suggests the following definition. 


Definition 11.8.1. A c.e. set A is Martin-Löf coverable if there exists a 
l-random Z žr W (i.e., a difference random Z) such that A <r Z. 


The Martin-L6f coverable sets form a subclass of the class of K-trivial 
c.e. sets. It is an open question whether they form a proper subclass. 


Open Question 11.8.2. Is every c.e. K-trivial set Martin-L6f coverable? 


The following are two other notions of randomness-theoretic weakness 
arising from results, such as Corollary 11.7.4, that indicate that there is 
a qualitative difference between those 1-random sets that compute §’ and 
those that do not. 


Definition 11.8.3 (Kučera, see Nies [304]). A set A is weakly Martin-Lof 
cuppable if there is a l-random Z #, W (i.e., a difference random Z) such 
that 0’ <r ASZ. It is Martin-Léf cuppable if Z can be chosen to be strictly 
below W. 


For any A, we have A’ <+ A@ 4. By Theorem 11.7.2, if A is not K- 
trivial then A r 04, so if A is A$ and not K-trivial then it is weakly 
Martin-L6f cuppable. Similarly, if A is low and K-trivial then it is Martin- 
Löf cuppable (since lowness implies that 04 <+ 0’). In fact, this argument 
shows that if A computes a set that is low and not K-trivial, then it is 
Martin-Lof cuppable. Sacks [342] showed that if A is c.e. then it can be 
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written as the disjoint union of two low c.e. sets. By the same argument as 
in the proof of Corollary 11.6.3 below, if A is not K-trivial, then at least one 
of these sets must be non-K-trivial. Thus, if a c.e. set is not K-trivial, then 
it is Martin-Löf cuppable, and hence the c.e. sets that are not Martin-Löf 
cuppable form a subclass of the K-trivials. As we will prove below, Nies 
[304] showed that this subclass contains more than just the computable 
sets. 


Theorem 11.8.4 (Nies [304]). There is a noncomputable c.e. set that is 
not weakly Martin-Löf cuppable. 


Again, proper containment is an open question. 


Open Question 11.8.5. Is every K-trivial (c.e.) set not (weakly) Martin- 
Löf cuppable? 


Franklin and Ng [157] have shown that a c.e. set is Martin-Löf cover- 
able iff it is a base for difference randomness, and not weakly Martin-Löf 
cuppable iff it is low for difference randomness. 

Recall from Theorem 7.2.11 that Hirschfeldt and Miller (see [130]) 
showed that for any X$} class S of measure 0, there is a noncomputable 
c.e. set A such that A <+ X for all l-random X € S. Inspired by this 
result, Nies [306] suggested the following definition. 


Definition 11.8.6 (Nies [306], after Hirschfeldt and Miller (see [130])). For 
a class S C 2”, let S° be the collection of c.e. sets computable from every 
1-random element of S. We call classes of the form S? diamond classes. 


Of course, S° always contains the computable sets, and by Corollary 
8.12.2, if u(S) > 0 then S? consists exactly of the computable sets. Theo- 
rem 7.2.11 can be rephrased by saying that if S is a ©} class of measure 0, 
then S? contains noncomputable sets. (We have already remarked, follow- 
ing the proof of Theorem 7.2.11, that this fact cannot be extended much 
beyond XJ classes.) 

A set X is Y-trivializing if Y is K-trivial relative to X (that is, K*(Y | 
n) < K*(n) + O(1)). Let S be the class of 0'-trivializing sets.* It is not 
hard to check that S is X}. The following also holds. 


Lemma 11.8.7. u(S) = 0. 


Proof. Relativizing the fact that every K-trivial set is low, we see that 
every set in S is high. By Theorem 8.14.1, for all but measure 0 many high 
sets, X V >, X’ >, Ø”. By the relativized version of Corollary 8.12.2, 
the class of sets X such that X 6 @’ >, Ø” has measure 0. Thus the class 
of high sets has measure 0. Oo 


4Note that if X is Y-trivializing then X @ Y is K-trivial relative to X, so by the 
relativized form of Theorem 11.4.11, X BY <ir X, whence Y <r X. In particular, by 
Theorem 10.6.5, every 0’-trivializing set is (uniformly) almost everywhere dominating. 
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Thus S° contains noncomputable sets. We can use the basic construction 
of a noncomputable K-trivial c.e. set to define a nontrivial pseudo-jump 
operator taking any set X to a set that is K-trivial relative to X. Then 
Theorem 8.19.1 shows that there is a l-random set X <+ 6’ in S. Thus 
every set in SÊ is Martin-Léf coverable. More surprisingly, every set in SÊ 
is also not weakly Martin-Lof cuppable. 


Theorem 11.8.8 (Hirschfeldt and Nies, see [305]). Let A be K-trivial and 
X be 1-random. If A® X Zr V then X is 0’ -trivializing. 


Proof. We show that @ @ X is low for 1-randomness relative to X, which 
implies that 0’ @ X is K-trivial relative to X (by the relativized version of 
the equivalence between K-triviality and lowness for 1-randomness), and 
hence that Ø’ is K-trivial relative to X. 

Let Z be 1-random relative to X. By van Lambalgen’s Theorem, Z $ X 
is 1-random, and hence 7@ X is 1-random relative to A. By the relativized 
version of van Lambalgen’s Theorem, Z is 1-random relative to A® X. Since 
A®X >, 0' GX, it follows that Z is 1-random relative to 0’ 6X. o 


Thus, if A € S and A9 X >, M, then A Sr X, so that X >, 0’. Hence, 
every set in S° is not weakly Martin-Löf cuppable. In particular, since S° 
contains noncomputable sets, we have Theorem 11.8.4. 

Thus S° is a particularly good candidate for a class with a randomness- 
theoretic definition that is a proper subclass of the K-trivials and contains 
a noncomputable set. (In Chapter 14 we will see such a proper subclass 
with a more combinatorial definition.) However, the following question is 
still open. 


Open Question 11.8.9. Let S be the class of ’-trivializing sets. Is every 
K-trivial c.e. set in S°? 


We will return to diamond classes in Section 14.4. 

Nies’ original proof of Theorem 11.8.4 was a cost function construction 
showing that if Y <+ 0’ is 1-random, then there is a promptly simple set A 
such that for all 1-random sets Z, if Y <+ A®Z then Y <r Z. Barmpalias 
[17] extended this result as follows. 


Theorem 11.8.10 (Barmpalias [17]). Let 0 <r Y <r W. There is a 
promptly simple set A such that for every 1-random set Z, if Y <p ABZ 
then Y <p Z. 


A simplified proof of this result, using Theorem 7.2.11, appears in [24]. 


11.9 Lowness for weak 2-randomness 


There have been several further characterizations of the K-trivials. We 
now discuss one that came as something of a surprise. Recall that a gener- 
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alized Martin-Léf test (relative to A) is a sequence of uniformly Xf (£94) 
classes {Un}new such that lim, (Un) = 0. Applying Definition 11.2.2 to 
this notion, we have the following definition: a set A is low for generalized 
Martin-Léf tests if for each generalized Martin-Lof test {Un}new relative 
to A, there is an unrelativized generalized Martin-Lof test {Vn }new such 
that n Un © Nn Vn- 

If A is low for generalized Martin-Lof tests, then every weakly 2-random 
set is weakly 2-random relative to A, so A is low for weak 2-randomness. 
The null classes determined by generalized Martin-Lof tests (i.e., those of 
the form („Un for a generalized ML-test {Un}new) are exactly the ITS 
classes of measure 0. Thus, A is low for generalized ML-tests iff every my 
class of measure 0 is contained in a HÌ class of measure 0 iff every g4 
class of measure 1 has a U9 subclass of measure 1. 

Downey, Nies, Weber, and Yu [130] showed that there are noncomputable 
c.e. sets that are low for generalized Martin-Lof tests, and hence low for 
weak 2-randomness. They also proved the following result. 


Theorem 11.9.1 (Downey, Nies, Weber, and Yu [130]). Jf A is low for 
weak 2-randomness then A is K -trivial. 


In the proof of this result, we will use the following notation. 


Definition 11.9.2 (Kjos-Hanssen, Nies, and Stephan [207]). Let C and 
D be classes of sets given by relativizable definitions, and let D4 be the 
relativization of D to A. A set A is in Low(C,D) if C C D45 

If C = D, we write simply Low(C). 


For example, letting MLR be the class of l-random sets, A € 
Low(MLR) = Low(MLR,MLR) means exactly that A is low for 1- 
randomness. 

Relativizing a class D determined by a notion of randomness usually 
makes it smaller, of course, so if A is powerful enough, we would expect 
that C É D4 even if C C D. The sets in Low(C,D) are the ones that are 
not powerful enough for this situation to obtain. 

Let W2R be the class of weakly 2-random sets. Theorem 11.9.1 follows 
immediately from the following result, since every Martin-Lof test is a 
generalized Martin-Lof test, and hence W2R4 C MLR® for any A. 


Theorem 11.9.3 (Downey, Nies, Weber, and Yu [130]). We have 
Low(W2R, MLR) = Low(MLR). In other words, if every weakly 2-random 
set is 1-random relative to A, then A is in fact low for 1-randomness, and 
hence K -trivial. 


Proof. This presentation of the proof is due to Joe Miller. 


5We will say a little more about this notion in Section 12.6. 
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Suppose that A is not low for l-randomness. We show that W2R ¢ 
MLR“ by building a set Z € W2R that is not 1-random relative to A. We 
define a sequence of nonempty T9 classes Vo D Vi D Vo D --- and let 
Z be an element of (),, Vn (which is nonempty, by compactness). Let Vo 
be a nonempty II? class containing only 1-random sets. Let {Ue n}enew 
be a (noneffective) enumeration of all generalized Martin-Léf tests and let 
{UA} new be a universal Martin-Léf test relative to A. 

Assume that we have defined Ve. We claim that there is an X € Ve that 
is not l-random relative to A. To see that this is the case, let X be any 
set that is 1-random but not l-random relative to A. Since Ve contains a 
1-random element, it must have positive measure. Hence, by Lemma 6.10.1, 
there is an X =* X such that X € Ve. This X is not 1-random relative to 
A. Take Te < X such that [re] C U£. It will follow from the construction 
that Te < Z for each e, and hence Z is not 1-random relative to A. 

Now choose m large enough that u(Ue m) < ulir] A Ve) and let Vez1 = 
([7] A Ve) \ Uem. So Ve+1 is a nonempty I} subclass of Ve, and no element 
of Ve41 is in Na Ue n. Since we ensure that this is the case for all e, it 
follows that Z is weakly 2-random. Oo 


It had been strongly suspected that the class of sets that are low for 
weak 2-randomness is a proper subclass of the K-trivials. The reason for 
this suspicion was that the cost function used in the proof of the existence 
of a noncomputable set that is low for weak 2-randomness seems to de- 
crease much more slowly than the one used in the proof of the existence 
of a noncomputable K-trivial. This conjecture was surprisingly disproved, 
independently by Nies [306] and Kjos-Hanssen, Miller, and Solomon [206]. 
The original proofs of the following result used the golden run method, but 
there is a more informative proof using LR-reducibility. 


Theorem 11.9.4 (Nies [306], Kjos-Hanssen, Miller, and Solomon [206]). 
If A is K-trivial then A is low for generalized Martin-Lof tests. Therefore, 
K-triviality, lowness for generalized Martin-Lof tests, and lowness for weak 
2-randomness are all equivalent. 


Proof. If A is K-trivial then A <r @’ and A <ir 0, so by Theorem 10.6.4, 
every yo class of measure 1 has a X9 subclass of measure 1, which we have 
already observed is equivalent to A being low for generalized Martin-Lof 
tests. O 


11.10 Listing the K-trivial sets 


In this section we prove a result about the presentation of the class K of 
K-trivial sets. As is true for every class that contains the finite sets and 
has a X} index set, there is a uniformly c.e. listing of the c.e. sets in K. 
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(See the proof of Theorem 11.11.1 below.) We will use the following lemma 
to show that there is in fact a listing that includes the witnesses of the X} 
statement, namely the constants via which the sets are K-trivial, and that 
this fact is true even in the general AQ case. We say that A is K-trivial via 
cif K(A |n) < K(n)+ c for all n. 


Lemma 11.10.1 (Downey, Hirschfeldt, Nies, and Stephan [117]). There 
is an effective list {(Be s}scw, be, Qe) of A$-approximations, constants, 
and computable sets of stages with the following properties, where Qe = 
{ue(0) < ve(1) <---} (which may be a finite set). 


1. For each e, the limit lims Be,, exists and is K-trivial. 
2. Every Kk -trivial set is lim, Be, s for some e. 

3. Be s(x) # Be s—1(£) > s =v-(r) for some r > 2. 

4. 


Let ns be the least number n (if any) such that Be s(n) # Be,s—1(n). 
If ve(s + 1) is defined, then let cC(n,s) = > 27 Kvet) (2), 


n<r[ve(s) 
Then 


NO Guana < 2. 


Nve(s+2)} 


Proof. We use Lemma 11.5.2 and its proof. By Lemma 5.3.15, there is a 
uniformly c.e. listing of the K-trivial c.e. sets. By Theorem 11.5.4, this 
listing can be used to obtain a uniformly w-c.e. listing of all K-trivial sets 
AVAN oi 

We think of the number e as a tuple (m, c, i, n, b) and let be = b. The idea 
is that m is the index for an A” that we hope is K-trivial via c, the number 
i is the level at which we hope to have a golden run for the construction 
in the proof of Lemma 11.5.2, and n stands for the nth run of P; in that 
construction, which we hope is a golden run P;(g,q) with 2° = 24. For each 
e, we run the construction in Lemma 11.5.2 with the K-trivial set A” and 
c as the purported constant of K-triviality. We wait until the nth run of 
P; is launched, with some parameters g and q. If 2° 4 28 then Qe = and 
Be = Ø. Otherwise, we start computing the numbers v(0) < v(1) < --- as 
in the proof Lemma 11.5.2, letting Qe consist of these numbers. (Note that 
we know at stage s whether s is in Qe, which makes Qo, Qi,... uniformly 
computable.) Of course, if we have the wrong guess for c, i, or n, then Qe 
might be finite. 

Let Bs = Ý for all s < v(2), or all s if v(2) is never defined. For r > 2, 
let Bs = AY, for all s € [v(r),v(r + 1)), or all s > v(r) if u(r + 1) is never 
defined. It is easy to check from the proof of Lemma 11.5.2 that property 4 
of the lemma holds whether or not our guesses are correct. (In that proof, 


we showed that the relevant sum of costs is less than f. The extra factor 


of 2 in the requirement that 2° = 22 is simply to take care of the cost 
associated with the initial change in approximation from B,(2)_; to Be(2)-) 
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Property 1 holds because every Be is either some A” or finite, while 
property 3 holds by construction. If c is a correct constant of K-triviality 
for A™, then the construction will have a golden run. If the nth run of P; 
is a golden run and 2? = 24, then Be = A™ for e = (m,c,i,n,b). Thus 
property 2 also holds. o 


Theorem 11.10.2 (Downey, Hirschfeldt, Nies, and Stephan [117]). There 
are uniformly computable approzimations Be, and a computable sequence 
of constants de such that for every e, the set Be = lims Be,s exists and is 
K-trivial via de; and every K -trivial set is Be for some e. 


Proof. Let Be s, be, Qe, and ve be as in Lemma 11.10.1. Uniformly in e, we 
define KC sets Ve such that (K (n) + be +3, Be | n) € Ve for all n. Then we 
obtain de by adding to be + 3 the coding constant of a prefix-free machine 
uniformly obtained from Ve. 

At stage s, for each e,n < s, put (K.(n) + be + 3, Be,s [ n) into Ve if 


(i) n= s, or 
(ii) n < s and K,(n) < Ks_1(n), or 
(iii) Bes-1 | n Æ Bes [ n. 


Clearly, (K (n) + be +3, Be | n) € Ve for each e and n. It remains to 
show that each Ve is a KC set. The weight contributed by requests added 
for reasons (i) and (ii) is at most 2~@e+9)2 0) 2-K(™ < 270+?) < F, 

Now consider the requests added for reason (iii). Since Be changes only 
at stages in Qe, for each n there are at most two enumerations at a stage 
s = ve(r + 2) such that n > ve(r). The weight contributed by all n at such 
stages is at most 2. Now suppose that (iii) occurs for s = ve(r + 2) and 
n < ve(r). 

First we consider the case K,,(,41)(n) > Ks(n). This case occurs at 
most once for each value K,(n) for s € Qe. Since each value corresponds 
to a new description of n, the overall contribution to the weight of Ve of 
enumerations made when this case occurs, over all n, is at most 2, 

Now we consider the case Ky, (r+1)(7) = Ks(n). Since the approximation 
to Be(x) changes for some least x < n at stage s, the term 2~**(”) occurs 
in the sum C(z,r) from Lemma 11.10.1. Since the sum of all such costs is 
bounded by 2°¢, the overall contribution to the weight of Ve of enumerations 
made when this case occurs, over all n, is at most 4. O 


Using a c.e. version of Lemma 11.10.1, we can obtain a c.e. version of 
the above result with the same proof. 


Theorem 11.10.3 (Downey, Hirschfeldt, Nies, and Stephan [117]). There 
are uniformly c.e. sets Ag, Ai,... and a computable sequence of constants 
de such that Ae is K-trivial via de for each e, and every c.e. K-trivial set 
is Ae for some e. 
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Let C be an index set such that if We = W; then e € C iff i € C. We 
say that C is uniformly X} if there is a II relation P such that e € C 
iff dn (P(e,n)), and there is an effective sequence {(€n, bn) fnew such that 
P(én, bn) for all n and for each e € C there is an n with We = W.,,. We 
have proved that K is uniformly X$. It would be interesting to know which 
other properly X} index sets have that property, for instance the class of 
computable sets. 

In Theorem 11.4.9, we saw that every K-trivial set is low for K. However, 
the constant c in the definition of being low for K was not obtained in a 
uniform way from the constant of K-triviality. The following result shows 
that this nonuniformity is necessary. We say that A is low for K via c if 
Vo (K(c) < K4(a) + ©). 


Lemma 11.10.4. From an index for a c.e. set A and a c such that A is 
low for K via c, we can effectively compute a lowness index for A. 


Proof. Let f(e) be the least s such that ®4s(e)[s] | with an A-correct 
computation, if there is such an s, and let f(e) be undefined otherwise. 
Then f <r A, and indeed there is a uniform procedure for computing f 
given A. Thus there is a d, independent of A, such that whenever f(e) |, 
we have K(f(e)) < K4(f(e)) +c < e+c+ d. To compute whether e € A’ 
using 0)’, we find the largest s such that K(s) < e+ c+ d. Then e € A’ 
iff As (e)[s] | with an A-correct computation. It is clear that an index for 
this procedure can be found effectively from a c.e. index for A and ce. O 


Corollary 11.10.5 (Downey, Hirschfeldt, Nies, and Stephan [117]). There 
is no effective way to obtain from a pair (A,b), where A is a c.e. set that 
is K-trivial via b, a constant c such that A is low for K via c. 


Proof. Suppose otherwise. Then, by Theorem 11.10.3 we can obtain a uni- 
formly c.e. listing Ao, A1,... of the sets that are low for K, along with a 
computable sequence co, ¢1,... such that each A, is low for K via cn. By 
the lemma, the An are uniformly low, contradicting Theorem 11.1.6. O 


11.11 Upper bounds for the K-trivial sets 


We have mentioned in Theorem 11.1.6 that given any low c.e. set B we can 
construct a K-trivial A £r B. The following result shows that we cannot 
replace low by low. It is a good example of a purely computability-theoretic 
result that has significant consequences for the study of the interactions 
between computability and randomness. 


Theorem 11.11.1 (Barmpalias and Nies [28]). Let I be a nontrivial X9 
ideal in the c.e. Turing degrees. There is a low, c.e. set A such that W Sr A 
for allW ET. 


By Corollary 11.5.4 and Theorem 11.6.1, we have the following. 
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Corollary 11.11.2 (Barmpalias and Nies [28]). There is a low c.e. set A 
such that X <r A for all K-trivial sets X. 


Downey, Hirschfeldt, Nies, and Stephan [117] had earlier shown that 
there is an incomplete c.e. set A such that X <, A for all K-trivial sets 
X. This simpler result can be proved as follows. Since the collection of K- 
trivial c.e. sets is X} and contains the finite sets, by Lemma 5.3.15, there 
is ac.e. set A such that every K-trivial c.e. set is a column of A, and every 
column of A is K-trivial. Since the K-trivials are closed under join, Al<”] 
is incomplete for all n, so the result follows from the Strong Thickness 
Lemma, Theorem 2.14.13. 

We now turn to the proof of Theorem 11.11.1. The method of proof below 
is called the A} method, and is slightly more difficult than the II} method 
we first encountered in the proof of the Minimal Pair Theorem 2.14.1. 


Proof of Theorem 11.11.1. Our method of proof is similar to that of The- 
orem 5.3.13. By Lemma 5.3.15, we can suppose that I is given to us as 
uniformly c.e. sets Up, U1, U2,.... By replacing Ue with Dice U;, we may 
assume that U; S+ Ui+ı via a uniform reduction. It will also be important 
to know that the U; are uniformly low2, which follows purely from the fact 
that I is nontrivial and 3, as we now see. 


Lemma 11.11.3 (Nies, see [28]). Uniformly in the index of a c.e. set U, 
we can define a uniformly c.e. sequence Vo, Vi,... such that if PY is total 
then Ve Sx U, while otherwise V, =* W. 


Proof. Let f(e,s) be the least n such that either ØY (n)[s] 1 or the com- 
putation of Y (n) has changed between stages s — 1 and s. If n € 0%, and 
n > f(e,s) then put n into Ve. If ØY is total then, given n, we can use U 
to compute an sn such that f(e,t) > n for all t > sn. If n ¢ Ve[sn], then 
n £ Ve, so Ve Sr U. If Y is not total then f(e, s) has a finite liminf, so 
Vo =* Y. oO 


Corollary 11.11.4 (Nies, see [28]). The U; are uniformly lows. 


Proof. By the lemma, we have a computable function f such that if Y° is 
total then Were 4) <r Ui, while otherwise W¢(¢,;) =* 0’. Then ©: is total iff 
Wee) E€ I. Thus the question of whether 6: is total is £9. But it is easy 
to see that it is also 3, since the U; are uniformly c.e. Thus this question 
can be answered by Ø”, and hence (since the totality question relative to 
an oracle U is II$-complete relative to U), the U; are uniformly low2. O 


We will satisfy each coding requirement 
Ce : Ue Sr A 


by building a reduction T = Ue. (In truth, we will have several strategies 
for meeting Ce. The one on the true path of the construction will build the 
correct reduction Le.) We will define Te in stages. As usual, if x enters Ue 
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after stage s, then we will change A, | yê (x)[s]. As we will see, there will 
be other reasons we might want to change A below this use, but as long as 
the use does not go to infinity, we will still succeed in building Te. 

To make A low2, we will satisfy the following requirements. 


N; : limsup £(r, s) = co > í total, 


where (7,8) is the length of convergence max{x : Vy < x(®A(y)[s] |)}, 


measured at the stages at which the node 7 on the true path devoted to N; 
has its true outcome, in a sense that will be made clear below. As usual for 
an infinite injury argument, the true path will be 0’”-computable, so these 
requirements ensure that Ø” can tell which 4 are total, thus making A 
low2. Each requirement N; has subrequirements 


N; ; : lim sup €(7, s) = œ => &4(j) | : 


The priority tree will have 3 types of nodes: 


e 2 nodes, which work for C-requirements and have a single outcome 
oo. We denote the e such that 8 works for Ce by e(8). 


e 7 nodes, which work for N-requirements and, as a first approxi- 
mation to the actual construction, have outcomes co <, f (these 
outcomes will be modified later, when we incorporate the concept of 
“r-correctness” into the construction). 


e a nodes below the co outcome of a 7 node, working for subre- 

quirements of the requirement associated with 7, with outcomes 

-<L 3 < 2 <, 1 <, 0. (If a works for N; j, then the outcome 

n is meant to represent that &4(j) | with use n.) The unique 7 node 

associated with a will be denoted by 7(a@). We will refer to a as a 
subnode (of T) and to T as a’s main node. 


The action of a @ node is as described above. When we visit 8, we 
define more of a reduction r3 = Ue(p) by defining more uses 13 (2) [s] and 
enumerating yg (2) [s] — 1, if defined, into A should x have entered Ue(p) 
since the previous time we visited 8. In the construction to follow, the 
yá (z) [s] will possibly be moved by weaker priority œ nodes. However, any 
such action will be controlled by a Tr(a) of stronger priority than 3, and we 
will ensure that if 8 is on the true path then lim, yá (2) [s] exists. 

Below the infinite outcome of a 7 node, where the limsup of the relevant 
length of convergence looks infinite, there will be a tree of œa subnodes of 7, 
each devoted to some subrequirement of the requirement associated with 
T. These will be able to tolerate some amount of “finite noise from above”, 
but will essentially act like lowness requirements. The basic idea is that as 
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the length of convergence rises, and hence T~ oo looks increasingly correct, 
we want to preserve more and more of A to try to force ®4 to be total if 
infinitely often it looks total. This preservation is implemented by the tree 
of subnodes below the main node T. 

Now, there are two quite different issues that 7 must deal with. One is 
the presence of 8 nodes above 7, whose coding action is more or less out 
of control as far as T is concerned. As much as 7 might wish to preserve a 
computation 64(7) |, it cannot stop such a 8 from encoding U-cs) into A, 
even if that encoding destroys the computation. The situation is similar to 
that in the proof of the Thickness Lemma, where a negative requirement 
must deal with encodings above it that it cannot control, but there is a 
notion of a node 7’s computations being “correct”, which implies that no 
injury from above can occur to a given computation. 

We will develop an analogue to this notion of correctness using the fact 
that here the injury from above will be uniformly low2, because the Ue are 
uniformly low2. The general idea is that above 7 will be a finite number 
of 6 nodes, coding sets U; for a finite number of it’s, and we have thus a 
uniformly low2 amount of “noise” in the 7-computations. Before we say 
exactly how we will deal with this noise, we discuss the other issue that 7 
must confront: the impact of coding nodes of weaker priority than 7. 

So assume that 7 is able to guess the behavior of stronger priority 6 nodes 
and uses only the 7-correct computations alluded to above. Let N; be the 
requirement assigned to 7. If lim sup, £(7, s) = co then we need to ensure 
that 4 is total. As mentioned above, for a given j, we have nodes a below 
Boo dedicated to ensuring that 64(j) |. For such an a, we need to deal 
with potential injuries to computations from 8 nodes between T~co and a 
(of course, 3 nodes below a will be restrained by a, and we are working 
under the assumption that r can deal with @ nodes above it). The point, 
of course, is that such 8 nodes are trying to put infinitely many elements 
into A while a is trying to preserve computations with oracle A. 

The node a deals with a @ node between 7 and it as follows. Suppose 
that a is at a stage s at which it wants to preserve a T-correct computation 
4(j)[s] |. (Note that, since a is below Too, for a to be relevant at stage 
s, this stage must be one at which we believe the oo outcome of 7 is plau- 
sible. That is, it must be 7T-expansionary, which means that the length of 
convergence (T, s) must be larger than the longest length of convergence 
previously seen.) The node a cannot really stop 8 from putting its numbers 
(which may well be below the use y#(j)[s]) into A. Instead, a tries to lift 
the relevant [g-uses above ;(j)[s]. If a almost always succeeds, then the 
computation it is trying to preserve eventually becomes not only 7-correct, 
but a-correct, and hence a can eventually preserve this computation for- 
ever. If, on the other hand, a fails infinitely often, then we must arrange 
things so that the oo outcome of 7 is not in fact the true one, that is, that 
lim sup, (T, s) < oo. The trick is to destroy certain computations ourselves 
rather than try to preserve them, as we now explain. 
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Suppose that 13 (2)[s] < yf(s)[s] for x > j. What a does (or more 
accurately, what 7 does, blaming a) is put some z < 1 (a) [s] into A and 
lift y (y) above s for all y > a. 

The entry of z into A will kill the computation a wanted to preserve, 
and hence it is now reasonable to not believe that s is T-expansionary after 
all (i.e., that the increase in the length of convergence ¢(7,s) that caused 
us to consider taking the co outcome of 7 at stage s was not real). So at 
stage s, we take the f outcome of 7 instead of the œo outcome. Let s” be 
the next potential (7~0oo)-stage. The number z has entered A below the 
use of the 64(4)[s] | computation, and we have reset yg (2) [s]. At stage 
s’, we check whether we now have yj (x) [s] > vA(z)[s’] for all x > j, 
or whether we are in the same bad situation as at stage s. (Note that s’ 
being a potential (7~oo)-stage means that s’ is t-expansionary, so that 
f(r, 8’) > L(T, s), and hence &A(j)[s’] |.) In the former case, we no longer 
have to worry about @. (It is true that we might have yh (x)[s"] < vA(9)[s"] 
for some x < j, but since there are only finitely many such zx, this situation 
can cause 3 to injure a only finitely often, which is fine, since a needs to 
preserve its computation only in the limit.) Otherwise, we repeat what we 
did at s, enumerating some number less than yg (2) [s’] into A, once again 
destroying the computation 64(j)[s’] | rather than preserving it, and once 
again taking the finitary outcome f of 7. 

Now, if this cycle repeats itself infinitely often, then there are only finitely 
many T~oo stages and, indeed, 64 is not total. 

Suppose on the other hand that we hit 7 at some r-correct stage t and 
all of the offending yg-uses for B between 7 and a have cleared y(j)[¢]. 
At such a stage, we allow a to impose restraint, initializing weaker priority 
requirements. Modulo the notion of a 7-correct computation, œ can now 
be injured only by yg (2) [s] where 8 is between 7 and a and x < j. As 
mentioned above, these produce only finite injury. Thus, still depending on 
the notion of t-correctness, if T~oo is on the true path, then oA will indeed 
be total. Once a asserts control at some r-correct stage, after some finite 
injury noise, a’s restraint will be successful and preserve the 4 (k)[t] | 
computation forever. 

We now turn to discussing the notion of t-correctness. We have seen that 
b nodes above 7 can also affect things, but it is not within 7’s power to clear 
yg-markers associated with such stronger priority 3. That is, suppose that 
we reach a stage t that appears to be 7-expansionary. Let M be the maxi- 
mum of the uses of the computations witnessing that t is t-expansionary. 
We do not know whether to believe that t is in fact 7-expansionary because 
there may be yg-markers for 3 above T that are less than or equal to M. 
Action for the sake of these markers can injure the computations witnessing 
that t is 7-expansionary. If infinitely often we have such “fake” expansion- 
ary stages at which 7 believes computations that are later injured, then T 
will not succeed in satisfying its requirement. So what is 7 to do? 
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It is now that we use the fact that the Ue are uniformly low2. Let B be 
the collection of 8 nodes above T and let U, = Daca Uecg). We write kg 
for the position of U, corresponding to the kth position of Ug). We build 
a reduction U7. By the recursion theorem, we know which questions to 
ask ()” to find out whether this reduction is total. So we have a uniformly 


A$ way to decide whether =U" is total. For now, let us think that we are 
getting “0’-certifications” as to the totality of 22. (One way to think of 
these certifications is to pretend for now that our decision procedure is HÌ 
rather than AÌ. Then there is a computable process that infinitely often 
certifies that our reduction is total iff it is in fact total.) 

When we are ready to believe that a stage t is T-expansionary, we declare 
that EY (n)[t] | for the least n for which ZY- (n) was undefined, with use 
max{kg : B € BA y3(k)[t] < M} +1, where M is as above. We then do 
the same for the next n for which ZV- (n) was undefined, and keep doing it 
for larger and larger n until one of the following occurs. 


1. For some @ above 7 and some n, we see that U, changes below the 
use of the computation ZY- (n). 


U. 


%7 is total. 


2. We get a new 0’-certification that = 


One of these two possibilities must happen, since otherwise we would make 
=U- total but would not get this totality certified. In the first case, we know 
that our original belief that t is 7-expansionary is wrong, so we can take 
the f outcome of 7. In the second case, we have some endorsement of our 
original belief, and can take the oo outcome after all. Notice that, if the 
second case happens infinitely often, then =U is indeed total, so almost 
all stages that we believe to be r-expansionary in fact are so, and the oo 
outcome is the correct one. 

However, the above description proceeded under the simplifying assump- 
tion that our approximation to the totality of EY- is I$. In truth, it is A8, 
which means that we have a X} approximation for totality and also a U3 
approximation for nontotality. We can think of a X} approximation as in- 
finitely many HÌ processes, such that the condition being approximated 
holds iff one of these processes provides infinitely many certifications. (It is 
easy to see that we may assume that at most one process provides infinitely 
many certifications.) So we replace the two outcomes of r by infinitely many 
outcomes (0,00) <, (0,f) <, (1,00) <, (1,00) <, ---. The outcomes 
(i,00) represent the X} outcomes for totality, and the outcomes (i, f) rep- 
resent the £} outcomes for nontotality. By the parenthetical remark above, 
we may assume that exactly one of these is correct infinitely often. 

As a final remark before turning to the construction, we note that one 
might worry about the action of a node 7’ above r working for a requirement 
Nj, since such a node also moves yg-markers for 3 < 7. However, this is the 
case only if 7’~(k, 00) < T for some k, which means that if 7 is on the true 
path then 64 is total, and hence we can ensure that, by the time 7 gets to 
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act, all markers that could be moved by r’ have already been moved. We 
do so by moving yg (2) [s] not only when it is less than y#(j)[s] for some 
j < x, but also preventively when ©4(j)[s] T for such a j, since we know 
that, if 7’ has infinitary outcome, then ©#(j) will eventually converge and 
would then possibly cause us to move yh (x)[s]. 

We now turn to the formal details. Define the priority tree as follows. 
Let A be on the priority tree. Suppose that v is on the priority tree. There 
are three cases. 


1. If |v| = 0 mod 8 then let e be least such that Ce is not assigned to 
any p < v. The node v is a @ node devoted to Ce. Put v~oo on the 
priority tree and let e(v) = e. 


2. If |v| = 3i + 1 then v is a r node devoted to Nj. Put v~(k, co) 
and v~(k, f) on the priority tree for all k € N, with the ordering 
y~(0,00) <i v™(0, F) <i V^ (1,00) <i (1, F) <i +++. Let i(v) =i. 


3. Otherwise, let (i, j) be the least pair such that N; is assigned to some 
p with p~(k,oo) x v for some k, and N; j is not assigned to any 
n < v. If there is no such pair (because there are no p and k such 
that p~(k,co) x v), then proceed as in case 1 (assigning some Ce 
to v). Otherwise, v is an a node devoted to N; j. Put v~k on the 
priority tree for each k € N, with the ordering v~(k+1) <, v~k. Let 
i(v) = i, let j(v) = j, and let r(v) = p. 


Construction. 

Associated to each 8 node v is a reduction T(n). Associated to each 7 
node v is a reduction 29” as described above, with its corresponding A$ 
approximation T, to totality. We think of this approximation as providing 
values T,(0),T,(1),..., which are of the form (n, f) or (n,oo), with =Y 
being total iff there is an n such that the value (n,oo) is seen infinitely 
often iff there is no n such that the value (n, f) is seen infinitely often. Also 
associated to each T mode v are functions ¢(v,s) and m(v,s), defined for 
all stages s at which v is accessible (which will be called v-stages). The 
length of convergence function @ has been discussed above. The function 
m represents the maximum v-correct length of convergence seen so far. 
Initially, m(v,0) = 0. 

At stage s of the construction, we approximate the true path TP as 
follows. Begin at À and say that s is a A-stage. Suppose that s is a v- 
stage. If |v| = s then let TP, = v, initialize all nodes y such that y <1 v 
(which means that all objects associated with them are now undefined), 
and proceed to the next stage. Otherwise, let t be the last v-stage before 
s, or 0 if there have been no such stages. There are now three cases. 


Case 1. v is a B node. For each n < s, proceed as follows. If T4(n)[s] is 
not defined then define it to be U-(,)(n)[s] with the use j\(n)[s] a fresh, 
large number (ensuring as usual that such uses are increasing in n). If 
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PA (n)[s] 1# Uew)(n)[s] then put 7/4(n)[s] — 1 into A. In this case, if p > v 
is an @ node such that T(p) < v and j(v) > n, then initialize p. 

Case 2. v is a T node. Let i = i(v). For each j, each 8 node p = v~ (J, 00), 
each n, and each k < n such that yf (n) [s] | and either ®A(k)[s] T or 
xf (n)[s] < yf (k)[s], enumerate y (n) [s] — 1 into A, declaring T4(m) to 
be undefined for all m > n. (Note that at this point we do not redefine 
Tm), and hence do not redefine the use yA (m). Such redefinitions will 
occur the next time we visit p.) Let (v, s) = max{x : Vy < x (®A(y)[s] |)}, 
where these computations take into account the values just enumerated 
into A (and so do not converge if a number was put into A below the old 
use pf (y)[s]). 

If L(v,s) < m(v,t), then let u be the last stage before s at which v had 
outcome (k, f) for some k, or 0 if there has been no such stage. Look for 
the least v > u such that T (v) = (j, f) for some j, which must exist 
since we are not defining any new values of ZY, and declare that s is a 
(v~ (J, f))-stage. Let m(v, s) = m(v, t), and call (v, s) the v-correct length 
of convergence at stage s. 

If €(v,s) > m(v,t), then proceed as follows. let u be the last stage before 
s at which v had outcome (k,co) for some k, or 0 if there has been no 
such stage. Let B, be the collection of @ nodes above v and start to define 
=". (n) for larger and larger n, all with use 


max{kp : p € By A ¥'(k)[s] < min(y}'(n)[s], pë (m(v, t) + 1)[s])}, 


where kp is, as above, the position of U, corresponding to position k of 
Uecp), until one of the following occurs. 


1. Some use £V" (n) is violated. 
2. For some least v > u and some j, we have T,(v) = (j, 00). 


In the former case, let u be the last stage before s at which v had outcome 
(k, f) for some k, or 0 if there has been no such stage. Look for the least 
v > u such that T,(v) = (j, f) for some j, which must exist since we are 
not defining any new values of EY”, and declare that s is a (v~(j, f))- 
stage, setting m(v, s) = m(v, t). Let n be the largest number such that the 
computation £9» (n) is still valid (or 0 if there is no such number). Call 
max(n, m(v,t)) the v-correct length of convergence at stage s. 

In the latter case, declare that s is a v~(j,0o)-stage, let m(v,s) = 
m(v,t) +1, and call this value the v-correct length of convergence at stage 
s. 


Case 3. v is an a node. If Si (5())[s] | then declare that s is a 


v~ yA. (j(v))[s])-stage. Otherwise, declare that s is a (v~0)-stage. 
i(v) 
End of Construction. 


To finish the proof, we verify the following by simultaneous induction on 
v C TP (in the process showing in particular that TP is well-defined). 
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i) If v is a 8 node then T4 = U., whence Cia) is satisfied. In 
v (v) (v) 
particular, lim, y,(n)[s] exists for all n. 


(ii) If v is a 7 node, then the following hold. 


(a) There is a j such that either v^ (j, f) < TP or v~(j,0o) < TP. 
(b) Ifv~(j, f) ~ TP, then v has only finite effect on the nodes extend- 
ing v~(j, f), and the limit of the v-correct length of convergence 
t (v^ (j, f))-stages is finite. 

(c) If v~(j,co) < TP then the limit of the v-correct length of con- 
vergence at (v~(j, oo))-stages is infinite, and for each k, the node 
v takes no action for k at almost all (v^ (j, co))-stages. 

(d) Aj (v~(j, 00) < TP) iff 64 ) is total, whence Niq) is satisfied. 


iv 


v 


(iii) If v is an a node then the following hold. 


(a) The node v is initialized only finitely often. 
(b) There is a k such that v has outcome k almost always. 


We assume (i)-(v) for all ø < v. There are three cases to consider. 


Case 1. v is a @ node. Then there is a stage so after which v is never 
again initialized. Since v gets to act infinitely often, we will have r4 (n) |= 
U-(v)(n) provided that lim, yj\(n)[s] exists. After stage so, there are only 
two ways we can have 7;(n)[s] change. One is for n to enter U.(,), which 
can happen only once. The other is for some 7 node above v to take action 
for a number less than or equal to n, which by our inductive hypothesis 
can happen only finitely often. 


Case 2. v is a T node. Let i = i(v). First suppose that there is a least 
n such that Z% (n) f. Then there is a unique j such that T,(u) = (j, f) 
for infinitely many u. Furthermore, either Z% (n) is defined only finitely 
often, or it is defined infinitely often but its use is violated each time it is 
defined. In the former case, we must have ¢(v,s) < m(v,t) for almost all 
v-stages s, where t is as in the construction. In particular, oA is not total. 
In the latter case, because of the way the use €9» (n)[s] is defined, there is 
an m < n such that the use of P4(m) is violated infinitely often, whence 
64 is not total. In either case, v~(j, f) < TP, the limit of the v-correct 
length of convergence at (v~(j, f))-stages is finite, and clearly v has only 
finite effect on the nodes extending v~ (J, f). 

Now suppose that =% (n) is total. Then there is a unique j such 
that T,(u) = (j,00) for infinitely many u. Furthermore, we must have 
lim, m(v, 8) = oo, since if this limit were a finite number m, then there 
would be infinitely many v-stages s at which £Y” (m + 1)[s] is violated. It 
follows that v~(j,co) < TP (since v has an infinitary outcome each time 
m(v, s) increases). We are left with showing that 64 is total, which implies 
that the limit of the v-correct length of convergence at (v~(j, co))-stages 
is infinite, and hence that for each k, the node v takes no action for k at 
almost all (v^ (j, 00))-stages. 
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Every (v~(j,0o))-stage is expansionary, so for each sufficiently large 
(v~(j,00))-stage s, we have ¢(v,s) > k. For such an s, we have 64(k)[s] |. 
Assuming that s is large enough that v is not initialized after stage s, there 
are only two ways a number can enter A below y#(k)[s]. One is through 
some n < k entering U.(,) for some p node p such that p is between v^ (j, 00) 
and some a node working for N;,,. Since there are only finitely many such 
n and e(p), if s is large enough then no number will enter A below y4 (k)[s] 
for this reason. The other way a number may enter A below f (k)[s] is 
through the action of a 8 node above v. But for any large enough n, if such 
a number enters A, then the use €4»(n)[s] is violated. Thus, since 29” is 
total, if s is large enough then no number will enter A below y4(k)[s] for 
this reason either. Thus there is an s such that ®A(k)[s] | and no number 
enters A below y/(k)[s] during or after stage s, whence &A(k) |. 


Case 3. v is an a-node. That v is initialized only finitely often is clear from 
the description of the action of the 8 nodes above v. Since T(v)~(k, 00) x v 
for some k, we know that bi) is total, so in particular bi) (i(v)) |, and 


v has outcome i, (j(v)) almost always. o 


We have seen that there is a low2 c.e. degree above all K-trivials, but 
no such low c.e. degree. What happens if the computable enumerability 
condition is removed? The following is a general theorem of Kučera and 
Slaman [222] about ideals in the A$ degrees, which implies that the K- 
trivials have a low upper bound. 


Theorem 11.11.5 (Kuéera and Slaman [222]). The following are equiva- 
lent for an ideal I in the AÌ degrees. 


(i) I has a low upper bound. 


(ii) I is contained in an ideal generated by uniformly AÌ sets Ao, A1,.-., 
and there is a AÌ function that dominates every partial function 
computable by a set in I. 


The method of proof is a forcing one akin to the forcing proof of the low 
basis theorem with coding steps interleaved; see [222]. A remaining open 
question is whether the low upper bound for the K-trivials can be made 1- 
random. (Indeed, it is not even known whether there is a 1-random set that 
computes all K-trivials but does not compute ( (i-e., a difference random 
set that computes all K-trivials); the existence of such a set would answer 
Question 11.8.2.) 


11.12 A gap phenomenon for K-triviality 


In Theorem 9.15.8, we saw that there is a minimal pair of K-degrees, that is, 
a pair of non-K-trivial sets A and B such that for all X, if X <x A,B then 
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X is K-trivial. In this section, we give the original proof of this result, which 
is due to Csima and Montalbán [83] and involves a lemma of significant 
independent interest. 

A reasonable strategy for building such a pair of sets would be to ensure 
that, for some constant c and all n, 


K(Afn)<K(n)+e or K(Bin)< K(n)+e, (11.2) 


while preventing A and B from being K-trivial. For any string 0, we know 
that 00” is K-trivial, so we could try to do the following. We start building 
A and B (thought of as sequences that we build up over time) by making 
A look random and adding 0’s to B. Then, once we have ensured that A 
has an initial segment of fairly high K-complexity, we start adding 0’s to A 
to bring down the K-complexity of its initial segments, while still adding 
0’s to B. Once we have reached an m such that K(A |Ì m) is sufficiently 
low, we start making B look random while adding 0’s to A. Once we have 
ensured that B has an initial segment of fairly high K-complexity, we start 
adding 0’s to B to bring down the K-complexity of its initial segments, 
while still adding 0’s to A. Once we have reached an n such that K(B [ n) 
is sufficiently low, we go back to the beginning, making A look random 
while adding 0’s to B. 

The problem with such a construction is that, although g0” is indeed 
K-trivial for any o, the constant of K-triviality depends on o. Thus, while 
adding 0’s to a previously defined initial segment of A might bring the 
complexity of longer initial segments down quite a bit, it may never result 
in an n such that K(A | n) < K(n) + c for a given c fixed ahead of time. 

The clever solution to this problem, found by Csima and Montalban [83], 
is to prove the following surprising “gap result”, which shows that we can 
replace c in (11.2) by a sufficiently slow-growing function of n. Recall that 
KT(c) denotes the class of sets that are K-trivial via c. 


Theorem 11.12.1 (Csima and Montalban [83]). There is an order f such 
that a set X is K-trivial iff K(X | n) < K(n) + f(n) for almost all n. 


Proof. The “only if” direction is obvious. For the other direction, for each 
e > 0 we build an unbounded nondecreasing function fe such that f.(0) = 
e— 1 and if K(X Ìn) < K(n)+ fe(n) for all n, then X € KT(e). Given 
such functions, let f(n) = min{ f2e(n)—e : e > 0}. It is easy to check that f 
is nondecreasing and unbounded. Furthermore, if K(X [n) < K(n)+ f(n) 
for almost all n then there is an e > 0 such that K(X | n) < K(n)+f(n)+e 
for all n, which means that K(X | n) < K(n) + fae for all n, and hence 
X € KT(2e). 

Fix e > 0. We want to define a sequence 0 = no < nı < --- and let 
fe(k) = e +i— 1 whenever k € [ni, ni1). First let no = 0. Let nı be 


6One may compare this result with Theorem 11.1.8, but note that in that result, the 
function g(n) — K (n) is not an order. 
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such that for any set Y € KT(e+ 1) \ KT(e), there is an m < nı with 
K(Y | m) > K(m) +e. Such a number must exist because, by Theorem 
11.1.3, KT(e + 1) is finite. 

We similarly choose nz so that for any set Y € KT(e+ 2) \ KT(e), there 
is an m < nə such that K(Y | m) > K(m) +e. 

We now come to the heart of this argument. We choose ng so that for 
any set Y € KT(e+3) \ KT(e), there is an m < ng such that K(Y | m) > 
K(m)+e, but we also impose an extra condition on ng. Let Z be a set such 
that the least m with K(Z | m) > K(m) + is in [n1, n2). Then Z cannot 
be in KT(e+ 1) by the choice of nı, so we can require that ng be such that 
for each such Z there is an l < ng such that K(Z [l) > K(l)+e+1. 

It is important to consider more carefully why such an ng exists. Suppose 
it did not. Then for each / there would be a string o of length / such that the 
least m with K(o [| m) > K(m)-+e is in [n1, n2) and yet K(o) < K(1)+e+1. 
Thus, by K6nig’s Lemma (that every infinite, finitely branching tree has 
an infinite path), there would be a set Z such that the least m with K(Z | 
m) > K(m) +e is in [n1, n2) and yet K(Z [ 1) < K(l)+e+4+1 for all l. Such 
a Z would be in KT(e + 1), contradicting the choice of nı. 

The definition of n; for i > 3 is analogous. That is, we choose n; so that 


1. for any set Y € KT(e + i) \ KT(e), there is an m < n; such that 
K(Y | m) > K(m) +e, and 


2. for any Z such that the least m with K(Z [| m) > K(m) +e is in 
[n;-2, Ni-1), there is an l < n; such that K(Z |D > K(l)+e+i-2. 


The same argument as in the 7 = 3 case shows that such an n; exists. 

As mentioned above, we let fe(k) = e+%—1 whenever k € [nj, ni41). 
Suppose that K(X [ n) < K(n) + fe(n) for all n. We need to show that 
X € KT(e). Suppose not, and let 7 be least such that there is an m € 
[ni,i41) with K(X | m) > K(m) +e. Then, by the choice of ni+2, there 
is an l < nize such that K(X | 1) > K(l) +e +7. On the other hand, 
K(X fl) < K(L) + fe(l) < K(I) + e+ i, which is a contradiction. Oo 


Corollary 11.12.2 (Csima and Montalban [83]). There is a minimal pair 
of K-degrees. 


Proof. Let f be as in Theorem 11.12.1. We build A and B by finite exten- 
sions. Let Ag = Bo = A. At stage e+ 1 with e even, first define As > Ae 
so that K(Acy1) > K(|Ae+1|) + e. Let me = |Ac41| — |Ac]. Now let ce 
be such that Ae+10®° E€ KT(ce), and let ne be such that f(ne) > ce. Let 
Aet+1 = Ae410"° and Be+ı = A 

At stage e + 1 with e odd, do the same with the roles of A and B 
interchanged. 

It is straightforward to check that this construction ensures that A and 
B are not K-trivial, and that min(K(A | n), K(B [ n)) < K(n) + f(n) for 
all n, which implies that if X <x A, B then X is K-trivial. O 
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Analysis of the above proofs shows that f can be chosen to be AY, and 
hence so can A and B. It is unknown whether there is a minimal pair of 
K-degrees of A$ sets. (By Theorem 9.15.8, there is a minimal pair of K- 
degrees of £$ sets.) More interestingly, it is also unknown whether there is 
a minimal pair of K-degrees of left-c.e. reals. 


12 


Lowness and ‘Triviality for Other 
Randomness Notions 


12.1 Schnorr lowness 


We now turn to lowness notions for other notions of randomness. We begin 
with Schnorr randomness. Since there is no universal Schnorr test, it is not 
clear that the notions of a set A being low for Schnorr randomness (i.e., 
every Schnorr random set is Schnorr random relative to A) and being low 
for Schnorr tests (i.e., every Schnorr test relative to A can be covered by 
an unrelativized Schnorr test!) should be the same. In fact, this was an 
open question in Ambos-Spies and Kučera [9]. As we will see, it was solved 
by Kjos-Hanssen, Nies, and Stephan [207]. 


12.1.1 Lowness for Schnorr tests 


In such cases, it is usually easiest to begin with the test set version. A 
complete characterization of lowness for Schnorr tests was obtained by 
Terwijn and Zambella [389], using the notion of computable traceability 
introduced in Definition 2.23.15. Recall from that definition that a degree 
a is computably traceable if there is a computable function h such that, 
for each function f <y a, there is a computable function g satisfying, for 
all n, 


(i) Dyin) < h(n) and 


1 Another way of thinking of this notion is as lowness for Schnorr null sets: every set 
that is Schnorr null relative to A is Schnorr null. 
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(ii) f(n) € Dain): 


Computable traces are often represented by a single computable set T = 
{(y,n) : y © Dagny}. We will sometimes use this method, and write Tl! for 
{y : (y,n) ET}. 

The following lemma is an analog of Proposition 2.23.12. 


Lemma 12.1.1 (Terwijn and Zambella [389]). Let A be computably trace- 
able and let h be a computable order such that h(0) > 0. Then A is 
computably traceable with bound h. 


Proof. We show how to arbitrarily slow down the tracing process. Suppose 
that A is computably traceable with bound h, and fix f S+ A. Let q be a 
computable function such that, if we let 7; be the least number such that 
qlik) > k, then h(t,) < h(k) for all k. 

Let {Tn }new be a computable trace with bound h for the function taking 
i to (f(0),..., f(q(é) — 1)). Let Sp be the set of all a, for which T;, has 
an element of the form (ao,...@g(;)-1). Clearly, {Sn}new is a computable 


NN 


trace for f, and it is bounded by h(ik) < h(k). o 


It is worth noting that sometimes the exact growth rate of orders does 
matter, as we will see in Chapter 14. 

The notion of computable traceability was inspired by arguments from 
set theory, particularly Raisonnier’s proof in [322] of Shelah’s result that 
the inaccessible cardinal cannot be removed from Solovay’s construction in 
[370] of a model of set theory (without the full axiom of choice but with 
dependent choice) in which every set of reals is Lebesgue measurable. 

As we noted in Section 2.23, Terwijn and Zambella [389] observed that 
the hyperimmune-free degree constructed by Miller and Martin (Theorem 
2.17.3) is computably traceable, and that if a degree is computably trace- 
able then it is hyperimmune-free, since computable traceability is actually 
a uniform version of hyperimmune-freeness. The difference between being 
hyperimmune-free and being computably traceable for a degree a is that for 
the latter there is a single computable bound h that works for all f <+ a, 
whereas for the former, for each f <y a there is a separate computable 
function bounding f. This difference can be turned around into a proof 
that the concepts are different. We can derive this result most easily using 
Theorem 12.1.2 below, though, so we will return to it after we have proved 
the theorem. 

Since all computably traceable degrees are hyperimmune-free, no com- 
putably traceable degree is A$. In particular, if a set is low for 1-randomness 
then it is not computably traceable. This fact is particularly interesting in 
view of the following result. 


Theorem 12.1.2 (Terwijn and Zambella [389]). A degree is low for 
Schnorr tests iff it is computably traceable. 
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Proof. For the “if” direction, let A be computably traceable. Let {[Un] }new 
be a Schnorr test relative to A, with u([U,]) = 27”. We need to build an 
unrelativized Schnorr test {[Vn]}new with (),,[Va] 2 1,,[Un]. It will be 
convenient to build the Vp so that u(|Vn]) is less than or equal to 27” and 
computable (rather than equal to 27”). 

Identifying finite strings with their codes as usual, we have a computable 
trace T for the finite A-approximations Uy, 5. (So Un,s € TU.) for all n and 
s.) By Lemma 12.1.1, we may assume that T is bounded by a sufficiently 
slow growing bound h, to be specified below. We will use T to enumerate 
the Vp. The crucial idea is to make sure that the bulk of U,, is enumerated 
before we trace it, so the approximation generated by T is a good one. Thus 
we speed up the A-enumeration of the U, so that u([Un,s]]) > 27” (1-278). 

Given T, we define a new trace T as follows. Let Tl\"-5)] be the set of 
those D € Tis] such that 


1. D is a finite subset of 2<” (again identifying finite sets with their 
codes); 


2. 2-"(1 — 27°) < u([D]) < 27”; and 
3. C CD for some C € Tis- (if s > 0). 


Here we have pruned those members of T that are not possible values of 
Uns. Note that T is still a computable trace that captures the Un,s. We 
are now ready to define our Schnorr test. 

Let Var = U,e, TI] and Vp = U, Var Then 


ual) < 2727 PH2n0)1] +X 27s p], 


Using Lemma 12.1.1, we can choose h so that |Tl(2”-*)]| is small enough to 
ensure that u([Vn]) < 27”. Furthermore, 


“([U satan] ) < 5 gns ype 
s>r 


s<r 
so again using Lemma 12.1.1, we can choose h to be sufficiently slow growing 
so that u([Vn,r]) converges computably to u([Vn])- 
The other direction is more difficult. Let A be low for Schnorr tests. Let 
Bri = H71" : r e€ 24]. 


Note that u(Bk i) = 2-*. The idea is to use these clopen sets to code an 
arbitrary function g S+ A. To do this, fix such a function and let 


Un = |] Brg) 
k>n 


Clearly, {Un}new is a Schnorr test relative to A, and hence is covered by 
an unrelativized Schnorr test. We will need only one of the levels of that 
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test, say the fourth one, which is a 9 class V of measure ł containing the 
intersection of the Un. 

For technical reasons that will become clear below, we want to ensure 
that u( Bp \V) # 270+) for all k and i. We can do this by adding elements 
to V while still keeping V a ©? class with computable measure less than 
i, so we assume we have done so. (The idea is that if we see the difference 
between Bk; and V, getting close 2~“+°), then we add enough of By.) to 
V to ensure that equality will not happen; we can certainly do this in such 
a way as to keep the measure computable and below +.) 

We first make the simplifying assumption that (Un \ V) = 0 for some 
n, eliminating this assumption later. Let T be defined by 


TP! = {i : p( Beg \ V) < 270+}, 


Clearly g(k) € Tl! for all k > n, since u(Un\V) = 0, so a finite modification 
of T traces g. We now must show that there is a computable function h 
such that TIA] = Dh ry for all k and that ITI] is bounded by a computable 
function that does not depend on g. To achieve the first goal, it is enough 
to show that each T!! is finite and that both T and the function k = [TĦ] 
are computable. Note that the computability of this function does give us 
a computable bound on |T'*l| (and hence is enough to show that A has 
hyperimmune-free degree), but this bound depends on g, so we will still 
have to provide a computable bound independent of g. 

We begin by showing that T is computable. It is easy to see that T 
is c.e., so to show that it is computable, it is enough to describe how to 
enumerate its complement. Suppose i ¢ T [k]. Let so = 0. Having defined 
sj, let ej = (Bpa \ Vs;) — 27073). Note that ej > 0, since i ¢ TI and 
we have built V so that u(Bp i \V) 4 2-3). Let sj;41 be such that 
M(Vs;41) > L(V) = a 

Clearly, the £; converge to a limit £ and £ > 0, again by the assumption 
that (Bri \ V) # 27“). So there is a j such that  < €j41. If we 
enumerate V up to stage s;+1, we know for sure that i ¢ TI], since then 


U( Bri \ V) 2 u(Br,i \ Verp) oy u(V) a WVerss) 
ee a EFS 9-48), 
2 


Thus we can enumerate the complement of T, and hence T is computable. 

We now show that each TIH! is finite and we can compute |T'*!| given k. 
It suffices to show that we can effectively find an i; such that i ¢ T! for all 
i > ix. Find a stage s such that (Vs) > u(V)—2~“*+?), Let G be a finite set 
of generators for V, and let ip be larger than k and the length of all strings 
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in G. Let i > ix. It is easy to check that (By; \ Vs) = 27*(1 — u(Vs)), so 


(Bri \ V) > p( Bis \ Ve) + w(Vs) — w(V) > 2781 — p(V,)) — 27 Ft?) 


s 9-Fy — by 9-42) „ 9-042) S 9—(i+3) 
22°-"(1 )-2 >2 >2 
4 2 


whence i ¢ TI", 

It remains to show that |T'*!| is bounded by a computable function that 
does not depend on g. We claim that |T!l| < 2*k. Suppose not. Then we 
can find ig < +++ < igx_, € T] such that i;41—-i,; > k. Recall that 4(B;) = 
2-* for all i. It is also easy to see that if j > l then u(Bi; N Bi) = 27%, 
whence p(Bi; \ U,<; Ba) > 27* — j2-?*. So 


u( U Bea) > ull Bru) > $5 278 — 927-74 


ie TIA] j<2k j<2k 


= > 97k _ gk-1g-2k _ y 274-1], 
j<2k-1 j<2k-1 
which is impossible. 

We now show that we can remove the hypothesis that uw(U, \ V) = 0, 
weakening it to the hypothesis that uo(V) < 4 and uo(Un \ V) = 0 for 
= we. First we show that the proof still 
works with this weaker hypothesis, and then we show that this hypothesis 
always holds. 

Suppose that po(V) < $ and uo(Un \ V) = 0. For a class W, let W° = 
Hr: Jor] C W}. 

We may assume that g(k) > k for every k because a trace for g(k) + k 
immediately yields a trace for g. Clearly we may also assume that n > |ø]. 
Let V = V? and g be the translation of g defined by g(k) = max(g(k) — 
\c|,0). Let U, be defined as Un, but with g in place of g. We claim that 
u(Ün \ V) =0. If i > |o| then BZ, = By, i-o]: Since g(k) > k and n > |ø], 
we have U2 = Un, so w(Un \ V) = to (Un \ V) = 0. This proves the claim. 


Now, it is clear that (V) is less than + and computable. So the proof given 


some o and n, where uo(W) 


above is valid when V and g are substituted for V and g, and ensures the 
existence of a computable trace for g. But from a trace of g we immediately 
obtain a trace for g. 

Finally, suppose that there are no ø and n such that pol(Un \ V) = 
0 and Ho(V) < 4. We obtain a contradiction by constructing a set in 
Nn Un \ V. Let oo be the empty string and assume we have defined on so 
that uo, (V) < 4. By hypothesis, 44,,, (Un \ V) > 0, so there is a [rT] C Un 
such that p.,,([7] \ V) > 0. In particular, T = on and u+(V) < 1. By the 
Lebesgue Density Theorem 1.2.3, applied to the complement of V, there is 
a On41 > T such that Ho, (V) < Ł. Let a = U, on. Since [on41] © Un for 
all n, we have a € (),, Un. But [on] É V for every n, so, since V is open, 
a ¢ V. This contradiction completes the proof. O 
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As mentioned above, the following result has an easy proof as an 
application of the above theorem. 


Theorem 12.1.3 (Terwijn and Zambella [389]). There are continuum 
many degrees that are hyperimmune-free but not computably traceable. 


Proof. As noted in Proposition 8.1.3, it follows from the hyperimmune- 
free basis theorem that there are l-random (and hence Schnorr random) 
sets of hyperimmune-free degree. As observed after the proof of Theorem 
2.19.11, it is not hard to adjust the construction in that proof to show that 
a II? class with no computable members has continuum many members of 
hyperimmune-free degree, so there are in fact continuum many l-random 
sets of hyperimmune-free degree. Let A be such a set. We can A-computably 
construct a Schnorr test covering A, but that test cannot be covered by an 
unrelativized Schnorr test. Thus A is not low for Schnorr tests, and hence 
is not computably traceable. O 


12.1.2 Lowness for Schnorr randomness 


We now turn to the apparently weaker notion of lowness for Schnorr 
randomness. It is clear that if A is low for Schnorr tests then A is low 
for Schnorr randomness. Kjos-Hanssen, Nies, and Stephan [207] showed 
that the converse also holds, via some intermediate results of independent 
interest. 


Theorem 12.1.4 (Kjos-Hanssen, Nies, and Stephan [207]). A set A is c.e. 
traceable iff every Schnorr null set relative to A is Martin-Lof null. 


Proof. First suppose that every Schnorr null set relative to A is Martin- 
Lof null. Follow the proof of Theorem 12.1.2 until the definition of V. Now 
we still have a ©? class V such that „Un C V and u(V) < 4, but the 
measure of V is no longer computable. We can now continue to follow the 
proof of Theorem 12.1.2, with straightforward modifications. 

For the other direction, suppose that A is c.e. traceable. Let {Un}new 
be a Schnorr test relative to A with u(Un) = 27”. We may assume that 
UoD UD... 

Let Do, Di,... be a canonical listing of the finite sets of strings. Let 
f Sr A be such that [U, DfUn,s)] = Un for all n, and for all n and s, 
we have p([D5((n,s))]) > 2-"(1 — 275) and [Djin s] 2 Pians] By 
Lemma 2.23.12, f has a c.e. trace To, Ti, ... such that |T;| < i for all i > 0. 
We may also assume that if e € Tin, s} then 27”(1 — 27°) < u([D-]) < 27” 
and, if s > 0, then [De] 2 [Di] for some i € Ty,,s—1). 

Let 


Vn = (J{LDel : 3s (e € Tin,s))}- 


Then it is easy to see that (Vn) < 27"|Zin,o)| + 5, 27° "Tin, sy |. By the 
bound on the sizes of the Tọn, s), it follows that we can compute a function 
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g such that uam) < 27” for all n. Let V, = Vin). Then the V, form a 
Martin-Löf test, and clearly (N; Ui C N; Vi- oO 


Lemma 12.1.5 (Kjos-Hanssen, Nies, and Stephan [207]). If A is of 
hyperimmune-free degree and c.e. traceable, then A is computably traceable. 


Proof. Let T be the c.e. trace of some function g Sr A. Let f(n) = 
us(g(n) € T™l[s]). Then f <+ A, so f is majorized by some computable 
function h. Let T™ = T™{h(n)]. Then T is a computable trace for g with 
the same bound as T. o 


So to show that lowness for Schnorr tests coincides with lowness for 
Schnorr randomness, it is enough to show that every set that is low for 
Schnorr randomness has hyperimmune-free degree. This final step was ac- 
tually the first result proved about lowness for Schnorr randomness, and is 
due to Bedregal and Nies [34]. 


Theorem 12.1.6 (Bedregal and Nies [34]). If A is either low for 
computable randomness or low for Schnorr randomness, then A is of 
hyperimmune-free degree. 


Proof. Suppose that A is of hyperimmune degree, so that there is a function 
g Xr A such that, for any computable function h, we have h(x) < g(x) 
for infinitely many x. We build a computably random set R and an A- 
computable martingale F that succeeds on R in the Schnorr sense. 

Let Me be the eth partial computable martingale (as defined in Definition 
7.4.3). Let T = {e : Me is total}. For certain finite sets D, we will define 
strings op such that if D C E then op < og. We will ensure that for each 
e € T there is a c such that if e € D C E then M.(c) < c for all o such that 
Op xo 3 cop. We will also ensure that op is defined for all finite D C T. 
These two conditions ensure that R = [J per ap is computably random. 
We will also ensure that A can know enough about this construction to 
compute a martingale F that succeeds quickly on R. To help us with that 
part of the construction, we will impose a lower bound on the length of op, 
the reason for which will become clear in the construction of F. 

We define the op by induction, along with auxiliary constants pp and 
partial computable martingales Mp. We ensure that if ap is defined then 
Mp(op)\< 2, and that this convergence happens in at most g(|op|) many 
steps. We begin with og = à. Suppose that og has been defined to have 
the above properties, and that D = EU {i}, where i > max E. Let pp = 
2-I72|-1(2 — Mp(og)) and Mp = Mg + ppM-. Since Me is a martingale 
on its domain, Me(T) < 2!7! for all 7, so Mp(op) < 2 if it is defined. 

Let e be the index of D in the canonical listing of finite sets. Look for 
o> Of with |o| > 4e such that Mp does not increase between og and o, 
and Mp(c) | in at most g(|o|) many steps. If such a string is found, then 
let op =o. 
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We claim that if D C T then such a o must exist. Let f(m) = usVr € 
2™ (Mp(r)[s] |). Then f is a total computable function, and hence there 
is an m > |og|,4e such that g(m) > f(m). Clearly, there is a ø € 2™ such 
that Mp does not increase between og and o, and by the choice of m, we 
have that Mp(c)| in at most g(|o|) many steps. Thus op is defined. 

So we can define R = U per ap. To see that R is computably random, 
let Me be total and let D = T N [0,e]. Suppose that D C E and EB’ = 
EU {i} C T, where i > max E. If og < o WX oe, then ppMelo) < 
Megla) < Ma(or) < 2. Thus Melo) < T for all sufficiently long o ~ R. 

Thus we are left with showing that R is not Schnorr random relative 
to A. We build a martingale F <+ A for which there are infinitely many 
o =< R with F(c) > 2%. 

For each finite set D, define a martingale Fp as follows. Let e be the 
index of D in the canonical listing of finite sets. If op is undefined then let 
Fp(r) = 27° for all r. Otherwise, let o = op | | 22!) and define 


258 ifr xo 


g-etltl-lol ifo <T 340p 


Fp(T) = 
DO) = \o-etlonl-lel ifr > op 


0 ift>aAT|op. 


That is, Fp bets evenly except following ø, where it concentrates its capital 
along ap. 

Let F = `p Fp. Clearly F(A) is finite, and hence F is a martingale. 
For each D C T with canonical index e, we have F(op) > Fp(op) = 


9-e+|ep|-|o| >2 Izpi Hop] lzpl — 2 


Thus we are left with showing that F <r A. It is clearly enough to 
show that the Fp are uniformly A-computable. Given 7 and D, we can run 
through the inductive definition of øp to check whether |op| < 2|r|. (That 
is, while we cannot know whether op is defined, we can check whether some 
c of length at most 2|r| is defined to be op.) If not, then Fp(r) = 27°, 
where e is the canonical index of D. Otherwise, we can determine the value 
of Fp from the definitions of op and Fp. O 


As discussed above, we now have the following. 


Corollary 12.1.7 (Kjos-Hanssen, Nies, and Stephan [207]). A is low for 
Schnorr randomness iff A is computably traceable iff A is low for Schnorr 
tests. 


12.1.3 Lowness for computable measure machines 


Recall the characterization of Schnorr randomness in terms of computable 
measure machines presented in Section 7.1.3: A prefix-free machine is a 
computable measure machine if the measure of its domain is computable, 
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and Downey and Griffiths [109] showed that A is Schnorr random iff for 
every computable measure machine M we have Km(A | n) > n—O(1). We 
can relativize this notion, and say that a prefix-free oracle machine with 
oracle A is an A-computable measure machine if the measure of its domain 
is A-computable. 

There is a potential worry here, namely the distinction between prefix- 
free oracle machines M such that u([dom M4]) is A-computable and those 
such that p([dom M*]) is X-computable for all oracles X. However, we 
need not worry about this distinction, because given a prefix-free oracle 
machine M such that p([dom M4]) is A-computable, we can define a 
prefix-free oracle machine N such that N4 = M4 and p([dom N*]) is 
X-computable for all oracles X. To define N, let e be such that, thinking 
of P as a function from N to Q, we have ®4(s) = u([dom M4{s]]). On 
oracle X, the machine N~ is defined as follows. At stage s, let q = ®* (t)[s] 
for the largest t < s such that ØŽ (t)[s] |. (If there is no such t then proceed 
to the next stage.) Search for a stage u such that p([dom M~* [ul]) = q and 
ensure that NX agrees with M* on dom M*¥ [u]. If there is no such u, 
then the definition of N* never leaves stage s. If at any later stage v we 
find that u([dom M*|v]]) > q+ 27*, then immediately stop defining N* 
on new strings. It is easy to check that for all X, either dom N~ is finite, 
or &* is total and 0 < p([dom N*]) — #Ž (t) < 27t, whence dom N* is 
X-computable. It is also easy to check that N4 = M4. 

We can define an analog of lowness for K for computable measure 
machines. 


Definition 12.1.8 (Downey, Greenberg, Mihailović, and Nies [107]). A 
set A is low for computable measure machines if for each A-computable 
measure machine M there is a computable measure machine N such that 
Ky(a) < Ku(o) + O(1). 


In Chapter 11 we saw that lowness for 1-randomness and lowness for 
K coincide. It is natural to ask whether the same is true for Schnorr ran- 
domness. That is, are lowness for Schnorr randomness and lowness for 
computable measure machines the same? 

Downey, Greenberg, Mihailović, and Nies [107] have given a positive 
answer to this question. By the relativized version of Theorem 7.1.15, a 
set X is Schnorr random relative to A iff Km(X | n) > n — O(1) for all 
A-computable measure machines M. Thus, if a set is low for computable 
measure machines then it is low for Schnorr randomness. The converse 
follows from the following result, together with Corollary 12.1.7. 


Theorem 12.1.9 (Downey, Greenberg, Mihailović, and Nies [107]). A set 
is low for computable measure machines iff it is computably traceable. 


Proof. The “only if” direction follows from the fact that lowness for 
computable measure machines implies lowness for Schnorr randomness, to- 
gether with Corollary 12.1.7. Now let A be computably traceable and let 


12.1. Schnorr lowness 563 


M be an A-computable measure machine. We need to define a computable 
measure machine N such that Ky(o) < Ky(o) + O(1). 

Let Do, D1,... be a canonical list of the finite subsets of 2<% x 2<. 
Recall that the domain of D; is the set of all ø such that (0,7) € D; for 
some T. Let tn be the least t such that u(|dom M — dom M[t]]) < 2~?”. Let 
G, be the graph of Ms], that is, the set of all (o,7) such that M(c)[s] = 
T. Let cn be such that Deo = Gy, and Dengi = G4, \ Gen- Note that 
(dom Denpi J) < 272". Let Fo, F,... be a computable sequence of finite 
sets such that for each n we have |F,,| < 2” and cn € Fn. Such a sequence 
exists because the function n +> cn is A-computable and A is computably 
traceable. By removing elements if necessary, we may assume that for each 
c € Fa+1, the domain of De is prefix-free and u([dom De]) < 272”. 

Let L = {(\7] + 1,0) : dndce€ Fn ((7,0) € De)}. This set is c.e., and its 
weight is 


5y 5y (ior Del) < y |Fp|27 C+D < J Orn) =]. 


n cEFrn n 


Thus L is a KC set. Furthermore, the weight of L is computable, since we 
can approximate it to within 27™ by X pem cer, u(fdom Pel) Now the 
KC Theorem gives us a prefix-free machine N such that for each request 
(d,o) in L, there is a v € 24 such that N(v) = T. In particular, if M (o) = 7 
then (0,7) € De, for some n, and hence there is a v such that |v| = |o| +1 
and N(v) = T. Furthermore, u([dom N]) is equal to the weight of L, and 
hence is computable. So N is a computable measure machine and Ky(o) < 
Ku(o) + O(1). O 


Corollary 12.1.10 (Downey, Greenberg, Mihailović, and Nies [107]). 
A set is low for computable measure machines iff it is low for Schnorr 
randomness. 


Nies [private communication to Downey] has observed that essentially 
the same proof yields the following. 


Corollary 12.1.11 (Nies [private communication]). A is c.e. traceable iff 


for all A-computable measure machines M and all o, we have Kyy(c) > 
K(o) — O(1). 


Proof Sketch. If A is c.e. traceable, then A-computable functions such as 
Km for an A-computable measure machine M can be traced arbitrarily 
slowly, so that we have few enough possibilities and hence can enumerate 
possible values of K (øo) based on apparent Kys(c). 

Conversely, if Kys(o) > K(o) — O(1) for all A-computable measure ma- 
chines M, then given an A-computable function f, we can look at the 
particular A-computable measure machine M defined by M(1"0) = f(n). 
Since Kyj(c) > K(c) — O(1), for each n we can compute a weak index for 
Tn = {0 : K(a) < 2n}, and f(n) € Tn for almost all n. o 
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In Section 9.17, we defined the notion of Schnorr reducibility: A Sse B if 
for each computable measure machine M there is a computable measure 
machine N such that Ky(A [ n) < Km(B t n) + O(1). Naturally, this 
notion gives rise to a notion of triviality. 


Definition 12.2.1 (Downey and Griffiths [109]). A is Schnorr trivial if 
A Sson O. 


The first construction of a noncomputable Schnorr trivial set was by 
Downey and Griffiths [109]. As we will see, Schnorr trivial sets behave 
quite differently from both K-trivial sets and sets that are low for Schnorr 
randomness. However, one implication does hold. 


Theorem 12.2.2 (Franklin [151, 153]). If A is low for Schnorr randomness 
then A is Schnorr trivial. 


Proof. This proof is from Downey, Greenberg, Mihailović, and Nies [107]. 
Let A be low for Schnorr randomness. Then A is low for computable 
measure machines, by Theorem 12.1.10. Let M be a computable measure 
machine. Let L be the A-computable measure machine defined by letting 
L(o) = A | n whenever M(c) = 0”. Then there is a computable measure 
machine N such that Ky(A | n) < KL(A l n)+0(1) < Kn(0")+0(1). O 


12.2.1 Degrees of Schnorr trivial sets 


Downey, Griffiths, and LaForte [110] and Franklin [151, 152, 153] began 
systematic investigations of the concept of Schnorr triviality. Downey, Grif- 
fiths, and LaForte proved the following result, which clearly highlights the 
differences between Schnorr triviality on the one hand and K-triviality or 
lowness for Schnorr randomness on the other. 


Theorem 12.2.3 (Downey, Griffiths, and LaForte [110]). There is a 
Turing complete Schnorr trivial c.e. set. 


We do not give the proof of Theorem 12.2.3 here, as it will follow from 
Corollary 12.2.16 below. 

The following result shows that Schnorr trivials behave rather strangely 
with respect to Turing reducibility. Later we will explore the question of 
whether Turing reducibility is the correct notion to study in this context. 


Theorem 12.2.4 (Franklin [151, 153]). Every high degree contains a 
Schnorr trivial set. In other words, if a! > 0” then a contains a Schnorr 
trivial set.? 


2 Using a forcing construction, Franklin [155] showed that, in fact, every Turing degree 
greater than or equal to a contains a Schnorr trivial set iff a’ > 0”. 


12.2. Schnorr triviality 565 


Because both computable and complete Schnorr trivial c.e. sets exist, 
one might wonder whether every c.e. degree contains a Schnorr trivial set. 
The following theorem yields a negative answer to this question. 


Theorem 12.2.5 (Downey, Griffiths, and LaForte [110]). There is a c.e. 
degree b such that for each B € b there is a computable measure machine 
N with Vedn (K(B \ n) > Ky,(n) +c). Hence b contains neither Schnorr 
trivial nor K -trivial sets. 


Proof. We build a c.e. set A and for each pair of functionals ® and Y 
a computable measure machine Neg wy, defined using the KC Theorem, to 
satisfy the following requirements. 


Row: Y? =ASVeln (K(®4 | n) > Kngq(n) +0). 


Each such requirement has subrequirements 


Sows: V? =A In(K(®4 fn) > Kyg y(n) ti. 


The strategy for Ræ, y has substrategies for its subrequirements Ss yi, 
which are allowed to act only on a sequence of stages at which ur =A 
appears more and more likely to be the case. Each such substrategy has 
a large number 2" associated with it and picks a sequence of witnesses 
Zo,- .., Zor] such that py?" (£i) < i141 for every i < 2* — 1 (where, as 
usual, ~ is the use of Y). (Of course, what we really mean here is that 
wv?" (x;)[s] < 2i41 at the stage s at which we pick our witnesses, but 
since we control A, when thinking of a single strategy in isolation, we may 
assume that these uses do not change unless the strategy itself causes them 
to change.) Once these witnesses have been chosen, the strategy enumerates 
(k-i-1, ye (tp-1)) into our KC set for Nev. If there are a later stage 
s and ao € 2<* such that U(o)[s] = 64 | b?"(cp_1)[s], the strategy 
enumerates the greatest x; ¢ A[s] into A. If wv?" = A, then 64 must 
change below yr (xj), so if this case were to occur for all the z; then U 
would be forced to converge on at least 2" many different strings of length 
less than k, which is not possible. 

The priority organization of the requirements requires interleaving these 
strategies. We use the tree of strategies 2<“ to control the construction, and 
we adopt the convention that all uses with c.e. oracles are nondecreasing 
in the stage and increasing in the argument. Assign requirements to nodes 
in 2<% so that the following conditions are satisfied for any f € 2”.3 


3It is not difficult to build an assignment satisfying these conditions. We can use a 
list function L, defined recursively on the nodes in 2<% and the natural numbers. Let 
L(A, (e, i}) = Rē., For each o and n, if L(o, 0) = Re,w then let L(o1,n) = L(o,n+1), 
let L(o0, 2n) = L(o,n + 1), and let L(o0,2n + 1) = Sg ,y,n- Otherwise, let L(o0,n) = 
L(ol1,n) = L(o,n +1). Each ø has requirement L(o, 0) assigned to it. 
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1. Each requirement of the form Rey is assigned to a unique node in 
f. 


2. If Re,w is assigned to a node 8 and 80 < f, then for each i there is a 
unique a such that 60 x a < f and Sg, is assigned to a. We say 
that 8 is a’s coordinator. 


3. If a is assigned some Sg,y,;, then a has a coordinator. (In other 
words, there is a unique 8 such that 80 x a and £ is assigned Rew.) 


The S-strategies have no outcomes, so we will arbitrarily give them outcome 
0 at all stages. 

A node is initialized by having all its associated parameters undefined and 
all its associated sets set to Ø. A node a with a requirement Roy assigned 
to it has a machine Na assigned to it that is built by enumerating a KC 
set La. A node a with a requirement Sg,y,; assigned to it has associated 
with it a parameter kq[s] and witnesses r4(0)[s],...,%a(2*et*)[s]. 


Construction. 
Stage 0. Initialize all nodes in 2<”. 


Stage s +1. We define an approximation to the true path f[s], of length at 
most s, and allow each node a = f[s] to act. For such an a, we call s an 
a-stage. Let n = |a|. Let s~ be the most recent a-stage or the most recent 
stage at which a was initialized, whichever is greater. 

Case 1. Suppose a has Re, assigned to it. Define the length-of-agreement 
function 


I°[s] = {n : Ym <n(¥® (m)|[s] = A(m)|[s])}. 


Let so be the stage at which a was last initialized. A stage s is 
a-expansionary if [°[s] > max{I°[t] : so < t < s and t is an a-stage}. 

For each y > a with a requirement So,v,; assigned to it, if zẹ(j)[s] | 
for all j < 2*IsI+# and la[s] > x(2"7+*)[s] but Ig[s—] < x,(2*7+*)[s], then 
enumerate (k,[s], Y2? (x (2*7+*))[s]) into Lg. 

If s is not a-expansionary, then let f(n)[s] = 1, so that al is accessible 
at stage s+ 1, and initialize all nodes @ such that al <, 8. If s is a- 
expansionary, then let f(n)[s] = 0, so that a0 is accessible at stage s + 1, 
and initialize all nodes 3 such that a0 <, 8. 

Case 2. Suppose a has Se y, assigned to it. Let @ be a’s coordinator. 


1. If £a(0)[s] f, then let ka[s] and x_(0)[s] be fresh large numbers. 


2. If there is a least j < 2*els!+* such that za(j)[s] T and zalj — 1)[s] |< 
lg, then let £al(j)[s] be a fresh large number. 


3. If there is a g € 2<*els!+4 such that Us(o) = 64 | 
and there is a greatest j such that x.(j)[s] ¢ A[ 
La(j)[s] into A. 


a “Ga Nis), 


then enumerate 
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If any of these cases obtains, immediately end stage s + 1 and initialize all 
Y >, a. Otherwise, let f(n)[s] = 0, so that a0 is accessible at stage s + 1, 
and initialize all nodes 8 such that a0 <, 8. 

End of Construction. 


Let the true path f be liminf, f[s]. Once a node chooses a sequence of 
witnesses and is never again initialized, it acts to change A or initialize 
other nodes only a finite number of times. It follows by a straightforward 
induction that each a < f is initialized only finitely often. 


Lemma 12.2.6. Let a < f have Ss y, assigned to it. Let 3 be a’s coor- 
dinator. Then kals] has a final value ka, for each j < 2*-+**! the witness 


La(j)[s] has a final value xo(j), and (ka, PP? ETD E€ Lg. 


Proof. By induction, for every a’ < a with an S-strategy assigned to it, 
there is a stage after which the construction never stops at a’. Thus, there 
is a stage after which a is never initialized, and there are infinitely many a- 
stages. Since 60 x a, it must be the case that lim sup, lg[s] = co. Thus the 
Sa, y; strategy at a succeeds in permanently defining its witnesses, after 
which point 8 eventually enumerates a request on a’s behalf into Lg. O 


The above lemma shows that f is infinite. Suppose 3 < f has requirement 
Ro, assigned to it. Assume that ~e* = A, as otherwise there is nothing 
to prove. In this case, G0 < f, and hence each subrequirement Sey, is 
assigned to some node in f. The following lemmas verify that Re w is 
satisfied. 


Lemma 12.2.7. The set Lg is a KC set with computable weight, so Ng is 
a computable measure machine. 


Proof. Every time an a-strategy for some requirement 86,y,; chooses a 
value for ka[s], it chooses it to be a fresh large number. Since lim sup, I[s] = 
oo, once £_(2*1+")[s] becomes defined, either a is later initialized or 8 
eventually enumerates (ka [s], y2" (a_(2*7**))[s]) into Lg. It follows easily 
that the weight of Lg is less than 1 and is computable. O 


Lemma 12.2.8. For each i there is an n with K(®4 | n) > Ky,(k) +i. 


Proof. Let a > 60 be the unique node in f with Ss,y assigned to it. 
Suppose we have passed the stage after which a is last initialized, so 
that the only S-strategies that can act are ones extending a and ones 
to its right. Then none of the uses relevant to a can be violated by num- 
bers entering A except when a itself puts numbers into A. By Lemma 
12.2.6, final values ka and za(j) for j < 2*«+*+! are eventually chosen. Let 
n = Y?" (rq(2k+*))[s], where s is the stage at which %(2*«+*) becomes 
defined. Assume for a contradiction that K(®4 | n) < Ky,(k) +7. The re- 
quest (ka, n) is put into Lg, so K(®4 | n) < ky +i. Thus, eventually, case 3 
of the action of the description of the action of the a-strategy will obtain, 
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and a4(2*«+*) will be put into A. This action forces P4 | n to change, 
without violating any of the other uses relevant to a, since %(2*«+") was 
chosen to be a fresh large number. Now, eventually, case 3 will obtain again, 
but now for a different c, and x,(2*«+* — 1) will be put into A. This sit- 
uation will continue to occur until all witnesses have entered A. At that 
point, there will be at least 2*°+* many U-programs of length less than 
ka + i, which is a contradiction. O 


The last two lemmas establish the theorem. O 


12.2.2 Schnorr triviality and strong reducibilities 


In contrast to Theorem 12.2.3, we have the following result. Downey, Grif- 
fiths, and LaForte [110] stated it for left-c.e. reals, but the proof works 
more generally. 


Theorem 12.2.9 (Downey, Griffiths, and LaForte [110]). If A is A} and 
Schnorr trivial then it is wtt-incomplete. 


Proof. The proof is similar to that of Theorem 11.3.2. Let A be A$ and 
wtt-complete. We construct a c.e. set B that forces the approximation to A 
to change too often for A to be Schnorr trivial. As in the proof of Theorem 
11.3.2, by the recursion theorem, we may assume that a wtt-reduction 
T4 = B is given in advance. We also build a computable measure machine 
M using the KC Theorem to satisfy the requirements 


Re: dn (K(A |n) > Km(n) +e). 


These requirements clearly suffice, since if A is Schnorr trivial and M is a 
computable measure machine, then K(A | n) < Km(n) + O(1). The main 
difference between this proof and that of Theorem 11.3.2 is that here we 
need to work for all e, rather than for a single one given by the recursion 
theorem, because even if A is Schnorr trivial, there need be no effective way 
to pass from a computable measure machine M to a computable measure 
machine N and a constant c such that Ky(A |n) < Km(n)+ c for all n. 
The basic strategy for satisfying a single Re is the same as in the proof 
of Theorem 11.3.2 (except that of course we can no longer use the request 
(0,n) as in that proof, but must use some more modest request, which 
we can compensate for by increasing the number of followers k). We put 
together the strategies for different Re using a finite injury construction. 
Associated with each Re will be followers mo,...,mx, and a number 
Ne greater than y(m5) for all j < ke. Initially these parameters are unde- 
fined. We assume we have sped up our stages so that at stage s, we have 
Ps (x)[s] |= Bs(x) for all numbers x mentioned in the construction so far. 
At stage s, proceed as follows. First, choose the least e (if any) such that 
ke is defined, K,(As | ne) < log ke, and there is a least j such that m$ is 
not yet in B. Put mj into B and undefine all parameters associated with 
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R; for i > e. Next, let e be least such that ke is not defined. Let ke be a 
fresh large number. Let m§,..., mp, be fresh large numbers and let ne be 
larger than q(m$) for all j < ke. Enumerate a KC request ((log ke) — e, ne) 
for M. 

Notice first that M is a computable measure machine, since if a request 
of the form ((log ke) — e, ne) is made at a stage s then (log ke) — e > s. 

To show that Re is satisfied, let s be a stage by which all R; for i < e have 
stopped changing B and M, and such that ke becomes defined at stage s. 
This value of ke is the final one, and associated with it are final values of 
Mô,- M$, and ne. The construction ensures that Km (ne) < (log ke) — e. 

Assume for a contradiction that K(A | ne) < Ku(ne)+e < log ke. Then 
there are stages s < so < +: < sz, such that Ks, (As, | me) < log ke. At 
stage sj, we put m5 into B. By the choice of ne, it must therefore be the 
case that As, [me # As, | Ne for i # j. Thus there are more than ke many 
strings with K-complexity less than log ke, which is impossible. So we have 
a contradiction, and hence Re is satisfied. o 


In Chapter 7, we saw that Schnorr reducibility is naturally related to 
truth table reducibility. This relationship extends to Schnorr triviality. 


Theorem 12.2.10 (Downey, Griffiths, and LaForte [110]). Zf A is Schnorr 
trivial and B <,, A, then B is Schnorr trivial. 


Proof. Let B =T^4 be a tt-reduction with use bounded by the strictly in- 
creasing computable function y. Let M be a computable measure machine. 
We must build a computable measure machine N such that Ky(B Ìn) < 

It is easy to define a computable measure machine M such that 
Ky (y(n) < Ku(n) for all n. Since A is Schnorr trivial, there is a com- 
putable measure machine M4 such that Km, (A | y(n)) < Ky(y(n)) + 
O(1) < Ku(n) + O(1). 

If Ma(o) = r, then let N(o) = 17!7®) | j for the largest j such that 
y(j) < |r|. Then, if Ma(c) = A | y(n), we have N(o) = TANO) } n = 
B Ìn, so Kn(B fn) < Km, (Al y(n)) < Km(n) + O(1). Since T is total 
on all oracles, u(dom N) = u(dom M4), so N is a computable measure 
machine. O 


Given the above result, to show that the Schnorr trivials form an ideal 
in the tt-degrees it is enough to show that the join of two Schnorr trivial 
sets is still Schnorr trivial. We show that this is the case in the following 
section, where we obtain a natural characterization of Schnorr triviality in 
terms of initial segment complexity. 


12.2.3. Characterizing Schnorr triviality 


As we saw in Section 12.1, a set is low for Schnorr randomness iff it is com- 
putably traceable, and hence all such sets have hyperimmune-free degree. 
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Thus, results such as Theorem 12.2.3 show that the beautiful coincidence 
between K-triviality and lowness for 1-randomness, which is one of the ar- 
guments for the naturality of the notion of K-triviality, do not hold in the 
case of Schnorr randomness. However, Franklin and Stephan [158] obtained 
a rather satisfying characterization of Schnorr triviality in terms of rela- 
tivized truth tables and initial segment complexity, which argues for the 
naturality of this notion. Their key realization is that to relativize weak 
notions of randomness like Schnorr or computable randomness, Turing re- 
ducibility may not be the correct notion, and should be replaced by truth 
table reducibility. That is, while we have no hope of showing that Schnorr 
triviality coincides with lowness for Schnorr randomness, as we did for K- 
triviality, there is some hope for a characterization along such lines if we 
restrict what we mean by relativization. 

We begin by recalling Theorem 7.1.8, which states that the following are 
equivalent. 


(i) X is not Schnorr random. 


(ii) There is a computable martingale d and a computable function f such 
that In (d(X | f(n)) > n). 


(iii) There is a computable martingale d with the savings property and a 
computable function f such that 3°n(d(X | f(n)) > n). 


Armed with this characterization, Franklin and Stephan [158] suggested 
the following restricted notion of relativization. 


Definition 12.2.11 (Franklin and Stephan [158]). A set X is truth table 
Schnorr random relative to A if there are no martingale d <,, A and no 
function g <,, A such that 3°n (d(X | g(n)) > n).4 

A set A is truth table low for Schnorr randomness if every Schnorr 
random set is tt-Schnorr random relative to A. 


We can simplify the definition above by considering only computable g, 
rather than all g <,, A. 


Lemma 12.2.12 (Franklin and Stephan [158]). A set X is tt-Schnorr 
random relative to A iff there are no martingale d <,, A and no computable 
function g such that 3° n(d(X f g(n)) > n). 


Proof. Suppose there is a martingale d <,, A and a function h <,, A such 
that IYn (d(X | h(n)) > n). It is easy to check from the proof of (ii) 
implies (iii) in Theorem 7.1.8 that we may assume that d has the savings 
property. We may also assume that h is nondecreasing. Since h <,, A, given 
n, we can compute all possible values of h(n), so there is a computable g 
such that g(n) > h(4n + 4) for all n. For infinitely many n, there is an 


4See [158] for an explanation of why relativizing the usual martingale definition of 
Schnorr randomness will not work in this case. 
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m E [4n,4n + 3] such that d(X [| h(m)) > m. For all such n, we have 
AX | g(n)) >n. m 


We will show that a set is Schnorr trivial iff it is tt-low for Schnorr 
randomness. We begin with the following lemma. We will then show that 
condition (ii) in this result is equivalent to Schnorr triviality. 


Lemma 12.2.13 (Franklin and Stephan [158]). For each A, at least one 
of the following conditions holds. 


(i) There is a computably random set that is not tt-Schnorr random 
relative to A. 


(ii) There is a computable function h such that, for every computable func- 
tion u, there are uniformly computable finite sets of strings To, Ti,... 
with |Tn| < h(n) and A | u(n) € Tn for all n. 


Proof. Clearly, in (ii) we can restrict attention to strictly increasing 
functions u. Let do,di,... be a (noneffective) listing of all computable 
positive-valued martingales. We build a set X and a (noneffective) 
martingale d. 

Fix a computable strictly increasing function u. Let J, = 2“ and 
partition N into intervals I, for ø € U,, Jn so that I, has 2n elements for 
each o € Jn. 

We define X and d in stages. Let d(\) = 1. At stage n, we work with 
the nth interval I, in natural number order. Let n be such that o € Jn. 
Let k be the largest index among the martingales mentioned before this 
stage. Let m = min(J,). Before this stage, we will have defined X | m and 


numbers co,- ..,Ck S m so that for all 7r € 2™ we have 
d(r) = 27% age fee a 12.1 
O= eTa (12.1) 


Extend d to all r with length between m+1 and m+ 2n, preserving (12.1). 
Now check which of the following cases holds. 


1. o Af u(n). 

2. o = A | u(n) and d((X [| m)712") < d(X | m) +27". 

3. Otherwise. 

In cases 1 and 3, define X on I, so that d(X | (m + 2n)) is as small as 
possible. In case 1, we have d(X | (m+2n)) < d(X | m). In case 3, the gain 
of 27” on the sequence 1?” implies a loss of at least 87” on at least one of 
the 4” — 1 other possible extensions of X on Is, so d(X | (m+2n)) < (X | 


m) — 87". In both these cases, we do not incorporate any new martingales 
into d at this stage. 
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In case 2, let X | (m + 2n) = (X | m)7 12”. Let ck}1 = m + 2n. Note 
that for r € 2™+?n (12.1) and the fact that PO = 1 imply that 


dk+1(TÌCk+1 
d(r)=2 + X gi F(T) 
I dj(t Ù ci) 
In other words, (12.1) continues to hold at level m + 2n with k replaced by 
k +1, as needed for the construction to proceed. 

We have completed the definitions of X and d. There are now two cases. 

First suppose that case 2 occurs infinitely often. By the savings trick, to 
show that X is not computably random, it is enough to show that no dk 
succeeds strongly on X. Each dx is incorporated into d from some point 
on, so if dk succeeds strongly on X then so does d. But d gains no capital 
along X in cases 1 or 3, and gains at most 27” in case 2, which occurs 
only once for each n. Thus d does not succeed strongly on X, whence no dk 
succeeds strongly on X, and X is computably random. On the other hand, 
there are infinitely many n with IAtu(n) G X. We can build a martingale 
d<,, A that splits its capital into pieces of size 2~"—! and uses each piece 
to make the 2n many bets that all members of I4 ju(n) are in X. It is easy 
to check that this martingale witnesses the fact that X is not tt-Schnorr 
random relative to A. 

Now suppose that case 2 occurs only finitely often. Then for almost all 
n, at the stage in which o = A | u(n), case 3 obtains, and hence d loses 87” 
along X. For such n, let Ta be the set of all strings in Jn such that case 3 
obtains at the stage corresponding to o. (For the finitely many other n, let 
Tn = {A | u(n)}.) Then A f u(n) € Tn for all n. When case 1 obtains, d 
gains no capital along X, so the capital reached by d on X at the end of the 
stages of the construction has a maximum value r. Thus |7;,| < r8” for all 
n. Since we eventually stop incorporating d,’s into d, the martingale d and 
the set X are both computable, so the Ta are uniformly computable. O 


Theorem 12.2.14 (Franklin and Stephan [158]). The following are 
equivalent. 


(i) A is Schnorr trivial. 


(ii) There is a computable function h such that, for every computable func- 
tion u, there are uniformly computable finite sets of strings To, T1,... 
with |Tn| < h(n) and A | u(n) € Tn for all n. 


(iii) The tt-degree of A is computably traceable. That is, there is a com- 
putable function g such that for each f <4 A, there are uniformly 
computable finite sets So,S1,... with |Sn| < g(n) and f(n) E€ Sn for 
all n. 


(iv) For each computable order g with g(0) > 0 and each f <, A, there 
are uniformly computable finite sets So, S1,... with |Sn| < g(n) and 
f(n) € Sn for alln. 
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(v) A is tt-low for Schnorr randomness. 


Proof. (i) implies (ii). Let A be Schnorr trivial. Let h(n) = 27”. Let u be 
a computable function, which we may assume is strictly increasing. Let 
M(1"0) = u(n) for all n and let M be undefined on all other inputs. Then 
M is a computable measure machine, so there is a computable measure 
machine N such that Ky(A | u(n)) < Ky(u(n)) + O11) = n+ O(1). For 
each n, we can wait until (dom N) — (dom N[s]) < 272", and we will 
then know the set Tn of all ø such that Ky(c) < 2n. By modifying finitely 
many Tn if necessary, we have |T;,| < h(n) and A [ u(n) € Tn for all n. 

(ii) implies (iii). Let h be as in (ii). Let f <,, A via a tt-reduction T 
with use u. Let To,7T1,... be as in (ii). We may assume that Ta C 2u(”) for 
all n. Let Sn = {I° (n) : o € Ta}. Since I is a tt-reduction, So, 91,... are 
uniformly computable. Furthermore, |Sn| < |Tn| < h(n) and f(n) € Sn for 
all n. 

(iii) implies (iv). Let g be as in (iii). We may assume that g(0) = 1. 
Let J be a computable order and let f <,, A via a tt-reduction I with 
nondecreasing use function y. Let p(n) be a computable order such that 
g(p(n)) < G(n) for all n and let m; be the least n such that p(n) > i. 
Let f(i) = (f(0),..., f(m). Let So, S1,... be as in (iii). Let Sp = {k : 
k is the nth element of a sequence in Stay}: Then the Si, are uniformly 
computable, and |Sn| < |Spiny| < g(p(n)) < G(n) and f(n) € Sh for all 
n. 

(iv) implies (i). Suppose (iv) holds. Let M be a computable measure 
machine. We may assume that n € rng M for all n, whence we can compute 
Kmu(n) for all n. Since $, 2-*™(™)—? is less than 1 and computable, there 
is a computable order g such that $7, g(n)2-*™(™-1 is still less than 1 
and computable. We use the KC Theorem to build a computable measure 
machine N with Ky(A[n) < Ky(n) + O(1). 

Let o0,01,-.. be the length-lexicographic ordering of 2<”. Let f be 
such that ofn) = A | n. Note that f <, A. By (iv), there are uni- 
formly computable So, S1,... such that |S,| < g(n) and f(n) € Sn for 
all n. Let L = {(Ku(n) + 1,om) : Mm E€ Sn}. Then the weight of L is 
Yn Sn 2E < E, g(nj2-*™é(™)-1 < 1, so L is a KC-set, deter- 
mining a prefix-free machine N, and Ky(A [ n) < Km(n)+ 1 for all 
n. Since D>, g(n)2-*™™-1 is computable and Xps m |Sn|2 7541 < 
Enom g(n)2 75M 0)-1 for all m, we have that X, |Sn|2-*™™-1 is also 
computable. Thus N is a computable measure machine. 

(v) implies (ii) follows from Lemma 12.2.13. 

(iv) implies (v). Suppose (iv) holds and let X be a set for which there 
are a computable function q and a martingale d <,, A such that d(X | 
q(n)) > n for infinitely many n. We show that X is not Schnorr random. 
The basic idea is to use a trace of d with small bound to define a computable 
martingale d that succeeds fast on X. 
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Let mo, mı,... be an effective listing of all initial segments of rational 
valued martingales (i.e., each m; is a function from 2S” to Q?° for some 
n, satisfying the martingale condition). Let g and h be computable orders 
such that g(0) > 0 and if ng is the least n with k < h(n), then >7,<,,, g(t) < 
loglog k + O(1). 

Let r(n) = maxi¢n(n) q(t). Let f be such that mn) =d | 25"(") for all 
n. Note that f <,, A. Let So, S1,... be as in (iv). 

Define martingales do, d,,... as follows. Initially, d;[0] = Ø for all j. At 
each stage n, for each i € Sn in turn, find the least j such that m ¢(;) extends 
the current approximation d;[n] (one must exist because only finitely many 
d;[n] will be different from Q), and let dj[n + 1] = mrp). For each j such 
that dj[n] 4 Ø and d,[{n] has not been extended, extend d;[n] to dj[n + 1] 
arbitrarily, taking care only to preserve the martingale property. Note that 
the number of j’s such that dj[n + 1] # 0 is bounded by 37,<,, g(#). 

Let d= By 2-Id;. It is easy to see that disa computable martingale. 
Suppose that d(X | q(k)) > k. Let n be least such that k < h(n). Then 
there is a j < Di), <,, g(@) such that dj(X | q(k)) = d(X | q(k)) > k, whence 


d(X | q(k)) > 27k > 27 Zink > GEE for some c. 


Let p(n) = mingn)>n TF Then p is a computable order, and there 
are infinitely many k such that d(X | q(k)) > 
a(X în) 

p(n) 


TT > p(q(k)), whence 
> 1. Thus X is not Schnorr random. oO 


lim sup,, 


The above characterization can be used to show that the Schnorr trivials 
form an ideal in the tt-degrees. 


Corollary 12.2.15 (Franklin and Stephan [158]). Let A and B be Schnorr 
trivial. Then A ® B is Schnorr trivial. Thus the Schnorr trivial sets form 
an ideal in the tt-degrees. 


Proof. By Theorem 12.2.14, there are computable functions g and h such 
that, for every computable function u, there are uniformly computable 
finite sets of strings So, S1,... and To, Ti,... with |S,|,|T,| < h(n), and 
Af u(n) E€ Sn and Bf u(n) € Th, for all n. Let f(2n) = g(n)h(n) and 
f(2n+ 1) = g(n+1)h(n). 

Let u be a computable function, and let So, S1,... and To, Ti, ... be as 
above. Let U2, = {9 BT: 0 E Sn AT E€ Ty} and Uzn41 = {0o BTL TE 
Sn+1 A T E€ Ta} . Then |Un| < f(n) and (A@ B) [ n € Un for all n. So by 
Theorem 12.2.14, A ® B is Schnorr trivial. O 


Franklin and Stephan [158] observed that their characterization cannot 
be extended to weak truth table reducibility. They also provided a number 
of relatively natural examples of Schnorr trivial sets, such as the following. 
A ce. set is dense simple if the principal function of its complement is 
dominant (i.e., dominates all computable functions). 
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Corollary 12.2.16 (Franklin and Stephan [158]). If a c.e. set A is dense 
simple and B D A, then B is Schnorr trivial. 


Proof. Let u be computable. Then there is an m such that |[0,u(n))\.A] < n 
for all n > m. For n < m, let Ta = {A | n}. For n > m, find an s such 
that |[0, u(n)) \ As| < n and let Ta be the 2” many strings o of length 
u(n) for which i € As > o(t) = 1 for all i < u(n). Then |Tnh| < 2” and 
Bf} u(n) € Tn for all n, so B is Schnorr trivial. o 


We can combine this result with the following theorem due to Martin 
[258] to conclude that every high c.e. degree contains a Schnorr trivial c.e. 
set. 


Theorem 12.2.17 (Martin [258]). Every high c.e. degree contains a dense 
simple c.e. set. 


Proof. Let A be a high c.e. set. By Martin’s Theorem 2.23.7, there is a 
dominant function f Sr A. We may assume that f also dominates the 
modulus function of A (i.e., that Afin) (n) = A(n) for all n). Let ® be 
such that f = 64. Let g(n) be the least s such that for all m < n, we 
have ®4(m)[s] | via an A-correct computation. Clearly g < A, and, by 
the usual convention on approximations, g(n) > f(n) for all n, so g also 
dominates the modulus function of A, and hence in fact g =r A. Let G = 
{(n, g(n)) : n € N}, where our pairing function is chosen so that (x, y} > y 
for all y. Then it is easy to see that G is co-c.e. and that G =+ g =r A. 
Furthermore, if m > n then (m, g(m)) > g(m) > g(n) > f(n), so there are 
at most n many elements of G that are less than f(n), which means that 
the principal function of G majorizes f, and hence is dominant. Thus the 
complement of G is a dense simple c.e. set of the same degree as A. O 


Corollary 12.2.18 (Franklin [151]). Every high c.e. degree contains a 
Schnorr trivial c.e. set. 


We can apply the same argument to the IT? class of separating sets of 
a Sacks splitting of a maximal set (which is dense simple) to show the 
following. (See [151, 152] for details.) 


Corollary 12.2.19 (Franklin [151, 152]). There is a perfect II} class of 
Schnorr trivial sets. 


Franklin and Stephan [158] also considered possible analogs to the fact 
that a set is K-trivial iff it is a base for 1-randomness. The obvious analog 
would be that A is Schnorr trivial iff there is a B >,, A that is Schnorr ran- 
dom relative to A. Franklin and Stephan [158] observed that this result fails, 
but showed that one direction does hold: if A <,, B and B is Schnorr ran- 
dom relative to A, then A is Schnorr trivial. They also considered extensions 
to stronger reducibilities. See [158] for more details. 
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12.3.1 Basics 


In Theorem 12.2.14 we saw that Schnorr triviality corresponds to a very 
natural tracing notion when we view the world through strong reducibili- 
ties. Specifically, we saw that A is Schnorr trivial iff the truth table degree 
of A is computably traceable. In this section we will look at the situation for 
weak truth table reducibility and establish a deep connection between the 
complexity of a set and tracing properties of its weak truth table degree. 

Recall that a set A is complex if there is a computable order h such that 
C(A | h(n)) = n for all n. As we saw in Theorem 8.16.3, Kjos-Hanssen, 
Merkle, and Stephan [205] showed that A is complex iff there is a function 
f Swa A such that C(f(n)) > n for all n. Motivated by this result, we 
make the following definition. 


Definition 12.3.1 (Franklin, Greenberg, Stephan, and Wu [156]). A set A 
is anti-complex if for every computable order f, we have C(A | f(n)) <n 
for almost all n. 


The intuition here is that anti-complex sets are highly compressible. 


Theorem 12.3.2 (Franklin, Greenberg, Stephan, and Wu [156]). The 
following are equivalent for a set A. 


(i) A is anti-complez. 
(ii) The wtt-degree of A is c.e. traceable. 
(iii) A is wtt-reducible to a Schnorr trivial set. 


Here, of course, a weak truth table degree a is c.e. traceable if there is 
a computable order h such that for every function f Swe a, there is a 
computable collection {Wg2) : £ E€ w} with |Wo2)| < h(x) and f(x) € 
W(x) for all x. The argument of Lemma 12.1.1 shows that we can replace 
h by any computable order. 

We devote the rest of this section to proving Theorem 12.3.2. 

An interesting consequence of Theorems 12.2.14 and 12.3.2 is that a weak 
truth table degree a is c.e. traceable iff there is a weak truth table degree 
b > a that contains a set whose truth table degree is computably traceable. 


12.3.2 Reducibilities with tiny uses 


To prove Theorem 12.3.2, Franklin, Greenberg, Stephan, and Wu [156] 
introduced yet another variation on weak truth table reducibility. 


Definition 12.3.3 (Franklin, Greenberg, Stephan, and Wu [156]). Let 
A, BEX., 
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(i) We say that A is uniformly reducible to B with tiny use, and write 
A Suru) B, if there is a Turing reduction PP = A whose use function 
is dominated by every computable order. 


(ii) We say that A is reducible to B with tiny use, and write A Streu) B, 
if for every computable order h, there is a Turing reduction of A to 
B whose use function is bounded by h. 


Some of the basic properties of these reducibilities are easy to obtain. 
For instance, if A Sure B then A Srey B, and if A Streu B then 
A Swa B. It is also easy to see that if A Sws C Sraa B then A Streu B, 
and if A Streu C Swe B then A Sra B. Thus, the relation Sraa) is 
invariant on weak truth table degrees (and is preserved by increasing the 
degree on the range or decreasing the degree on the domain). The same 
holds for <ureu. Moreover, for a fixed B, the classes {A : A Steu B} and 
{A: A Suren B} are wtt-ideals. 

Franklin, Greenberg, Stephan, and Wu [156] gave another formulation of 
these notions using not the use functions but their discrete inverses. If P8 = 
A is a Turing reduction, then let ®(B [ n) be the longest initial segment of 
A that is computed by 6? querying the oracle B only on numbers smaller 
than n. Recall that a function is dominant if it dominates every computable 
function. The following is easy to show. 


Lemma 12.3.4 (Franklin, Greenberg, Stephan, and Wu [156]). Let A, B € 
2 


(i) A Srey B iff, for every computable order g, there is a Turing 
reduction PP = A such that the map n+ |®(B | n)| bounds g. 


(ii) A Surau B iff there is a Turing reduction 68 = A such that the map 
n = |®(B | n)| is dominant. 


We begin our analysis of these reducibilities with some further easy 
observations. 


Lemma 12.3.5. (i) If A Stau A then A is computable. 
(ii) If A is computable then A Suren) B for all B. 


Proof. Let f(n) =n +1. If ®4 = A and for all n we have ®(A | n) > A 
n-+1 then we can recursively compute A(n) by applying ® to A | n, which 
we previously computed. For the second part, use a reduction ®? = A 
whose use function is the constant function 0. O 


Corollary 12.3.6. If A Sten B and A is noncomputable, then A <wu B. 
Proof. If B Swe A Streu B then B is computable, and hence so is A. O 


Thus, for instance, if deg,,,(B) is minimal, then every A Srey B is 
computable. In fact, something stronger is true. 
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Theorem 12.3.7 (Franklin, Greenberg, Stephan, and Wu [156]). Jf there 
is a noncomputable A such that A Surau B, then B is high. 


Proof. For any Turing reduction ®, if ®? is total, then the map n+ |®(B } 
n)| is computable in B (indeed, weak truth table reducible to B). For a 
® that witnesses that A Suru B, this map dominates every computable 
function. By Martin’s Theorem 2.23.7, B is high. O 


See [156] for more on the degrees of sets that tiny use bound 
noncomputable sets. 


12.3.3 Anti-complex sets and tiny uses 


The following straightforward result shows that anti-complexity is invariant 
for wtt-degrees. 


Lemma 12.3.8 (Franklin, Greenberg, Stephan, and Wu [156]). A set A 
is anti-complex iff C(f(n)) < n+ O(1) for every f Sws A. 


We now come to our first characterization of anti-complexity. 


Theorem 12.3.9 (Franklin, Greenberg, Stephan, and Wu [156]). A set is 
anti-complex iff its wtt-degree is c.e. traceable. 


Proof. Suppose that A is anti-complex, and let f <,,, A. By Lemma 12.3.8, 
there is a c such that C(f(n)) < n + c for all n. Let T, = {x : C(x) < 
n + c}. Then {Ta}new is a c.e. trace for f, and |T,| < 2"+¢*? for all n. 
By altering finitely many Tn, we can get a c.e. trace for f with bound 2°”. 
Thus deg,,,,(A) is c.e. traceable. 

For the other direction, suppose that deg,,,(A) is c.e. traceable, and let 
f Swa A. By Lemma 12.1.1, let {Tn}new be a c.e. trace for f bounded by 
the order h(n) = n. Let U be our universal machine. We can construct a 
machine M that on input ø, first computes U(c), then, if this computation 
converges, interprets the result as a pair (n,m), and if m < n, outputs the 
mth element enumerated into Tn. If f(n) is the mth element enumerated 
into Tn, then C(f(n)) < Cu(f(N)) + O(1) < C(n,m) + O(1) < 2C(n) + 
O(1) < 2logn + O(1), so the condition of Lemma 12.3.8 holds. Oo 


For the next characterization, we need a kind of monotone approximation 
to the function n +> C(A | n). Let ga(k) be the least n such that C(A [ 
m) > k for all m > n. Clearly ga Sr A’. Let V be our fixed universal 
(plain) machine. Recall that o% is the first 7 of length C(c) for which we 
see that V(r) = ø. Let 


At ={(AlgA(W)) Erk EN}. 


Clearly A* <r A’. 


12.3. Tracing weak truth table degrees 579 


Lemma 12.3.10 (Franklin, Greenberg, Stephan, and Wu [156]). For ev- 
ery A, the map k +> (AJ ga(k))@ is bounded by some computable function, 
where we identify a string with its position in the length-lexicographic 
ordering of 2<“. 


Proof. Clearly there is a constant c such that C(70), C(71) < C(r)+c for all 


T. For any k, let Tẹ be a binary string andi < 2 be such ie Af ga(k) = Tki. 
By definition of g4(k), we have C (T) < k, and so C(A [ ga(k)) <S k +e. 
Hence (A [ ga(k))q < 25t, oO 


Theorem 12.3.11 (Franklin, Greenberg, Stephan, and Wu [156]). The 
following are equivalent. 


(i) There is some set B such that A <r B. 
(ii) A is anti-complez. 
(iii) ga is dominant. 
(iv) A Sure A*. 


Proof. (i) implies (ii): Assume that A <+(u, B. Suppose that f Sws A, so 
there is a functional I such that T4 = f and the use of this computation is 
bounded by a computable function g. We can find a ® such that ®? = A 
and ©(B | n) is longer than A | g(n) for all n. Then C(f(n)) < C(®(B | 
n))+ O(1) < C(B | n)+ O(1) < n+ O(1). By Lemma 12.3.8, A is anti- 
complex. 

(ii) implies (iii): Suppose that A is anti-complex. Let f be an increasing 
computable function. By definition, C(A | f(n)) < n for almost all n. 
Hence, ga(n) > f(n) for almost all n. It follows that g4 dominates every 
computable function. 

(iii) implies (iv): For every A we have A <+ A*, because for our universal 
machine V, we have A = U{V(o) : o € A*} (in other words, A(x) = 
V(o)(x) for any o € A* such that x < |V(c)|, and for every x there is 
indeed some g € A* such that |V(o)| > x). But if ga is dominant then this 
reduction witnesses that A Sura) A*. To see this, let ® be this reduction, 
and let f be an increasing computable function. We need to show that 
n> |®(A* [ n)| dominates f. 

Let g be a computable function that dominates k +> (A | ga(k))G, which 
exists by Lemma 12.3.10. Since g4 is dominant, ga(k) > f(g(k + 1)) os 
almost all k. Suppose that k is large enough and that (A | ga(k))G 
n < (At ga(k+1))G. Then n < g(k +1) and so ga(k) > f(n). but 
[B(A* n) > Gale since (A | ga(k))@ < n, and from (A | ga(k))é 
can compute A f ga(k). Thus |®(A* [| n)| > F as required. D 
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12.3.4 Anti-complex sets and Schnorr triviality 


We have seen that Schnorr triviality is not invariant in the weak truth 
table degrees. However, Theorem 12.3.2 concerns the downward closure of 
the wtt-degrees containing Schnorr trivial sets. 


Proposition 12.3.12 (Franklin, Greenberg, Stephan, and Wu [156]). 
Every Schnorr trivial set is anti-complez. 


Proof. Let A be Schnorr trivial. Fix a computable order h. Let ® be a 
wtt-functional with computable bound g on its use function. The map 
n mœ A Ì g(n) is tt-reducible to A, so by Theorem 12.2.14, there is a 
computable trace {T,}new for this map that is bounded by h. If f = $4 
is total then we can enumerate a trace {Sn }new for f (with bound A) by 
putting 7 (n) into Sn for those o € Tn for which ®? converges with domain 
greater than n. Hence deg,,,(A) is c.e. traceable. By Lemma 12.3.9, A is 
anti-complex. O 


Combining this result with Lemma 12.3.8, which shows that the class of 
anti-complex sets is closed downwards under wtt-reducibility, we see that 
if A is wtt-reducible to a Schnorr trivial set, then it is anti-complex. Com- 
bined with Lemma 12.3.11, the following result establishes the converse, 
and hence completes the proof of Theorem 12.3.2. 


Theorem 12.3.13 (Franklin, Greenberg, Stephan, and Wu [156]). Jf ga 
is dominant then A is wtt-reducible to some Schnorr trivial set. 


Proof. Let fo, fı, ... be a sequence of total computable functions such that 
1. each f; is strictly increasing; 
2. the range of fi+ı is contained in the range of fi, and 
3. every computable function is bounded by some fi. 


By Lemma 12.3.10, let g be a computable function that bounds the function 
k= (A |Ì ga(k))G. For each k > 0, let qx = (AT ga(k))G, filk)), where i 
is greatest such that (g(k), fi(k)) < ga(k—1). Note that qx < ga(k—1) for 
all k > 0. Let B = {qp : k > 0}. We claim that A Swe B and B is Schnorr 
trivial. 

For a fixed n, let k be greatest such that ga(k) < n. Then qk+1 < ga(k) < 
n and A [ ga(k+1) can be effectively obtained from qk+1. This procedure 
allows us to generate A | n effectively from B | n +1, so A Swe B. 

To see that B is Schnorr trivial, we appeal to Theorem 12.2.14. Here is 
where we use the fact that gą is dominant. The point is that, for every 
i, all but finitely many elements of B are pairs whose second coordinates 
are contained in the range of f;, which follows from the fact that the map 
k + (g(k), fi(k)) is computable, and so dominated by ga: for all but finitely 
many k, we have q = ((A | ga(k))G, fir(k)) for some i’ > i, and the range 
of fy is contained in the range of fi. 


12.4. Lowness for weak genericity and randomness 581 


So let Y be a truth table functional. There is some z such that f; bounds 
the use function of Y. After specifying a fixed initial segment of B (speci- 
fying those qx whose second coordinates are not in the range of f;), there 
are at most 2*9(*) many possibilities for B | f;(k), because apart from the 
finitely many fixed numbers, there are only kg(k) many numbers below 
fi(k) that can be elements of B, as they all have the form (p, f;(m)) for 
some p < g(k) and m < k. After applying Y, we get a computable trace for 
YB whose kth element has size at most 2*9(¥). So deg,,(B) is computably 
traceable, and hence, by Theorem 12.2.14, B is Schnorr trivial. O 


12.4 Lowness for weak genericity and randomness 


As in other cases, when considering weak 1-randomness, there are two rea- 
sonable notions: lowness for weak 1-randomness and the possibly stronger 
notion of lowness for Kurtz null tests. We begin with a result that sand- 
wiches both notions of lowness between the hyperimmune-free sets and the 
computably traceable ones. 


Theorem 12.4.1 (Downey, Griffiths, and Reid [111]). 
(i) If a set is computably traceable then it is low for Kurtz null tests. 


(ii) If a set is low for weak 1-randomness then it has hyperimmune-free 
degree. 


Proof. (i) Let A be computably traceable. Let {Un}new be a Kurtz null test 
relative to A. Then there is an A-computable function f : w — (2<”)<# 
such that V, = [f(n)]. Let T be a computable trace for f with bound 
nt n+ 1. We can think of Tl”! as a set of finite sets of strings. Let 
a(n) = U{D € Th : a([D]) < 2-"} and Va = [g(n)]. Then (Va) < 
(n+2)2-("+) < 27°”, so the Vp form a Kurtz null test, and clearly f, Vn 2 

(ii) In Corollary 8.11.8, we proved that every hyperimmune degree is 
weakly l-random, and clearly no weakly 1-random degree can be low for 
weak 1-randomness. m 


We will now work toward showing that lowness for weak 1-randomness 
and lowness for Kurtz null tests coincide, and that the sets that are low for 
weak 1-randomness can be completely characterized as those whose degrees 
are hyperimmune-free and not DNC. As we will see, these are also the sets 
that are low for weak 1-genericity, i.e., the sets A such that if a set meets 
every dense X} class, then it meets every dense a class. 

Recall that a degree a is DNC if there is a function f <, a such that 
f(e) Æ ®e(e) for all e. Recall also from Theorem 8.16.8 that Kjos-Hanssen, 
Merkle, and Stephan [205] showed that if the degree of B is hyperimmune- 
free and not DNC, then for each g S+ B, there are computable h and Rh 
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such that Yn 3m € [n,h(n)](h(m) = g(m)). This result can be used to 
establish the following theorem. 


Theorem 12.4.2 (Stephan and Yu [381]). Suppose the degree of A is 
hyperimmune-free and not DNC. 


(i) Every oe class of measure 1 has a ©} subclass of measure 1. 
(ii) Every dense D° class has a dense X9 subclass. 


Proof. Let S be a mee class of measure 1. Note that S is necessarily dense. 
We build a ©? subclass of S that has measure 1 and is dense. This con- 
struction establishes (i), and (ii) follows by the same proof with all measure 
considerations removed. 

Define a function f S+ A as follows. Given n, search for an m > n such 
that every ø € 2” is extended by some T € 2” with [7] € S. (Note that 
every m’ > m will also have this property.) Then search for a k > m such 
that u(U{Jo] : o € 2% A fo] C S}) > 1—27”. Let f(n) = k. Since X 
has hyperimmune-free degree, there is a computable function p such that 
p(n) > f(n) for all n. Let q(0) = 0 and g(n + 1) = p(q(n)). 

Let g : N > (2<”)<* be an A-computable function such that for all n, 


1. g(n) C 20+, 
2. [g(n)] CS, 
3. for each ø € 24”) there is a r € g(n) extending o, and 


4. p({[g(n)J) > 1-27. 


By Theorem 8.16.8, there are computable functions h : N > (2<)<” and 
h : N — N such that for all n, 


1. h(n) C 20+, 
2. for each o € 2%) there is a T € h(n) extending o, 
3. pu([h(m)]) > 1-27”, and 


4. there is an m € [n, h(n)] such that h(m) = g(m). 


Let 
T ={X : InYm € [n, h(n)] (X T(m +1) € A(m))}. 


Then T is a £} class. Furthermore, for each X € T, there is an n and 
m E [n,h(n)] such that g(m) = h(m). Then X € [A(m)] = [g(m)], and 
therefore T C S. 
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The measure of T is 1 because for all n, 
UX : Ym € |n, h(n)] (X | m € h(m))}) 
= 1=n( U MO) Sl. Ao 2" S120, 


m€[n,h(n)] m€[n,h(n)] 


Finally, T is dense because given ø € 2”, there is an extension o’ of ø in 
29”), But then there is an extension To of o’ in h(n). Since h(n) C 290+), 
there is an extension 7; of To in h(n + 1). Continuing in this way, we get a 
sequence o < o’ < To < Ti <+- such that 7; € h(n + i). Then U; T; is an 
element of T extending o. o 


Corollary 12.4.3 (Stephan and Yu [381]). If a degree is hyperimmune- 
free and not DNC then is is low for Kurtz null tests and low for weak 
l-genericity. 


Stephan and Yu [381] also completely characterized the sets that are low 
for weak 1-genericity. 


Theorem 12.4.4 (Stephan and Yu [381]). The following are equivalent. 
(i) Every dense ye class has a dense S$ subclass. 
(ii) A is low for weak 1-genericity. 


(iii) The degree of A is hyperimmune-free and every 1-generic is weakly 
1-generic relative to A. 


(iv) The degree of A is hyperimmune-free and not DNC. 


Proof. Clearly (i) implies (ii), and (ii) implies (iii) by the n = 0 case of 
Theorem 2.24.14, which implies that every hyperimmune degree contains 
a weakly 1-generic set. Also, (iv) implies (i) by Theorem 12.4.2. To finish 
the proof, we show that if every 1-generic is weakly 1-generic relative to A 
then the degree of A is not DNC. 

Suppose that A is DNC and each 1-generic set is also weakly 1-generic 
relative to A. By Theorem 8.16.4, A is autocomplex, so there is an A- 
computable function f such that K(A | m) > n for all m > f(n). By 
replacing f with the use function of its computation from A, we may assume 
that f(n) can be computed from A [ f(n). Let 


S={o (At f(lol)) : o € 259}. 


Then S is dense. By Theorem 2.24.2, each noncomputable c.e. set computes 
a l-generic, so we can choose B to be low for K and 1-generic. By hypoth- 
esis, B is weakly 1-generic relative to A, so B meets S infinitely often, and 
hence there are infinitely many n with (B | n)~(A [ f(n)) < B. For such 
an n, we can compute A | f(n) from B | n+ f(n) and n. Furthermore, 
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with B as an oracle, we can compute f(n) from n. Thus, for such n, 


n<k(At f(n)) < K(B int f(n),n) + O11) 
< K?(Bi n+ f(n),n) + O0(1) < K? (n) + 0(1). 


So there are infinitely many n with K?(n) > n — O(1), which is a 
contradiction. Oo 


It may not be surprising that lowness for weak 1-randomness and lowness 
for weak 1-genericity are related, since both weak l-randoms and weak 1- 
generics occur in each hyperimmune degree (as shown in Theorems 2.24.19 
and 8.11.8). The following result shows that these notions of lowness in 
fact coincide. The original proof of this result was rather complex and used 
“svelte trees”, but subsequently the simple proof we present was discovered 
by Miller (in giving a simple proof of Theorem 8.10.2). 


Theorem 12.4.5 (Greenberg and Miller [171]). A is low for weak 1- 
randomness iff A is low for Kurtz null tests iff A is low for weak 
1-genericity. Thus, A is low for weak 1-randomness iff A is hyperimmune 
free and not DNC. 


Proof. If the degree of A is hyperimmune-free and not DNC, then, by 
Theorem 12.4.3, A is both low for Kurtz null tests and low for weak 1- 
randomness. 

By Theorems 12.4.1 and 12.4.4, if A has hyperimmune degree then it is 
neither low for weak 1-randomness nor low weak 1-genericity. 

If A has DNC degree, then, by Theorem 12.4.4, A is not low weak 1- 
genericity, while by Theorem 8.10.2, there is a l-random set that is not 
weakly 1-random relative to A, so A is also not low for weak 1-randomness. 


O 


One consequence of this characterization (which already follows from 
Corollary 12.4.3) is that lowness for weak 1-randomness and lowness for 
Schnorr randomness are different. 


Theorem 12.4.6 (Stephan and Yu [381]). There is a perfect II} class of 
sets that are neither of DNC degree nor c.e. traceable. 


Applying the hyperimmune-free basis theorem to this result (and keeping 
in mind that a c.e. traceable set of hyperimmune-free degree is computably 
traceable), we have the following. 


Corollary 12.4.7 (Stephan and Yu [381]). There are sets that are not 
computably traceable but are low for Kurtz null tests. 


Proof of Theorem 12.4.6. We construct a IT? class [P] in stages. For each 
e, we have the following requirements for all A € [P]: 


Re : In (®4(n) = ©,,(n)) 
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(which ensure that A does not compute a fixed-point free function, and 
hence does not have DNC degree, by Theorem 2.22.1) and 


Qe : Pe total and an order => A is not c.e. traceable with order ®,. 


For the R-requirements, we use the recursion theorem with parameters 
to find a computable function g such that we can control ®4(,)(g(m)) for all 
n. We will define ®,/,)(g(n)) for infinitely many n to ensure that for each 
e and each A € |P] with 4 total, there is some n such that ®A(g(n)) = 


The strategy for Re is as follows. At a stage s at which Re begins acting, 
we have pairwise incompatible strings 05,...,0%, with P, = U; <mlo7]. For 


each 7 < m in parallel, we proceed as follows. Working in [øf], we pick a 
large number d = g(n) for some n, and wait until there is some T = of with 
7(d) |. Should this never happen then ®4 is not total for all A € fef]. If 
T is found then we let ®g(d) = ®7 (d), and prune P so that P/N [oF] € [r], 
initializing all weaker priority requirements. Now Re is met within PN[o?]. 

The strategy for Qe is as follows. We define a function Y such that U4 
is total for all A € [P] if e is total and an order. We break Qe into 
subrequirements Qe,- Each such subrequirement works to ensure that W; 
does not trace Y4 with order ®, for A € |P]. Working within a cone [a7] as 
above, we pick a large number n and wait until ®e(n) |. If this convergence 
ever happens, we choose a T > øf such that [7] is currently a subset of P 
and prune P by removing all elements of [of] \ [7]. Let m > |r| be such 
that 2” > e(n), and let 79,...,72m_1 be the extensions of 7 of length m. 
We ensure that no weaker priority strategy makes [P] N [7,;] = Ø. For each 
j <2™, we let VË (k) = 0 for all k < n for which Ya (k) is not yet defined, 
and let Y3 (n) = j. We also initialize all weaker priority requirements. 

From this point on, as long as wP < e(n), whenever j < 2™ enters 
wh, we prune P to remove all of [7,] from [P] and initialize all weaker 
priority requirements. This action never removes all of [7] from [P], and 
ensures that Qe, is satisfied within [øf], since it guarantees that if W; is a 
trace with order ®e and A € [P] A [of], then A € [7,] for some j ¢ wh, 
whence WA(n) = j ¢ wh. 

The remainder of the proof is a straightforward application of the finite 
injury method. O 


The above proof is rather different from the original method of Stephan 
and Yu [381], who proved the following. 


Theorem 12.4.8 (Stephan and Yu [381]). There is a partial computable 
0-1 valued function y with coinfinite domain such that every set whose 
characteristic function extends p is neither autocomplex nor c.e. traceable. 


We end this section by noting that there are no noncomputable sets that 
are low for 1-genericity. (Lowness for 1-genericity and for weak 1-genericity 
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were first investigated by Nitzpon [309], who showed that if X is low for 
weak 1-genericity then X has hyperimmune-free degree.) 


Theorem 12.4.9 (Greenberg and Miller [unpublished], Yu [411]). If X is 
low for 1-genericity then X is computable. 


Proof. Suppose that X is noncomputable and low for 1-genericity. By The- 
orem 2.24.4, there is a l-generic A such that A@® X =, X’. Then A 
is 1-generic relative to X, so by the relativized form of Theorem 2.24.3, 
X" =, (ASX) =, AG X’ =, X’, which is a contradiction. oO 


12.5 Lowness for computable randomness 


As we saw in Theorems 12.1.6 and 12.4.1, if a set is low for either Schnorr 
randomness or weak 1-randomness, then it is of hyperimmune-free degree. 
This fact may not be too surprising, since Schnorr randomness and weak 
l-randomness are both related to total computable functions, as reflected 
in tests with uniformly computable measures. Martin-Löf randomness is 
concerned with c.e. objects, or partial computable functions, which may 
help explain why the corresponding lowness notion is more closely related 
to jump traceability than traceability. 

What of computable randomness? Here the graded tests are somewhat 
computable, but the overall measure is not. As it turns out, the situa- 
tion for computable randomness is dramatically different from either of 
the above cases. We already saw in Theorem 12.1.6 that sets that are low 
for computable randomness are of hyperimmune-free degree. In this sec- 
tion, we prove the following remarkable result of Nies [302], which verifies 
a conjecture of Downey. 


Theorem 12.5.1 (Nies [302]). If a set is low for computable randomness 
then it is computable. 


We present a different proof from the one given by Nies in [302, 306]. This 
proof is also due to Nies [300], and is included here with his permission. 
We will assume that all martingales in this section are rational-valued, 
which we have already seen in Proposition 7.1.2 we can do with no loss of 
generality for computable, or more generally A-computable, martingales. 

The following lemma is obvious but quite useful. Following Nies, we call 
it the “nonascending path trick”. 


Lemma 12.5.2. Let M be a computable martingale. For each o and each 
n > |o|, we can compute a string T > o such that |r| = n and M(r } 
k+1) < M(r | k) for each k with |o| <k <n-1. 


Recall that we say that a martingale M has the savings property if 
T >00 => M(t) > M(o) -2. 


12.5. Lowness for computable randomness 587 


We saw in the comments following Proposition 6.3.8 that we may assume 
without loss of generality that our martingales have the savings property. 

A martingale operator is a Turing functional L such that L* is a martin- 
gale for each oracle X. To prove Theorem 12.5.1, we will define a martingale 
operator L. Given a set A that is low for computable randomness, we will 
apply the following purely combinatorial lemma to N = L4 and the (non- 
effectively listed) family Bo, Bi,... of computable martingales with the 
savings property. 


Lemma 12.5.3. Let N be a martingale with N(\) < 1. Let Bo, Bi,... 
be martingales with the savings property such that S[N] C U, S[Bi]. Then 
there are o, d, and a martingale M = Nei qi B;, with each qi € Q7°, such 
that M(c) < 2 and Yr > o (N(r) > 24 > M(r) > 2). 


Proof. Assume for a contradiction that no such M exists. We define a 


sequence of strings co < o, < --: and positive rationals qo,qi,... such 
that for all n, we have N(o,) > 2” — 1 and oes gBilon) < 2. 
Let o9 = A and go = Boy" Suppose we are given 0o,...,@n—1 and 


qo, ---,qn—1 With the required properties. Since X <n 4iBi(on—1) < 2, we 
can choose qn to be sufficiently small so that eee GBi(on-1) < 2. Let 
M = J ;<nqiBi. Since we are assuming that the lemma does not hold, 
there is a 7 > o such that N(r) > 2” and M(r) < 2. Let on = T. 

Now let X = U,, on. Then N succeeds on X (though, interestingly, not 
necessarily in the effective sense of Schnorr). On the other hand, for each 
i and n > i, we have qBi(on) < 2. Since B; has the savings property, 
limsup,, Bi(X | n) < co, so B; does not succeed on X. Thus X € S[N] \ 
U; S[Bi], contrary to hypothesis. o 


We are now ready to prove that every set that is low for computable 
randomness is computable. Let Mo, M1,... be an effective listing of all 
partial computable martingales (as defined in Definition 7.4.3). 


Proof of Theorem 12.5.1. Let A be low for computable randomness. Let 
Bo, Bi,... be the family of all (total) computable martingales with the 
savings property. (Note that this listing is not effective.) Fix an effective 
listing {7m}m>1 of all triples (e, 0, d) with o € 2<” and e,d € N. We think 
of e as the index of a partial computable martingale Me and think of nm 
as a potential witness (with M = Me) to the truth of Lemma 12.5.3 for a 
martingale N that we will build. 

We will build, independently but uniformly, rational valued martingale 
operators Lm for each m > 1, with LX (o) = 27™ for all X and all o € 25”, 
and let LX = est LŽ.. For each g, the contributions of LX (o) for m > |a| 
will add up to 27!!, so L will be a rational valued martingale operator. 
We will then let N = L4. Our goal is to use the fact that S[N] C U; S[Bi] 
(which follows from the fact that A is low for computable randomness) to 
compute A. The computation procedure for A will be based on a witness 
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Nm = (e,o,d) given by Lemma 12.5.3. Since we cannot determine this 
witness effectively, to make L a martingale operator we need to consider 
all nm, including those for which the corresponding Me is partial. 

The idea behind our procedure for computing A is the following. Once 
L is defined, if nm = (e, g, d) is a witness to the truth of Lemma 12.5.3 for 
N = L^, then let M = Me and consider the tree 


Tm = {7 : Vr > o (EX (T) > 2? > M(r) 2 2)}. 
By the choice of nm and the fact that L4 > LA, we see that A is a path 


mI 

of Tm. Let k = 24+™, and let Ep be the collection of k-element sets of 
strings of equal length. Let a range over elements of Ep. We write a, for 
the rth element of a in lexicographic order, and identify a with the string 
QoQ1...Q@,%—1. For each a, we will ensure that a g Tm in an effective way. 
That is, given a, we will be able to find an s < k such that a, ¢ Tm. This 
fact will allow us to define a computable tree R D Tm of width less than k. 
Since every path of a tree of finite width is computable and A is a path of 
Tm C R, this fact will imply that A is computable. 

Let o0,...,0%—1 be the strings of length d+ m in lexicographic order. We 
describe in more detail the strategy that, given a, produces an s such that 
as, ¢ Tm. Suppose that p = ø is a string such that M(p) < 2, and no value 
L} (p') has been defined for any p’ x p (we call p an a-destroyer). In this 
case we may define Lm(p) = 2—™ regardless of the oracle. For each s < k, 
we ensure that L°s(po,) = 2%, by betting all our capital along po, from 
pon. Since M(p) < 2, by the nonascending path trick (Lemma 12.5.2) we 
can compute an s such that M(po,) < 2. Then po, witnesses that a, € Tm. 

We want to carry out this strategy independently for different a, so we 
assign to each a a string Va. Given nm = (e, c, d), let M = Me and let 


M(v) = max{M(v’):0 =< v' <v}. 


The assignment function Gm : Ep —> 2<“ mapping a to Va will satisfy the 
following conditions. 


1. The range of Gm is an antichain of strings v such that M(v) < 2. 


2. The functions Gm and G}! are uniformly partial computable over all 
m. 


3. If Me(o) < 2 and M is total, then Gm is total. 


We cannot quite apply the strategy above with p = Va, since we cannot 
tell whether Gm is total, but if we find out the value of va at stage s, then 
we can use the nonascending path trick to find a p > vq of length s such 
that M(p) < 2. This p will be our a-destroyer. 

The choice of Gm is irrelevant as long as the above properties hold, so 
we defer defining Gm. 

We define Lm by declaring axioms of the form L7,(p) = p, in such a way 
that 
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(a) Iy] < |p|, and given y and p we can determine computably whether 
we ever declare an axiom L7(p) = p for some p; and 


(b) whenever distinct axioms L7(p) = p and L°(p) = q are declared then 
y and 6 are incompatible. 


If some axiom L} (p) = p has been declared for y < X (which can be 
determined computably, by (a)), then we let LŽ (p) = p. Otherwise, we let 
LŽ (p) be the “default value” 27™. 

Given a string p, we check whether there is a v x p such that G71(v) | 
in exactly |p| many steps. If so, then let a = G}, (v). (We assume the 
usual convention that it takes at least max(|v|,|a|) many steps for GR! (v) 
to converge.) In this case, we declare axioms as follows (implementing the 
strategy outlined above): For each T = pu and each s < k, let L&s(r) = 0 
unless v is compatible with øs. In that case, let L&s (r) = 27+!" if v < as, 
and L®(r) = 2¢ if os 3 v. 

We have concluded the construction of Lm. Clearly (a) holds. Further- 
more, (b) holds because the strings Va form an antichain, we declare axioms 
L} (T) = p with va < T only if y € a, and the elements of a are pairwise 
incompatible. Finally, L* is clearly a martingale for each oracle X. 

Recall that Bo, Bi,... are the (total) computable martingales with the 
savings property. If A is low for computable randomness, then S[L4] C 
U; S[Bi]. The linear combination M obtained in Lemma 12.5.3 is com- 
putable. So the following lemma suffices to compute A, since, as explained 
above, the existence of the tree R implies that A is computable. 


Lemma 12.5.4. Suppose Nm = (e,0,d), where M = Me is total and 
M,o,d witness the truth of Lemma 12.5.3 with N = L4. Then there is 
a computable tree R D Tm of width less than k. 


Proof. We define the levels RY of R recursively. Let R©) = {A}. Let j > 0 
and suppose we have determined RU~"), Carry out the following procedure 
to determine RY), 


1. Let F be the set of strings of length j that extend strings in RU-)) 
(so |F| = 2|R9-)). 


2. If |F| > k, then let a consist of the k leftmost strings of F. 


(a) Compute Va = G,(a@), and let s be the stage at which Gm(a) |. 
(b) By the nonascending path trick, find p > Va of length s such 
that M(p) < 2. 


(c) Search for r < k such that M (por) < 2. Remove ar from F and 
repeat step 2. 


3. Once |F| < k, let RY = F. 
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Clearly R is computable and has width less than k. By the definition of 
Lm, for r as above we have L& (pop) = 274, whence a, ¢ Tm. Thus 
R> Tm. o 


To conclude the proof it remains to define Gm. Recall that M (v) = 
max{M(v') : o < v = v}. We first prove a lemma using the following 
instance of Kolmogorov’s Inequality: If M (T) < b then 


ur({[v ST: M(v) >b} < 2o 


where pi,(X) = 27l u(X A fr]). 
Lemma 12.5.5. Given nm, suppose that M(r) < b for b € Q. Let 


P={ver:M(v) <b} 


and let r be such that 27" < 1 — Me) Then given i we can compute vO 


of length it+r+1 such that v € P and the strings v form an antichain. 
If M is partial, then we can compute v for each i such that M is defined 
for strings of length up toi+r+1. 


Proof. Suppose inductively that v“ has been computed for q < i. Since 
bee: 2-l¥| = 9-"(1—-2-*) and 27" < u,(P), by Kolmogorov’s Inequality, 
we can compute v € P such that |v| = i +r +1 and r & v for all q < i. 
Let vi = v. O 


To obtain Gm, let b = 2, and let na be a number greater than the length 
of each string in a, assigned to a in an effective 1-1 way. Let Gm(a) = v"), 
as given by the lemma with 7 = ø. Clearly the required properties hold. O 


Extending these techniques, Nies [300] proved similar results about 
lowness for partial computable martingales. 


Theorem 12.5.6 (Nies [300]). If every partial computably random set is 
computably random relative to A, then A is computable. 


Space considerations preclude us from including proofs of this and related 
results. 

Another notion of randomness whose corresponding lowness notion sits 
somewhere between computability and hyperimmune-freeness is Demuth 
randomness. Downey and Ng [128] showed that if a set is low for Demuth 
randomness then it is hyperimmune-free, and they conjecture that such a 
set must in fact be computable. 


12.6 Lowness for pairs of randomness notions 


Recall from Definition 11.9.2 that for classes C and D given by relativizable 
definitions, Low(C,D) is the class of sets A such that C C D4. We saw in 
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Table 12.1. Lowness for pairs of randomness notions 


Theorem 11.9.3 that Low(W2R, MLR) is exactly the class of K-trivial sets, 
where MLR is the class of 1-random sets and W2R is the class of weakly 
2-random sets. We also saw in Section 10.6 that, writing ML2R for the 
class of 2-random sets, Low(ML2R, MLR) is the class of (uniformly) almost 
everywhere dominating sets. There has been considerable work on charac- 
terizing lowness for other pairs of randomness notions. In this brief section, 
we state some results in that direction and summarize them, together with 
Theorems 11.4.11, 11.9.1, 11.9.3, 12.4.5, and 12.5.1 and Corollary 12.1.7, in 
Table 12.1. We write CompR, SchR, and WIR for the classes of sets that are 
computably random, Schnorr random, and weakly 1-random, respectively. 


Theorem 12.6.1 (Nies [302]). A set is in Low(MLR, CompR) iff it is K- 
trivial. 


Theorem 12.6.2 (Kjos-Hanssen, Nies, and Stephan [207]). A set is in 
Low(MLR, SchR) iff it is c.e. traceable, and in Low(CompR, SchR) iff it is 


computably traceable. 


Note that the first part of the above result is Theorem 12.1.4 (given 
Corollary 12.1.7). 


Theorem 12.6.3 (Nies [306]). A set is in Low(W2R, CompR) iff it is K- 
trivial. 


Theorem 12.6.4 (Greenberg and Miller [171]). A set is contained in 
Low(MLR, WIR) iff its degree is not DNC, and in Low(CompR, WIR) = 
Low(SchR, WIR) iff its degree is not DNC and not high. 


Note that the first part of the above result is part of Theorem 8.10.2. 


Theorem 12.6.5 (Bienvenu and Miller [41]). A set is in Low(W2R, SchR) 
iff it is c.e. traceable. 


At the time of writing, there is no known exact characterization of 
Low(W2R, WIR). 

There has also been work on highness for randomness notions, a con- 
cept introduced by Franklin, Stephan, and Yu [159]. Space considerations 
preclude us from going further into this material. A survey of lowness and 
highness for randomness notions may be found in Franklin [154]. 


13 


Algorithmic Dimension 


Not all classes of measure 0 are created equal, and the classical theory of di- 
mension provides a method for classifying them. Likewise, some nonrandom 
sets are more random than others. In this chapter, we look at effectiviza- 
tions of Hausdorff dimension and other notions of dimension, and explore 
their relationships with calibrating randomness. 


13.1 Classical Hausdorff dimension 


The study of measure as a way of specifying the size of sets began with 
work of Borel and others in the late 19th century. In his famous thesis [237], 
Lebesgue introduced the measure that is now called Lebesgue measure. In 
1914, Carathéodory [54] gave a more general construction that included 
Lebesgue measure as a special case. For R, Carathéodory’s definition yields 
the s-dimensional measure y°(A) = inf{}>, L| : A C U; Ii}, where each 
I; is an interval. In 1919, Hausdorff [177] used s-dimensional measure to 
generalize the notion of dimension to non-integer values. 

This idea of changing the way we measure open sets by an additional 
factor in the exponent is realized in Cantor space as follows. For 0 < s <1, 
the s-measure of a clopen set [co] is us([o]) = 275171. Notice that the 
1-measure is the same as the uniform measure. 


Definition 13.1.1. (i) A set of strings D is an n-cover of R C 2” if 
RC [D] and DC 2>”. 
(ii) Let H(R) = inf{} ep us([o]) : D is an n-cover of R}. 
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(iii) The s-dimensional outer Hausdorff measure of R is H*(R) = 
lim, HS (R). 


This notion has been widely studied. The fundamental result is the 
following. 


Theorem 13.1.2. For each R C 2” there is an s € [0,1] such that 
(i) H'(R) =0 for allt >s and 
(ii) H“(R) = œ for all0 <u<-s. 
Proof. For all s,r € [0,1], and n € N, 
H:*" (R) = mtf XC 2-lela-rel : D is an n-cover of r} < 27™HE(R). 
o€D 


So if H*(R) = 0 then Hs+"(R) = 0, while if H+"(R) = œo then H*(R) = 
oo. 

To complete the proof, notice that if t > 1 then lim, H{(R) < 
limn X pezn = tiny, o 


Theorem 13.1.2 means that the following definition makes sense. 


Definition 13.1.3. For R C 2%, the Hausdorff dimension of R is 
dimy(R) = inf{s : H'(R) = 0}. 


Hausdorff dimension has a number of important basic properties. 
Proposition 13.1.4. (i) If u(X) > 0 then dimy(X) =1. 
(ii) (monotonicity) If X CY then dimy(X) < dima (Y). 


(iii) (countable stability) If P is a countable collection of subsets of 2”, 
then dima (U xep X) = sup yep dima (X). In particular, dimy(X UY) 
is max{dimy(X), dima (Y )}. 


Proof sketch. This proposition is well known, but its proof is worth 
sketching. We begin with a lemma. 


Lemma 13.1.5. If X is measurable then H!(X) = p(X). 


Proof. By definition, p(X) is the infimum of } „ey 27% over all covers U 
of X. For any cover U of X, we can replace any ø € U such that |o| < n 
by all its extensions of length n to obtain an n-cover V of X such that 
Leev 2 = cy 27, so BO = p(X) for all n. oO 


Part (i) of Proposition 13.1.4 follows immediately from the lemma. To 
see that part (ii) holds, take any s > dimy(Y). Then since any n-cover of 
Y is an n-cover of X, we have H(X) < H$ (Y) for all n, so H*(X) = 0. 
Part (iii) is proved by a similar manipulation of covers. o 
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13.2 Hausdorff dimension via gales 


The first person to effectivize Hausdorff dimension explicitly was Lutz 
(252, 253, 254]. To do so, he used a generalization of the notion of (su- 
per)martingale. This idea was, however, in a sense implicit in the work 
of Schnorr [348, 349], who used orders to calibrate the rates of success of 
martingales, as we have seen in Chapter 7, in much the same way that 
the s factor calibrates the growth rate of the measure of covers. Recall 
that, for a Papera tnae d and an order h, the h-success set of d is 


S;,(d] = {A : limsup,, a he 1w) = oo}. As we will see, the theory of Hausdorff 
dimension can be developed in terms of orders on martingales, but Lutz 
(252, 254] originally used the following notions. 


Definition 13.2.1 (Lutz [252, 254]). An s-gale is a function d : 2<” — R?° 
such that d(o) = 2~*(d(o0) + d(o1)) for all ø. 

An s-supergale is a function d : 2<” — R?° such that d(a) > 2~(d(o0)+ 
d(o1)) for all ø. 

We define the success set S[d] of an s-(super)gale in the same way as for 
martingales. 


A 1-(super)gale is the same as a (super)martingale. For s < 1, we can 
think of an s-gale as capturing the idea of betting in an inflationary envi- 
ronment, in which not betting costs us money. In the case of martingales, 
if we are not prepared to favor one side or the other in our bet following 
a, we just make d(oi) = d(c) for i = 0,1, and are assured of retaining our 
current capital. In the case of an s-gale with s < 1, we are no longer able 
to do so. If we want to have d(a0) = d(c1), then we will have d(ai) < d(c) 
for i = 0,1, and hence will necessarily lose money. 

It is quite easy to go between s-gales and rates of success of martingales. 


Lemma 13.2.2. For each (super)martingale d there is an s- (super) gale d 
such that S[d d) = Sga-s)n[d]. Conversely, for each s-(super)gale d there is a 
(super)martingale d such that S[d| = Sza-s)n |d]. 


Proof. For a (super)martingale d, let d be defined by dlo) = 20-Dleld(a). 
It is easy to check that d is an s-(super)gale. For each k, we have dain) >k 


iff d(A |n) = 20-Dq(A fn) > 20-9)nQ(s-Dnk = k, so S[d] = Sza- |d]. 
The converse is symmetric. O 


Note that, in the above proof, if s is rational then we can pass effectively 
from d to d or vice versa, so, for instance, d is c.e. iff dis c.e. 

Lutz’ key insight was that Hausdorff dimension can be quite naturally 
characterized using either s-gales or growth rates of martingales. 


Theorem 13.2.3 (Lutz [252, 254]). For a class X C 2” the following are 
equivalent. 
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(i) dimy(X) =r. 
(ii) r = inf{s € Q : X C Sd] for some s-(super)gale d}. 
(iii) r = inf{s € Q: X C Sza-s)n|d] for some (super)martingale d}. 


Proof. By Lemma 13.2.2, (ii) and (iii) are equivalent. 
We first prove that dim (X) > inf{s € Q : X C Sza-s)n|d] for some 
(super)martingale d}. We first consider the supermartingale formulation. 
Let s > dimy(X) and let {Uk }kew witness that X is H*-null. That is, 
for all k we have X C [U;] and Ypey, 2571 < 2-*. We may assume that 
the Ux are prefix-free. For each o and "k, let Ug = {r E€ Uk : o = T}. For 
each k, let 


o) = gle| 5 gms, 


TEUR 


and let 


If o € Ux, then Ug? = 0 for i = 0,1, so di, (00) + dy(ol) = 0 < 2d;(c). If 
o ¢ Ux, then UZ = UZ U UFL, so 


dy (a0) + d(o1) jei DY rly Ser vl) 


TEUZ? TEUZ! 


=2. al 5 E 2d,(o). 


TEUR 


Thus each d;, is a supermartingale. Furthermore, dk(à) = X seu, Pelee 
2-*, so d is a supermartingale. 

Now suppose that A € [Ux]. Then for each k there is an ng such that 
Af ng € Ug. Let t > s. Then 


dA | ne) 5 de(A Tt me) — 2079" oe sing 

Q(1-t)nk A 2(1—t)nk Q(1-t)nk ? 

so lim sup,, aa In) = oo, and hence A € Sya-sn[d]. Since t > s > 
dimy(X) are arbitrary, dimy(X) > inf{s € Q: X C Sza-s)n|d] for some 
supermartingale d}. 


596 13. Algorithmic Dimension 


To get the same result for martingales,! we slightly change the definition 
of dk to 
Real —s|t| : o 
2 reve 2 if UR Æ 0 
dlo) =< 90a) if o | m € Ux for m < |o| 
0 otherwise. 
We now prove that dimy(X) < inf{s € Q: X C Sz2a-s)n|d] for some su- 


permartingale d}. Suppose that d is a supermartingale and X C Sya-.)n[d]. 
We may assume that d(\) < 1. Let 


= __ ao) k 


Let Ux be the set of o € Vk such that 7 € Vp for T < o. Then the Up are 
prefix-free and cover X. Furthermore, 


_ e d(0o) - 
s|o| s|o| k k [ø| k 
SoD TA ak AE < 2-*, 


oEUk oEUk oEUk 


the last inequality following by Kolmogorov’s Inequality (Theorem 6.3.3). 
Thus {Uk}kew witnesses the fact that X is H*-null. O 


Lutz [255] made the following remarks about the above characterization: 
“Informally speaking, the above theorem says that the dimension of a set 
is the most hostile environment (i.e., the most unfavorable payoff schedule, 
i.e., the infimum s) in which a single betting strategy can achieve infinite 
winnings on every element of the set.” 


13.3 Effective Hausdorff dimension 


Using the martingale characterization of Hausdorff dimension, we can 
effectivize that notion as follows. 


Definition 13.3.1 (Lutz [252, 253, 254]). For a complexity class C of 
real-valued functions, the C (Hausdorff) dimension of R C 2” is 


inf{s € Q: RC Sza-s)n|d] for some martingale d € C}. 
For A € 2”, the C dimension of A is the C dimension of {A}. 
Note that this infimum is equivalent to 


inf{s € Q: RC S|d] for some s-gale d € C}. 


lIn the effective setting, we will discuss the issue of passing from supergales to gales 
when we prove Theorem 13.3.2. 
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We will be particularly interested in the case C = ©}. The ©? Hausdorff 
dimension of R is sometimes called the constructive (Hausdorff) dimension 
of R, but we will refer to is as the effective Hausdorff dimension, or simply 
the effective dimension, of R, and denote it by dim(R). 

In Lutz’ original paper [252], he defined C dimension using gales, but 
in the journal version [254], he used supergales. The issue here is one of 
multiplicative optimality versus universality. Let us consider the £f case. 
By Theorem 6.3.5, there is a universal c.e. martingale, but while there is 
an optimal c.e. supermartingale (Theorem 6.3.7), there is no optimal c.e. 
martingale (Corollary 6.3.12). As noted by Hitchcock, Lutz, and others, it 
is not known whether there is always a c.e. r-gale that is universal for the 
class of all c.e. r-supergales. However, we have the following result, which 
shows that if r < t then there is a t-gale that is optimal for the class of all 
r-supergales. Thus gales suffice for defining effective dimension, and Lutz’ 
original formulation of effective dimension in terms of gales is equivalent 
to the one in terms of supergales. 


Theorem 13.3.2 (Hitchcock [179]). Let 0 < r < t be rationals. There is 
a c.e. t-gale d* such that for all c.e. r-supergales d, we have S|d] C S{d*]. 


Proof. Let d be a multiplicatively optimal c.e. r-supergale with d(A) < 1 
(constructed as in the proof of Theorem 6.3.7). It is enough to build d* so 
that S[d] C S[d*]. 

Let A ={o:d(c) > 1} and let Al”! = AN2”. By Kolmogorov’s Inequality 
(Theorem 6.3.3), |A] < 2”” for all n. Let d* be defined by 


an 27tl] fr E Al] :0 x T}| if |a| < n 
Oo = 
i 2(t-Dlel—n) G+ (o | (n—1)) if jo] >n. 


Then it is easy to check that each d% is a t-gale and dž (o) = 1 for all 
g € Al, 
Now let s € (r,t) be rational and let 


d= 5 QU anlage. 


Then d*(\) = 5, 206-")"2-!" |All] < yt 26-8" < oo, so d* is well- 
defined, and hence is a t-gale. Furthermore, it is c.e., since A is c.e. 
Let X € S|d]. Then X | (n— 1) € A for infinitely many A. For such n, 


d (xX [ (n = 1)) > Bere (X i (n B 1)) — 9(s-r)n 
Hence X € S{d*]. n 


Of course, this result translates into the language of martingales. Say 
that a (super)martingale d s-succeeds on A if lim sup,, aa m = oo. We can 
build a c.e. martingale that (s + ¢)-succeeds on every set A for which there 


is a c.e. supermartingale that s-succeeds on A. However, we do not know 
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whether for each such A there necessarily is a martingale that s-succeeds 
on A. 

In any case, dim(R) is equal to inf{s € Q: R C Sya-s)n[d]}, where d 
is an optimal c.e. supermartingale. It follows immediately that dim(R) = 
sup{dim(A) : A € R} and, more generally, the effective dimension of an 
arbitrary union of classes is the supremum of the effective dimensions of 
the individual classes. (Notice that for classical Hausdorff dimension, the 
corresponding fact is true only for countable unions.) 

We can also effectivize Definition 13.1.1 directly. For ©? dimension, we 
have the following. 


Definition 13.3.3. (i) A set of strings D is an effective n-cover if it is 
an n-cover and c.e. 


(ii) Let HS(R) = inf{J sep Us([o]) : D is an effective n-cover of R}. 


(iii) The effective s-dimensional outer Hausdorff measure of R is Hs (R) = 
lim, F$ (R). 


(iv) The effective Hausdorff dimension of R is the unique s € [0,1] such 
that H'(R) = 0 for allt > s and H”(R) = œ for all 0 < u < s. 


It is straightforward to effectivize our earlier work and show that the 
effective analog of Theorem 13.2.3 holds. That is, the above definition 
agrees with our earlier definition of effective Hausdorff dimension. A similar 
comment holds for other suitable complexity classes. 

There is another fundamental characterization of effective Hausdorff 
dimension, in terms of initial segment complexity. 


Theorem 13.3.4 (Mayordomo [262]). For A € 2”, we have 


dim(A) = lim inf EI) [Rj Cala) [ 2) 2 


= lim inf 
Proof. The second equation is immediate, since C and K agree up to a log 
factor. We prove the first equation. 

First suppose that dim(A) < s. Let d be a universal c.e. supermartingale. 
Then limsup,, oA In) = oo. Now, as noted in Section 6.3.2, d(A [ n) = 
gr—-KM(Aln)tO() so lim sup,, 2°°-*™(4I") = oo. But by Theorem 3.15.4, 
K(A} n) < KM(A | n) + O(log n), so limsup,, 287 * (Alm) +Ologn) = go, 
Thus there are infinitely many n such that K(A [ n) < sn + O(logn), and 
hence lim inf, Km mgs 


2Staiger [378] showed that Theorem 13.3.4 can be obtained from results of Levin 
in [425]. There were also a number of earlier results indicating the deep relationship 
between effective Hausdorff dimension and Kolmogorov complexity, such as those of Cai 
and Hartmanis [45], Ryabko [338, 339, 340], and Staiger [376, 377]. These results are 
discussed in Lutz [254] (Section 6, in particular) and Staiger [378]. 
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oe suppose that lim inf, K(Atn) < r < s for rationals r and s. Let 
= {o : K(o) <rlo|}. Then S i is c.e., and by Theorem 3.7.6, |D NA 2”| < 
pas (m). Let 


dlo) = 26-0 ( oe ae ey i) 
oTED vEeDAvxo 
Then d(\) < ae gle, ODDA grn=-Emg=rn) = O(., 2-H (n)) < oO, 
and a straightforward calculation shows that d is an s-gale. Since D is c.e., 
so is d. There are infinitely many n such that A [ n € D. For any such n, we 
have d(A | n) > 2(8-")", so d succeeds on A, and hence dim(A) < s. O 


One consequence of this characterization is that if A has positive effective 
Hausdorff dimension, then A is complex, since if dim(A) > r > 0, then 
C(A \ n) > rn for almost all n. 

The Kolmogorov complexity characterization of effective dimension also 
allows us to easily produce sets with fractional effective dimension. Let A 
be 1-random. Then B = A@0* has effective dimension 4, since K(B | n) 


K(A | [ļ]) + O(4), and hence lim inf, Kin) ) = = jiminf, KALD _ 4. 
Recall the mates definition. Given an infinite and coinfinite set X, let 
£o < zı <--- be the elements of X, let yo < yı <- be the e of 
X, and oe C@x D tobe {zn:nE€ ChUf{yn:n€ D}. For a computable 
real r € [0,1], we can find a computable X such that lim, opm] = 
Then it is easy to check that A x 0” has effective dimension r. Thus we 
have the following result. 


Theorem 13.3.5 (Lutz [252, 254]). For every computable real s, there is 
a set of effective Hausdorff dimension s. 


Clearly, every 1-random set has effective dimension 1, but if we take 
r = 1 in the above construction, then we have an example of a set of 
effective dimension 1 that is not 1-random. 

Schnorr [349] considered exponential orders on martingales, and hence 
was in a sense implicitly studying dimension. We thank Sebastiaan Terwijn 
for the following comments on Schnorr’s work. There is no explicit refer- 
ence in Schnorr’s book to Hausdorff dimension. After introducing orders of 
growth of martingales, he places special emphasis on exponential orders. 
It is interesting to ask why he did this, and whether he might have been 
inspired by the theory of dimension, but when asked at a recent meet- 
ing, he said he was not so motivated, so it is unclear why he gave such 
emphasis to exponential orders. Chapter 17 of [349] is titled “Die Zufalls- 
gesetze von exponentieller Ordnung” (“The statistical laws of exponential 


3Using the characterization in Definition 13.3.3, we can give a slightly cleaner proof. 
Let Dn = {0 € 2?” : K(c) < r|o|}. Then there are infinitely many n such that Dn is 
an effective n-cover of A, and for all n, we have X oeDn 27rlel < X oeDn 27K(0) <1. 
Thus dim(A) < r. 
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order”) and it starts as follows: “Nach unserer Vorstellung entsprechen den 
wichtigsten Zufallsgesetzen Nullmengen mit schnell wachsenden Ordnungs- 
funktionen. Die exponentiell wachsenden Ordnungsfunktionen sind hierbei 
von besonderer Bedeutung.” 4 

Satz 17.1 then says that for any measure 0 set A the following are 
equivalent. 


1. There are a computable martingale d and an a > 1 such that A is 


contained in {X : limsup, 24 > 0}. 


ar 


2. There are a Schnorr test {[Un]}new and a b > 0 such that A is 
contained in {X : limsup, my(X | n)— bn > 0}, where my is 
a “Niveaufunktion” from strings to numbers defined by my(c) 
minn: o € Un}. 


This result is a test characterization saying something about the speed at 
which a set is covered, and resembles characterizations of effective Hausdorff 
dimension. 

In this chapter we will focus on the ©} notion of effective dimension, but 
as with notions of algorithmic randomness, there are many possible vari- 
ations. For instance, we can vary arithmetic complexity of the gales used 
in the definition of dimension. In Section 13.15, we will examine the effect 
of replacing ©? gales by computable ones, to yield a notion of computable 
dimension. We can also take the test set approach and study variations on 
that, for instance Schnorr dimension, which turns out to be equivalent to 
computable dimension, as we will see in Section 13.15. Some known rela- 
tionships between notions of randomness and dimension are summarized in 
the following diagram from [118]. Here A} randomness is the relativization 
of computable randomness to Ý’ (so not the same as 2-randomness), and 
similarly for Schnorr A$ randomness and A$ dimension. 


AS random 


Schnorr A$ random => A$ dimension 1 
4 
l-random => effective dimension 1 
computably random | 


Schnorr random => computable dimension 1 


No other implications hold than the ones indicated. 


4«IĪn our opinion, the important statistical laws correspond to null sets with fast 
growing orders. Here the exponentially growing orders are of special significance.” 
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13.4 Shift complex sets 


Not every set of high effective Hausdorff dimension is a “watered down” 
version of a 1-random set. 


Definition 13.4.1. Let 0<d<1.A set A is d-shift complex if for every 
m <n, we have K(A | [m,n]) > d(n — m) — O(1). 


If A is d-shift complex then K(A | n) > dn — O(1), so the effective 
Hausdorff dimension of A is at least d. On the other hand, a 1-random set 
cannot be d-shift complex for any d > 0, since it must contain arbitrarily 
long sequences of 0’s. Thus Theorem 13.4.3 below, which states that d- 
shift complex sets exist for every d € (0,1), shows that sets of high effective 
dimension can be quite different from 1-random sets. (Note that any 1-shift 
complex set would be 1-random, and hence no such sets exist.) We give a 
proof due to Miller [274], though the original proof in Durand, Levin, and 
Shen [138] is also not complicated. 

We say that a set A avoids a string o if there are no m < n such that 
a =A} [m,n]. Theorem 13.4.3 also follows from a stronger result due to 
Rumyantsev and Ushakov [337], who showed that if c < 1 and for each n, 
we have a set Fa C 2” with |F,,| < 2, then there is an A such that for all 
sufficiently large n, the set A avoids every element of Fh. 


Lemma 13.4.2 (Miller [274]). Let S C 2<” and c € (4,1) be such that 
Seg c < 2c— 1. Then there is an A that avoids every element of S. 


Proof. Let p= „eg cl. Since p < 1, we have A ¢ S. Let 


w(a) = X {ell : dr € S(|p| < |r| A op ends in r)}. 


We think of w(c) as measuring the threat that an extension of ø ends in 
an element of S. Note in particular that if ø itself ends in some 7 € S then 
w(c) > còl = 1, so it is enough to build A so that w(A | n) < 1 for all n. 
We have w(A) = 0. Now suppose that we have defined A [ n = ø so that 
w(o) < 1. It is easy to check that c(w(o0) + w(ol)) = w(o) + p < 2c, so 
there is an ¿į < 2 such that w(o7) < 1, and we can let A(n) = i. Oo 


Theorem 13.4.3 (Durand, Levin, and Shen [138]). Let 0 <d< 1. There 
is a d-shift complex set. 


Proof. Let b = —log(1—d) +1, let c = 274, and let S = {r € 2%” : K(T) < 
d|r| — b}. We have 


ctl= ə-dlT| < 2 K(r) b<? b 2 K(r) 
oS oa <2”) 


TES TES TES TES 
=a 
soten ee Sed, 
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where the last inequality is easy to show using the fact that d € (0,1). 
Thus, by the lemma, there is an A that avoids every element of S. This A 
is clearly d-shift complex. O 


13.5 Partial randomness 


Results such as Theorem 13.3.4 show that effective dimension can be 
thought of as a notion of “partial randomness”. Indeed, as we saw above, 
a set such as A@0 for a 1-random A, which one would intuitively think of 
as “t-random”, does indeed have effective dimension 4. In this section, we 
look at a different, though closely related, approach to defining a notion of 
s-randomness for s € [0,1]. 

We begin with the measure-theoretic approach. We will see that there 
are at least two reasonable ways to define the concept of s-Martin-Lof 
randomness. The first is a straightforward generalization of the original 
definition. 


Definition 13.5.1 (Tadaki [385]). Let s € [0,1]. 


(i) A test for weak s-Martin-Léf randomness? is a sequence of uniformly 


c.e. sets of strings {Vk }kew such that pee 2-slel < 2-* for all k. 


(ii) A is weakly s-Martin-Léf random if A ¢ N [Vx] for all tests for weak 
s-Martin-L6of randomness {Vi kew. 


We can also define A to be weakly s-random if K(A | n) > sn—O(1). The 
analog of Schnorr’s Theorem that 1-randomness is the same as Martin-Lof 
randomness is straightforward. 


Theorem 13.5.2 (Tadaki [385]). Let s € [0,1] be a computable real. A set 
A is weakly s-Martin-Lof random iff A is weakly s-random. 


Proof. This proof directly mimics the one of Theorem 6.2.3. We give it here 
as an example. For other similar results whose proofs are straightforward 
modifications of the s = 1 case, we simply mention that fact. 

Suppose that A is weakly s-Martin-Léf random. Let Vp = {o : K(o) < 
s|o| — k}. Then J i ocy, 27sl0l < eee 27K(0)-k < 9-* so the Vp form a 
test for weak s-Martin-Löf randomness, and hence A ¢ (),,[ Vi]. Thus there 
is a k such that K(A [ n) > sn— k. 


5Below, we will define the notion of tests for strong s-Martin-L6f randomness. Since 
they will determine a stronger notion of s-randomness, these tests will be weaker than 
the ones we define here. The terminology adopted here is meant to avoid the confusion 
of talking about weak tests in connection with strong randomness and strong tests in 
connection with weak randomness, or the equally confusing possibility of having objects 
called “weak tests” that are actually stronger than ones called “strong tests”. 


13.5. Partial randomness 603 


Conversely, suppose that A is not weakly s-Martin-L6f random. Let 
{Vr} kew be a test for weak s-Martin-Léf randomness such that A € [Vz]. 
Then it is easy to check that {(s|o] — k,o) : o E€ V2, k > 2} is a KC set, 
so for each c there is an n such that K(A | n) < sn-ce. O 


Of course, weak s-randomness is closely related to effective dimension. 


Proposition 13.5.3. For all A, we have dim(A) = sup{s: A is weakly s- 
random}. 


Proof. If A is weakly s-random then lim inf, eset > s, so dim(A) > 


s. 
n 

Conversely, if A is not weakly s-random and r < s, then liminf, KAln) < 

s < r, so dim(A) < r. Since r < s is arbitrary, dim(A) < s. O 


Whether A is dim(A)-random depends on A, of course. We have seen that 
there are sets of effective dimension 1 that are not 1-random, and it is easy 
to construct similar examples for s < 1. On the other hand, the examples 
we gave in connection with Theorem 13.3.5 have effective dimension s and 
are weakly s-random, so we have the following extension of that result. 


Theorem 13.5.4 (Lutz [252, 254]). For every computable real s € [0,1], 
there is a set of effective Hausdorff dimension s that is weakly s-random. 


The discussion above tells us that the concept of s-randomness does 
give us some information beyond what we can get from effective dimension 
alone. 

Using Theorem 13.5.2, we can emulate the proof that Q is 1-random to 
show the following. 


Theorem 13.5.5 (Tadaki [385]). Let s € (0,1] and let 


De ae 


U(o)l 


Then Q° is weakly s-random. 


Similarly, we can construct a universal test for weak s-Martin-Lof ran- 
domness and develop other tools of the theory of 1-randomness. For 
example, it is useful to have an analog of Solovay tests for s-randomness. 


Definition 13.5.6. Let s € [0,1]. A Solovay s-test is a c.e. set S C 25° 
such that 0.527517! < oo. A set A is covered by this test if A € |ø] for 
infinitely many o € S. 


The following result can be proved in much the same way as the s = 1 
case. Although one direction is slightly weaker than in the s = 1 case, 
this result is enough to establish that for all A, we have dim(A) = inf{s: 
A is covered by some Solovay s-test}. 
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Theorem 13.5.7 (Reimann [324]). If A is weakly s-random then A is not 
covered by any Solovay s-test. If A is covered by some Solovay s-test then 
A is not weakly t-random for any t > s. 


The following variant will be useful in the proof of Theorem 13.8.1 below. 


Definition 13.5.8. An interval Solovay s-test is a c.e. set T of intervals 
in [0,1] with dyadic rational endpoints such that $` zep H| < co (where 
|I| is the length of T). 


It is easy to transform an interval Solovay s-test T into a Solovay s- 
test S as follows. For each |q,q + r] € T, first let n be largest such that 
lq, +r] C [q,q + 27”]. Note that 27” < 2r. Let og and cı be such that 
0.00 = q and 0.0, = q +27”. Let 7; = (o;0") | n. Put To and 7, into S. It 
is easy to check that if A € I for infinitely many J € T then A € [7] for 
infinitely many T € S, and er ea < 2M rer (2|f)? < œ. Thus, we 
can use interval Solovay s-tests in place of Solovay s-tests in bounding the 
dimension of a real. 

Turning now to the martingale approach to randomness, we run into 
some trouble. The following definitions are natural. 


Definition 13.5.9. Let s € [0,1]. 


(i) A is martingale s-random if for all c.e. martingales d, we have A ¢ 
Soa—s)n [d]. 


(ii) A is supermartingale s-random if for all c.e. supermartingales d, we 
have A ¢ Soa -s)n [d]. 


It is currently unknown whether these notions are the same, for the kind 
of reasons we mentioned when discussing Theorem 13.3.2. 

We would like to show that at least one of these notions of martingale 
s-randomness coincides with weak s-randomness, but one direction of the 
equivalence does not work. Consider Schnorr’s proof that if a set is Martin- 
Löf random then no c.e. (super)martingale can succeed on it. We are given 
a c.e. (super)martingale d, and when we see d(c) > 2}, we put [ø] into a 
test set Up. Now imagine we follow the same proof for the s < 1 case. Here 
our test sets Vp are sets of strings. We might see that ds(o0) > 2* and 
put o0 into Vk. Since d is only c.e., at some later stage t > s we might see 
that di(o) > 2*. We would like to have [o] C [Vp], but of course putting 
o into Vy, is a waste, since g0 is already there, and indeed the measure 
calculation in Schnorr’s proof is unlikely to work if V;, is not prefix-free. 
If we were to follow Schnorr’s proof, we would simply put o1 into Vj. 
Unfortunately, 2(278'7l+)) > 2-sl¢l, so the simple measure calculation 
that allowed Schnorvr’s proof to succeed is no longer available. 

This problem was overcome by the following definition of Calude, Staiger, 
and Terwijn [52]. 


Definition 13.5.10 (Calude, Staiger, and Terwijn [52]). Let s € [0,1]. 
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(i) A test for strong s-Martin-Lof randomness is a sequence of uniformly 
c.e. sets of strings {Vk }kew such that for every k and every prefix-free 


Vi C Vk, we have och 2-sI¢ < Qk, 


(ii) A is strongly s-Martin-Léf random if A ¢ ();,[V«] for all tests for 
strong s-Martin-L6of randomness {Vz} ew. 


Now the following result can be proved by a straightforward modification 
of Schnorr’s proof mentioned above. The point is that when we notice that 
d(c) > 2*, we can put ø into Vp even if, say, 70 is already there, because 
any prefix-free subset of V; will contain at most one of ø and g0. 


Theorem 13.5.11 (Calude, Staiger, and Terwijn [52]). Let s € (0,1) 
be a computable real. A set A is strongly s-Martin-Lof random iff it is 
supermartingale s-random. 


Reimann and Stephan [330] showed that weak and strong s-randomness 
are indeed distinct. The proof is technical and basically involves careful KC 
calculations, and we omit it due to space considerations. 


Theorem 13.5.12 (Reimann and Stephan [330]). For all computable s € 
(0,1), there is a set that is weakly s-random but not strongly Martin-Löf 
s-random. 


On the other hand, we do have the following. 


Theorem 13.5.13 (Reimann [324]). Ift < s and A is weakly s-random, 
then A is strongly Martin-Lof t-random. 


Proof. Suppose that A is not strongly Martin-Lof t-random, so there is a 
test for strong t-Martin-Lof randomness {Un}new such that A € Mp Un. 
For each n, 


y 9-slol =Y 5 98k 


aeUyn k o€U,N2* 


= 5 g(t—s)k DE g-tk < 5 gee, 
k 


oEU,N2* k 


where the last inequality holds because each U, N 2" is prefix-free. Now, 
>, 24-9)" < 00, so if we let m be such that >>, 2(-9)#-™ < 1, then 
{Un}n>m is a test for weak s-Martin Löf randomness witnessing the fact 
that A is not weakly s-random. O 


As pointed out by Calude, Staiger, and Terwijn [52], Theorem 13.5.11 im- 
plies that strong s-randomness can be characterized in terms of KM since, 
as noted in Section 6.3.2, KM (o) = — log d(a) + |o| + O(1) for an optimal 
c.e. supermartingale d. But we would still want to have a machine-based 
characterization of strong s-randomness. The following definition provides 
one. 
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Definition 13.5.14 (Downey and Reid, see [323]). Let f : 25% — 25% 
be a partial computable function computed by a Turing machine M, and 
let Q C rng f. The M-pullback of Q is the unique subset Q* of dom f 
satisfying the following conditions.® 


(i) fQ) =Q. 
(ii) If o € Q* and f(r) = f(c), then |r| > lo}. 


(iii) If o € Q* and f(r) = f(c) with |r| = |o| then o is enumerated into 
dom M before 7 is. (We assume that elements enter dom M one at a 
time.) 


A machine M is s-measurable if for all Q C rngM, we have 
Deg: 21 <1. 


Theorem 13.5.15 (Downey, Reid, and Terwijn, see [323]). Let s € (0,1) 
be a computable real. A set A is strongly s-Martin-Lof random iff Km(A ft 
n) > n—O(1) for all s-measurable machines M. 


We know of no characterization of strong s-randomness in terms of initial 
segment prefix-free or plain complexity. 

Before we prove Theorem 13.5.15, we need a lemma, which takes the role 
of the KC Theorem in this setting. 


Lemma 13.5.16 (Downey, Reid, and Terwijn, see [323]). Let s € (0, 1]. 
Let {Uk}kew be a test for strong s-Martin-Lof randomness. There is an 
s-measurable machine M such that for each k and o € Uox+2, there is a T 
of length |o| — (k +1) with M(T) =o. 


Proof. Ifo € Uzķ42 then 27!! < 27sl¢l < 2-@k+2) so |a| > 2k+2, whence 
|a|—(k+1) > 0. So for a single such øg, requiring that there be a 7 of length 
|a| — (k +1) with M(7) =o does not cause a problem. 

We define M in the most obvious way: Whenever we see g enter U2k+2, 
we find the leftmost 7 of length |o| — (k + 1) and let M(r) = o. We must 
show that there is always such a 7 available, that is, that for each n there 
are at most 2” many strings of length n needed for the definition of M. 

As argued above, if o € Uox+42 then |o| > 2k + 2, so if k > n— 1 then 
|o| — (k + 1) > n. Thus we need to worry about only those U2,42 with 
k < n— 1. Note that strings o € U2k+2 that require a domain element 7 of 
length n must have length n+ k + 1. 

For a set S of strings, let #4(.S,n) denote the number of strings of length 
nin S. As the set of all strings in Uox42 of length n + k + 1 is prefix-free, 


See >o E€ Une A lol =n+k+1}< 27 (2k+2) 


SRoughly speaking, this definition is an approximation to the notion of o* for 
Kolmogorov complexity introduced in Chapter 3. 
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Thus 


#(Uzk42, n + k + 1278) < 27(2k+2), 
so 


#(U2k42, n+ k + 1) < gs(n+k+1)—(2k+2) < g(nt+k+1)—(2k+2) < g-n—k— 1 


Therefore, 
So #Uersan+kht+l = Soar 1 car ty ak <2 
k<n kzn k<n 


Finally, we need to show that M is an s-measurable machine. Let Q C 
rng M be prefix-free. Then Q C LU; Uer+2, so let Qk = U2k+2 N Q, which is 
a prefix free subset of U2k+2. Then 


5 g-slolgs(k+1) = 9s(k+1) 5 g-s\¢| < gs(k+1)9—(2k+2) < 97k-1 
oEQk oEQk 
Since Qk is prefix-free and s < 1, it follows that 
yey ye ee 
cEQ* k c€Qh 
where Q* is as in Definition 13.5.14. O 
Proof of Theorem 13.5.15. First suppose we have an s-measurable machine 
M such that for each c there is an n with Km(A | n) < n-— c. Let Up = 
{o : Kulo) < |o| — Ë}. The U; are uniformly c.e., and A € [Uk] for all 


k. Now we need a calculation to show that the U; form a test for strong 
s-Martin-Lof randomness. Let Q C Up be prefix-free. Then 


5 27 s|o| < Xo 27 s(Kur(o)+ £) 


oEQ oEQ 
< a <2 k ` 9 s|r| <2 
oeQ TEQ* 
where Q* is as in Definition 13.5.14. 
Now suppose that A is not strongly s-random. Then there is a test for 
strong s-Martin-Léf randomness with A € N [Uk]. Let M be as in Lemma 
13.5.16. Then for each c there is an n such that Ky(Afn)<n-c 2O 


13.6 A correspondence principle for effective 
dimension 


Hausdorff dimension and its effective counterpart are of course quite dif- 
ferent in general. However, there are situations in which they coincide. We 
have seen that many important subsets of Cantor space are IT? classes. 
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Hitchcock [180] showed that for such classes, and in fact even for arbitrary 
countable unions of IT? classes, the classical Hausdorff dimension of a class 
is equal to its effective Hausdorff dimension, and hence to the supremum 
of the Hausdorff dimensions of its elements. Thus, for such classes, we can 
think of classical Hausdorff dimension, which at a first look seems clearly 
to be a global property of a class, as a pointwise phenomenon. 


Theorem 13.6.1 (Hitchcock [180]). Let P be a countable union of TI? 
classes. Then dim, P = dim P. 


Proof. It is enough to prove the result for the case in which P is a single 
II? class, since the Hausdorff dimension of a countable union of classes is 
the supremum of the Hausdorff dimension of the individual classes, and 
similarly for effective dimension. 

It is enough to show that dim P < dim, P, so let s > dimy P. Then 
for each n there is a set of strings Un such that oeu, 2-slel < 27” and 
P C [Un]. Because P is closed and 2” is compact, P is compact, so the Un 
can be taken to be finite. 

Given n, we can search for a finite set of strings V, and a stage s such 
that Soev, Q-slol < 27” and P, C [Vn], where P, is as usual the stage 
s approximation to P. We have seen that such a Vp must exist, and we 
can recognize when we have found one. Then the V, form a test for weak 
s-Martin-Löf randomness, and P C (),,[Vn], so no element of P is weakly 
s-Martin-Löf random, and hence dim(A) < s for all A € P. 

Thus dim P < s. Since s > dimy P is arbitrary, dim P < dim, P. O 


Hitchcock [180] also showed that if P is a £$ class (i.e., a union of 
uniformly IT? classes), then the Hausdorff dimension of P is equal to its 
computable Hausdorff dimension (that is, the dimension defined using com- 
putable, rather than c.e., martingales, which is equivalent to the concept 
of Schnorr Hausdorff dimension defined below). 

Note that, as observed by Hitchcock [180], Theorem 13.6.1 cannot be 
extended even to a single MÌ class, since {Q} is a TÌ class. 


13.7 Hausdorff dimension and complexity 
extraction 


There have been several results about the dimensions of classes of sets 
defined in computability-theoretic terms. One important theme is the fol- 
lowing: given a set of positive effective dimension, to what extent is it 
possible to extract a greater level of complexity /randomness from that set? 
As we will see, there are several ways to formalize this question. (Note that 
we have already seen in Theorem 8.16.6 that there are sets of reasonably 
high initial segment complexity that do not compute 1-random sets.) 
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We begin by pointing out a fundamental difference between the degrees 
of 1-random sets and those of sets of high effective Hausdorff dimension. 


Lemma 13.7.1 (Folklore). Let A Sm B. There is a C =,, B such that A 
and C have the same effective Hausdorff dimension. The same result holds 
for any weaker reducibility, such as Turing reducibility. 


Proof. Let f be a fast-growing computable function, such as Ackermann’s 
function (though a much slower-growing function than that will do for this 
argument). For each n, replace A(f(n)) by B(n). Call the resulting set C. 
Then C =,, B, and A and C have the same effective Hausdorff dimension 
because K(A | m) and K(C | m) are very close for all m. The same 
procedure works for any weaker reducibility. O 


As we saw in Corollary 8.8.6, Kučera [215] proved that the Turing degrees 
of 1-random sets are not closed upwards. This fact is true even in the A$ 
degrees, for instance by Theorem 8.8.4. Hence, we have the following. 


Corollary 13.7.2 (Folklore). There are AÌ degrees of effective Hausdorff 
dimension 1 containing no 1-random sets. 


Proof. Choose a < b < 0’ such that a is 1-random but b is not. By Lemma 
13.7.1, b contains a set of effective Hausdorff dimension 1. O 


Since 2 <,, 0’, the method above also gives the following result. 


Corollary 13.7.3 (Reimann [324]). The tt-degree of 0’ has effective 
Hausdorff dimension 1. 


The only way we have seen to make a set of effective Hausdorff dimension 
1 that is not 1-random is to take a l-random set and “mess it up” by a 
process such as inserting 0’s at a sparse set of locations. It is natural to ask 
whether this is in some sense the only way we can produce such a set. One 
way to formalize this question is by asking whether it is always possible to 
extract randomness from a source of effective Hausdorff dimension 1. 


Question 13.7.4 (Reimann). Let A have effective Hausdorff dimension 1. 
Is there necessarily a 1-random B <r A? 


We will give a negative answer to this question due to Greenberg and 
Miller [170] in Section 13.9, where we will present their construction of a 
set of effective Hausdorff dimension 1 and minimal Turing degree. We saw 
in Corollary 6.9.5 that no minimal degree is 1-random. 

Similarly, one of the only methods we have seen for making a set of 
fractional effective Hausdorff dimension is to take a set of higher effective 
Hausdorff dimension and “thin it out” (the other method being the con- 
struction of shift complex sets in Section 13.4). Again we are led to ask 
whether, given a set A of fractional effective Hausdorff dimension, it is al- 
ways possible to find a set B <+ A of higher effective Hausdorff dimension, 
or even of effective Hausdorff dimension 1, or even a 1-random B <+ A. By 
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Lemma 13.7.1, these questions remain the same if we replace S+ by =r, 
so we can think of them as questions about the relationship between the 
effective Hausdorff dimension of A and that of its degree. Thus we can ask 
the following question. 


Question 13.7.5 (Reimann, Terwijn). Is there a Turing degree a of ef- 
fective Hausdorff dimension strictly between 0 and 1? If so, can a be 
A9? 

Question 13.7.5 is known as the broken dimension question. In Section 
13.8, we will give a positive answer to it due to Miller [273]. Before doing so, 
we mention some earlier attempts to solve this question that are interesting 
and insightful in their own right. 

We have seen in Theorem 8.8.1 that 1-random sets can always compute 
DNC functions. Terwijn [387] proved that this is also the case for sets of 
nonzero effective Hausdorff dimension. We can easily extract this result 
from our results on autocomplex sets and DNC functions: As mentioned 
following Theorem 13.3.4, if A has positive effective Hausdorff dimension, 
then A is complex, so by Theorem 8.16.4, A computes a DNC function. 
However, Terwijn’s original proof is instructive and short, so we give it 
below. 


Theorem 13.7.6 (Terwijn [387]). If dim(A) > 0 then A can compute a 
DNC function. 


Proof. By Theorem 2.22.1, it is enough to show that A can compute a 
fixed-point free function. 

Let s be such that dim(A) > s > 0 and + € N. For each e, let e9 and e1 
be indices chosen in some canonical way so that We = Wes © We. For a 
string o, let & be the string of length |o| such that a(n) = 1 — o(n). Let 


Ben = {oe 27 : dt (Weo,t l z =0 ^ We, i a =o)}. 


If there is a ø such that W., | 2 = o and W., | 2 = Ọ, then o € Ben, 
but no other string is in Be n. Otherwise, Be,» is empty. In either case, 
|Ben| < 1, so ee: f 2-slel < 2755 = 27”, and hence the Ben form a 
test for weak s-Martin-Löf randomness for each e. We can effectively find 
indices g(e) for each such test. (That is, We {e (n) enumerates Be,n for each 
e and n.) 

The usual construction of a universal test applied to tests for weak s- 
Martin Löf randomness produces a universal test for weak s-Martin-Löf 
randomness {U;,}new such that for each index i, for the ith test for weak 
s-Martin-Löf randomness {V;,}new, we have Va+i+1 € Un for all n. Since 
dim(A) > s, there is an n such that A ¢ [Un], so A ¢ [Be n+g(e)+1] for all 
e. 

To construct the fixed-point free function h <r A, given e, let h(e) be 
an index so that Wi.) | f(n + gle) +1) = A |Ì f(n + gle) +1) and 


Wren | f(n + gle) +1) = AT f(n + gle) + 1). E Wre) = We, then 


13.8. A Turing degree of nonintegral Hausdorff dimension 611 


Aft f(ntg(e) +1) € Ben+g(e)41, which is not the case, so Wie) # We for 
all e. O 


Corollary 13.7.7 (Terwijn [387]). If A <r W is ce. then {B : B <q A} 
has effective Hausdorff dimension 0. 


Proof. If not, then A computes a set of positive effective Hausdorff dimen- 
sion, and hence computes a fixed-point free function. But then A is Turing 
complete, by Arslanov’s Completeness Criterion, Theorem 2.22.3. o 


Note that the proofs above give weak truth table reductions, so we also 
obtain the following corollary for free. 


Corollary 13.7.8. If A <w Q is c.e. then {B : B Swu A} has effective 
Hausdorff dimension 0. 


One consequence of Corollary 13.7.7 is that if A has positive effective 
Hausdorff dimension, then, by Theorem 8.10.2, A computes an infinite sub- 
set of a 1-random set. Thus, if such an A cannot compute a 1-random set 
then something fairly subtle must be going on. 

The results above also suggest an approach to the basic questions men- 
tioned above. If we could show that being strong enough to compute a 
DNC function implies being strong enough to compute a l-random, then 
we would be able to answer all those questions. However, we have already 
seen in Theorem 8.10.3 that this is not the case. 

Reimann and Terwijn (see [324]) showed that Question 13.7.5 has a pos- 
itive answer for m-reducibility, even for AÌ sets, by showing that there is 
a A$ set A such that {B : B <m A} has fractional effective Hausdorff di- 
mension. (An example is the set A defined by starting with a A$ 1-random 
set X and letting A(n) = X(n)-X(n+1), where - denotes multiplication.) 
Before Miller’s solution to the broken dimension problem, the best partial 
result was the following one by Nies and Reimann [307]. We will not prove 
it here, as it is a consequence of Miller’s result presented in the next sec- 
tion. It is worth noting, though, that the method of proof in [307] is rather 
different than that used for Miller’s result. 


Theorem 13.7.9 (Nies and Reimann [307]). For any computable real a 
with 0 < œ < 1 there is a A$ set A such that the effective Hausdorff 
dimension of {B : B Swu A} is a. 


13.8 A Turing degree of nonintegral Hausdorff 
dimension 


In this section, we present Miller’s proof of the following result, whose 
significance was discussed in the previous section. 
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Theorem 13.8.1 (Miller [273]). Let a € (0,1) be a left-c.e. real. There is 
a AS set A of effective Hausdorff dimension a such that if B <y A then 
the effective Hausdorff dimension of B is at most a. 


Proof. To simplify the presentation, we take a = E, It should be clear how 
to modify the proof to work for any rational a, and not too difficult to see 
how to handle the general case. 

We will build A as the intersection of a sequence of nested II? classes 
of positive measure. We will begin with a class all of whose members have 
effective dimension at least $, thus ensuring that dim(A) > 4. At each stage 
we will satisfy a requirement of the form V4 total > Ik > n(K(WA | k) < 
($+2-")k). To do so, we will want to wait until a large set of oracles that 
appear to be in our current H? class P compute the same string via Ye, 
and then compress that string. A key to showing that we can do this will 
be to use the dimension of the measure of P. Thus we will work with IT? 
classes such that dim(u(P)) < $. 

We begin by introducing some concepts that will be needed in the proof. 


Definition 13.8.2. Let S C 2<”. The direct weight of S is DW(S) = 
Soes 2 7. The weight of S is W(S) = inf{DW(V) : [S] € VI}. 


Note that W(S) < 1 because [S] c [{A}] and DW({A}) = 1. The 
weight of S' is essentially the minimum cost of compressing some initial 
segment of each set in |S] by a factor of 2 (although programs cannot have 
fractional length, so the cost of compressing a string of length 5 by a factor 
of 2 is actually 2~?, not 2725). Of course, there is no reason to think that 
this compression can be realized effectively. In other words, even if § is c.e., 
there may not be a prefix-free machine M compressing some initial segment 
of each set in [S] by a factor of 2 so that the measure of the domain of M 
is close to W(S). 

Suppose that S is finite and let V be such that [S] C [V]. It is suboptimal 
for V to contain any string incomparable with every ø € S or to contain 
a proper extension of some ø € S. In other words, it is always possible to 
find a V with [S] C [V] and DW(V) < DW(V), so that every string in 
V has an extension in S. Therefore, there are only finitely many V that 
need to be considered in computing the infimum in the definition of W (S). 
Hence this infimum is achieved, justifying the following definition when S 
is finite. 


Definition 13.8.3. An optimal cover of S C 25% is a set S°° C 2<” such 
that [S] c [S°°] and DW(S°°) = W (S). For the sake of uniqueness, we also 
require [S°°] to have the minimum measure among all possible contenders. 


It is not hard to see that optimal covers, if they exist, are unique and 
prefix-free. The analysis above shows that when S is finite, we can compute 
both the optimal cover of S and W(S). 
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Now consider an infinite S. Let {S:}:e, be an enumeration of S, i.e., a 
sequence of finite sets So C Sı C --- such that S = U, S+. If o c SP, 
then the only way for ø to not be in S?f, is for some T < ø to be in SPF). 
This fact has some nice consequences. First, it implies a nesting property: 
[S?°] C [92$;] for all t. Second, it proves that the S?° have a pointwise limit 
V. It is not hard to see that V = S$°°, demonstrating that the definition 
above is valid for any S C 2<”. 

If S is c.e., the above construction applied to an effective enumeration 
shows that the optimal cover $° is A$. More importantly, the nesting 
property implies that [S°°] is a =? class. There will not generally be a c.e. 
set V C 2<% such that [S°°] = [V] and DW(V) = W(S), or even such that 
the direct weight of V is finite. However, we can find such a V for which 
the direct weight of any prefix-free subset is bounded by W(S). Here and 
below, we write 72<” for {ra : 0 € 259}. 


Lemma 13.8.4. For any c.e. set S C 2<%, we can effectively find a c.e. 
V C2<” such that [V] = [S°] and if P C V is prefia-free, then DW(P) < 
W(S). 


Proof. Let {S:}teu be an effective enumeration of S. Let V = U, S?°. 
Then V is c.e. and [V] = [°°]. If there is an infinite prefix-free P C V 
such that DW(P) > W(S), then there is a finite P’ C P with the same 
property. So assume that P C V is finite and prefix-free. We will prove that 
if r € V, then DW(P N 725”) < DW({7}), by induction on the distance 
k from 7 to its longest extension in P (the claim being trivial if PM T25% 
is empty). The case k = 0 is immediate. Now take 7r € V \ P. There is 
a unique t such that r € SP, \ S°. Then DW(S?° N 72<”) < DW({7}), 
as otherwise T € S?°. The nesting property implies that [.$°] A [7] covers 
[P] A [7], since every element of PM 725% must have entered V by stage 
t. Hence, applying the inductive hypothesis to the elements of $?°N72<“, 
we have DW(PN72<”) < DW(S?¢ 72<”). Of course, [S°°] covers [P], 
so DW(P) < DW(S°) = W(S). O 


We will build a set A by approximations. As usual, the type of 
approximation—or in terminology borrowed from set theory, the type of 
forcing condition—determines the nature of the requirements that we can 
satisfy during the construction. Our conditions will be pairs (ø, S) with 
o € 2%” and S C o2<” c.e. and such that o ¢ $°°. A condition de- 
scribes a restriction on the set A that is being constructed. Specifically, 
the class of all sets consistent with a condition (ø, S) is the II? class 
Pios) = [o] \ [S°]. Our definition of condition guarantees that P,,,s) 
is nonempty. We say that a condition (7,T) extends (o,S) and write 
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(T,T) x (ø, S) if Per) E Pisy! Extending a condition corresponds, 
of course, to further restricting the possibilities for A. 

We now establish some basic lemmas about these forcing conditions. The 
first shows that there is an S such that every element of P(,5) has effective 
dimension at least $. 


Lemma 13.8.5. Let S = {o : K(a) < kl}. Then (À, S) is a forcing 
condition. 


Proof. All that needs to be shown is that A ¢ S°°. If A € S°°, then 
DW(S) > W(S) = 1. But DW (5) = Z oes 2 F < Doeg KO <9 < 


1. oO 


The next two lemmas show that each II? class corresponding to a con- 
dition has positive measure, and that the effective Hausdorff dimension of 
its measure is at most 4. 


Lemma 13.8.6. Let S C 02”. If Jo] \ [S°] is nonempty, then it has 
positive measure. 


Proof. Let n = |o|. The fact that [S] € [o] implies that W(S) < 27-2. 
Because fo] \ [S°°] is nonempty, we know that o ¢ $°°. Hence r € S° 
implies that |r| > n. By these observations, 


|z| 


MD- y e S o T ri Soe 


TEs TEs TES” 


Therefore, (Jol \ [S°] > 0. oO 
Lemma 13.8.7. Let (o, S) be a condition. Then dim(u(Po,s))) < ż- 
Proof. We prove that dim(u([S°])) < 4, which is sufficient because 
u(P(o,s)) = 27!2! — p([S°°]). We may assume, without loss of generality, 
that S°° is infinite, since otherwise p([:S°°]) is rational. Let w = W(S). Let 
V C 2< be the c.e. set guaranteed by Lemma 13.8.4. That is, [V] = [S°] 
and DW(P) < w whenever P C V is prefix-free. Note that V must be 
infinite. Let {V; hew be an effective enumeration of V such that Vo = 0. 

Let s > 1/2. We produce an interval Solovay s-test T covering p([V]). 
(See Definition 13.5.8.) It consists of two parts, To and T}. 


1. If r € Vipi \ Vp then put [u([Visi]), uV) +277] into To. 
"It might seem that the < symbol goes in the wrong direction, but this usage is 


consistent with what is often done in set theory, and derives from the identification of a 
condition with the class of sets consistent with it. 
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2. If w([Vin27"]) < k27” and p([Viga N27"]) > k27” for some n and 
k, then put [u([Vi+i]), o([Ve+i]]) + 27] into Tı. 


Let T = To U Ti. Notice that T does not actually depend on s. Using the 
fact that V N 2” is prefix-free, we have 


i ee SP var 3-8)" 2-F|V 02" 


IETo TEV 


= ale )™ DWO n2”) jesh a E 
n 1-23- 


Now fix n and let k be the number of intervals of length 27” added to 7}. 
By construction, 27°”k < p([V N 27”]). Let PC V N 2>” be a prefix-free 
set such that |P] = [V 9 2>”]. Then by the same argument as in the 
previous lemma, u([P]) < 27? DW(P). Putting these facts together we 
have 2-"k < 2-# DW(P) < 2-#w, so k <2#w. Thus 


>< S22 u(2-")9 = DA < 00, 


IET: 


which proves that T is an interval Solovay s-test. 

Next we prove that T covers u([V]). Call T € Vi+1ı \ Vi timely if Vi+ı N 
2<” = V2", in other words, if only strings longer than 7 enter V after 7. 
Because V is infinite, there are infinitely many timely 7 € V. Fix one. Let 
t+1 be the stage at which 7 enters V and let n = |r|. We claim that there is 
an interval of length 27” in T that contains u([V]). Note that if u > t, then 
eV) — (Val) < we ([V027"]) — w([Vi. n27”]). In response to 7 entering 
V, we put the interval [u({Visi]), a([V:+1]) +27”) into To C T at stage 
t+ 1. Let I = [w([Vul), a([Va]) + 27”) be the last interval of length 27” 
added to T. If u([V]) ¢ I, then u([V]) > u([Va]) +27”. Since u > t, we 
have p([VN27"]) > u([Va 027”]) +27”, so another interval of length 27” 
is added to Tı C T after stage u, which is a contradiction. Thus pu([V]) € J. 
We have proved that for any n that is the length of a timely element of V, 
there is an interval of length 27” in T that contains p([V]]). Since there 
are infinitely many timely strings, ([V]) is covered by T. 

Since T is an interval Solovay s-test for every s > 3, it follows that 


dim(u([S°])) = dim(n([V])) < 3- O 


Miller [273] noted that, by applying the method of the main part of 
this proof (presented after the next lemma) to the identity functional, we 
can show that if (9, S) extends the condition from Lemma 13.8.5, then 
dim(u(P;o,s))) > 4. Hence, Lemma 13.8.7 is tight. 

Our final ian gives a simple hypothesis on a collection of conditions 
that guarantees that they have a common extension. 
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Lemma 13.8.8. Let (a0, S0),---, (On, Sn) be conditions such that P(go,59)M 
-- 1 Pion Sn) has positive measure. Then there is a condition (t,T) such 
that (7,T) x (ci, Si) for eachi <n. 


Proof. The c; are comparable by hypothesis, so let o = 09 U -+ - U on. Let 
P = Pioo) O: Poon Sn) = lo] \ [S° U; --USe"]. In particular, P C [ø]. 
Let b be such that (P) > 27°. For each m > b, let 


Dm = {T = 0 : |r| = m and no prefix of 7 is in $° for any i < n}. 


Now u(P) < |Dy,|2~™, because if 7 € 2™ is not in Dm, then [r] is disjoint 
from [P]. Hence |Dm]| > 27°. 

Let r € Dm and let T, = T2<# N (S8 U. - -U S26). If r ¢ T2, then (r, T,) 
is the condition required by the lemma. On the other hand, 7 € T?°® implies 
that DW (T+) > W (T) = 27%. So assuming that the lemma fails, we have 


n+1>5_W(S:) =X DW(S?°) > DW(S8°U--- U 82°) 


iln isn 
m m m 
> X. DW(T.)> S22 >22? ase 
TEDm TEDm 
For large enough m, we have a contradiction. O 


Note that @ can find the common extension guaranteed by the lemma. 

We are now ready to build A. We build a sequence of conditions 
(00,50) = (01,51) = (02,52) = =- and take A = Uj, or, which will be 
total. Equivalently, A will be the unique element of (), P(o,,9,)- The con- 
struction will be carried out with a 0’ oracle, so that A <+ 0’. We begin 
by letting (co, So) be the condition from Lemma 13.8.5, which ensures that 
dim(A) > $. 

For each e and n, we will meet the requirement 


Ren : VÂ total > Ik > n(K(W4 | k) < (4 +27”)k). 


These requirements guarantee that if B <, A, then dim(B) < 3, and in 
particular, that dim(A) = 3. 

Suppose we have defined (o1, St). We now show how to define (o441, S41) 
to satisfy Re», where t = (e, n). Let b be such that 2~° < p(P(o,,8,)). Note 
that b exists by Lemma 13.8.6, and can be found using 0’. We define a 
prefix-free machine M. The idea is that M will wait for a large set of 
oracles that appear to be in P{o,,s,) to compute the same sufficiently long 
initial segment via Ye, and then will compress that initial segment. 

For each p, define M(p) as follows. First, wait until U(p) |. If that ever 
happens, then let o = U(p) and m = |o|. If o is not an initial segment of 
the binary expansion of pu(P(,,,5,)), then let M(p) Tt. Otherwise, proceed as 
follows. For each 7, let T, = {v = or: T < WY}. Search for at € 2™~° such 
that p(P(o,,s,uT,)) < 0.0. This condition is X}, so Ø can find such a 7 if 
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there is one. If there is such a 7, then let M(p) = 7. Note that the domain 
of M is a subset of the domain of U, and hence is prefix-free. 

We can effectively find a c such that Yr (K(r) < Km(T) +c). Using W, 
we can search for a o that is an initial segment of the binary expansion of 
LW(P(o4,8;)) of length m > n+b, and such that K(o)+c < (§+27")(m—b). 
Such ao must exist by Lemma 13.8.7. Let p be a minimal length U/-program 
for øo. The construction now breaks into two cases, depending on whether 
or not M(p)| (which @’ can determine, of course). 


Case 1. M(p) |= 7. In this case, we know that p(P(o,,9,uT,)) < 0.0 and 
U(Poo,,5:)) > 0.0. Thus Pro: ,St) \ Pioi, SUT) = [(S; U T,)°°] \ [97°] is 
nonempty. So there is a 441 € T, such that [or41] É [S?°], since otherwise 
S?° would be the optimal cover of [(S;UT,)°°]. Note that @’ can find such 
a 0141. By definition, o441 = ot. Because T, is closed under extensions, 
we may additionally require that o4,; properly extend o. Let S41, = 
01412 NS. Since no prefix of 0441 is in S?°, we have S26, = o4412S°NS?°, 
which implies that Floras = lot+ı] N [Pios s) Æ 0. Thus (Citti, St+1) 
is a valid condition and Pyg,,..5,41) © Poo:,s;): SO (t41, St41) S (ot, St). 

To verify that Re,» has been satisfied, take A € P(,,, 9,4). Since Ot41 3 
A and o441 € T;, we see that T < U4. Let k = |r| = m — b, which is larger 
than n by our choice of o. Then 


K(W4 [| k) = K(r) < Kult) +€< |p| +eo= K(o) + 
< (4 +27”)(m — b) = (4 + 27”)k. 


Case 2. M(p) T. In this case, u( Pio, SiuT,)) 2 0.0 for each 7 € 2~°. Thus, 
for each such 7, we have that (o+, S+ U T») is a valid condition extending 
(ot, S+). Furthermore, since Pio, siur,) © Pro,,s,) and p(Pre,,5,)) < 0-0 + 
2—™, we have H( Pro, St) \ Pio, S:UT,)) <27™, So 


u( N Pe. sist) = 1 ( Pees \ U (Pror,S+) \ Peussst))) 
re2m=b TE2mMm-b 


> w(Poo.s))- >> HPs) \ Ponsiur,)) > 27 -272 = 0. 


TEQm—b 


Thus by Lemma 13.8.8, there is a condition (0441, 5:41) that extends 
(0t, StUT,) for every T € 2~°. Then (0441, St41) < (or, S+). Furthermore, 
0’ can find (0441, 5:41), and we may assume without loss of generality that 
0141 properly extends o;. 

To verify that Re. is satisfied in this case as well, assume that V4 is 
total and let r = WA | (m — b). Since o; < A, some p x A is in T}. 
Therefore, A € [(S; U T,)°°] and hence A ¢ P(o,,5,u7,) 2 Plois1,S:41)* 


We have completed the construction. Let A = U: c+, which is total 
because we ensured that ot+1 properly extends o; for every t. The construc- 
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tion was done relative to 0’, so A is A$. The remainder of the verification 
was given above. oO 


13.9 DNC functions and effective Hausdorff 


dimension 


In this section we present work of Greenberg and Miller [170] connecting 
the growth rates of DNC functions with effective Hausdorff dimension. In 
particular, we describe their construction of a set of effective Hausdorff di- 
mension 1 and minimal Turing degree. (As mentioned above, by Corollary 
6.9.5, such a set cannot compute a l-random set, and hence this result 
answers Question 13.7.4.) This theorem extends earlier work of Downey 
and Greenberg [106], who showed that there is a set of minimal Turing de- 
gree and effective packing dimension 1 (a concept defined below in Section 
13.11.3), as described in Section 13.13. 

Greenberg and Miller [170] generalized effective Hausdorff dimension to 
a class of spaces similar to Cantor space. Let h : N > N \ {0,1} be com- 
putable. Let h” be the product space [],,{0,1,..., h(n) — 1}. That is, the 
elements of h“ are infinite sequences of natural numbers such that the nth 
element of the sequence is less than h(n). Let h” = JJ, -,,{0, 1,...,h(m) — 
1} and h<* = U,, h”. We give h” a topology similar to that of Cantor 
space, with the basic open sets being |o] = {a € h” : o < a} for o € h<”. 
As for Cantor space, for A C h<”, we write [A] for Use alol. 

The space h“ is a compact Polish space. An analogue of the uniform 
measure for h” is obtained by dividing mass equitably: for o € h<”, let 


v — 1 Ti l 
T O oD 


Then u” can be extended to a measure on all of h”. When h is fixed, we 
write simply pu for u”. 

For a computable function h : N — N \ {0,1}, let DNC, be the set of 
all DNC functions in h”. Let DNC, be the set of all DNC functions in n”. 
Greenberg and Miller’s proof uses work of Kumabe and Lewis [225], who 
built a DNC function of minimal degree. We will not include the fairly long 
proof of this result here. An analysis of the construction in [225], which can 
be found in [170], shows that the following holds. 


Theorem 13.9.1 (Kumabe and Lewis [225]). For any computable order 
h:N—>N\ {0,1}, there is an f E€ DNC, whose Turing degree is minimal. 


Thus, to show that there is a set of effective Hausdorff dimension 1 and 
minimal degree, it will be enough to show that there is a computable order 
h : N — N \ {0,1} such that every f € DNC, computes a set of effective 
Hausdorff dimension 1. We do so in the rest of this section. 


13.9. DNC functions and effective Hausdorff dimension 619 


13.9.1 Dimension in h-spaces 


Greenberg and Miller [170] generalized many notions we have seen in this 
chapter to h-spaces. The following is the natural generalization of the 
notions of weak and strong s-Martin-Lof randomness to h”. 


Definition 13.9.2. Let s € [0,1]. 


(i) A test for weak s-Martin-Lof randomness is a uniformly c.e. sequence 
{Vk }kew of subsets of h<” such that Yo ey, u([o])* < 27" for all k. 


(ii) A test for strong s-Martin-Léf randomness is a uniformly c.e. se- 
quence {Vp}kew of subsets of h<” such that for every k and every 
prefix-free Vk C Vi, we have >), 9, uM(Lo])* < ae, 


(iii) A € h” is weakly s-Martin-Léf random if A ¢ [Vx] for all tests for 
weak s-Martin-L6of randomness {Vp }kew. 


(iv) A € h” is strongly s-Martin-Lof random if A ¢ (),,[[V«] for all tests 
for strong s-Martin-L6f randomness {Vp }kew.- 


Many results proved in Section 13.5 still hold for h“, such as Theorem 
13.5.13, which says that if t < s and A is weakly s-random, then A is 
strongly t-random. Thus, for A € h”, the supremum of all s for which A 
is weakly s-random equals the supremum of all s for which A is strongly 
s-random, and, by analogy with the 2” case, can be called the effective 
(Hausdorff) dimension of A, denoted by dim” (A). 

We can also generalize the notion of a Solovay s-test. 


Definition 13.9.3. Let s € [0,1]. A Solovay s-test is a c.e. set S C h<” 
such that X` „es u([o])* < œ. A set A is covered by this test if A € [ø] for 
infinitely many ø € S. 


Theorem 13.5.7 still holds: If A is weakly s-random then A is not covered 
by any Solovay s-test. If A is covered by some Solovay s-test then A is not 
weakly t-random for any t > s. 

We can also define martingales for h-spaces. 


Definition 13.9.4. A supermartingale (for h) is a function d : h<” — R?° 
such that for all o € hS”, 


X doi) < Al\o|)a(o).§ 
i<h(lol) 


If s € [0,1], we say that a supermartingale d s-succeeds on A € h” if 
limsup,, d(A | n)u([A nJ)! = œ. 


8Note that this condition is equivalent to X` d(r)u([7]) < d(o)u(Jo]), where the sum 
is taken over all immediate successors T of ø. 
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As in the 2” case, A € h” is strongly s-Martin-Lof random iff there 
is no c.e. supermartingale that s-succeeds on A. The proofs are as be- 
fore, using in particular the fact that Kolmogorov’s Inequality holds in 
h”: For a supermartingale d and a prefix-free set C C h<”, we have 
Socec Uo)u(c) < d(A). The easiest way to see that this is the case is 
to think of d(a)u(o) as inducing a semimeasure on h”. 

It is also worth noting that there is an optimal c.e. supermartingale for 
h, constructed as usual. 

Our goal is to use h-spaces to construct an element of 2” of minimal 
degree with effective dimension 1. To do so, we will need to be able to 
translate between h” and 2“ in a dimension-preserving way. If h is very 
well-behaved then there is no problem. For example, if X € 4” and we let 
Y(2n) = | <2 | and Y(2n+1) = X(n) mod 2, then Y =, X, and it is easy 
to check that dim(Y) = dim”(X). To handle more complicated h-spaces, it 
is convenient to work through Euclidean space rather than going directly 
from h” to 2”. 

There is a natural measure-preserving surjection of h“ onto the Euclidean 
interval [0,1]. First map strings to closed intervals: Let 7”(A) = [0, 1]. Once 
x(a) = I is defined, divide 7 into h(|o|) many intervals Io, 1,..-,In(jo)|-1 
of equal length and let m’(ck) = I, for k < h(|o|). Note that indeed 
u"(o) = p(r"(c)) for all o. Now extend 7” continuously to h” by letting 
m"(X) be the unique element of N, 7”(X | n). (The fact that h(n) > 2 for 
all n ensures that this intersection is indeed a singleton.) The mapping 7” is 
not quite 1-1, but it is 1-1 if we ignore the (countably many) sequences that 
are eventually constant. Note that for all X € h”, we have X =, 7"(X). 

The theory of effective dimension can also be developed in the space [0, 1]. 
We do not have martingales, but we can still, for example, define Solovay 
tests, as we saw in Definition 13.5.8. Let diml™! (X) be the infimum of all 
s such that there is an interval Solovay s-test that covers X (that is, such 
that X is in infinitely many elements of the test). 


Proposition 13.9.5 (Greenberg and Miller [170]). For all h and X € h”, 
we have dim" (7*(X)) < dim” (X). 


Proof. Let s > dim"(X) and let S be a Solovay s-test for h that covers 
X. Since x” is measure-preserving, the image of S under 7” is an interval 
Solovay test covering 7”(X). O 


Equality of these dimensions does not hold in general, but we will see that 
we do get equality if h does not grow too quickly or irregularly. Suppose 
that S is an interval Solovay s-test covering some 7”(X). We would like to 
cover X by something like (r”)~1(S). The problem, of course, is that the 
basic sets (closed intervals with rational endpoints) in [0,1] are finer than 
the basic sets in h”; not every closed interval is in the range of 7”. We 
thus need to refine S by replacing every I € S by finitely many intervals 
in the range of 7”. While we can control the Lebesgue measure of such a 
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collection, if the exponent s is smaller than 1 then the process of replacing 
large intervals by a collection of smaller ones may increase the s-weighted 
sum of the lengths of the intervals significantly. We show that if h does not 
grow too irregularly and we increase the exponent s slightly, then this sum 
remains finite. 

Let Tn = n”(h”) and let T =|), Zn = a (ho) 2 Let Yn = TT Then Zn 
consists of |h”| many closed intervals, each of length yn. 

For a closed interval I C [0,1], let ny be the unique n such that n > 
|I| > Yn4i- Let ky be the largest natural number such that [Z| > kyn4i- 
Then there is an T C In;+1 of size ky +1 with I C UT. 

For a set S of closed subintervals of [0,1] with rational endpoints, let 
S= Ureat Thus § C Z, and if x = r"(X) and z is covered by S then X is 
covered by (1")~1(). If S is c.e. then so are Ș and (x) ~1($). Furthermore, 
wes H = a (wh)-1(8) plo). 

We express the regularity of h via the following condition for h and 
t>s 20: 


h(n)! 


Lemma 13.9.6 (Greenberg and Miller [170]). Suppose that (13.1) holds 
for t, s, and h, and that S is a set of closed intervals in [0,1] such that 


I|S is finite. Then a |I|® is also finite. 
IES IES 


Proof. Let I be any closed interval in [0,1]. Let n = nz and k = ky. Since 
> k and k < h(n), 


Yn 
S s Vi S s 
H= (k+ lyn < 2k ai E = 2k Tre all 
A ş 2h(n)!s 7 
< aksta |r] < 2) ys, 
(h(0)...h(n)) 


Thus if we let Sn = {I € S : nr = n}, then 


Duty Hike ye ue 


Ic8 n fee, n IESn 


—s 


aoe el iid 2o 


Ies 
which by assumption is finite. O 
Thus for all X € h®, if (13.1) holds for t, s, and h, and dim!!! (7"(X)) < 


s, then dim’(X) < t. So if (13.1) holds for all t > s > 0, then 
dim (7"(X)) = dim” (X) for all X € A”. 


$ 
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For example, (13.1) holds for all t > s > 0 for the constant function 
h(n) = 2. Thus, as discussed above, dimension in [0,1] is the same as di- 
mension in 2”. However, this condition holds for some unbounded functions 
h as well (for example h(n) = 2”). 

The following is a sufficient condition for (13.1) to hold for all t > s > 0. 


Lemma 13.9.7 (Greenberg and Miller [170]). Zf 
log h(n) 
lim = —_ 
i Does log h(m o 
then (13.1) holds for allt > s > 0, and so dim” (X) = dim!(7"(X)) for 
all X Eh”. 


Proof. Let f(n) = log h(n). Let t > s > -= 
large n, we have f(n) < e€ mgn f(m). Let g(n) = h(0)--- h(n) and let 
ô = e(1 — s) — (t — s) < 0. For sufficiently large n, we have h(n) < g(n)*, 


and hence Muy < g(n)°. Thus there is an N such that 


hay ô 6) log g(n) 
SURE Caan ke 


n>N n 


which is finite because 2° < 1 and log g(n) > n (since h(n) > 2). O 


The regularity condition of Lemma 13.9.7 is not, strictly speaking, a 
slowness condition, because, for example, h(n) = 2” satisfies this condi- 
tion, yet there is a monotone function that is dominated by h but does not 
satisfy the condition. However, the condition does hold for all sufficiently 
slow monotone functions. 


Lemma 13.9.8 (Greenberg and Miller [170]). If h is nondecreasing and 


dominated by 2%” for some k, then 


lim ee Oe =0 

n Somen log h(m) 

and so dim? (X) = dim! (n (X)) for all X € h”. 

Proof. If h is bounded then it is eventually constant, and the condition is 


easily verified, so assume that h is unbounded. Fix c > 0. There is an Ne 
such that log h(n) > c for all n > Ne. For n > Ne, 


log h(n) kn p kn 
Xmen log h(m) os dn, log h(m) ` e(n- Ne) 
Since lim, cn—Ne) = 2) 
fs log h(n) < k 
n mga logh(m) `c 


Since c is arbitrary, this limit is 0. O 
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Finally, we get the result we will need to translate between h“ and 2”. 


Corollary 13.9.9 (Greenberg and Miller [170]). If h is nondecreasing and 
dominated by 2°” for some k, then every X € h” computes a Y € 2” such 
that dim”(X) = dim(Y). 


13.9.2 Slow-growing DNC functions and sets of high effective 
dimension 


For natural numbers a > b > 0, let QÈ? be the collection of functions f such 
that for all n, 


1. f(n) C {0,...,a— 1}, 
2. |f(n)| = 6, and 
3. if ®,(n) | then ®,(n) ¢ f(n). 


By standard coding, Q? can be seen as a computably bounded IT? subclass 
of w”. Note that Q} is essentially the same as DNC,. 

To connect these sets for different values of a and b, we will use the 
concept of strong reducibility of mass problems from Definition 8.9.1. Recall 
that P C w” is strongly reducible to R C w“ if there is a Turing functional 
W such that US € P for all f € R. If P is a II} class, then we may assume 
that the Y in the above definition is total, and hence the reduction is a 
truth table reduction, since we can always define U* (n) = 0 if there is an 
s such that X ¢ P[s] and U*(n)[s]f. 


Lemma 13.9.10 (Greenberg and Miller [170]). [fa > b> 0 then QTI <. 
Q°, uniformly in a and b. (Uniformity here means that an index for the 
reduction functional Y can be obtained effectively from a and b.) 


Proof. From n and y < a we can compute an mn, such that 


1. for all x < a such that x 4 y, we have Ọm, (Mn, y) |= x iff n(n) |= 
x; and 


2. mn y (Mny) l= y iff either n(n) |= y or ®,(n) |= a. 


Let f € QÈ. Let Fin) = Uyea f(Mn,y). Fix n. For all y < a, if ®,(n) | then 


n~ 


®,(n) E f(mn,y), So ®n(n) ¢ f(n). Furthermore, if there is some y < a 


A 


such that y € f(Mn,y), then n(n) 4 a, so ®,(n) ¢ f(n) U {a}. Finally, if 


n~ 


|f(m)| = b then f(mn,,) is in fact constant for all y < a, so that y € f (Mny) 
for all y € f(n). Thus we can define W as follows: 


A A 


tuys some subset of f(n) of size b+1 if |f(n)| >b 
| F(n) u {a} if |f(n)| =b. 
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Corollary 13.9.11 (Greenberg and Miller [170]). If a > 2 then On < <. 
DNCag, uniformly in a and b. 


For a > 2 and c > 0, let PF be the collection of functions f € a” such 
that for all n and all z < c, if ®in m) ((n, £)) | then Oi, a ( (n, £)) A f(n). 
Note that P! =, DNC,. 

Lemma 13.9.12 (Greenberg and Miller [170]). For alla > b > 0 and 
c>0, if c(a—b) <a then PE <, Q}, uniformly in a, b, and c. 
Proof. Fix f € Q} and n. For all x < c, if Bin x) ((n, z)) | then 

®(n,2)((n,2)) € [0,a) \ LJ FCn, y) 

y<c 

The set on the right has size at most c(a — b), so if c(a — b) < a then we 
can choose some x < a not in that set and define Y$ (n) = z. o 
Corollary 13.9.13 (Greenberg and Miller [170]). If a > 2 and c > 0 then 
PS, Ss DNCa, uniformly in a and c. 
Proof. Let b= c(a — 1) — a + 1. Then QT <, DNC, and 


c((a + b) — (b+ 1))=c(a—-1) <a+t+b, 


so Pea- D+ = Po Ss QN, Since c > 0, we have c(a — 1)+ 1 < ca 
so Pa-1)+1 © Pea, and hence Py <s Pa—1)+41: All these reductions are 
uniform. O 


Greenberg and Miller [170] used the classes PS, to construct sequences 
of positive effective dimension. 


Theorem 13.9.14 (Greenberg and Miller [170]). Let a > 2 and £ > 0. 
Every f € DNC, computes a set of effective Hausdorff dimension greater 
than 1 — e, via a reduction that is uniform in a and e.° 


Proof. Fix c > 1. We work in the space (ca)”. Let d be the universal c.e. 
supermartingale for this space. By scaling we may assume that d(A) < 1. 

For ø € (ca)<”, let So be the set of k < c such that d(ck) > al7!*+. Note 
that these sets are uniformly c.e. From ø, we can compute an Me such that 
for each x < c, we have ®im, 2) ({Mo,)) |= k if k is the ath element to be 
enumerated into So, and ®ym, 2) ((mMo,x))T if [So] < x. 

The idea here is that if d(a) < al?! then |S] < c, by the supermartingale 
condition, so all elements of S, are “captured” by the map e+ ®,(e). We 
can thus use a function g € PS, to avoid all such extensions: given such 
g, inductively define X € (ca)<“ by letting the (n + 1)st digit of X be 
g(mxtm). Then, by induction, d(X | n) < a” for all n. 


"That each f € DNC, computes such a set is of course not a new fact, since the 
Turing degree of a bounded DNC function is PA and so computes a l-random set. The 
extra information is the uniformity. 
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Now let s > 0 and suppose that d s-succeeds on X, that is, that d(X | 

n)po*(X | n)1~s is unbounded. Since y°*(X | n) = (ca)~”, 
d(X ` nju“ (X ie.) ae < a” (ca) 7”) = (las) ; 

Thus, if d s-succeeds on X then c*~!a* > 1, so a’ > cl’. Taking the 
logarithm of both sides, we have eee = >1-—s,sos>1— TTET Thus 
dim“ (X) > 1-— cee Since lim, log, € = 00, given € we can find some 
cand X such that dim®*(X) > 1 — £. By Corollary 13.9.9, X computes a 
Y € 2” such that dimY > 1- e. o 


Theorem 13.9.15 (Greenberg and Miller [170]). Let a > 2. Every f € 
DNC, computes a set of effective Hausdorff dimension 1, via a reduction 
that is uniform in a. 


Proof. We combine the constructions of sets of effective dimensions closer 
and closer to 1 into one construction. Let h(n) = (n + 1)a. Let d be the 
universal c.e. supermartingale for h”. Given f € DNCa, obtain gn € P”, 
for all n > 0 uniformly from f. 

For ø € h”, let S, be the set of k < n such that d(ok) > allt! and 
compute an Mo such that for each x < n, we have ®im, m) ((Mo, £)) |= k 
if k is the xth element to be enumerated into So, and im, 2)((Mo,x)) f if 
|S,| < a. As in the previous proof, we can define X(n) = gn+1(Mx jn) and 
inductively prove that d(X | n) < a” for all n. 

Now, p”(X | n) = SF, so for s > 0, 


sn 


Let s < 1. Let k be such that k*~'a?8-! < 1. For almost all n we have 
n! > (ka)”, so for almost all n we have 


A(X | n)a” (X } n) < 


ae” sn 
< = ks! 2s—1\n 1 
(n!)1-s (ka)"—s) ( g ) S 
and hence d cannot s-succeed on X. Thus dim” (X) = 1, so by Corollary 
13.9.9, X computes a Y € 2” of effective dimension 1. O 


Finally, we can paste together these constructions for all a > 2 to get 
the desired result. 


Theorem 13.9.16 (Greenberg and Miller [170]). There is a computable 
order h : N — N \ {0,1} such that every f E€ DNC; computes a set of 
effective Hausdorff dimension 1. 


Proof. Let h(n) = (n+1)2”, and let d be the universal c.e. supermartingale 
for h. For ø € h”, let So be the set of k < 2” such that d(ok) > (n+1)! and 
compute an Mo such that for each x < 2”, we have Ọm, x) ((Mo,2)) |= k 
if k is the xth element to be enumerated into So, and im, 2)((Mo,x)) f if 
|So| <a. 
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n 


For n > 0, we have Prin) 
effective list of truth table functionals W,, such that Uf € Pèp) for all 


h(n 
f € DNC, 41. Let Yn be a computable bound on the use function of Yp. 
Let 


< DNC,,41 uniformly in n, so there is an 


m* =1+sup{(ms,x2):0 Eh” A x < 2"} 


and let un = Yn(m}). Let uo = 0. 

For all n > 0, if pis a sequence of length un that isa DNC,,+1-string (that 
is, p E€ (n+1)"" and for all y < un such that &,(y) |, we have ®,(y) 4 p(y); 
or equivalently, p is an initial segment of a sequence in DNC,,+1) then V,,(p) 
isa Priny String (an initial segment of a sequence in PRin)) of length at least 
m*. By increasing Yn we may assume that un < Un+1 for all n > 0. Let 
h(k) =n+1 for k € [un—1, Un). 

If f € DNC; then f | un is a DNC,,41-string for all n > 0, so combining 
the reductions V,,, we can define a g <r f such that for all n and allo € h”, 


1. g(mo) < h(|o|) and 


2. for all x < 2”, if Bim, x) ((Mo, x)) | then g(Mmo) F Bim, 2) ( (Mo, £)). 


We can now use g to define X € h” as in the last two constructions, by 
letting X(n) = g(mx}n). By induction on n, we can show that d(X | n) < 
n!. As before, we can do so because if o € h” and d(c) < n!, then there are 
at most 2” many immediate successors T of o such that d(T) > (n + 1)!, 
and so they are all captured by the function e+> ®e(e) and avoided by g. 

Finally, we show that dim"(X ) = 1, which by Corollary 13.9.9 implies 
that X computes a Y € 2” of effective dimension 1. 

Let s < 1. For any o E€ h”, 


1 1 


h 
o) = ——— = ——. 
h(a) 2021... 2(n=1)n! (2) n! 


Thus for all n, 


1l-s (nl)° (n!) 
d(X T n)u”(X tn): < 70-30) < o 


which is bounded (and indeed tends to 0). Thus d does not s-succeed on 
X. O 
Thus, by Theorem 13.9.1, we have the following. 


Theorem 13.9.17 (Greenberg and Miller [170]). There is a minimal 
degree of effective Hausdorff dimension 1. 


13.10. C-independence and Zimand’s Theorem 627 
13.10 C-independence and Zimand’s Theorem 


By Miller’s Theorem 13.8.1, we cannot always extract a sequence of ar- 
bitrarily high effective Hausdorff dimension from one of nonzero effective 
Hausdorff dimension. In this section we prove Zimand’s theorem that such 
extraction is possible from two sufficiently independent sources of positive 
effective Hausdorff dimension. 

We begin by briefly discussing the notion of independence of sources. 
This notion dates back at least to Chaitin [62], who suggested that objects 
x and y should be independent in terms of their information if I(x)—I(a | y) 
and I(y) — I(y | x) are small, where J is some kind of information content 
measure in the wide sense, such as C or K. For 1-random sets A and B, we 
could regard A and B as being independent iff they are mutually 1-random. 

But what about nonrandom sets? For example, suppose that A and B 
have positive effective Hausdorff dimension but are not 1-random. What 
would it mean to say that A and B are independent? The theory here is 
largely undeveloped, but the following notions of independence are useful 
for our purposes. In this section, we will regard log factors as being small. 
We will say a little more about this convention below.!° 


Definition 13.10.1 (Zimand [424], Calude and Zimand [53]). 
(i) X and Y are C-independent" if 
C(X [m)7(¥ fn) > C(X tm) + CUY tn) — O(log m + logn). 
(ii) X and Y are globally independent if 
C*X(Y în) > C(Y | n) — O(logn) 
and 
CY (X în) > C(X |n) — Ollogn). 


Since C and K are within an O(log) factor of each other, both definitions 
remain the same if we replace C by K. Note also that C((X [ m)7(Y [ n)) 
and C((Y [ n)~(X [| m)) are the same up to an O(log m + logn) factor, so 
the first definition does not depend on the order of X and Y. 

As pointed out by Calude and Zimand [53], other notions of smallness 
are possible. For example, in (i) we could have O(C(m) + C(n)) in place of 
O(log m + logn), in which case the definition might be different for C and 


10In general, working up to O(log n) instead of O(1) smooths out many issues, eliding 
the difference between various versions of Kolmogorov complexity, for example. The 
price one pays is losing the many important phenomena hiding in those log factors, such 
as K-triviality, the unrelativized complexity characterizations of 2-randomness, and so 
on. 
11Calude and Zimand [53] called this notion finitarily independent. We choose what 
we feel is a more descriptive name. 
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for K. These modified concepts remain to be explored. We will stick to log 
factors, as they give enough independence for the results of this section. 

Clearly, if X and Y are mutually 1-random, then they are globally inde- 
pendent, so global independence can be seen as an extension of the notion 
of mutual randomness. If X is K-trivial, then X and Y are globally in- 
dependent for all Y, since K(X | n) < O(logn) and X is low for K, so 
K*(Y | n) = K(Y | n) £O(1). Using Lemma 13.10.2 (ii) below, this ob- 
servation can be extended to show that if C(X f m) < O(log m), as is the 
case for an n-c.e. set, for instance, then X and Y are globally independent 
for all Y. 

The following result is an easy application of symmetry of information 
(see Section 3.3). 


Lemma 13.10.2 (Zimand [424], Calude and Zimand [53]). The following 
are equivalent. 


(i) X and Y are C-independent. 
(ii) C(X fm |Y tn) > C(X fm) — O(logm + logn). 

(iii) C((X Fn) fn) > C(X fn) + C(Y tn) — Ollogn). 
(iv) C(X tn |Y tn) > C(X tn) — Ollogn). 

The same holds for K in place of C. 


Theorem 13.10.3 (Calude and Zimand [53]). If X and Y are globally 
independent, then X and Y are C-independent. 


Proof. If we have Y as an oracle, we can describe X | n by giving n and 
a description of X [ n from Y | n, so CY(X fn) < C(X -n| YT 
n) + O(log n). So if X and Y are globally independent, then C(X | n|Y | 
n) > CY(X | n) — O(logn) > C(X | n) — O(log n), and hence item (iv) of 
Lemma 13.10.2 holds O 


Stephan (see [53]) showed that the converse fails: there are C- 
independent X and Y that are not globally independent. He also showed 
the following. 


Theorem 13.10.4 (Stephan, see [53]). If X and Y are left-c.e. re- 
als of positive effective Hausdorff dimension, then X and Y are not 
C-independent. 


Proof. Without loss of generality, there are infinitely many n such that, for 
the least s for which Y, [n= Y | n, we also have X, [n= X Ìn. For all 
such n, we have C(X fn | Y n) = O(1). But then, since dim(X) > 0, 
item (iv) of Lemma 13.10.2 cannot hold. O 


Theorem 13.10.5 (Calude and Zimand [53]). If Y is 1-random relative 
to X, then X and Y are C-independent. 
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Proof. By the same argument as in the proof of Theorem 13.10.3, K*(Y | 
n) <S K(Y |n| xX fn)+2logn+ O(1). If X and Y are not C-independent 
then there are infinitely many n with K(Y f n| X [ n) < K(Y [ n)- 
5logn < n — 3logn. For such n, we have K*(Y | n) < n—logn+ O(1), 
contradicting the fact that Y is 1-random relative to X. O 


We now turn to the task of amplifying the complexity of two 
C-independent sources. 


Theorem 13.10.6 (Zimand [424]). For any rational q > 0, there is a truth 
table reduction Y such that if X and Y are C-independent and have effective 
Hausdorff dimension greater than q, then dim(W*®*) = 1. Moreover, an 
index for V can be determined computably from q. 


The idea of the proof will be to chop X and Y into suitable bits and 
reassemble them. A technical combinatorial lemma (Lemma 13.10.14) will 
be at the heart of the proof. It will use a well-known tool from probability 
theory, Chernoff bounds, which can be found in any standard probability 
textbook, such as Feller [144]. 

We give a brief introduction to the main ideas of the proof, following 
Zimand [424]. Suppose that we have two independent strings o and T of 
length n with C(c) and C(r) both equal to qn for a positive rational q. (The 
independence here means that C(oT) is approximately C(a)+C(r) = 2qn.) 
Suppose further that we can construct a function E : 2” x2” — 2™ for some 
suitable m, such that E is regular, in the sense that for each sufficiently 
large rectangle Bı x B2 C 2” x 2”, the function E maps about the same 
number of pairs in Bı x B2 to each r € 2™. Then for a sufficiently large 
Bx B C 2%” x 2%) any T € 2™ has about ezasi many preimages, and any 
AC 2™ has about [Bx BI |A| many preimages. 


We claim that if p = E(o,7) then the C-complexity of p must be large. 
Assume for a contradiction that C(p) < (1 — ¢)m for a fairly large £. We 
have the following facts. 


(i) The set B = {0 € 2”: C(a) = qn} has size approximately 22”. 
(ii) The set A = {r € 2”: C(r) < (1 — £)m} has size less than 2078, 
(iii) (0,7) € E“1(A) NB x B. 


Thus |E~1(A)N Bx B| < ch , approximately. If we effectively enumerate 
E~1(A)N B x B, then each pair of strings in that set can be described by 
its position in that enumeration, so C(o,T) < 2qn — em, approximately, 
which violates the independence hypothesis on o and 7. 

Now the above argument is not quite true, as a function E with the 
necessary properties may not exist, but in Lemma 13.10.14 we will construct 
a function that makes the above argument “true enough” to prove the 
theorem. 
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Proof of Theorem 13.10.6. Note that, by hypothesis, C(X [| n) > qn and 
C(Y | n) > qn for all sufficiently large n. 


Lemma 13.10.7. Let r be a rational such that O < r < q. For any 
sufficiently large no, we can compute an nı > no such that 


C(X | (0,1) | X Tno) > r(nı — no). 


Proof. Let 0 < r' < q—r and let nı = [45*]no. Suppose that C(X | 
(no, nı) | X [ no) < r(nı — no). The string X |Ì nı can be described by 
giving a description of X [| no and a description of X | (no,n1) given 
X | no. Thus, for sufficiently large no, we have 


C(X \ nai) < no + O(log no) + r(nı — no) 
< rnı + (1 — r)no + O(log no) < rny + r'nı + O(log no) < qnı. 
o 


We use Lemma 13.10.7 to split up X and Y into blocks X1 X2... 
and Y|Y2..., respectively. Each X; is chosen based on the conditional 
complexity given the previous blocks, and similarly for the Y;. 

Let a be a number such that Lemma 13.10.7 holds for all no > a. Let b 
be the constant [+£] in vai proof of Lemma 13.10.7. Let to = 0, let t; = a, 
and let tpt = b(to mada ti) for i > 0. For i = 1, let Xi = X j [ti—1, ti) 
and Y; = Y [ [ti-1,¢ j: A Xi = X,...X; and Ý; = Y,...Y;. Note that 
ti = ab(1 + b)? for i > 2 and |X;| = |Y;| = ab? (1 + b)*-3 for i > 3. 

The following lemma follows immediately from the definitions and 
Lemma 13.10.7. 


Lemma 13.10.8. The following hold for all i. 
(i) C(X; | Xi1) > r|X;l. 
(ii) log |.X;| ~ i and log |X;| ~ i. 
The same holds for the Y;. 
The following inequalities follow easily by symmetry of information. 
Lemma 13.10.9. For allo and T, 
(i) Cor) < Cla) + C(r) + O(log C(a) + log C(7)), 
(ii) C(t0) > C(o) + C(t | a) — O(log C(c) + log C(r)), and 
(iii) |C(o |T) — (C(or) — C(T))| < O(log |o| + log |r|). 


Now we assemble some facts about the X; and Y;. 
Lemma 13.10.10. For alli and j, 
(i) |C(VX;) — (CY) + C(X;))| < OG + j), 
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(ii) |C(XiY;) — (C(X:) + C(Y))| < OC + 5), 

(iii) |C(X | XY) — C(Xi | Xia)| < OG + j), and 
(iv) JON | Xj¥%i-1) -— CMY | Vis) < O@ + 5). 
Proof. By Lemmas 13.10.9 and 13.10.8, 


C(Y;X;) < C(¥;) + C(X;) + O(log C(¥;) + log C(X;)) 
< C(Y;) + C(X;) + OG + j) 
and 
O(¥iX;) > C(%) + C(X;) — O(log C(%;) + log C(X;)) 
> C(Y;) + C(X;) - OG + j). 


Putting these two inequalities together gives (i), and (ii) is similar. 
Now for (iii), by Lemma 13.10.9 (iii), 


IC(X; | Xi-1 Yj) — (C(X;Xj-1¥}) — (C(Xi- iY; DI < O(G + 9). 
Now, C(X:Xi-%;) = C(Xi_-1XiY;) 4 t O(i J; and hence 
IO(X: | Ži-1¥;) — (C (XY) — (C(X:-1%)))| < Ol + J). (13.2) 
By Lemma 13.10.10 (8 and (ii), |C(X B (C(X;) + C(¥;))| < Oli + j) 
< 


and |C(X;_1Y;) — (C(Xi-1) + C(¥;))| < Oli + j). Combining these facts 
with (13.2), we have 


IC(X: | Xi-1¥j) — (C(Xi) — C(Xi-1))| < OG + j). (13.3) 


By Lemma 13.10.9 (iii), |C(X; | Xi 1)-(C(X:Xi-1)-C(Xi-1)| < Oli+ j). 
Thus, since |C(X:X;-1) — C(Xi_1X;)| < O(1), we have 


=> 


|C(X; | Xi-1) — (C(X:) — C(Xi-1))| < OG +9), 


and the result now follows by combining this inequality with (13.3). The 
argument for (iv) is analogous. o 


The final preparatory lemma is the following. 
Lemma 13.10.11. For all i, 
C(XiY; Xi i¥j_ 1) > C(X; Xs 1Y; 1) + C(Y; | Žž- we: 1) — O(2). 


Proof. Since C(X;) < |X;|+ O(1) and similarly for Y;, if we apply Lemma 
13.10.9 (ii) in conditional form, we get 


C(XGY; | Xi-1Yi-1) > C(X | Xi-1 Vi-1) + CM | Xi Xi_-1Vi-1) — OW. 
Since C(Y; | X;:Xi-1¥i-1) = C(Y; | XiYi-1) + O(1), we have 
C(XiY; | Xi-1Y;-1) > C(Xi | Xi-1Y;-1) + CY; | Ki¥i_-1) — Ol). 
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But CY: | Xi¥i-1) > CY: | Yi-1) — Oli) > CY: | Xi-1¥i-1) — Oli), by 
Lemma 13.10.10 (iv). Oo 


We now come to the combinatorial heart of the proof. Let n; = |X;| = 
|Y;|. We will define a sequence of uniformly computable functions FE; and 
numbers m;, with E; : 2" x 2” — 2™i, We will then let Z; = E(X;, Yi). 
The pair (Ei, m;i) will be chosen so that C(Z; | Xaya) > (1 — £)mi, 
which will imply that C(Z; | Ži—1) is also close to m;. We will then be able 
to show that if we define Z = Z,Z2..., then C(Z | k) is sufficiently close 
to k for all k. 

The exact method of choosing EF; and m; comes from the theory of 
randomness extractors and hashing. The proof below uses what is known 
as the probabilistic method. 


Definition 13.10.12. A function E : 2” x 2” — 2™ is r-regular if for 
every B1, B2 C 2” with |B;| > rn for i = 1,2 and every o € 2™, 
|E~'(c) N (Bı x B2)| < 27™*"|By x Bol. 


The function E is weakly r-regular if it obeys the above definition when 
we consider only B; with |B,| = |B2| = [rn]. 


Lemma 13.10.13. If E : 2” x 2" — 2™ is weakly r-regular then E is 
regular. 


Proof. Let k = [rn] and suppose that for all B,, B2 with |B;| = 2" and 
all o € 2™, we have |E} (ø) A (Bi x Ba)| < 27-7 "|By x Bal = 27414. 
Let kı, k2 > k and let Bı and B be such that |B;| = 2%. Partition each 


B; into pairwise disjoint sets Aj, Ai,..., A? of size 2%. Then 


Qki-k_1 


JE“'(o) Nn (Bi x Bə) = X (E710) Nn (Ai x 45) 
i,j&si 


< gkitke 2ko m+1+2k _ 9 m+lokitke =27™+]| B; x Bə| 
< = = : 


oO 


Lemma 13.10.14. For each r > 0, if 2™ < 12°” then with positive 
probability, a randomly chosen function E : 2” x 2” — 2™ will be r-regular. 
In particular, an r-regular E : 2” x2” — 2™ exists (and hence can be found 
effectively by searching). 


Proof. By the previous lemma, it is enough to show that E is weakly r- 
regular. Let N = 2” and M = 2” (as numbers). 

Choose B1, B2 C 2” with |B;| = N” (ignoring rounding for simplicity). 
Let jı € Bı x B2 and j2 E€ 2”. We think of 2” x 2” as a table with N rows 
and N columns, of 2” as colors, and of E as specifying a coloring. Then 
Bı x Bə is a rectangle in this table, jı is a cell in this rectangle, and jo is 
one of M possible colors for this cell. Clearly Prob(E(j1) = j2) = 77 
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Let Cj, be the number of j2- ees cells in Bı x Bg. If there is no 


rectangle Bı x B2 and j2 such that Ciz — F > F. then E is weakly 


r-regular, so it is enough to show that this event has positive probability. 
Applying the Chernoff bounds mentioned above, we have 


The probability that Siz — $ > 77 for some jz € 2™ is less than or equal 
to the sum over all jọ € 2 of ihe. above probability, and hence less than 
2r 


Me- S. 
The number of rectangles Bı x Bə is 


2 NN 2 
es <(() L 2" 2N"Q—r) aN 
N” N” 


Thus, to argue that there is no rectangle Bı x Bz and j2 such that £i — 
a7 > Hand hence E is weakly r-regular, it is enough to show that 


-X2 2N" 2NT(1— 
Me Sar e2N e2N qa r)lnN = 1. 


Straightforward manipulation shows that this task is the same as showing 
that AT In M >2N"+2N"(1—r)ln N, which holds when M < N°%. O 


We are finally ready to build Z. We proceed as follows. 


1. Split X = Xı X2... and Y = Yı Yə... as above, using the parameters 
r = ł andr’ = ¢ to define a and b. Note that for each i, we have 
C(X; | Ki) > rn; and C(Y; | Y;-1) > rni. 

2. For the parameters n; = |X;| = |Y;| and m; = 1°, find an 4-regular 
function Ei. Let Zi = E;(Xi, Yı). 


3. Let Z = Zi Z2... 


Lemma 13.10.15. For all € > 0 and all sufficiently large i, we have 
C(Zi | Xi iY 1) > (1 — e)mi. 


Proof. If C(Zi | XY 5) < (1 = E)Mi, let 


A= {o € 2™ | C(o | Xi-1Y;-1) < (1 Sem). 


Then |A| < 2079m, Let ti = C(X; | Xi ¥i- 1) and tg = C(Y; | 
X;_1Y,-1). For j = 1,2, let By = {0 € 2” | O(o | Xi_1¥i-1) < tj}. By 
Lemma 13.10.9 (iii) and (iv), if ¿ is sufficiently large then t; > rn; — O) > 
5ni for j = 1,2, since C(X; | Xia) > rn; and C(Y; | Ë) > rni. 

Now, |B;| < 2%4t1, so we can choose Bi 2 B; of size 2*1, The bounds 
on the t; imply that the Bj are large enough to allow us to invoke the 
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bounds for the regularity of E;. Therefore, for any o € 2™, 
|E (0) N (By x By)| < 27 "| By x B3. 
Thus 
|E~"(A) N (Bi x B2)| < |E} (A) N a x B3)| 


< XL |E (e) A (B| x B3)| <a 
ocA 


Since E~!(A) N (Bı x B2) can be effectively listed given the parameters 
Sou ee 1,(1 —€)mi, ti, ta, for any (0,7) € E~1(A) N (B1 x B2), we have 


Clot | Xi-1Y;—1) < tı + te — em; + 2(log(1 — e)m; + log ty + log tz) + O(1). 


Using the facts that m; = i? and logt; = O(7), we see that there is a ô > 0 
such that C(or | Xi) < tı + te — ôi? for all sufficiently large i. In 
particular, 


C(XiY; | Xi-1Yi—1) < ti + t2 — 6(0”) 
for all sufficiently large i. However, by Lemma 13.10.11, 


O(XiYi | Xi-1¥j-1) > C(X | Ki-1Vj-1) + OY; | Xi-1 Vi_-1) — O(i) 
= ti +t2— O(i). 
For sufficiently large i, we have a contradiction. O 


Lemma 13.10.16. For any 6 > 0 and n, we have C(Z [ n) > (1 —6)n — 
O(1). Hence Z has effective Hausdorff dimension 1. 


Proof. Let € = $. By Lemma 13.10.15, C(Z; | Xi-1Yi-1) > (1 — e)m; for 
almost all i. Thus (Z; | Z;-1) > (1 — e)m; — O(1), since we can compute 
Z,_, from X;_1Y;_1. A straightforward induction shows that CZ) >(1- 
3¢)(m1 +--++m,) for sufficiently large i. 

Now take o = Z | n between eae and Ze and assume for a contradiction 
that C(o) < (1—4)|o|. Then we can describe Z;_1 by giving a description 
of ø, which takes a= 4e)|o| < (1—4e)(mi+-- “+ mi) | many bits, the string 
T such that o = Z;_ 17, which takes a further |o| — |Z 1| < m; many bits, 
and O(log m;) many further bits to separate the descriptions of o and rT. 
Therefore, for sufficiently large i, 


C(Z-1) < (1— 4e)(mi + --- + mi) + m; + O(log m;) 
= (1 — 4e)(m, +--+ + Mi—1) + (2 — 4e)m; + O(log mi) 
< (1 —3¢)(m, +--+ +mi-1), 
the last inequality holding because lim; —- es = 0. Thus we have a 
contradiction, and hence C(Z | n) > (1 — 6)n for almost all n. Oo 
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This lemma completes the proof of the theorem. O 


Note that the above result implies that Miller’s degree of effective Haus- 
dorff dimension 4 cannot compute two C-independent sources of positive 
effective Hausdorff dimension. This fact likely has interesting consequences 
for the computational power of such degrees. 

Zimand [424] examined the extent to which the hypotheses on X and Y 
can be weakened. He stated that similar techniques can be used to show 
that for any 6 > 0, there is a c such that, given sequences X and Y that are 
C-independent and such that C(X [ n) > clogn and C(Y | n) > clogn 
for every n, a Z can be produced from X and Y with C(Z [ n) > (1—46)n 
for infinitely many n. 

In a more recent paper, Zimand [422] showed that even for pairs of sets 
of limited dependence (as defined in that paper), it is still possible to ex- 
tract a Z of high initial segment complexity. The methods are similar to 
those described here, but more delicate. Also, using similar and equally del- 
icate methods, Zimand [423] showed that from two partially random but 
independent strings (as defined in that paper), it is possible to construct 
polynomially many pairwise independent random strings, and if the two 
original strings are themselves random, then this construction can be done 
in polynomial time. See [53, 424, 422, 423] for more on this fascinating 
topic. 


13.11 Other notions of dimension 


Hausdorff’s extension of Carathéodory’s s-dimensional measure is certainly 
not the only generalization of the notion of dimension to non-integer values 
in geometric measure theory and fractal geometry, and it is also not the 
only one to have been effectivized. In this section, we will briefly look at 
a couple of further dimension concepts and their effectivizations. Further 
details about the classical notions may be found in Federer [142]. 


13.11.1 Box counting dimension 


For C C 2”, let C [n= {0 € 2”: Ja € C(o < a)} and define the upper 
and lower bor counting dimensions of C as 
log(|C t n|) 


NNR log(|C 
dims (C) = lim sup los te and = dim,(C) = lim inf —~——-, 
n n = n n 
respectively. If dim, and dim, coincide, then this value is called the box 
counting dimension, or Minkowski dimension, of C. The name “box count- 
ing” comes from the fact that, for each level n, one simply counts the 
number of boxes of size 27” needed to cover C. The following is clear. 
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Lemma 13.11.1. For any C C 2”, we have dimy(C) < dim,(C) < 
dims (C). 


(Lower) box counting dimension gives an easy upper bound on Hausdorff 
dimension, although this estimate may not be very precise. For instance, 
let C be the class of all sequences that are 0 from some point on. Then we 
have dima (C) = 0 but dims (C) = 1. (In fact, dim,(D) = 1 for any dense 
D C 2”.) This observation shows that, in general, box counting dimension 
is not a stable concept of dimension, since a countable union of classes of 
box counting dimension 0 such as C can have box counting dimension 1. 
Staiger [377, 378] has investigated some conditions under which Hausdorff 
and box counting dimension coincide. Probably the most famous example 
of such a set is the Mandelbrot set. 

One can modify box counting dimension to obtain a countably stable 
notion, yielding the concept of modified box counting dimension, defined as 
follows. The lower modified box counting dimension of C C 2” is 


dimus (C) = int{ sup dima (X) :CC Ux ‘ 


t 


The upper modified box counting dimension of C C 2” is 
diMms (C) = int{ sup Tig dim; (X;) : CC Ux \ 


If these values coincide, then they define the modified box counting di- 
mension dimyp(C) of C. (That is, we split up a set into countably many 
parts and look at the dimension of the “most complicated” part. Then 
we optimize this value by looking for the partition with the lowest such 
dimension.) 

The modified box counting dimensions behave more stably than their 
original counterparts; in particular, all countable classes have modified 
box counting dimension 0. However, these dimensions are usually hard to 
calculate, due to the extra inf / sup process involved in their definitions. 


13.11.2 Effective box counting dimension 


The effectivization of box counting dimension is due to Reimann [324]. 
An equivalent formulation of effective upper box counting dimension was 
also given by Athreya, Hitchcock, Lutz, and Mayordomo [15]. This concept 
turns out to coincide with effective packing dimension, which we discuss 
below. 

We will be concerned only with the dimension of individual sets, and 
hence will not look at the modified versions of box counting dimension 
needed for countable stability. It is of course possible to effectivize the 
definition of, for example, dim,,3 X as we do for box counting dimension 
below. 
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Definition 13.11.2 (Reimann [324]). A c.e. set C C 2<” is an effective 
box cover of B € 2” if B | n € C for almost all n. 


Effective box counting dimension measures how efficiently the initial seg- 
ments of a set can be “enwrapped” in a c.e. set of strings. For D C 259, 
let D = Dn 2”. 


Definition 13.11.3 (Reimann [324]). Let B € 2”. The effective lower box 
counting dimension of B is 


log ict") | 
n 


dim} (B) = inf {rim inf : C is an effective box cover of B \ À 


The effective upper box counting dimension of B is 


ZT i 7 log Kei) | : s 

dim} (B) = inf 4 lim sup ia? C is an effective box cover of B >. 
Effective upper box counting dimension is the same as a concept analyzed 

by Athreya, Hitchcock, Lutz, and Mayordomo [15] and Hitchcock [180], 

building on work of Staiger [377]. 


Definition 13.11.4 (Staiger [377], Athreya, Hitchcock, Lutz, and Mayor- 
domo [15]). For A C 2<”, the entropy rate of A is 


A, = limsup 


n 


For A C 2<”, let Ai? = {8 € X : IOn (8 ln € A)} and A*S = {8 E 2”: 
Yn (8B | n € A)}. For C C 2”, let 


Hı (C) = inf{H4: C C A> A Ae do} 


log | Al” | 
= ; 


and 
HS" (C) = inf{ H4 : © C A** A A€ XY}. 
For B € 2, let Hı(B) = Hı({B}) and H?*(B) = Hi" ({B}). 


It is not hard to see that for any B € 2”, we have dim} (B) = H$ (B) 
and dim(B) = Hı (B). 

It is a trivial observation that, as in the classical case, effective box count- 
ing dimension always bounds effective Hausdorff dimension from above; in 
particular, dim(B) < dim} (B) for any B € 2”. 

There is clearly a connection between effective box counting and 
Kolmogorov complexity, as indicated by the following observation of 
Kolmogorov [211], which we met in Theorem 3.2.2 (ii). 


Proposition 13.11.5 (Kolmogorov [211]). Let A C Nx2<” be computably 
enumerable and such that Am = {x : (m, x) € A} is finite for all m. Then 
C(x | m) < log|Am|-+ O(1) for all m and z E€ Am. 
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Indeed, it is possible to give an elegant characterization of effective upper 
box counting dimension in terms of Kolmogorov complexity. 


Theorem 13.11.6 (Reimann [324], Athreya, Hitchcock, Lutz, and 
Mayordomo [15]). For any B € 2”, 


—— K(B 
dim} (B) = lim sup AUTH = lim sup 


n n n 


C(B tn) 


Proof. The second equation is immediate, since C and K agree up to a log 
factor. 

(<) If dim} (B) < s then it follows immediately from Proposition 13.11.5 
that lim sup,, KE) <s 

(>) Suppose that lim sup, KEM < s for a rational s. Let D = {0 € 
2<” : O(a) < s|o|}. Then D is an effective box cover of B. Clearly, DI"! < 


eT ; [n] 
2°", so dim} (B) < lim sup, ipa <s. o 


13.11.3 Packing dimension 


Packing dimension is another classically important fractional dimension. 
The effectivization of this notion was first considered by Athreya, Hitch- 
cock, Lutz, and Mayordomo [15], but we will follow the treatment of 
Reimann [324], who noted the connections with the effective box counting 
dimension of the previous section. 

Packing dimension can be seen as a dual to Hausdorff dimension. 
Hausdorff dimension is defined in terms of economical coverings, that is, 
enclosing a class from the outside; packing measures approximate from the 
inside, by packing a class economically with disjoint sets of small size. 

A prefix-free set P C 2<” is a packing in C C 2” if every o € P has an 
extension in C. If |o| > n for all o € P, then we call P an n-packing in C. 

One can try to find a packing that is as “dense” as possible. Given s > 0 
and n, let 


P(C) = sup i 5 2-slel ; P is an n-packing in c} 5 


o€P 
Clearly P(X) is nonincreasing with n, so the limit 


P$ (C) = lim P} (C) 


exists. However, this definition leads to the same problems we encountered 
with box counting dimension. Taking for instance the class C of all se- 
quences that are 0 from some point on, we can find denser and denser 
packings in C, so that for every 0 < s < 1, we have P$ (C) = oo. Hence 
På lacks countable additivity, and in particular is not a measure. This 
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problem can be overcome by applying a Carathéodory process to P$. Let 


P*(C) = inf ps PEX) CE yx) ; 


(The infimum is taken over arbitrary countable covers of C.) Then P* is an 
outer measure on 2”, and is Borel regular (see e.g. [335] for a definition).'” 
The measure P* is called the s-dimensional packing measure on 2”. Packing 
measures were introduced by Tricot [391] and Sullivan [384]. They can be 
seen as dual concepts to Hausdorff measures, and behave in many ways 
similarly to them. In particular, one may define packing dimension in the 
same way as Hausdorff dimension. 


Definition 13.11.7. The packing dimension of C C 2” is 
dim,(C) = inf{s : P°(C) = 0} = sup{s : P°(C) = œ}. 


Packing dimension has stability properties similar to Hausdorff dimen- 
sion, such as countable stability. With some effort, one can show that 
it coincides with dimyp, (see Chapter 3 of Falconer [141]). Generally, 
the following relations between the different dimension concepts hold: 
dim,(C) < dimus (C) < dimus (C) = dims (C) < dim, (C). 

Although the traditional definition of packing dimension is rather com- 
plicated, due to the additional decomposition / optimization step, there 
is a simple martingale characterization of this notion. This characteriza- 
tion was discovered by Athreya, Hitchcock, Lutz, and Mayordomo [15], 
and demonstrates the dual nature of Hausdorff dimension and packing di- 
mension much more clearly. It came as a surprise to workers in the area, 
who had thought packing dimension was too complex to have such a simple 
characterization. 


Definition 13.11.8. For 0 < s < 1, a martingale d s-succeeds strongly on 
ERRA d(Afn) _ 
A if liminf, sa=5a = ©. 


Obviously, this condition is equivalent to lim, Holy) = oo. From a 
gambling perspective, succeeding strongly means not only accumulating 
arbitrary high levels of capital, but also being able to guarantee that the 


capital stays above arbitrarily high levels from a certain time on. 


Theorem 13.11.9 (Athreya, Hitchcock, Lutz, and Mayordomo [15]). For 
any C C 2”, 


dim,(C) = inf{s: some martingale s-succeeds strongly on all A € C}. 


Proof. We actually prove this result for dimy;3(C) in place of dim,(C), and 
rely on the fact mentioned above that dimp (C) = dimys(C). 


12This need no longer be the case if the dimension function h(x) = xê is replaced by 
more irregular functions not satisfying even weak continuity requirements. 
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(<) Let d be a martingale that s-succeeds strongly on all A € C. We 
show that dimms (C) < s. Without loss of generality, assume that d(A) < 1. 
Let 


Dn = {0 € 2”: d(a) > 20-97}, 


Every A € C is contained in all but finitely many [D,,], so 


c c UAND. 


i joi 


Letting X; = ;>:lP;], it is enough to show that dims (X;) < s for all i. 
Recall that for X C 2”, we write X | n for the set of strings of length n 
that have extensions in X. We have X; C [D,] for all n < i, so |X; [ n| < 
|Dn|. By Kolmogorov’s Inequality (Theorem 6.3.3), |Dn| < 2"°, so 
log |X; Tn] 
n 


— log |Dn 
dim, (Xi) = lim sup log |Dn| 
n n 


< lim sup <s. 
n 

(>) We may assume that dimyp(X) < 1. Let s,t,u be such that 
diMms(C) < s < t < u < 1. By the definition of modified box counting 
dimension, there are Xo, X1,... such that C C (J; X; and dims(X;) < s 
for all 7. It is enough to show that for each 7 there is a martingale that 
t-succeeds strongly on elements of X;, since we can then use the additivity 
of martingales to combine these into a single martingale that u-succeeds 
strongly on all elements of C. 

So we assume that X C 2” is such that dim,(X) < s’ < s < t and show 
that there exists a martingale d that t-succeeds strongly on all A € X. 

Let Xn = X Ìn, and for ø € 28", let XZ = {r € Xn : 0 x T}. There 
is an N such that tog |Xn| < 3' for all n > N. For each n > N, define a 
martingale d,, (inductively) as follows: 


glel-sn| XZ] if lol <n, 
dalo) = : 
drla Ùn) if |o| >n. 


It is easy to check that d, is a martingale, and for 0 € Xn, we have 
dn(o) = 20-9)", Let d = 0,5 dn. The finiteness of d follows from 


d(d) = SF da(A) = SO 2 |Xal Y AEM < on. 
naN n>N n>N 


If AE X, then A În E Xn for all n, so for n> N, 


WHAT. dalA tn). 20759 — 
Q(1-t)n = 9(1-t)n 7 9(1-t)n 


(t—s)n_ 


As t > s, we see that d t-succeeds strongly on all A € X. O 
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13.11.4 Effective packing dimension 


The somewhat involved definition of packing measures renders a direct 
Martin-Lof-style effectivization in terms of computably enumerable cov- 
ers difficult. This obstacle can be overcome by using the martingale 
characterization provided by Theorem 13.11.9. 


Definition 13.11.10 (Athreya, Hitchcock, Lutz, and Mayordomo [15}]). 
The effective packing dimension of C C 2% is 


Dim(C) = inf{s : there is a c.e. martingale that 
s-succeeds strongly on all A € C}. 


In Section 13.11.3 we stated the fact that packing dimension equals upper 
modified box counting dimension. For individual sets, the modifications to 
box counting dimension leading to countable stability can be disregarded. A 
careful effectivization of the proof of Theorem 13.11.9 yields the following. 


Theorem 13.11.11 (Reimann [824]). For every A E€ 2”, we have 
Dim(A) = dim} (A). 


Combining this result with Theorem 13.11.6 allows us to characterize 
effective packing dimension in terms of initial segment complexity. 


Corollary 13.11.12 (Athreya, Hitchcock, Lutz, and Mayordomo [15]). 


For every A € 2”, we have Dim(A) = limsup,, Klam) caim) 


= lim sup, ——. 

A direct proof of this statement can be obtained by a simple modification 
of the proof of Theorem 13.3.4 (changing liminf’s to limsup’s, “there are 
infinitely many” to “for almost all”, etc.). 

Notice that this characterization makes it clear that a sufficiently generic 
set (say a 2-generic set) has high effective packing dimension, since the set 
of strings of high Kolmogorov complexity is dense. Thus packing dimension 
is a common ground between category and measure. 

This characterization also makes it easy to build sets of specified effective 
packing dimension, as we saw for effective Hausdorff dimension. Indeed, it 
is not hard to use it to build, say, a set A such that dim(A) = p and 
Dim(A) = q for any rationals p and q such that O < p < q S 1. In 
particular, we have the following. 


Corollary 13.11.13 (Athreya, Hitchcock, Lutz, and Mayordomo [15]). 
There is a set of effective packing dimension 1 and effective Hausdorff 
dimension 0. 
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13.12 Packing dimension and complexity 
extraction 


Many of the questions we have investigated for Hausdorff dimension can 
also be examined for packing dimension. Some of the results for effec- 
tive Hausdorff dimension immediately imply the same results for effective 
packing dimension, such as Greenberg and Miller’s construction in [170] 
of a minimal Turing degree of effective Hausdorff dimension 1 (Theo- 
rem 13.9.17), which implies the theorem of Downey and Greenberg [106] 
that there is a minimal degree of effective packing dimension 1 (Theorem 
13.13.1). In other ways, however, the two notions of effective dimension 
are quite different. For instance, we will see in Section 13.14 that there is 
no correspondence principle for effective packing dimension analogous to 
Theorem 13.6.1. Another example is Miller’s Theorem 13.8.1 that there is 
a Turing degree of effective Hausdorff dimension E, which has no analog 
for packing dimension. 


Theorem 13.12.1 (Fortnow, Hitchcock, Pavan, Vinochandran, and Wang 
[150]). Lete > 0. If Dim(A) > 0 then there is a B =, A such that 
Dim(B) >1-—e. 


Thus we conclude that there is a 0-1 law for packing dimension for weak 
truth table, and hence Turing, degrees. Too recently for a proof to be 
included in this book, Conidis [74] has shown that there is a set of positive 
effective packing dimension that does not compute any sets of effective 
packing dimension 1, and hence there is a Turing degree of effective packing 
dimension 1 with no element of effective packing dimension 1. 

We give a new proof of Theorem 13.12.1 due to Laurent Bienvenu. It is 
rather simple and relies on the relationship between complexities at end- 
points of intervals and their oscillations within these intervals. It is fair to 
say that it is along the same lines as the original, but it does not rely on 
the difficult result on extractors due to Barak, Impagliazzo, and Wigderson 
[16]! used in the original proof. 


Proof of Theorem 13.12.1. Let A be such that Dim(A) > 0. Let t > 0 be 
a rational such that C(A | n) > tn for infinitely many n. Let m be a fixed 
large integer. 


13The original proof in [150] gave the stronger result that the set B has the same 
polynomial time Turing degree as A, and hence that there are 0-1 laws for low level 
complexity classes. However, the extractor result used in that proof (as a black box) is 
very complex and does not allow for a reasonable presentation in this book (its proof 
being over 30 pages long). The version we give here suffices for our purposes, as we do 
not need the result for complexity classes. Like the proof we present, the original proof 
is nonuniform, but in a different way, using a kind of binary search that identifies chunks 
of intervals of high complexity infinitely often. The closest we have in this book to this 
procedure is found in Section 13.10. 
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We claim that there exists a rational t’ > 0 such that C(A | m*) > t'më 
for infinitely many k. To Bee e this; choose any n such that 7 fn) > tn. 
Let k be such that n € [m*~1,m*). Then 


C(a | m*) > Cla } n) — O(log n) > tn — O(log n) 
t 
> tmě! — O(log n) > —m* — O(log m*). 
m 


Thus, for any t < +, we have C(a | m*) > t'm” for infinitely many k. 

Now let ok = Q 4 m* and let s = lim sup, ce) By the above claim we 
know that s > 0. Let sı and s2 be rationals such that 0 < sı < s < s2. By 
the definition of s, we have C (op) < s2|o%| for almost all k (for simplicity, 
we may restrict our attention to large enough k and hence assume that this 
condition is true for all k) and for any d, we have C (op) > si\ox| + d for 
infinitely many k. 

Let V be our universal machine. Given A as an oracle, we can compute 
00,01,--- and, for each k, effectively find a T such that V(Tk) = opg and 
Ite | < sgloz|. Let D be the sequence given by 797172.... It is easy to see 
that D <,, A. If we replace a sparse set of bits of D by the bits of A (for 
instance, replacing each D(2”) by A(n)) to get B, we clearly have B =wu A 
and Dim(B) = Dim(D). 

So let us evaluate Dim(D). For all k, we have C(1,) > C(o,) — O(1), as 
ox can be computed from T. Thus, for infinitely many k, we have C (Tk) > 
si|oz| = sım". Now, 


C(t... 
Dim(D) > lim sup C(t ++ 7) 
k [To kas Tpl 
On the one hand, we have C(To...Tk) > C(Tk)— O(log k), and thus 
CO(To-.-Tk) > sım" — O(log k) for infinitely many k. On the other hand, 
we have |r| < s2m* for all k. Therefore, 
ee — O(log k 1 
Bur Oo) icy Oe) — se ( ~) 
k [To - -Tkl k so(l+m+...+m*) S2 

Thus Dim(B) = Dim(D) > 3 (1— 4). Since sı and s2 can be taken 
arbitrarily close to each other and m arbitrarily large, the theorem is 
proved. O 


On the other hand, packing dimension does have an effect on the com- 
plexity extraction question for Hausdorff dimension. The following result 
implies that if A is a set of positive effective Hausdorff dimension that does 
not compute any set of higher effective Hausdorff dimension, then A must 
have effective packing dimension 1. 


Theorem 13.12.2 (Bienvenu, Doty, and Stephan [38]). If Dim(A) > 0 


then for each £ > 0 there is a B <r A such that dim(B) > meek =E. 
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Proof. We may assume that dim(A) > 0. Let s1, s2, s3, and t be rationals 
such that 0 < sı < dim(A) < s2 < s3 and Dim(A) < t, and G+ 2 
at —e. Let on € 2” be such that A = oj02.... The idea of the 
proof is to split A effectively into blocks v = o,...0n+~ such that K(v) 
is relatively small and use these to find sufficiently incompressible short 
prefix-free descriptions 7; for the a;. We then let B = 117.... 

We will make several uses of the fact that 


K(or) = K(o) + K(o |T) O(log |o| + log |r|), 


and more generally 


Klo: Px) = Y Klø | pos++pj-1) #O( Zolo). 


Jj<n 


jgn 


These facts follow easily from the symmetry of information results proved 
in Section 3.3. (These results are proved for plain complexity, but as pointed 
out in Section 3.10, also hold for prefix-free complexity because K and C 
agree up to a log factor.) 

Suppose that we have already defined N = 7,...T— 1 for p= 01...0n-1 
so that |n| < s3|p|. By the choice of s2, there are infinitely many k such 
that for V = On ...On4%, we have K(v | p) < s9|v|. Fix sucha k. For j < k, 
let Vj = On... Onti: 

If k is large enough (so that quantities such as (s3 — s2)|v| overwhelm 
the relevant log terms), then, by symmetry of information, 


SAGs | pvi-1) < s3|r, 


i<k 
and for all j < k, by symmetry of information, 
K(v; | p) < K(pvj) — K(p) + O(log |p| + log |v;|) < tlel + Ivl) — silal, 


so that, again by symmetry of information, 


XO K (enti | pri-i) < (t— 81) |p| + tlv. 
tj 
Given the existence of such k, we can effectively find k and T,...,Tn+k 
such that, letting v and vj be as above, each Tn}; is a U-description of 
On+i given pvi—-1, and we have Dick lm+i| < s3|v| and Xix lmr+i] < 
(t — s1)|p| + tlv;| for all j < k. We have |ntm...™m+2| < s3lpv|, so the 
recursive definition can continue. 
Let B = 172.... Clearly B <r A, so we are left with showing that 
dim(B) > Fat - e- 
Fix m. Let n, k, etc. be as above so that n < m < n + k. Let j = 
m — n. The choice of the 7; as appropriate U/-descriptions ensures that 
K(o1...0m) < K(Ti...Tm) + O(1), so K(T1... Tm) > s1\o1,---,Om| — 
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O(1). Furthermore, 


Iri -Tml < [nl + ITa- -Taal < alol + E- s1)lol + th 
S (t + 83 — $1)|o1..-om|- 


Thus 
ia CE Ng a 
m ias Tn] t+s3—sı ~ Dim(A) 

Given I, let m be least such that B | l < T1 ...Tm. Then |t71...tm|—U< 
m, so K(t1...7m) S K(B fl) + O(m). Since m is sublinear in |7,... Tm, 
it follows that 
K(B fl) K(t1..-Tm) $ dim(A) 


> lim inf —————— > ——~ E. 


dim(B) = lim inf ——~ > 
aa = m Pn... Tm] ~ Dim(A) 


13.13 Clumpy trees and minimal degrees 


In this section we introduce the useful notion of clumpy trees, using them to 
show that there is a minimal degree of effective packing dimension 1. This 
result follows from Theorem 13.9.17, of course, but can be proved using an 
easier method. 


Theorem 13.13.1 (Downey and Greenberg [106]). There is a set of 
minimal Turing degree and effective packing dimension 1. 


Proof. We give a notion of forcing P such that a sufficiently generic filter 
G C P yields a set Xg € 2” with effective packing dimension 1 and minimal 
Turing degree.!4 This notion is a modification of the standard notion of 
forcing with computable perfect trees due to Sacks [345]. We need to restrict 
the kind of perfect trees we use so that we can always choose strings that are 
sufficiently complicated (i-e., not easily compressed), to be initial segments 
of the set we build. The problem, of course, is that we cannot determine 
effectively which strings are sufficiently incompressible, but our conditions, 
the trees, have to be computable. The solution to this problem relies on 
the following lemma. 


14A notion of forcing is just a partial order P, whose elements are called conditions, 
and whose ordering is called extension. A filter on P is a subset F of P such that if 
p,q E F then p,q have a common extension in P, and if p € F and p extends q, then 
q E€ F. A subset D of P is dense if for every p € P there is a q E€ D extending p. The 
filter F is generic for a collection of dense sets if it contains an element of each set in the 
collection. By sufficiently generic we mean that F is generic for a countable collection 
of dense sets Do, Di,... that will be specified in the proof below. Such an F necessarily 
exists, because we can let po € Do and let pi+i E Di+1 extend p;, and then define 
F = {q E€ P : Hi (p; extends q)}. 
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Lemma 13.13.2. For each o € 2<” and e € Q>? we can computably find 


Key >1-e for some T € 2”. 


Proof. Let d= |o|+1 and let S = {v : K(v) < |v| — d}. Since p(S) < 274, 
d 


we have [o] É S. So letting m > £, we see that there is some v > o of 


length m such that K(v) > m -— d. Then KW) >1-— £ >1-—e, so we can 
let n = m — |ø]. O 


an n such that 


We denote the n corresponding to o and € in the above lemma by n.(¢). 

A perfect function tree is a map T : 2<” — 2<” that preserves extension 
and incompatibility. We write [T] for the class of all B for which there 
is an A with T(A | n) < B for all n. Let T be a perfect function tree, 
o € rngT, and e € Q>’. Let p = T~'(c). We say that T contains an 
e-clump above o if or < T(pr) for all 7 € 27). (Note that this condition 
implies that T(pr) = ør for all r € 2<"«(7).) The idea is that, by the above 
lemma, such a clump allows us to find extensions of ø on T that are fairly 
incompressible. 

Given a perfect function tree T and a positive rational £, we recursively 
define a labeling of part of the image of T as follows. 


1. Label T(A) by e. 


2. If ø is labeled by a rational number ô, and T contains a 6-clump 
above ø, then for all binary strings 7 of length n(o), label T(pr) by 
$, where p = T~1(o). 


3. If T does not contain such a clump, stop the labeling process. 


The tree T is called ¢-clumpy if this labeling process never halts; that is, 
the 6-clumps required at step 2 are always present. 

Let P be the collection of pairs (T, €) where T is an e-clumpy, computable 
tree. Note that P 4 Ø, since the identity function is an e-clumpy tree for 
all e. 

A perfect function tree S extends a perfect function tree T if there is some 
perfect function tree R such that S = To R (where o denotes composition). 
If (T,¢),($,6) € P then we say that (S,6) extends (T,<) if S extends T 
and ô is the label of S(A) on (T,¢) (in particular, we require that S(A) be 
labeled on (T,¢)). 

A standard example is that of full subtrees: If T is a perfect function 
tree and o € rngT, let Ext,(T) = To {r pr}, where p = T71(o). If 
(T,e) € P and ø € rngT is labeled by ô, then (Ext,(T),6) is in P and 
extends (T,<). 

For G C P, if (\7,2)eqlZ] is a singleton, then let Xg be its unique 
element. 


Lemma 13.13.3. If G C P is a sufficiently generic filter, then XG is 
well-defined and Dim(X@) = 1. (In particular, Xa is not computable.) 
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Proof. Since G is a filter, (1r ejeglT] is nonempty. By considering full 
subtrees, we see that for each n, the set {(T,£) € G: |T(A)| > n} is dense 
in P, so (\7,-)eqlZ] is a singleton, and hence Xg is well-defined. 

Let q < 1 and let (T,<) € P. There is some p such that on (T,¢), the 
string o = T(p) is labeled by a 6 with 1 — ô > q. Let n = ng(c). There is 
some 7 of length n such that Key > 1-— ô >q. Then T(pr) is labeled by 
$ on (T,e) and (Extr(p-)(T), §) € P extends (T,<). If that condition is in 
G then or x T(pr) < Xa. Thus the set of conditions that force there to 
be a v < Xg such that EU > q is dense in P. o 


[v| 


We finish by showing that if G is sufficiently generic then Xg has minimal 
Turing degree. Let ® be a Turing functional. As usual in Sacks forcing, let 


Dive = {(T,<) € P : Jx Yo € rng T (° (x) T)} 


and 


Tote = {(T,£) € P : Yz Yo € rng TIo’ € rngT (o eo A © (2) |)}. 


Let (T,£) € P. If (T,e) ¢ Tots then there is a o € rngT and an x such 
that for all o’ € rngT, if o’ > o then ®% (x) f. So (Exto(T), 8) € Dive for 
the label 6 of o on (T,¢). Thus Tota U Dive is dense in P. 

Let Comp g be the collection of conditions (T,<) € Tots such that for 
all o,o’ € rng T, the strings #7 and #7” are compatible. If (T, £) € Compa 
and (T,£) € G then 6*¢ is computable, since to determine ®*¢(zx) we 
need only look for o € rngT such that $° (x), which must exist and have 
6° (x) = 6*¢(z). 

Let Spa be the collection of conditions (T,<¢) € Tots such that for all 
incompatible labeled a, a’ € rng T, the strings ®? and ©” are incompatible. 
Let (T,£) € GN Spg. We claim that Xg <r ®*¢. Suppose that we have 
determined an initial segment ø of Xa. It is easy to check that the labeled 
nodes are dense in rng 7’, so we can find a labeled o’ > ø in rngT such 
that P7 < Xc., Then we must have o’ < Xg. 

Thus if we can show that Tots U Comps U Spa is dense in P, we will 
have shown that either 6*¢ is not total, or 6*¢ is computable, or &*¢ 
computes Xg. Since ® is arbitrary and we have already shown that Xg is 
not computable, we can then conclude that Xg has minimal degree. 

Since we have already seen that Tots U Diva is dense in P, it is enough to 
show that Spa U Comps is dense below Tots in P. That is, every condition 
in Tots is extended by one in Spa U Comps. 


Lemma 13.13.4. Spgs U Compa is dense below Tote in P. 
Proof. Suppose that (T,¢) € Tots has no extension in Comps. Then for 


all o € rng T, there are 09,0, € rng T extending o such that P% and 6”! 
are incompatible. 
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By recursion, we define an extension (S,¢) of (T,¢) in Spa. We start by 
letting S(A) = T(A) and labeling this string by £ on (S,¢). Suppose that 
we have defined o = S(p’) = T(p) where ø is labeled by ô on (T,¢) and 
by y on (S,£). Assume that we have carried out the construction so far so 
that n(o) < n(o). For every 7 of length strictly shorter than n,(c), we 
can let S(p’r) = T(pr) = oT (and leave it unlabeled on (S,¢)). 

Let To,- . . , T2n—1 be the strings of length n = n, (ø). Enumerate the pairs 
of numbers i < j < 2” as (io, Jo),---; (îm, Jm). For each i < 2” and k < m, 
define strings vj, such that oT; < vj < +++ < vf, and such that every v$ is 
in the image of T. At step k, define vir > vir , and ys > vik , such that 


Prr and 6%" are incompatible, which is possible because (T,¢) has no 
extension in Compg. Define $(p’7;) to be some string n; € rng T extending 
vi, that is labeled by some 6; such that ns;,(m) > na(n). We can then 
label 7; by 3 on (S,¢). Note that the inductive hypothesis assumed above 
is preserved, and so the construction can continue. Oo 


This lemma completes the proof of Theorem 13.13.1. O 


13.14 Building sets of high packing dimension 


One way in which effective packing dimension differs from effective Haus- 
dorff dimension is in the absence of a correspondence principle analogous 
to Theorem 13.6.1. Conidis [75] built a countable II? class P of effective 
packing dimension 1. (In fact, he built P to have a unique element of rank 
1, so that all other elements of P are computable. See Section 2.19.1 for 
the definition of the rank of an element of a IT? class.) Since P is countable, 
its classical packing dimension is 0. Note also that, by Theorem 13.6.1, the 
effective Hausdorff dimension of P is 0. 


Theorem 13.14.1 (Conidis [75]). There is a countable TI} class of effective 
packing dimension 1. 


Proof. By Lemma 13.13.2, there is a computable sequence 0 = no < nı < 
- such that for every ø € 2”*, there is a 7 € 2”*+1 with o < 7 and 
K(r) > (1 — 27*)ng41. We build finite trees Ts C 2S"* such that Ty C 
Tı C++- and let our class be [[J, Ts]. We will have strings op whose values 
will change throughout the construction, but will have limit values such 
that oo < 0; <--- and LU, ox is the unique rank 1 point of [U), Ts]. 
Construction. 
Stage 0. Let co = A and To = {A}. 
Stage s +1. If there is a least k < s such that K.(o,) < (1—27*)|ox| then 
redefine o; to be the leftmost extension T € 2!7*! of o,_1 on T, such that 
K,(r) > (1 —27*)|7| (which we will argue below must exist). In this case, 
undefine all øj for j > k. 
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Let k be largest such that øp is still defined and let 7 be the leftmost leaf 
of T, that extends op (so that |r| = ns). Define T,,1 as follows. Begin by 
adding all extensions of 7 of length n,41. For every leaf p 4 T of T;, add 
p0"+1—"s to T,41. Finally, close downwards to obtain a subtree of 2S"=+1, 
Let o¢41 = TO"S*17 "s, 

End of Construction. 


Every time o, is defined at a stage s to extend some T € 2”°, every 
extension of 7 of the same length as ox, is added to T;41. Thus, by the 
choice of the ns, if we ever find that K.(o,) < (1 — 27*)|o,| then we can 
redefine o; as in the construction. Thus the construction never gets stuck, 
and it follows by induction that every o, has a final value, which we will 
refer to simply as ap, such that oo < 01 <--- and K(o,) > (1 — 27*)|ox| 
for all k. 

Let P = |U, Ts] and X = U, ak. Then X € P and Dim(X) = 1, so 
Dim(P) = 1. It is easy to see from the construction that if p # o, and 
|p| = |ox|, then every extension of p on P is eventually 0. Thus every 
element of P other than X is eventually 0, and hence P is countable. O 


Note that, in the above proof, the op never move to the left, so the unique 
noncomputable element X of P is a left-c.e. real. 

This result suggests that it is easier (from a computability-theoretic per- 
spective) to build sets of high effective packing dimension than ones of high 
effective Hausdorff dimension. (Theorem 13.12.1 can also be seen as evi- 
dence for this claim.) Downey and Greenberg [106] have extended Theorem 
13.14.1 as follows. 


Theorem 13.14.2 (Downey and Greenberg [106]). Every set A of array 
noncomputable degree computes a set B of effective packing dimension 1. 
If A is c.e. then B can be taken to be a left-c.e. real that is the unique rank 
1 element of a TI} class. 


Before proving this result, we make a few comments. The following result 
shows that c.e. traceable sets have packing dimension 0. 


Theorem 13.14.3 (Essentially Kummer [226], see Downey and Greenberg 
[106]). If A is c.e. traceable, then for every computable order h, we have 
C(A Ìn) < logn + h(n) + O(1). 


Proof. Let A be c.e. traceable and fix a computable order h. (We may 
assume that h(0) > 0.) By Proposition 2.23.12, A is c.e. traceable with 
bound A. Let To, 71,... be a c.e. trace with bound A for the function n tr 
A fn. We can describe A | n by describing n and the position of A | n in 
the enumeration of Tn, so C(A [| n) < logn + h(n) + O(1). Oo 


Since we can choose h to be slow growing, and logn is bounded away 
from n, we have the following. 


Corollary 13.14.4. If A is c.e. traceable then Dim(A) = 0. 
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Combining this result with Theorem 13.14.2 and the fact that a c.e. 
degree is array computable iff it is c.e. traceable (Theorem 2.23.13), we 
have the following. 


Corollary 13.14.5 (Downey and Greenberg [106]). The following are 
equivalent for a c.e. set A. 


(i) A computes a set of positive effective packing dimension. 
(ii) A computes a set of effective packing dimension 1. 
(iii) The degree of A is array noncomputable. 


Corollary 13.14.4, together with the existence of minimal degrees of pack- 
ing dimension 1 (Theorem 13.9.17), implies Shore’s unpublished result that 
there is a minimal degree that is not c.e. traceable. As discussed in Sec- 
tion 2.23, Ishmukhametov [184] showed that if a degree is c.e. traceable 
then it has a strong minimal cover in the Turing degrees. Yates had earlier 
asked the still open question of whether every minimal degree has a strong 
minimal cover. It follows that c.e. traceability is not enough to answer this 
question. 

Downey and Ng [129] have further sorted out the connections between 
high effective packing dimension and notions such as array computability. 


Theorem 13.14.6 (Downey and Ng [129]). (i) There is a degree that is 
not c.e. traceable but has effective packing dimension 0. 


(ii) There is a degree that is array computable but has effective packing 
dimension 1. 


Part (ii) follows by taking a hyperimmune-free l-random degree and 
applying Proposition 2.23.10. For a proof of part (i), see [129]. The degrees 
in the above result can also be A$, and hence there seems to be no way to 
relate the degrees of packing dimension 1 with any known lowness class. 

We now proceed with the proof of Theorem 13.14.2. 


Proof of Theorem 13.14.2. We begin with the non-c.e. case. Recall that 
f S» C means that f can be computed from oracle C by a reduction 
procedure with a primitive recursive bound on the use function, and that 


A 


f <p» 0 iff there is a computable function f(n, s) and a primitive recursive 
function p such that lim, f(n, s) = f(n) and |{s: f(n, s) 4 f(n, s + 1)} < 
p(n). Recall further that a set of strings S is pb-dense if there is a function 
f <» 0’ such that f(c) > o and f(c) € S for all o, and that a set 
is pb-generic if it meets every pb-dense set of strings. Finally, recall that 
Theorem 2.24.22 states that if a is array noncomputable, then there is a 
pb-generic set B <y a. Thus, it is enough to show that if B is pb-generic 
then Dim(B) = 1, which we now do. 

It is easy to check that the map given by Lemma 13.13.2, which takes 


ao € 2S” and e € Q>? to an n.(c) such that mey > 1-e for some T € 
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2"<(*), is primitive recursive. For k > 0, let Sk = {v € 27": ag >1- i}- 


To see that Sp is pb-dense, first note that it is co-c.e. Let f(o,s) be the 
leftmost extension of ø of length m = |o0*| + na (c0*) in S,[s]. Then f 


is computable, |{s : f(o,s) + f(o,s +1)}| < om, which is a primitive 
recursive bound, and lim, flo, s) € Sp. So if B is pb-generic then it meets 
all the Sk, which implies that Dim(B) = 1. 

We now turn to the c.e. case. Here, if we wish only to make B left-c.e. 
(without making it be the unique rank 1 element of a HÌ class), there is 
a fairly simple permitting argument.! Let A be a c.e. set of a.n.c. degree. 
We have requirements 


Ry : Iv € 27" (vaBa ay) 21-5) 
[| k 

for k > 0. It is enough to satisfy infinitely many of these requirements. 

As noted in the proof of Theorem 13.14.1, there is a computable sequence 
0 = no < nı <-:+ such that for every o € 2”, there is a r € 2"**+1 with 
o <7 and K(r) > (1 —27*)ng41. Partition N into consecutive intervals 
Io, ,... such that |I| = 2"*. By Theorem 2.23.4, there is a D =, A such 
that for every c.e. set W there are infinitely many m with DOI», =WOIn. 

We define B as the limit of strings a9 < 01 < ---, which can change 
value during the construction. We begin with o, = 0”* for all k. We also 
build a c.e. set W, into which we enumerate requests for D-permission. Let 
Uk = |Zo] + |l ainsi |Ik]. 

At stage s, say that Rp requires attention if Ds N I, C Ws N Ik 4 Ik and 
Ks(on) < (1 — 27*)|ox|, and either 


1. this is the first stage at which this inequality obtains for the current 
value of og or 


2. Ds4i1 fur Æ Ds fu 


If there is a least k < s such that Rẹ requires attention then proceed 
as follows. If 1 holds then put the least n € I \ W into W. If 2 holds 
then redefine ox to be the leftmost extension T € 2”* of op 1 such that 
K,(r) > (1—27*)|z| and redefine g; for j > k to be 0,0" "*. 


15 There is also a simple proof, due to Miller [personal communication], using material 
from Chapter 16: In Theorem 16.1.6 we will see that every a.n.c. c.e. degree contains a 
set X such that C(X f n) > 2logn— O(1) for infinitely many n: So let A be a c.e. set of 
a.n.c. degree, and let X =r A be as above. Let B = X nex TETK This sum converges, 
so B is a left-c.e. real, and B =r A. Assume for a contradiction that B does not have 
packing dimension 1. Let q < 1 be such that K(B | n) < qn for all sufficiently large n. 
We have B — B f [logn + 2loglogn] < < FER so if we know B [ [logn + 2loglogn], 
then we can determine whether k is in X for all k < n. Thus 


C(X | n) < K(B} [logn + 2loglogn]) + K(n) + O(1) < (1+ q)logn + O(log log(n)), 


contradicting our choice of X. 
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Clearly, each o, has a final value. For these final values, let B = (J, ox. 
Since the op move only to the right, B is a left-c.e. real. Since a, cannot 
change unless D changes below ux, we also have B Swe D Sr A. 

Now suppose that DON I, = W A Ip. Let t be the least stage by which all 
R; for j < k have stopped requiring attention, which must exist because 
each R; can require attention at most twice for each string in 2%. It can 
never be the case that Ds N Ip \ Ws N Ip 4 f, since then we would never 
again put a number into W N Iz, ensuring that DN Ik A W A Ik. Every 
time we put a number into W N Ip, we move ox. Since |J,| = 2”* and ox 
always has length k, we never have Ws N Ik = Ipk. Thus, if there is an s >t 
such that K,(o,) < (1 —27*)|oz|, then Rp requires attention at stage s, 
and so a number enters W N Ip. This number will later enter D, at which 
point Ry, will again require attention, and ox will be redefined. Thus, for 
the final value of op, we must have K(o,) > (1 — 27*)|ox|, and hence Rk 
is satisfied. 

Since there are infinitely many k such that DN Ip = W N Ix, infinitely 
many requirements are satisfied, and hence Dim(B) = 1. 

For the full result, we combine this permitting argument with the proof 
of Theorem 13.14.1. We have the same requirements as above. Let D, nx, 
and I, be as above (except that it is convenient to have |J;,| = 2”**! now). 

We will have strings op as above, but now their lengths may change 
during the construction, as in the proof of Theorem 13.14.1. As in that 
proof, we will build a tree via approximations Ts. While we work above 
a particular value of o,, we extend all other strings of the same length 
by 0’s. Thus, when we redefine og, we must move ox+41 above o,0” for 
some large n. This redefinition means that we now must associate some 
large I; with ox41, since we may need many permissions to ensure that 
K(on41) < (1 — 27“*)|o444| for the final value of og41. The main idea 
of the construction is that, instead of having a fixed use ux for permitting 
changes to og, we will now have a varying use up (so we will no longer have 
a wtt-reduction from D). When we redefine ox, we also redefine uz to be 
[o] + || + +--+ |L;-1|, where I; is the interval now associated with Rk+1- 
When we seek a permission to change ox, we do so by putting numbers 
into every Im C [up—1, ux). This action will allow us to argue that each Im 
such that D N Im = W N Im gives us enough permissions to satisfy some 
requirement, and hence infinitely many requirements are satisfied. 

We say that I, is active at stage s + 1 if Ds N Ik C Ws A Ik F Ik. 


Construction. 
Stage 0. Let oo = A, let To = {A}, and let uo = 0. 


Stage s + 1. Say that Rg requires attention if Ks(op) < (1 — 27*)|op| and 
either 


1. this is the first stage at which this inequality obtains for the current 
value of og or 
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2. D414 l Uk x D, | uk- 


If there is a least k < s such that Ry requires attention then proceed 
as follows. If 1 holds then for each active Im C [uk—-1, uk), put the least 
n € Im \W into W. If 2 holds then redefine o; to be the leftmost extension 
r € 2/7! of op—1 on T, such that K,(r) > (1 — 2-*)|7| (which must exist 
by the same reasoning as in the proof of Theorem 13.14.1), redefine up to 
be [Io|+ || +--+- + |I|, and undefine all o; and u; for j > k. 

Now let k be largest such that øx is still defined and let 7 be the leftmost 
leaf of T, that extends øx (so that |r| = ns). Define T;41 as follows. Begin 
by adding all extensions of 7 of length ns+1. For every leaf p # T of T;, add 
p0"+1—"s to T,41. Finally, close downwards to obtain a subtree of 2S"=+1, 
Let Ok+1 = TOs+1—"s and Uk+1 = \Io| + |l ae n |Is+1l. 

End of Construction. 


Let P = [U, Ts]. It is easy to check by induction that each ox has a final 
value (since, after o,-1 has settled, the length of op cannot change). For 
these final values, let B = |J, ox. As in the proof of Theorem 13.14.1, B is 
a left-c.e. real, and is the unique rank 1 element of P. 

Neither op nor ux can change unless some number less than ux, enters 
D. Since each ux has a final value, D can compute the final value of each 
Ox, and hence can compute B. 

Now suppose that DN Ik = W NA Ig. It can never be the case that 
Ds N Ik \ Ws N Ip #9, since then I, would become inactive, and we would 
never again put a number into W N Ix, ensuring that D N Ik 4 W A Ik. 
Furthermore, each time a number enters W N Ix, it does so because some 
string a, becomes redefined. It is easy to see from the construction that 
in that case |ox| < nz, and the strings corresponding to different numbers 
entering W N Iy must be different. Since |J;,| = 2"**t+, we never put all of 
Ik into W. Thus J; is permanently active. 

Let j be such that, for the final value of uj—ı and uj, we have I, C 
[uj-1,u,), and let so be a stage by which these final values are reached. 
Then all R; for i < j must eventually stop requiring attention (since each 
time such a requirement redefines o;, it undefines uj), say by stage sı > so. 
If at any stage s > sı we have K,(a;) < (1—27”)|a;|, then R; will require 
attention. It will then put a number into W N Ipk. This number must later 
enter D, which will cause uj to change. By the choice of so, this situation 
cannot happen, so in fact K.(0;) > (1—27/)|o;| for all s > sı, and hence 
K(o;) > (1—27”)|o;|, which means that Rj is satisfied. 

Since there are infinitely many k such that DO Ik = W N Ik and 
only finitely many can have J, C [uj—1,u;) for a given j, infinitely many 
requirements are satisfied, and hence Dim(B) = 1. o 
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13.15 Computable dimension and Schnorr 
dimension 


13.15.1 Basics 


It is natural to consider notions of dimension obtained by replacing c.e. 
gales by computable ones. Recall that a martingale d s-succeeds on A if 
lim sup,, ut In) = oo and s-succeeds strongly on A if lim, o = œ. As 
discussed in Section 13.3, the following definitions were in a sense implicit 


in the work of Schnorr [349]. 


Definition 13.15.1 (Lutz [252, 254], Athreya, Hitchcock, Lutz, and 
Mayordomo [15]). The computable Hausdorff dimension of C C 2% is 


diM.omp(C) = inf{s : there is a computable martingale that 
s-succeeds on all A € C}. 


The computable packing dimension of C C 2” is 


Dim.onmp(C) = inf{s : there is a computable martingale that 
s-succeeds strongly on all A € C}. 


For A € 2”, we write diM.omp( A) for dim,..,,({A}) and refer to it as the 
computable Hausdorff dimension of A, and similarly for packing dimension. 

A different approach to passing from ©? objects to computable ones in 
the definition of algorithmic dimension is to consider test sets that are 
computable in the sense of Schnorr. 


Definition 13.15.2. Let s > 0 be rational. 

A Schnorr s-test is a uniformly c.e. sequence {S;,}new of sets of strings 
such that X peg, 2787! < 27” for all n and the reals 7,24 27°10] are 
uniformly computable. 

A class C C 2” is Schnorr s-null if there exists a Schnorr s-test {Sn }new 
such that C € Np [Sn]. 


The Schnorr 1-null sets are just the Schnorr null sets. As with Schnorr 
tests, in the above definition we could require that 7, - Sn 2-slel = 27” and 
have the same notion of Schnorr s-null sets. The sets S» in a Schnorr s-test 
are actually uniformly computable, since to determine whether o € Sn it 
suffices to enumerate Sn until the accumulated sum given by } res, g=] 
exceeds 27” — 2°!7! (assuming the measure of the nth level of the test is 
in fact 27”). If o has not been enumerated so far, it cannot be in Sn. 
But of course the converse does not hold: there are computable sets of 
strings generating open sets with noncomputable measures. Indeed, we have 
mentioned before that every ©? class can be generated by a computable 
set of strings. 
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We can adapt Definition 13.5.6 to get an s-analog of the concept of total 
Solovay test introduced in Definition 7.1.9. A Solovay s-test D is total if 
Weep 2 “17! is computable. 

As we saw in Section 13.5, the correspondence between tests for s-Martin- 
Lof randomness and Solovay s-tests is close but not quite exact. In the 
Schnorr case, however, we do get an exact correspondence. 


Theorem 13.15.3 (Downey, Merkle, and Reimann [125]). For any rational 
s >0, a class C C 2” is Schnorr s-null if and only if there is a total Solovay 
s-test that covers every element of C. 


Proof. Let {Sn}new be a Schnorr s-test. Let S = U, Sn. Clearly, S is 
a Solovay s-test that covers all of (),, Sn, so it is enough to show that 
es 2-sl¢l is computable. It is easy to see that to compute this sum to 
within 27”, it is enough to compute X peg, 27°10] to within 2-?"~3 for each 
i<nt+l. 

For the converse, let S be a total Solovay s-test Given n, compute c = 
ees 2-77! to within 2-"~?. Effectively find a finite F C $ such that 


a2 g-n-l x 5 9-s\¢| <c- 97n-2 
oCF 
Let Sn = S\F. Then Sn covers every set that S covers, and Does, Q-slel< 
2-7”, Furthermore, this sum is uniformly computable over all n. Thus the 


Sn form a Schnorr s-test whose intersection contains all sets covered by 
S. O 


We have the following effective version of Theorem 13.1.2. 


Proposition 13.15.4 (Downey, Merkle, and Reimann [125]). For any 
rationals t > s > 0, if C is Schnorr s-null then it is also Schnorr t-null. 


Proof. It suffices to show that if s < t, then every Schnorr s-test is also a 
Schnorr t-test. Obviously, the only issue is checking the computability of 
the relevant sum. 

Let {Sr}new be a Schnorr s-test. Given any rational r > 0 and any n 


and k, let 
male) = So 2e 
oESn 
and 
mk (r) = a APIAN 
TESnN2SK 

It is easy to check that mE (t) < Mn (t) < mE (t) + 26-9¥my(s). 

Now, mn(s) is computable, and 2—%* goes to zero as k gets larger. 
Therefore, we can effectively approximate m,(t) to any desired degree of 
precision. O 
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Thus the following definition makes sense. 


Definition 13.15.5 (Downey, Merkle, and Reimann [125]). The Schnorr 
Hausdorff dimension of C C 2% is 


dims(C) = inf{s > 0: C is Schnorr s-null}. 


For A € 2”, we write dimgs(A) for dims({ A}) and refer to it as the Schnorr 
Hausdorff dimension of A. 

Note that the Schnorr Hausdorff dimension of any class is at most 1, 
since for any € > 0 we can choose a computable sequence ko, k1, ... such 
that the sets 2*» form a Schnorr 1 + e€ test covering all of 2”. 

We saw in Section 8.11.2 that the concepts of computable randomness 
and Schnorr randomness do not coincide. That is, there are Schnorr ran- 
dom sets on which some computable martingale succeeds. However, the 
differences vanish when it comes to Hausdorff dimension. 


Theorem 13.15.6 (Downey, Merkle, and Reimann [125]). For any B € 
2”, we have dims(B) = dimomp(B). 


Proof. (<) Suppose that a computable martingale d s-succeeds on B. By 

Theorem 7.1.2, we may assume that d is rational-valued. We may also 

assume that s < 1, since the case s = 1 is trivial. It suffices to show that 

for any t € (s,1), we can find a Schnorr ¢-test that covers B. Fix such a t. 
Let 


Uz = {0 : 2-O-Dleld(a) > 28}. 


It is easy to see that the {Ukp}kew are uniformly computable (since d is 
rational-valued and computable) and cover B, so we are left with showing 
that the reals JZ cy, 2-sl¢l are uniformly computable. 

To approximate Voeu, 2-sl¢l to within 27”, we first effectively find an 
n such that 20-797 > Xd(A). Let V = Up N 2S”. If r € Up \ V then 
d(r) > 20-#)n9k > 2"+tkd(A). So by Kolmogorov’s Inequality (Theorem 
6.3.3), (Ux) — w(V) < 2-0 +), 

(>) Suppose dims(B) < s < 1. (Again the case s = 1 is trivial.) We show 
that there is a computable martingale d that s-succeeds on B. 

Let {Vk }kew be a Schnorr s-test that covers B. Let 


di.( pet if T x ø for some T € Vp 
g] = 
i Wore g-I7l+G-s)lel+l7l) otherwise. 
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We verify that dẹ is a martingale. Given ø, if there is a 7 € Vp such that 
T 3 g, then clearly d,(o0) + di(o1) = 2dz(o). Otherwise, 


dj,(a0) + d;,(o1) 


= 5 o7lr|+(-s)(løl+Ir|+1) 5 g-It|+0—s)(lel+]71+1) 
oOTEVk olTEVk 


= 5 galt) +0—-s)(lol+lel) = 2dp(0). 
ope Vi, 


Furthermore, d(A) = Drey, 2 = Spey, 277 < 27}, so d = 
Š; dp is also a martingale. It is straightforward to use the fact that { V; }kew 
is a Schnorr s-test to show that the dẹ are uniformly computable, and hence 
d is computable. 

Finally, note that, for o € Vp, we have d(o) > dy(o) = 24-41, so if 
B € N (Vel, then d(B | n) > 2079" infinitely often, which means that d 
s-succeeds on B. O 


Thus, in contrast to randomness, the approaches to dimension via 
Schnorr tests and via computable martingales yield the same concept. 
Because of the potential confusion between the terms “effective dimen- 
sion” (which we have used to mean our primary notion of ©? dimension) 
and “computable dimension”, we will use the term “Schnorr Hausdorff 
dimension” and the notation dims. For uniformity, we will also refer to 
computable packing dimension as Schnorr packing dimension and use the 
notation Dims in place of Dim... 

It follows from the definitions that dimg(A) < Dims(A) for any A. We call 
sets for which Schnorr Hausdorff and Schnorr packing dimension coincide 
Schnorr regular, following [391] and [15]. It is easy to construct a non- 
Schnorr regular sequence; in Section 13.15.4, we will see that such sequences 
occur even among the c.e. sets. 


13.15.2 Examples of Schnorr dimension 


The easiest way to construct examples of sequences of non-integral Schnorr 
Hausdorff dimension is by inserting zeroes into a sequence of Schnorr Haus- 
dorff dimension 1. Note that it easily follows from the definitions that every 
Schnorr random set has Schnorr Hausdorff dimension 1. On the other hand, 
it is not hard to show that not every set of Schnorr Hausdorff dimension 1 
is Schnorr random. 

A second class of examples is based on the fact that Schnorr random sets 
satisfy the law of large numbers, not only with respect to the uniform mea- 
sure, but also with respect to other computable Bernoulli distributions. For 
a sequence p= (po, pi1,...) of elements of (0,1), the Bernoulli measure up 
is defined by pp(Lo]) = [ogya1 Pi LWo(y=o (1 — pi). It is straightforward to 
modify the definition of Schnorr test to obtain Schnorr randomness notions 
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for arbitrary computable measures, as we did for Martin-Lof randomness 
in Section 6.12. 


Theorem 13.15.7 (Downey, Merkle, and Reimann [125]). 


(i) Let S be Schnorr random and let Z be a computable, infinite, co- 
infinite set such that dz = limn HO, M-UNA erists. Let Sz = S@z9, 
where @z is as defined in Section 6.9. Then dims(Sz) = dz. 


(ii) Let p = (po, pı,...) be a sequence of uniformly computable reals in 
(0,1) such that p = lim, pn exists. Then for any Schnorr pg-random 
set B, we have dims(B) = —(plogp+ (1 — p) log(1 — p)). 


Part 1 of the theorem is straightforward (using for instance the mar- 
tingale characterization of Schnorr Hausdorff dimension); part 2 is an easy 
adaption of the corresponding theorem for effective dimension (as for exam- 
ple in Section 13.5). Lutz [254] proved part 2 for Martin-L6f jus-randomness 
and effective Hausdorff dimension. 

It is not hard to see that for the examples given in Theorem 13.15.7, the 
Schnorr Hausdorff dimension and the Schnorr packing dimension coincide, 
so these examples describe Schnorr regular sets. In Section 13.15.4, we will 
see that there are highly irregular c.e. sets: While all c.e. sets have Schnorr 
Hausdorff dimension 0, there are c.e. sets of Schnorr packing dimension 1. 

Downey and Kach [unpublished] have noted that the method in the 
proof of Theorem 8.11.2 can be used to show that if a set is nonhigh, then 
its Schnorr Hausdorff dimension equals its effective Hausdorff dimension. 
We will see in Section 13.15.4 that this correspondence fails for packing 
dimension. 


13.15.3 A machine characterization of Schnorr dimension 


One of the fundamental aspects of the theory of 1-randomness is the charac- 
terization of that notion in terms of initial segment Kolmogorov complexity. 
There is an equally important correspondence between effective Hausdorff 
and packing dimensions and Kolmogorov complexity, as we saw in Theorem 
13.3.4 and Corollary 13.11.12. A comparably elegant initial segment com- 
plexity characterization is not possible for Schnorr randomness, because 
such a characterization should be relativizable, and would therefore imply 
that lowness for K implies lowness for Schnorr randomness, which we saw 
was not the case in Section 12.1. 

As we saw in Section 7.1.3, however, it is possible to obtain a machine 
characterization of Schnorr randomness by restricting ourselves to com- 
putable measure machines, that is, prefix-free machines whose domains 
have computable measures. We now see that we can use such machines to 
characterize Schnorr dimension as well. 

Recall from Theorem 7.1.15 that Downey and Griffiths [109] showed that 
A is Schnorr random iff Ky4(A [ n) > n — O(1) for every computable 
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measure machine M. Building on this characterization, we can describe 
Schnorr dimension as asymptotic initial segment complexity with respect 
to computable measure machines. 


Theorem 13.15.8 (Downey, Merkle, and Reimann [125]). The Schnorr 
Hausdorff dimension of A is the infimum over all computable measure 
machines M of liminf, Kulat), 

Proof. (>) Let s > dims(A) be rational. We build a computable measure 
machine M such that lim inf, Kulm) <s. 

Let {U;}iew be a Schnorr s-test covering A. The KC Theorem is applica- 
ble to the set of requests (|s|o||,o) for o € U;,, Ui, so there is a prefix-free 
machine M such that Kys(c) < |s|o|| for all such ø. Furthermore, M is a 
computable measure machine because X; 1 X oey, 27117 is computable. 

We know that for each 7 there is an n; such that A [ nj € Un, and 
clearly these n; go to infinity. So there are infinitely many n such that 
Km(A În) < |sn| < sn, which implies that liminf,, Kulam) <s. 

(<) Suppose there is a computable measure machine M such that 
liminf, {Am < s, where s is rational. Let Sm = {o : Kulo) < slo|}. 

We claim that Sm is a total Solovay s-test covering A. There are infinitely 
many initial segments of A in Sm, so it remains to show that } ses 2-2 
is finite and computable. Finiteness follows from the fact that 


See mT; 


o€Su o€Su 


To show computability, given €, compute an s such that u([dom(M) \ 
dom(M,)]) < £, and let Sm, = {0 : Km, (0) < slo|}. Then 


5 Q-slel < 5 27slel < 5 allie 


oESMs o€Su o€Sm, 


since for any o € Sm \ Sm,, we have Q-elel < o> Kul) and any minimal 
length M-description of o must be in dom(M)\dom(M,), whence the sum 
of 2~*!¢! over all such ø is bounded by p([dom(M) \dom(M,)])<e«. O 


An analogous argument, using the correspondence between martingales 
and tests shown in Theorem 13.15.6, allows us to obtain a machine 
characterization of Schnorr packing dimension. 


Theorem 13.15.9 (Downey, Merkle, and Reimann [125]). The Schnorr 


packing dimension of A is the infimum over all computable measure 
Ku (Aln) 


machines M of limsup,, 7 


13.15.4 Schnorr dimension and computable enumerability 


For left-c.e. reals, having high effective dimension has similar computability- 
theoretic consequences to being 1-random. For instance, as we have seen, 
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every left-c.e. real of positive effective dimension is Turing complete. For 
Schnorr dimension, a straightforward generalization of Corollary 8.11.4 
shows that if A is left-c.e. and dims(A) > 0, then A is high. 

Computably enumerable sets are usually of marginal interest in the con- 
text of algorithmic randomness, one reason being that they cannot be 
random relative to most notions of randomness. For instance, we have the 
following. 


Proposition 13.15.10 (Folklore). No c.e. set is Schnorr random. 


Proof. Let A be c.e. We may assume that A is infinite, and hence contains 
an infinite computable subset {bọ < bı <-+--}. Let Gn = {0 € 2°": Vi < 
n(o(b;) = 1)} and let Un = [Gn]. Then u(U,) = 27”, so the Un form a 
Schnorr test, and A € N, Un. o 


This proof does not immediately extend to showing that a c.e. set A must 
have Schnorr Hausdorff dimension 0. Defining coverings from the enumer- 
ation of A directly might not work either, since the dimension factor leads 
longer strings to be weighted more, so, depending on the enumeration, we 
might not get a Schnorr s-covering. However, we can exploit the somewhat 
predictable nature of A to define for each s > 0 a computable martingale 
that s-succeeds on A. 


Theorem 13.15.11 (Downey, Merkle, and Reimann [125]). Every c.e. set 
has Schnorr Hausdorff dimension 0. 


Proof. Let s € Q7°. Let y > 217° — 1 be rational. Partition N into consec- 
utive disjoint intervals Jp, J4, ... so that there is an £ > 0 for which, letting 
in = |In] and jn = io + i1 +--+ in, we have 


in (127 )\ Etn 
E (+7) a. 
n 2(1-s)jn 


= 00. 
To have this hold, it is enough to have I„ be much larger than [,_, for 
example by letting |J,,| = 2¥elt--+l»—11, 

Let 6 = limsup,, [Aral By replacing A with its complement if needed, 
we may assume that ô > 0. Let q < r € Q be such that ô € (q,r) and 
r— q < £. There is a computable sequence no < nı < --- such that 
qin, < |AN In,| < rin, for all k. 

Let d be defined as follows. let d(A) = 1. If |o| ¢ In, for all k, then let 
d(o0) = d(o1) = d(o). If |o| € Ip, then wait for an s such that |As N In,| > 
din, If |[o| E As, then let d(o0) = 0 and d(ol) = 2d(c). Otherwise, let 
d(o0) = (1+ y)d(o) and d(o1) = (1 — y)d(o). 
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When betting along A, the number of times we are in the last case of 
the definition of d and yet |o| € A is less than (r — q)in, < €in,, SO 


dA Tn) > AA | faea )(L + Nin Enn (1 — y) 
. 1 E Ein, 
= d(A} jns )(L E Ni (=) | 


By our choice of £, we see that d s-succeeds on A. Oo 


We have seen that effective Hausdorff dimension is stable; that is, the 
effective Hausdorff dimension of a class is the supremum of the effective 
Hausdorff dimensions of its elements. It is not hard to see that for every 
Schnorr 1-test there is a c.e. (and even a computable) set that is not covered 
by it. Thus the class of all c.e. sets has Schnorr Hausdorff dimension 1, and 
hence Schnorr Hausdorff dimension is not stable, even for countable classes. 

Perhaps surprisingly, there do exist c.e. sets with Schnorr packing dimen- 
sion 1. This result contrasts with the case of effective packing dimension, 
since as we will see in Theorem 16.1.1, if A is ce. then C(A f n) < 
2logn + O(1). It can be generalized to show that every hyperimmune de- 
gree contains a set of Schnorr packing dimension 1. Downey, Merkle, and 
Reimann [125] remarked that a straightforward forcing construction shows 
the existence of degrees that do not contain any set of high Schnorr packing 
dimension. 


Theorem 13.15.12 (Downey, Merkle, and Reimann [125]). If B has hy- 
perimmune degree then there is an A =; B with Schnorr packing dimension 
1. If B is c.e. then A can be chosen to be c.e. 


Proof. We begin with the non-c.e. case. It is enough to build C <+ B with 
Schnorr packing dimension 1, since we can then let A = B@®x C for a 
sufficiently sparse computable set X (where @x is as defined in Section 
6.9), say X = {2" :n E N}. 

Let g Sr B be such that for any computable function f, we have f(n) < 
g(n) for infinitely many n. Effectively partition N into disjoint consecutive 
intervals Jo, J4, ... such that |In+1| is much greater than |Zo] +--+ |In]. For 
instance, we can choose the In so that |In41| = 210l +l, Let in = |In]. 
Let Mo, Mı,... be an effective enumeration of all prefix-free machines. 

If DAOG 2-lel < 1 —2-%em) then let C N Item) = 0. Otherwise, 
let o € 2%e™ be such that Kyy.tg(n)j(7) > ten). (If such a ø does not 
exist, then the domain of Me consists exactly of the finitely many strings 
of length ie), so we do not have to worry about Me; in this case, let 
CO Keny = 9.) Note that Kiyy.(0) > iten): Let C Ù Ken) = 0. We have 
C Srg Sr B. 

Assume for a contradiction that Dims (C) < 1. Then there exists a com- 
putable measure machine M and an £ > 0 such that Km(C [ n) < (1—e)n 
for almost all n. By Proposition 7.1.18, we may assume that u(|dom M]) = 
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1. We define a machine M with the same domain as M. If M (x) | then 
check whether |M (x)| = io + i1 +--+ + ip for some k. If so, then let M(x) 
be the last i, many bits of M(x). Otherwise, let M(z) = 0. Let e be such 
that Me = M. 

Let f(n) be the least stage s such that }` wr tsio) Q-lel > 1 —2-Hen), 
Since u([dom Me]) = 1, the function f is total and computable, so there 
are infinitely many n such that f(n) < g(n). For each such n, we have 
Ku.(C | Keny) > ten). On the other hand, for almost all n, 


Ku.(C [ Len)) < Ku(C [ e,o) U...U Len)) 


. E\. 
< (1-6) (x ites) < (1 = E Jen 


Jj<n 


so we have a contradiction. 

If B is c.e., then it is easy to see that we can let the function g above 
be defined by letting g(n) be the least stage s such that B,(n) = B(n). 
If we build C as above using this g, then C is c.e., since ifn ¢ B then 
C | Iven) = 0, while otherwise we can wait until the stage g(n) at which n 
enters B, and compute C | Ken) from g(n), enumerating all its elements 
into C at stage g(n). O 


As mentioned in Section 13.15.2, this result, combined with Theorem 
13.14.5 (or Theorem 16.1.1 below, which implies that all c.e. sets have 
effective packing dimension 0), shows that, as opposed to the case of Haus- 
dorff dimension, there are nonhigh sets with Schnorr packing dimension 1 
but effective packing dimension 0. 


13.16 Kolmogorov complexity and the dimensions 
of individual strings 


In this section, we look at work of Lutz [254] on assigning dimensions 
to individual strings, and a new characterization of prefix-free complexity 
using such dimensions. 

We have seen that the effective dimension of a set can be characterized 
in terms of initial segment complexity and in terms of c.e. (super)gales. 
To discretize the latter characterization, Lutz replaced supergales by ter- 
mgales, which can deal with the fact that strings terminate; this change is 
made by first defining s-termgales, and then defining termgales, which are 
uniform families of s-termgales. Next, he replaced “tending to infinity” by 
“exceeding a finite threshold”. Finally, he replaced an optimal s-supergale 
by an optimal termgale. 
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The basic idea is to introduce a new termination symbol L to mark the 
end of a string. A terminated binary string is oO with o € 2<”. Let T be 
the collection of terminated binary strings. 


Definition 13.16.1 (Lutz [254]). For s > 0, an s-termgale is a function 
d: 2<% UT — R>? such that d(A) < 1 and for all o € 2<¥, 


d(o) > 2~*(d(a0) + d(o1) + d(cQ)). 


For s = 1, the s-termgale condition is akin to the usual supermartin- 
gale condition, but as noted by Lutz, if each of 0,1,0 is equally likely, 
independently of previous bits, then the conditional expected capital after 
betting on the bit to follow ø is deo) rately talo) = 2d(c). However, the 
definition of s-termgales is based on the assumption that the termination 
symbol O should actually be regarded as having vanishingly small proba- 
bility. In other words, the 1-termgale payoff condition is the same as the 
corresponding supermartingale condition, except that the 1-termgale must 
divert some of its capital to the possibility of O occurring, and this diver- 
sion is without compensation, but LJ can occur at most once, and we can 
make the impact of this diversion of capital small. 

Lutz [254] provided the following example. Let d(A) = 1. Given d(c), let 
d(a0) = 2d(c) and d(o1) = d(oQ) = 4d(c). Then d is a 1-termgale and if 
g isa string with no many 0’s and nı many 1’s, then 
a 3 no 1 nitl _ 9no(1+log 3)—2(nı +1) 
doD) = (SGH =2 , 

Thus if no > Togs ("0 +n, + 1), then d(oQ) is significantly greater than 
d(X) even though d loses three quarters of its capital when O occurs. 
The following facts are straightforward. 


Lemma 13.16.2. Let d,d! : 2<“ UT — R>? be such that 2~*!*!d(a) = 
2-“leld'(c) for all o € 25° UT. Then d is an s-termgale iff d! is an 
s'-termgale. 

In particular, if d is a 0-termgale and d'(a) = 2°°ld(o) for all o € 
2<” UT, then d' is an s-termgale, and each s-termgale can be obtained in 
this way from a 0-termgale. 


We need the following technical lemma. 


Lemma 13.16.3 (Lutz [254]). Let d be an s-termgale and T € 2<“. Then 
Locos 2 dro) < 2°d(7). 


Proof. First suppose that s = 0. It is straightforward to show by induction 
that for all m, 


5 d(roQ) + 5 d(ta) < d(r). 


oe2cm oe2m 


Thus ` pc2<m d(ro0) < d(T) for all m, and hence }),-5<. d(roQ) < d(r). 
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For the general case, let d'(a) = 2~*!7!d(o) for all o € 2<% UT. Then d’ 
is a 0-termgale, and hence 


XO 2 droll = XO eal rel) OT air = 2°d(7). 


gEezs” oe2<v 


oO 


We are now ready to define (optimal) termgales. 


Definition 13.16.4 (Lutz [254]). (i) A termgale is a family d = {d° : 
s > 0} of s-termgales such that 2~$!7!d8(¢) = 27% !¢ld® (a) for all s, 
s, and o E€ 2 UT. 


(ii) A termgale is 9, or constructive, if d? is a X} function. 


(iii) A X} termgale d is optimal if for each £} termgale d there is a c > 0 
such that for all s and ø € 2“, we have d*(oQ) > cd*(oL). 


In the same way that we connected continuous semimeasures with mar- 
tingales, we can define the termgale induced by a c.e. discrete semimeasure 
m via d[m]*(r) = 2817!) om m(a). (See Section 3.9 for more on discrete 
semimeasures. ) 


Theorem 13.16.5 (Lutz [254]). If m is a maximal c.e. discrete semimea- 
sure then d|m] is an optimal ©} termgale. Thus there is an optimal X9 
termgale. 


Proof. It is easy to check that d[m] is a termgale. Let d = {d5 : s > 
0} be a termgale. Let M(o) = d°(o). By Lemma 13.16.3, M is a c.e. 
discrete semimeasure. Since m is multiplicatively optimal, for some c we 
have m(c) > cm/(o) for all o € 2<”. Hence 


dim] (o0) = 28! Im(o) > 2510H eMo) = cd’ (oD). 


o 


Definition 13.16.6 (Lutz [254]). If d is a termgale, n > 0, and o € 259, 
then the dimension of o relative to d at significance level n is 


dim) (0) = inf{s > 0: d°(oD) > n}. 
We can characterize this dimension in terms of an optimal termgale. 


Theorem 13.16.7 (Lutz [254]). Let d be an optimal X} termgale, and let 
d be aX} termgale. Then for each n > 0 there is ac > 0 such that, for all 
gese 

c 


dimž (0) < dimj(o) + EN 
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Hence, if da and də are both optimal De termgales and nı, n2 > 0, then 
there is a c > 0 such that for all o € 25”, 


Proof. By the optimality of d, there is a constant b € (0,1) such that for all 
s, we have d'(a) > bd? (oO). Given n, let c = log n— log b, and notice that 


c> 0. Let s > dim} (o) + rfe and let sı = s — gyfa: Then sı > dim} (o), 
so 


d® (oO) > bd (oO) = 626° sHleOl G51 (o0)) = b2°d*1 (o0) > b2° = n. 
Oo 


Theorem 13.16.7 is the key to Lutz’ definition of the dimension of a 
string, since it says that if we base our definition on a particular optimal 
x? termgale dand significance level n, then this choice will have little effect 
on the dimension of a given string, particularly for longer strings. Therefore 
we fix an optimal ©? termgale dg and make the following definition. 


Definition 13.16.8 (Lutz [254]). dim(c) = dim4, (o) for every o € 2<”. 


In this context, we lose some of the finer points of Hausdorff dimension. 
For example, it is no longer true that the effective dimension is bounded 
above by 1. But we do have the following analog. 


Theorem 13.16.9 (Lutz [254]). There is a b > 0 such that dim(c) < b 
for allo € 2<”. 


Proof. For each o and s, let d°(c) = 2&-)l¢l and d§(oD) = 2(s-2lel+1, 
Then it is easy to check that d = {d° : s > 0} is a termgale, and d?(oL) = 2 
for all ø. Thus, by Theorem 13.16.7, there is a c such that dim(a) < 2+ 


Tao] < 2+ c, so we can take b= 2 + c. O 


Finally, we have an analog of the Kolmogorov complexity characteriza- 
tion of effective Hausdorff dimension. 


Theorem 13.16.10 (Lutz [254]). K(o) = |o|dim(o) + O(1). 


Proof. Let m be a maximal c.e. semimeasure, as given in Theorem 3.9.2, 
and let d|m] be the termgale induced by m. For all ø € 2<% and s > 0, we 
have 


— log m(a) 
1+ |o| 


dim]: (o0) > 1 iff 2°17 


m(o) > 1 iff s > 


? 


so (1+ ||) dim din) (7) = — logm(a). 

Thus, by Theorem 13.16.7, (1 + |o|) dim(c) = —logm(c) + O(1), so 
by Theorem 13.16.9, |o|dim(o) = —logm(c) + O(1). But by the Coding 
Theorem 3.9.4, K(o) = — log m(o)+0(1), so |o| dim(o) = K(a)+O(1). O 
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Theorem 13.16.10 implies that for any A € 2”, we have lim, |x) oe 
dim(A | n)| = 0. Thus the Kolmogorov complexity characterizations of 
effective Hausdorff and packing dimensions imply the following. 


Corollary 13.16.11 (Lutz [254]). For A € 2”, we have dim(A) = 
liminf, dim(A f n) and Dim(A) = lim sup, dim(A | n). 


n [254], Lutz also proved several other facts about the dimensions of 
finite strings. Space considerations preclude us from including this material. 


Part IV 


Further Topics 


14 
Strong Jump Traceability 


As we have seen, the K-trivial sets form a class of “extremely low” sets, 
properly contained within the class of superlow sets and closed under 
join. The study of K-triviality has led to an increased interest in no- 
tions of computability-theoretic weakness. In particular, various forms of 
traceability have played important roles. In this chapter we study the no- 
tion of strong jump traceability introduced by Figueira, Nies, and Stephan 
[147] and later studied by Cholak, Downey, and Greenberg [65], among 
others, and explore its connections with K-triviality and other randomness- 
theoretic notions. In the computably enumerable case, we will show that 
the strongly jump traceable c.e. sets form a proper subideal of the K-trivial 
c.e. sets, and can be characterized as those c.e. sets that are computable 
from every w-c.e. (or every superlow) l-random set. We will also discuss 
the general case in the last section. In particular, we will show that every 
s.j.t. set is K-trivial, a result of Downey and Greenberg [105]. 


14.1 Basics 


Recall that we denote 64(n) by J4(n), and that a set A is h-jump traceable 
for a computable order h if there are uniformly c.e. sets To, 71,... such that 
|Ta| < h(n) and J4(n)} => J4(n) € Tn for all n. (That is, there is a c.e. 
trace for J4 with bound h.) In this chapter we assume that all orders h 
have h(0) > 0. 
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Definition 14.1.1 (Figueira, Nies, and Stephan [147]). A set A is strongly 
jump traceable (s.j.t.) if it is h-jump traceable for every computable order 
h. 


It follows easily from the fact that there is a computable function f such 
that JA(f(e,n)) = ®4(n) for all e and n that if A is s.j.t. then for each 
computable order h and each partial A-computable function ~, there is a 
c.e. trace for Y with bound h. Indeed, we have the following useful fact. 


Lemma 14.1.2 (essentially Cholak, Downey, and Greenberg [65], see also 
Nies [306]). Let ho, hi,... be uniformly computable orders such that h,(0) > 
n for all n. From indices for the sequence ho, hı,... and for a sequence of 
uniformly computable functionals Vo,W1,..., we can effectively determine 
a computable order g such that for all A, if J4 has a c.e. trace {T;}icw 
with bound g, then each VA has a c.e. trace with bound hn, and these can 
be obtained effectively from an index for {Ti yicw. 


It is not obvious that noncomputable s.j.t. sets exist, but the following 
result shows that they in fact do. We give a sketch of its proof from [65]. 


Theorem 14.1.3 (Figueira, Nies, and Stephan [147]). There is a promptly 
simple s.j.t. c.e. set. 


Proof sketch. Suppose that we wish to construct a noncomputable c.e. set A 
that is h-jump traceable for a single given computable order h. Let Pe be the 
eth noncomputability requirement, A 4 We, and let Ne be the requirement 
stating that if J4(e) | then J4(e) € Te, for a c.e. trace To, Ti, . .. with bound 
h that we build. 

We order the requirements in the following way: 


No Ni No... Ne... Po... Ne... Pr... Ne... Po... 
ee —— 
h(e)=1 h(e)=2 h(e)=3 


The construction is straightforward: Each P, is appointed a follower x. If 
x enters We at a stage s at which P, is not yet satisfied, then we put x into 
A, satisfying P.. If a new computation J4(e) appears at a stage s, then Ne 
puts its value into Te and initializes all weaker P-requirements, which are 
then appointed new, large followers (in particular larger than the use of the 
computation J4(e)[s]). It is easy to see that the arrangement of strategies 
ensures that |T.| < h(e). 

The key to the success of this construction is that each requirement P, 
acts at most once, and does not need to act again even if it is later ini- 
tialized. It may be instructive to think of the priority ordering as dynamic: 
when P, acts, it is removed from the list of requirements and is never 
troubled (nor influences other requirements) again. 

To make A be h-jump traceable for all computable orders h, a further dy- 
namic element needs to be introduced to the priority ordering. The property 
of a partial computable function being an order is TÌ, and we approximate 
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it in this fashion. Say that a stage is e-erpansionary if at this stage we 
have further evidence that the eth partial computable function ®, is an 
order. If s is e-expansionary then the positive requirements are pushed 
down the ordering so that for every n such that ®e(n)[s] |, there are at 
most e(n) many positive requirements stronger than Ne,n, the require- 
ment that traces J4(e) with at most ®e(n) many values. To protect the 
positive requirements from being moved down infinitely often, we stipulate 
that a positive requirement Py cannot be moved by ®, if e’ < e; these 
positive requirements are ignored when we count the number of positive 
requirements that appear before some Nen. If Pe acts then we initialize 
every Ne, and start a new trace. oO 


This proof admits the usual sorts of variations. For instance, Cholak, 
Downey, and Greenberg [65] showed that for every low c.e. set B, there is 
an s.j.t. c.e. set A £r B. 

Since A <r B implies that J A is uniformly coded into J B. , we have the 
following. 


Theorem 14.1.4 (Figueira, Nies, and Stephan [147]). The class of strongly 
jump traceable sets is closed downward under Turing reducibility. 


Figueira, Nies, and Stephan [147] also studied the relationship between 
strong jump traceability and other kinds of approximations to the jump. 


Definition 14.1.5 (Figueira, Nies, and Stephan [147]). A set D is well- 
approzimable if for each computable order h there is a computable g such 
that for all n, we have |{s : g(n,s +1) Æ g(n,s)}| < h(n) and D(n) = 
lims g(n, s). 


Figueira, Nies, and Stephan [147] studied sets A such that A’ is well- 
approximable. As with strong jump traceability, it is easy to see that 
the class of such jump well-approximable well sets is closed downward 
under Turing reducibility. We can also study the J“ version of this defini- 
tion: Downey and Greenberg [unpublished] defined A to be strongly jump 
well-approximable if J“ is well-approximable. Downey and Greenberg con- 
jectured that jump well-approximability, strong jump well-approximability, 
and strong jump traceability are equivalent, but this is not known to be the 
case in general. In the c.e. case, it is not hard to show that these notions 
are indeed the same. 


Theorem 14.1.6 (essentially Figueira, Nies, and Stephan [147]). The 
following are equivalent for a c.e. set A. 


(i) A is strongly jump traceable. 
(ii) A is jump well-approximable. 


(iii) A is strongly jump well-approximable. 
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Relatively weak computability-theoretic lowness properties do not im- 
ply randomness-theoretic lowness. For instance, there are 1-random sets 
that are low, or even superlow. However, the same is not true of very 
strong computability-theoretic lowness notions. For instance, we have the 
following plain complexity characterization of strong jump traceability. 


Theorem 14.1.7 (Figueira, Nies, and Stephan [147]). A set A is s.j.t. 
iff for every computable order h, we have C(o) < C4(a) + h(CA(a)) for 
almost all o. 


Proof. Let A be s.j.t. and let h be a computable order. Let g(n) = log h(n). 
It clearly suffices to show that C(o) < C4(o) + g(C4(c)) + O(1). Since 
UA is a partial A-computable function, there is a c.e. trace {T,},e2<e 
for UA with bound g(|r|). Let r be a minimal-length U/4-description of 
a. Since o € T,, we can describe o by giving 7 and a number less than 
or equal to g(|o|) denoting o’s position in the enumeration of T,. Thus 
C(a) < |r| + g(I7|) + O11) = CA(a) + g(C4(a)) + 00). 

Conversely, suppose that for every computable order h, we have C(a) < 
CA(c) + h(C4(c)) for almost all o. If J4(e) | and logn = e then 
CA(n, J4(e)) < C4(n) + O(1) < e+ O(1). Let c be this final O(1) con- 
stant. Let h be a computable order. Let g be a computable order such 
that 39¢+°) < h(e) for all e. If J4(e) | and logn = e then C(n, J4(e)) < 
CA(n, J4(e)) + g(C4(n, J4(e))) < e+ gle + c) + c. Let 


Te = {m : Vn (logn = e > C(n,m) Se + gle + c) + 0)}. 


Then for almost all e, if J4 (e) |, then J4 (e) € T(®, since for any n with 
logn = e, we have C(n, J4 (e)) < e + gle + c) + c. So it is enough to show 
that |T.| < h(e) for almost all e. Let n be such that logn = e and C (n) > e. 
Then for all m € Te, we have C(n,m) < e+gle+c)+c < C(n)+gle+c)+c, 
so by Theorem 3.4.6, for almost all e, we have |T.| < 39+? <h(e). O 


One consequence of the above result is that jump well-approximability 
implies strong jump traceability in general. 


Theorem 14.1.8 (Figueira, Nies, and Stephan [147]). If A’ is well ap- 
proximable, then for every computable order h, we have C(a) < C4(c) + 
h(CA(c)) for almost all o. Thus every jump well-approximable set is s.j.t. 


Proof. Let h be a computable order. Let no = C(a | 0%). (Recall that o% 
is a minimal length U/4-description of ø.) We have C(a) < C4A(c) + 2no 
for almost all ø, so it is enough to show that no < oe) 
o. In fact, we will show that no < 2log h(C4(c)) + O(1). 
Define a partial A-computable function (m,n, p) as follows. Wait until 
o = UA(p), if ever. Then search for a r € 2” such that U(r) = o. If 
such a 7 is found, m < n, and the mth bit of 7 is 1, then let U(m,n, p) | 
(the actual value of U(m,n, p) is irrelevant). The important part of this 


for almost all 
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definition is that there is some Tọ € 2° such that U74 (To) = o and for 
m < no, we have U(m, no, 0%) | iff Tom) = 1. 

Let f be a computable function such that A’(f(m,n,p)) = 1 iff 
W(m,n,p) |. Let b be a computable order such that b(f(m,n,p)) <S 
mnh(|p|) for all m, n, and p. By definition, there is a way to approx- 
imate A’ so that A’(k) is approximated with at most b(k) many mind 
changes. Thus, since t,(m) = 1 iff A’(f(m,n>,0%)) = 1, we can describe 
To from o% by giving no and the exact number of times our approximation 
to A’(f(0,n-,0%)),...,A'(f (no — 1, no, o% )) changes, which is bounded by 
n2h(\o%|) = n2h(C4(c)). But we can also compute c from To and o%, so 


C(t. | o4) + O(1) 
2log ng + log(nZh(C4(c))) + O(1) 
< Alogng + logh(C4(c)) + O(1) < “2 z tlogh(C*(o )) + O(1), 


Ng =C(a|o%4) S 
< 


so no < 2logh(C4(c)) + O(1). o 


Ng [296] has shown that the index set of c.e. s.j.t. sets is I9-complete. 
His proof builds on the method of separating K-triviality and strong jump 
traceability from Theorem 14.3.7 below. 

Ng has also studied relativized versions of strong jump traceability and 
related notions. For example, a set A is ultra jump traceable if A is strongly 
jump traceable relative to all c.e. sets X. That is, for every c.e. set X and 
every X-computable order h, there is an X-c.e. trace for J4 with bound h. 
Note that this definition is a “partial” relativization, in that we trace only 
JA, not J*®4, Ng [297, 294] has shown that noncomputable ultra jump 
traceable sets exist, but no noncomputable set is jump traceable relative 
to all A$ sets in this partial sense. He has also shown that the ultra jump 
traceable sets form a proper subclass of the s.j.t. sets, and that they cannot 
be promptly simple. They thus form the first known class defined by a cost 
function construction that has noncomputable elements but no promptly 
simple ones. This class is not yet well understood. 


14.2 The ideal of strongly jump traceable c.e. sets 


By Theorem 14.1.4, the class of strongly jump traceable sets is closed down- 
ward under Turing reducibility. In this section we show that the join of two 
s.j.t. c.e. sets is also s.j.t., and so the c.e. s.j.t. sets form an ideal in the 
c.e. degrees. In fact, we show that for every computable order h there is 
another computable order g such that if Ap and A, are c.e. and g-jump 
traceable, then A B is h-jump traceable. This result should be contrasted 
with Theorem 11.6.4 that there exist superlow c.e. sets A and B such that 
AS B= V. 
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The following theorem improves an earlier unpublished result of Ng, who 
built a nontrivial class of c.e. sets C such that for all A € C and all s.j.t. 
sets B, the join A @ B is strongly jump traceable. 


Theorem 14.2.1 (Cholak, Downey, and Greenberg [65]). Let g be a com- 
putable order. There is a computable order h such that if A and B are 
h-jump traceable c.e. sets, then A® B is g-jump traceable. In particular, if 
A and B are s.j.t. c.e. sets then so is A® B. 


Proof. This proof is a relatively simple example of the box promotion (or 
box amplification) method, so we wish to describe the motivation behind 
it. 

Suppose that we wanted to prove the theorem wrong, that is, to con- 
struct s.j.t. c.e. sets Ag and A; such that Ap ® A is not s.j.t. We could 
attempt to combine the construction of a promptly simple s.j.t. c.e. set 
in the proof of Theorem 14.1.3 to build Ap and A, with a strategy to 
diagonalize against possible traces for J4°®41 by changing values of this 
computation sufficiently often. 

Recall that in the proof of Theorem 14.1.3, after some requirement P. 
acts, it is removed from the list of requirements, and the blocks of N- 
requirements to its left and right are merged. This action “promotes” the 
block of N-requirements to the right of P., in a sense increasing their pri- 
ority, which means that the number of times they can be injured decreases 
by one. 

In our attempted construction, suppose we start with the same ordering 
of requirements, except that there are two kinds of negative requirements, 
one for Ag and one for A;, and the positive requirements are the ones 
forcing us to change Ap or A, to diagonalize against possible traces for 
J40®41_ The difference now is that the positive requirements need to act 
multiple times. Each time a positive requirement P, acts, enumerating a 
number into some A;, it must be demoted down the list and placed after all 
the negative requirements it has just injured. Since these requirements may 
later impose new restraints, a new follower for P. may be needed each time 
such a requirement decides to impose restraint. Since some of the negative 
requirements are also promoted by positive requirements weaker than Pe, 
we cannot put any computable bound in advance on the last place Pe will 
occupy on the list, and hence on the number of followers it will need. Thus 
we cannot define the computable bound that we mean to defeat, and the 
construction fails. This failure is turned around in the following proof. 

We are given strongly jump traceable c.e. sets Ag and Aj, and a com- 
putable order g, and wish to trace J4°°41 with bound g. (We will later 
see that we can replace strong jump traceability by h-jump traceability for 
an order h that depends only on g.) The strategies for tracing the various 
values of J4°®41 act completely independently, so fix an input e. We de- 
fine functionals Yo and Y1. When at some stage s of the construction we 
discover that J4°4+(e)[s] |, before we trace the value of this computation, 
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we want to receive some confirmation that this value is genuine. Say that 
the computation has use 09 ® 01, where o; < A;[s]. We define Yẹ’ (x) = ci 
for some x. If indeed c; < A; then c; must appear in a trace Ti for yí Be 
which we may assume we are given, by the universality of J4* and the 
recursion theorem. Thus we can wait until both strings g; appear in the 
relevant “boxes” TŻ, and only then believe the computation J4°°4"(e)[s]. 
Of course, it is possible that both o; appear in TŻ but neither g; is really an 
initial segment of A;, in which case we will have traced the wrong values. 
In this case, however, both boxes TŻ have been promoted, in the sense that 
they each contain an element that we know is not the real value of Y^ (x), 
and Y4 (x) becomes undefined (when we notice that A; has moved to the 
right of o;) and is therefore useful to us for testing another potential value 
of J40®41(e) that may appear later. If the bound on the size of T! (which 
we prescribe in advance, but has to eventually increase with x) is k, then 
we originally think of TŻ as a “k-box”, a box that may contain up to k 
many values. After c; appears in TŻ and is shown to be wrong, we can 
think of the promoted box as a (k — 1)-box. Eventually, if TŻ is promoted 
k—1 many times, then it becomes a 1-box. If a string g; appears in a 1-box 
then we know it must be a true initial segment of A;. In this way we can 
limit the number of false J4°®41(e) computations that we trace. Since all 
requirements act independently, this strategy allows us to trace J4°®41 to 
any computable degree of precision we wish. 

The above is the main idea of all “box promotion” constructions. Each 
such construction has particular combinatorial aspects designed to counter 
difficulties that arise during the construction (difficulties that we may think 
of as possible plays of an opponent, out to foil us). These combinatorics 
determine how slowly we want the size of our traces to grow, and which 
boxes should be used in the tests we perform. In this construction, the 
difficulty is the following. In the previous scenario, it is possible that, say, ao 
is indeed a true initial segment of Ap, but gı is not an initial segment of Aj, 
and to make matters worse, the latter fact may be discovered even before 
cı turns up in T}. However, we have already defined wie (x) = co with an 
Ao-correct use, which means that the input x will not be available later 
for a new definition. The box T? must be discarded, and we have received 
no compensation—no other box has been promoted. The mechanics of the 
construction detailed below tell us which boxes to pick so that this problem 
can be countered. The main idea (which again appears in all box promotion 
constructions) is to use clusters of boxes (or “meta-boxes”) rather than 
individual boxes. Instead of testing a; on a single T}, we bunch together 
a finite collection M; of inputs x, and define U?'(x) = c; for all x € Mj. 
We believe the computation J4°®4:(e)[s] only if o; has appeared in TŻ for 
all x € M;. If this computation is believed and later discovered to be false, 
then all the boxes corresponding to elements of M; are promoted. We can 
then break M; up into smaller meta-boxes and use each separately. Thus 
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we magnify the promotion, to compensate for any losses that may occur as 
explained above. 

We now turn to the formal details of the proof. We fix a number e and 
show how to trace J4°®41(e), limiting our errors to a prescribed number m. 
Given m, our strategy will ask for an infinite collection of boxes and describe 
precisely how many k-boxes it requires for each k. As m grows, the least 
k for which k-boxes are required will grow as well. In our construction, we 
will have k = ||. For m and k > |], we will let r(k,m) be the number 
of k-boxes required to limit the size of the trace for J4°®41(e) to m. Recall 
that what we mean here is that the strategy will define functionals Ye; for 
i < 2 and expect to get traces {T°"}nen for wai such that for all k > |4], 
the collection of n such that |T¢*| < k has size at least r(k, m). 

Suppose that we can show that all our strategies succeed if their ex- 
pectations are met. Then, given a computable order g, we can define a 
computable order h such that if Ag and A; are h-jump traceable, then 
Ao © A, is g-jump traceable. We do so as follows. For each c > 0, partition 
N into consecutive intervals {I£ }k>c such that |¢| = Del <k r(k,g(e)), 
and define a function he by letting he(n) = k if n € If. Note that, since g is 
an order, for each k there are only finitely many e such that | 22 | < k, so 
the intervals Ig are well-defined. Clearly, the he are uniformly computable 
orders, and he(0) > c. By Lemma 14.1.2, we can obtain a computable or- 
der h such that if Ag and A; are h-jump traceable, then we can compute, 
uniformly in c, traces {S°"}nen for P4: with bound he. 

For each c and k > c, let {NE e} | 2 J <k be a partition of If such that 
[Nk el = 7(k, g(e)). For each c, we run our construction for all e such that 


ESI > c simultaneously, with the eth requirement defining Ye o and Ye, 

with domain contained in U,.) #0) Nẹe using the {S2 }nen as traces. 
am > t 

Using Posner’s trick (see p. 48), we can effectively obtain an index c’ such 

that for i = 0,1, we have p4 = U 2@ 6 we By the recursion theorem, 

there is a c such that ®, = v, and so if Ag and A, are h-jump traceable, 

then the {$°*},en are indeed traces for ©“: so that for each e such that 


Cl) 


[22 > c, our strategy for e can succeed, and hence trace J40941 (e) with 
bound g(e). (The e such that ES < c present no problem, of course, 
since there are only finitely many such e.) 

With the above in the background, we fix e and m and show how to 
define r(k, m) and the functionals vå, We also describe how, given traces 
{Tei }nen for the vå; such that for all k > |], the collection of n with 
|T°"| < k has size at least r(k,m), we can trace J4°®41(e) with fewer 
than m many mistakes. From now on we drop the e from all subscripts and 
superscripts, writing V; for We, writing T? for TS+, and so on. 


Construction. For each n, define a metag-box to be any singleton {x} and 
a metay, ,-box to be a collection of n+2 many meta;z-boxes. We often ignore 
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the distinction between a meta;-box and the set of numbers appearing in 
its meta?-sub-boxes. In this sense, the size of a meta?-box is (n + 2)*. At 
the start of the construction, a meta-box M is an I-box (for both Ap and 
Aı) if f(x) < L for all x € M, for an order f that we will soon define. At a 
later stage s, a meta-box M is an l-box for A; if f(a) — |T%*[s]| < l for all 
ceM. 

At the start of the construction, for each k > || we wish to have two 
metaf , ;-boxes that are k-boxes. We thus let r(k, m) = 2(k+2)**t. Denote 
these two meta-boxes by Nọ and Nj. Let f be a computable order such 
that for all k > [4], the set of all n with f(n) = k has size at least r(k, m). 

We write X for the set of all numbers of the form 5 with n € N. The 
construction begins at stage |% ]. At the beginning of stage s of the con- 
struction, we have two numbers kj[s] and kj[s]. (We start with k*[0] = 
||.) For i < 2, each k € [k#[s], s) has some priority p;(k)[s] € Ẹ. For such 
k we have finitely many metal?! EI boxes Mo(k)[s],--- Mi- (ALS), 
each of which is free, in the sense that U4*(x)[s|{ for all x in any of these 
boxes. 

At stage s > |], for i= 0,1, let Mj(s),...,Mi,,(s) be the metag-sub- 
boxes of Ns. (Recall that these are all s-boxes.) Let p;(s) = s. 

Suppose now that we are given a computation J4°®41(e)[s] with use co ® 
01, which we want to test. This test is done in steps of increasing priority 
(i.e., decreasing argument in 5), beginning with step s. The instructions 
for testing co ® oj at step n € Š are as follows. 

For i = 0, 1, if there is some k such that p;(k)[s] = n (there will be at most 
one such k for each i), then take the last meta-box M = Mits- (4) [5] 
and test o; on M by defining Y7’ (x) = c; for all x € M. Run the enumer- 
ation of the trace {Tf }ven and of A; until either o; appears in TŻ for all 
x € M, in which case we say that the test returns, or g; is found not to 
be an initial segment of A;, in which case we say that the test fails. One of 
these possibilities must occur, since {T'},en is a trace for Y^", 

If all tests that are started (none, one test for a single o;, or two tests, one 
for each o;) return, then move to test step n — E, unless n = 1, in which 
case the tests at all levels have returned, so we believe the computation 
J4o®A1 (e)[s] and trace it. In the latter case, from this point on we monitor 
this belief. We keep defining p;(t) and M (t) at later stages t as above. If 
at such a stage t we discover that one of the o; is not in fact an initial 
segment of A;, we update priorities as described in the following paragraph 
and go back to following the instructions above. Also, if some test at step 
n fails, then we stop the testing at stage s and update priorities as follows, 
with t= s. 

For each n such that a test of g; at step n returns, but at stage t > s, 
we discover that a; Ż Ai, proceed as follows. Let k be the level such that 
pi(k)[s] = n. If k = kž[s] then redefine kř to be k— 1. Redefine p;(k— 1) to 


be n and dj(k — 1) to be |n] +2, and let Mj(k—1)[t+1],..., Mj.) (k - 
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1)[t + 1] be the collection of metal”! -sub-boxes of Mi,cn){s}-1 (which was 


the metal”! -box used for the testing of c; at step n of stage s). If k = s 


then redefine p;(k) to be s+ 4, redefine di(s) to be +2, and let Mj(s)[t+ 
1],...,.Mj,4(s)[#+1] be the meta$-sub-boxes of N{. (Note that these boxes 
are untouched so far.) 

On the other side, if a test of o1_; at step n of stage s started and 
returned, and o1_; < Aj_;[#], then discard the meta-box Mii wt- Is] 
and redefine dı—;(k) to be d,_;(k)[s] — 1. Perform these redefinitions also 
if t = s, the step s test of c1—; at stage s returns, and the step s test of c; 
at stage s fails. 

End of Construction. 


Lemma 14.2.2. Let i < 2, let s > |], let k € [ki [s],s), let j < di(k)[s], 
and let n = pi(k)[s]. The metat”! -box Mi(k)[s] is a k-box. Indeed, for each 
x € Mj(k)[s], there are at least |n] — k = f(x) — k many strings in T;[s] 
lexicographically to the left of A;[s]. 


Proof. Let s be the least such that we define p;(k)[s] = n for some k. Then 
k = |n] and there are two possibilities. 

If n € N then s = n, the definition is made at the beginning of stage s, 
and we define Mj(s)|[s],...,Md,4(s)[s] to be sub-boxes of Ns, which is an 
s-box. 

If n ¢ N then a test was conducted at stage |n] < s — 1, and returned 
on the g; side, and now c; & Ails]. We then define p;(|n])[s] = n and 
define Mj([n])[s],-.-, Mf.) .1(LnJ)[s] to be sub-boxes of N7,,), which is an 
|n|-box. 

In either case, the M4(|n])[s] are |n|-boxes, so for each x in these meta- 
boxes, f(x) = |n], and hence, vacuously, T? contains at least f(x) — |n] 
many strings. 

By induction, if n = p;(k)[t] at a later stage t, then for all j, we have 
that M;(k)[t] is a sub-box of some M;,(|n])[s], and so for all x € Mi(k)[t] 
we have f(x) = |n]. 

Suppose that at stage t we redefine p;(k — 1)[t+ 1] = n and redefine 
Mj(k — 1)[t + 1]. Then at some stage u < t, for all æ € Mj. (gy, alu], we 
defined Y7’ (x) = 0;, where o; < A;[u] but c; A Ailt +1]. By induction, at 
stage u there were at least |n] — k many strings in T?[u] to the left of Afu]. 
These strings must all be distinct from o;. The test at stage u returned, so 
ci € Ti[u + 1]. Thus T2[t + 1] contains at least |n] — (k — 1) many strings 
to the left of A;ft + 1]. Oo 


Lemma 14.2.3. The sequence k; [0], k*[1],... is nonincreasing, and all its 
terms are positive. 
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Proof. The fact that this sequence is nonincreasing is immediate from the 
construction. By Lemma 14.2.2, for all j < d;(kj)[s] and z € M}(kj)|[s], we 
have |T’[s]| > f(x) — ke [s]. As |TŻ| < f(x), we have k*[s] > 0. O 


Lemma 14.2.4. For each t, the sequence pi(0)[t], pi(1)[t],... is strictly 
increasing. 


Proof. Assume the lemma holds at the beginning of stage t. We first define 
pilt) to be t at stage t, and all numbers used prior to this stage were below 
t, so the lemma continues to hold. 

Now suppose that at stage t we update priorities because a test that 
returned at some stage s < t is found to be incorrect. The induction hy- 
pothesis for s, and the instructions for testing, ensure that the collection of 
levels & for which a test returned at stage s is an interval [ko, s]. Priorities 
then shift one step downward to the interval [ko — 1,s — 1]. (That is, for 
k € [ko, s], we have p(k — 1)[¢+ 1] = p(k)[s].) Hence the sequence of prior- 
ities is still increasing for k < s. Finally, a new priority s + 4 is given to 
level s. This priority is greater than the priorities for levels k < s (which 
have priority at most s), but smaller than the priority k given to each level 
k € (s,t]. o 


Also note that we always have p;(k)[s] > k because we start with 
pi(k)[k] = k and never decrease the value of p;(k). 

The following key calculation ensures that we never run out of boxes at 
any level, on either side, so the construction never gets stuck. It ties losses 
of boxes on one side to gains on the other. For any k € [kž[s], s], let 1;(k)[s] 
be the least level l such that pi_;(1)[s] > p:(k)[s]. Such a level must exist 
because at the beginning of stage s we let p;_;(s)[s] = s, which is greater 
than or equal to p;(k)[s] for all k < s. Note that 1;(k)[s] > 1. 


Lemma 14.2.5. At each stage s, fori <2 and k € [k?[s], s], the number 
d;(k)[s] of meta-k-boxes is at least 1;(k)[s] if pi_i(li(k))[s] > pi(k)[s], and 
at least 1;(k)[s] +1 if pi_i(li(k))[s] = pi(k)[s]. 


Proof. We proceed by induction on stages. Suppose the lemma holds at 
the end of stage t — 1. At stage t, we first define p;(t) = pi_;(t) = t. Thus 
1;(t)[¢] = t, while d;(t)[¢] = t + 2. Suppose that a test that began at stage 
s < t is resolved at stage t, and priorities are updated. (Otherwise, there is 
nothing to show.) 

First suppose that o; 4 A;[¢+ 1] and di(k)[t + 1] 4 dj(k)[t]. If k < s, 
then a test at level k + 1 returned at stage s. Then d;(k)[t + 1] = |n] + 2, 
where n = p;(k)[t + 1] = p:(k + 1)[s]. Since pı- ln) |, we have 
(k)[t + 1] < |n] + 1, and hence d;(s)[t + 1] > 1,(k)[t + 1] +1. Tor the 
k = s case, we have d;(s)[t + 1] = s + 2 and p;(s)[t + 1] = s + 4. Since 
pi-i(s + 1)[t+ 1] > s+ 1, we have 1;(s)[t +1] < s +1, so di(s lé + 1] > 
li(s)[t +1] +1. 


+ 
eo 
V+ 
Cam 
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Now suppose that c; < A;{¢+ 1]. We may have lost some meta-boxes on 
this side, but changing priorities on the other side gives us compensation. 
Let k € [kš [t], t]. If k > s then d;(k)[t + 1] = k +2 and L(k)[t +1] = k. If 
k = s, then d;(k)[t + 1] = d;(k)[s] — 1 = s + 1 and 1,(k)[t + 1] < s, so we 
may assume that k < s. 

Let n = pi(k)[¢+ 1] = p:(k)[s]. If there is no k’ such that pi_;(k’)[s] = n, 
then there is no k’ such that pı—;(k')[t + 1] = n, because the only priority 
we may add at stage ¢ (after the initial part of the stage) is s+ 4, andn < s. 
Thus, if pı—:(li(k))[s] > n then pı-:(li(k)[t+1] >n. Let k’ = l;(k)[s], and 
note that k’ < s. Let n’ = pı—:(l;(k))[s]. There are three possibilities. 


1. A step n’ test of o1_; at stage s returns. In this case, l;(k)[t+1] = k’—1 
and pi—i(li(k))[t + 1] = w. 


2. A step n’ test of o1_; at stage s does not return, but a step n’ + 1 
test of o1_; at stage s does return. In this case the priority n’ is 
removed on the 1 — i side at stage t. We redefine p;_,(k’)[t + 1] = 
pi_i(k’ + 1)[s] > n’. However, we still have l;(k)[t + 1] = k’ because 
(if k’ > k{_,[s]) we have p,_;(k’ — 1)[t + 1] = pi_i(k’ — 1)[s] < n. 


3. A step n’+1 test of o1_; at stage s is not started or does not return. In 
this case there is no change at level k’ and k’—1. We have l;(k)[t+1] = 
k' and p1_;(k’)[é+ 1] =n’. 


In any case, we see that l;(k) cannot increase from stage s to stage t+ 1, 
and we cannot have py_;(li(k))[s] > n but pi_;(l;(k))[t + 1] = n. Thus the 
required number of k-meta-boxes does not increase from stage s to stage 
t+ 1, and we need only check what happens if d;(k)[t + 1] = d;(k)[s] — 1. 
Assume this is the case. 

In case 1 above, the number of required boxes has decreased by one, 
which exactly compensates the loss. Case 3 is not possible if a k-box is 
lost, because a step n’ test is started only after a step pi_i(k’ + 1)[s] test 
has returned. 

The same argument shows that if case 2 holds and we lost a k-box, then 
necessarily n’ = n. But then d;(k)[s] > k’ + 1, and the fact that now 
pi—i(k’)[t + 1] > n implies that the number of required boxes has just 
decreased by one, to k’, so that again our loss is compensated. o 


We are now ready to finish the proof. If J4°°41(e) | then at some point 
the correct computation appears and is tested. Of course, the relevant tests 
must return, so the correct value is traced. 

If, on the other hand, a value J4°®41(e)[s] is traced at stage s because 
all tests return, but at a later stage t we discover that this computation is 
incorrect, because o; 4 A;[t+ 1] for some i < 2, then k[t +1] < kž[tļ]. As 
we always have k;[u] > 1, this event happens fewer than 2|4| < m many 
times. It follows that the total number of values traced is at most m, as 
required. O 
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It is not known at the time of writing whether the join of two (not 
necessarily c.e.) s.j.t. sets must be s.j.t. (and hence whether the s.j.t. sets 
form an ideal), though this would follow from Conjecture 14.5.1 below. 


14.3 Strong jump traceability and K-triviality: the 
c.e. case 


In this section, we show that the s.j.t. c.e. sets form a proper subideal of 
the K-trivial c.e. sets. We begin with the following result. 


Theorem 14.3.1 (Cholak, Downey, and Greenberg [65]). There is a com- 
putable order h such that if A is c.e. and h-jump traceable then A is low 
for K, and hence K-trivial. 


In Theorem 14.5.2, we will see that in fact every s.j.t. set is K-trivial. (We 
will also obtain Theorem 14.3.1 as a corollary to Theorem 14.4.2.) However, 
we include the following proof of Theorem 14.3.1 here, as it is of technical 
interest (and proves that every s.j.t. c.e. set is low for K directly, without 
appealing to the equivalence between lowness for K and K-triviality). 


Proof of Theorem 14.8.1. To show that A is low for K we use the KC The- 
orem. That is, we build a KC set L such that if U4(c) = 7 then (|o|,7) € L, 
so that K(r) < |o| + O(1). We enumerate A and thus approximate U4. 
When a string o enters the domain of U/4 at a stage s, we need to decide 
whether to believe the A,-computation that put o in domU/4*. We do so 
by testing the use p < A, of this computation. A first approximation to 
our strategy for doing so is to build a functional Y, and look at a trace 
To, Ti, ... for Y4. Given p, we choose an n and define U?(n) = p. We then 
wait to see whether p ever enters Tn. If so, then we believe that p < A, and 
hence that o € domU/4, so we enumerate (|a|,44(c)) into L. 

The problem, of course, is ensuring that the weight of L is bounded. If 
we believed only correct computations (that is, if we had |T;,| = 1 for all 
n), then the weight of L would be p([domU/4]) < 1. But, of course, the 
Tn grow with n, so we will believe some incorrect uses p. We need to make 
sure that the Tn grow slowly enough that these mistakes do not prevent L 
from being a KC set. 

To help us do so, rather than treat each string ø individually, we deal 
with strings in batches. When we have a set of strings C C domU/4* of 
weight 27% (i.e., such that ce 27l0l = 2-*), we will verify A up toa 
use that puts them all in domU/4*. The greater 2~* is, the more stringent 
the test will be (ideally, in the sense that the size of the corresponding Tn 
is smaller). We will put a bound mx on the number of times that a set of 
strings of weight 2~* can be believed and yet be incorrect. The argument 
will succeed as long as >), m,,2~* is finite. 
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Once we use an input n to verify the A-correctness of a use, it cannot 
be used again for any testing, so following this strategy, we might need 
2* many inputs for testing sets of weight 2~*. Even a single error on each 
n (and there will be more, as |T;,| goes to infinity) means that mg > 2°, 
which is too large. Thus we need a combinatorial strategy to assign inputs 
in such a way as to keep the mą small. This strategy has two ingredients. 

First, note that two sets of weight 2~* can be combined into a single set 
of weight 2~‘*-), So if we are testing one such set, and another one with 
compatible use appears, then we can let the testing machinery for 2~*—)) 
take over. Thus, even though we still need several testing locations for 27%, 
at any stage, the testing at level 27* is responsible for at most one set of 
weight 27%. 

It might appear that it is now sufficient to let the size of each Tn used to 
test sets of weight 27} be something like k. However, sets of large weight 
can be built gradually. We might first see k many sets of weight 2~* (with 
incompatible uses), each of which requires us to use the input n devoted 
to the first set of weight 27}, because at each stage we believe only one 
of these k many sets. Once Tn gets to its maximum size, we see a set of 
weight 27% with a correct use. Then the same sequence of events happens 
again. We make k mistakes on each n used for level 27% testing, and end 
up using about 2” many such n’s, which we have already seen we cannot 
do. 

The solution is to make every mistake count in our favor in all future tests 
of sets of weight 27}. In other words, what we need to do is to maximize 
the benefit that is given by a single mistake. We make sure that a mistake 
on some set means one less possible mistake on every other set. Rather 
than testing a set on a single input n, we test it simultaneously on a large 
set of inputs and believe it is correct only if the relevant use shows up in 
the trace of every input tested. If our set is eventually believed but is in 
fact a mistake, then we have a large collection of inputs n for which the 
number of possible errors is reduced. We can then break up this collection 
into smaller collections and keep working with such subcollections. 

This idea can be geometrically visualized as follows. We have an mx- 
dimensional cube of inputs, each side of which has length 2”. In the 
beginning we test each set on one hyperplane. If the testing on some hy- 
perplane is believed and later found to be incorrect, then from then on we 
work in that hyperplane, which becomes the new cube for testing pieces of 
size 2—*, and we test on hyperplanes of this new cube. If the size of T, for 
each n in the cube is at most mz, then we never “run out of dimensions”. 

We now proceed with the formal details of the construction. For c > 1, we 
partition N into consecutive intervals M§, Mf,... such that |ME| = 2*(*+°), 
For n € Mf, let h-(n) = k + c — 1. By Lemma 14.1.2, we can determine a 
computable order h such that, from a trace for J4 with bound h, we can 
compute, uniformly in c, a trace for oa with bound he. 
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We will define a functional Y. By the recursion theorem, we know some 
c such that U* = ®* for all X € 2%. Let M;,[0] = MẸ and let {Tr} nen 
be a trace for U4 with bound h = he. The definitions of Y that we make 
will all be of the form U?(n) = p. We will make such a definition at stage 
s only when p < Als]. 

Let Ry = {m2-* : m < 2*} and let R = Ry \ {0}. We can label the 
elements of M;,[0] so that M;[0] = {ay : f: (k+c) — Rf}. We can think 
of M;[0] as a (k + c)-dimensional cube with sides of length 2°. 

At each stage s, for each k we will have a number d,|[s] < k + c and 
a function gi[s] : dx[s] > Rj, which will determine the current value of 
My, via the definition M;,[s] = {xf € Mz[0] : gx[s] C f}. (Thus d,[0] = 0 
and gz[0] is the empty function.) We can think of M;[s] as a (k + c— dx)- 
dimensional cube. For q € Rf, let Nz(q)[s] = {xf € Mxls] : f(dels]) = q}, 
the q2*th hyperplane of Mg[s]. 

Recall that Q? = u(dom U’), the measure of the domain of the universal 
machine with oracle p. Note that if p < v then QP < Q”. We adopt the 
convention that the running time of any computation with oracle p is at 
most |p|, so the maps p — U’ and p+ Q? are computable, and |o| < |p| 
for all ø € domU?. It follows that Q? is a multiple of 27!¢!, and hence is 
an element of Rp. Also note that Qà =0. 

Let q € Q. For v such that Q” > q, let o” (q) be the shortest p < v such 
that 0° > q. Note that if q <q’ < Q” then o (q) = oe” (q’). 

Let A[s] denote the approximation to A at the beginning of stage s. At 
the beginning of stage s, the cubes Mp will be in the following standard 
configuration for the stage: Let k < s and q € RY. If q < QAII then 
ge (a) (x)[s] |= o4lsl!*(q) for all x € N;(q)[s]. Otherwise, UIs) (x)[s] T 
for all x € Ng(q)[s]. Furthermore, for all k > s and x € M,[s], no definition 
of U(x) for any oracle has been made before stage s. 

Let p x Als] [| s. We say that p is semiconfirmed at some point during 
stage s if for all x such that U°(x) |= p at stage s, we have p € Ty at that 
given point (which may be the beginning of the stage or later). We say that 
p is confirmed if every p' x p is semiconfirmed. Note that A is confirmed 
at every stage, because QA = 0, so we never have g“l*ll*(q) = A for any s 
and q > 0, and hence never define YÀ(x) for any 2. 


Construction. At stage s, proceed as follows. Speed up the enumeration 
of A and of the Tn (to get A[s+1] and T,,[s+1]) so that for all p x Afs] | s, 
either p is confirmed or p £ Afs + 1]. One of the two must happen because 
{Tr}nen traces UA, 

For each k < s, look for some q € Rf such that q < N4EII* and o4l!!s(q) 
was confirmed at the beginning of the stage but o4l!!s(q) 4 A[s+1]. If there 
is such a q then extend gx by letting g;(d,) = q, so that dy[s+1] = dy[s]+1 
and M;,[s + 1] = Nx(q)[s]. 
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Finally, define Y as necessary so that the standard configuration holds 
at the beginning of stage s + 1. 
End of Construction. 


Justification. We need to explain why the construction never gets stuck. 
There are two issues: why we can always increase dp when asked to (since 
dp must remain below k+c), and why we can always return to the standard 
configuration. To address the first issue, we prove the following. 


Lemma 14.3.2. For each s and x E€ M,[s + 1], there are at least dy[s] 
many strings in Te, so dy[s] < |T,| < h(a) =k+c-1. 


Proof. Suppose that at stage s, we increase dg by one. This action is wit- 
nessed by some q € Rf such that p = o^lsl's(q) was confirmed at the 
beginning of the stage, and we let M;[s + 1] = Nz(q)[s]. The confirmation 
of p implies that p € Tẹ for all x € Nz(q)[s]. But we also have that p < Afs] 
and p A A[s +1]. As A is c.e., Als + 1] is to the right of p. If we increase 
dk at stages so < sı (witnessed by strings po and p1) then po is to the left 
of A[so + 1], while pı < A[sı] (which is not to the left of A[s; + 1]). Thus 
po is to the left of pı, and, in particular, they are distinct. O 


To address the second issue mentioned above, we assume that the stan- 
dard configuration holds at the beginning of stage s and show that we can 
return to the standard configuration after stage s. Fix k < s (as there is 
no problem with k = s + 1). 

If M,{s + 1] 4 M;,[s], witnessed by some q € Rf and p = o4!l!!8(q), 
then Y?(x) |= p for all £ € Mpls + 1], so if p! < p then Y” (x)[s] 1. As 
p & Als + 1] and no definitions for oracles to the right of Als] are made 
before stage s, we must have &4ls+l(x)[s] 1, so we are free to make the 
definitions needed for the standard configuration to hold at the beginning 
of stage s +1. 

If M,[s + 1] = M,[s], then let q € Rf be such that q < QAls+1Is+1, 
and let x € Nz(q)[s + 1] = Ng(q)[s]. We want to define ©?(x) |= p for 
p = o^lS+1ls+1 (q), 

If p & Als] then p is to the right of A[s], so U?(x)[s] f for all x € M,[s]. 
If p < Afs], then there are two possibilities. 

If |p| < s then p = o4I's(q), so we already have U(x) |= p for all 
x € N;(q)[s]- 

If |p|] = s +1 then, since q > Q% for all o < p, we have q > QAlslls, 
Since the standard configuration holds at the beginning of stage s, we have 
WAlsl(x) f for all a € Ng(q) at the beginning of stage s. Thus we are free 
to define Y’? (x) as we wish. 


Verification. Let p*[s] be the longest string (of length at most s) that is a 
common initial segment of both Afs] and A[s+1]. Thus p*[s] is the longest 
string that is confirmed at the beginning of stage s + 1. Let 


L={(o,7):U? "l(o) =r A s EN}. 
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Suppose that UA(c) = r, and let p < A be such that U?(o) = 7. Let 
s > |p| be such that p < A[s], A[s + 1]. Then p = p*[s], so (0,7) € L. Thus 
{(o,7) : UA(c) = T} C L. Since L is c.e., we are left with showing that 
Siert 2-I¢l < œœ, from which it follows that L is a KC set witnessing 
the fact that A is low for K. Since u(dom U4) < 1, it is enough to show 
that Xiorjeryua 27! < 00. 

For k < s, let qx[s] be the greatest element of Rp not greater than Q Is, 
If k < k’ < s then qr[s] < qw |s], because Ry C Ry. Note that |p*[s]| < 
s, so 2? ls] is an integer multiple of 275. It follows that qs[s] = 0? |). 
Furthermore, since Q? < 1 for all p, we must have qofs] = 0. 

Let vz[s] = 0° l!(q,[s]). By the monotonicity of q[s], if k < k’ < s 
then vz[s] x vw[s], and so Qs [s] < Qrwlsl, Furthermore, vols] = A, and 
Qsls] = Qeil, whence U”slsl = yels, 

Since qk—1ls] < Qre-ils] < Qulsl < QE < qk—1ls] +2778, we have 
the following key fact. 


Lemma 14.3.3. Let1 <k <s. Then Q’ls] — Qrr-1ls] < 27F+1, 


We now show that we can define sets Lg, of relatively small weight such 
that if (o, T) € L\ UA, then we can “charge” the mistake of adding (0,7) 
to L against some Lg s. Formally, we define sets Lk with the following 
properties. 


1. For each k and t, we have }°, 27 lel BARF, 


(0,T)ELp,t 
2. LUC Up, Ekt- 
3. For each k, there are at most k+ c many t such that Lg, is nonempty. 
Given these properties, we have 
5 ool 5 S EO -k+1 < 
(o,T)EL\UA kt (o,r)ELnt 


as required. 
Ifl<k<tand vg|t] ~ Aft + 2] then let 


Lra = {(0,7) U” P(o) =r A uo) Th, 


and otherwise let Lg = Ø. We show that properties 1-3 above hold. 
Property 1 follows from Lemma 14.3.3: 


5 97 lol a u(dom(u”: \ urr- i) = Qvelél Pe Qve-ilé) < 97k+1 
(0,T)ELk,t 


Lemma 14.3.4. L\U4 C Uk Lt: 


Proof. Let (o,r) € L\ U4. Let p be a minimal length string such that 
(o, T) E€ UP and p = p*|s| for some s. Since p < Als], A[s + 1] but p £ A, 
there is at > s such that p < Aft], Alt + 1] but p 4 Aft + 2]. 
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Since p x p*[t] and uel! = yl, by the minimality of p we have 
p 3 vilt]. Since vo[t] = A, there is a k € [1,¢] such that vp_1[t] < p x [Et]. 
Since p < vz[t], we have (0,7) € U”, Since vz_1[t] < p*[t], the minimal- 
ity of p implies that (ø, T) ¢ U”*-1!4. Finally, p 4 A[t+2], so vz[t] A A[t+2]. 
Thus (0,7) € Dre. Oo 


Lemma 14.3.5. If Le #0 then M,[t + 1] 4 Mpt + 2]. 


Proof. Suppose that Lp + 4 9, so that v;,[t] A Alt + 2]. Let q = q%[t]. Then 
velt] = 0 M(q) = oAl4l(¢). Now, velt] < oft], so vz[t] is confirmed at 
the beginning of stage t + 1. Furthermore, q > 0, as otherwise 1,[t] = 
A < Alt + 2]. Thus all the conditions for redefining Mp at stage t + 1 are 
fulfilled. o 


Thus properties 1-3 above hold, and L is a KC set witnessing the fact 
that A is low for K. o 


Using more intricate combinatorics it is also possible to establish the 
following result, where Martin-Löf cuppability is as defined in Definition 
11.8.3. 


Theorem 14.3.6 (Cholak, Downey, and Greenberg [65]). There is a com- 
putable order h such that if A is c.e. and h-jump traceable then A is not 
Martin-Lof cuppable. 


The relationship between strong jump traceability and K-triviality in 
the computably enumerable case was clarified by Cholak, Downey, and 
Greenberg [65], who showed that the s.j.t. c.e. sets form a proper subclass 
of the K-trivial c.e. sets. 


Theorem 14.3.7 (Cholak, Downey, and Greenberg [65]). There are a K- 
trivial c.e. set A and a computable order h such that A is not h-jump 
traceable. 


Proof. The construction of a K-trivial set that is not strongly jump trace- 
able came out of a construction of a K-trivial set that is not n-c.e. for 
any n. The existence of such sets can be shown using the fact the class 
of K-trivial sets is closed downwards under Turing reducibility, but let us 
consider a direct cost function construction of such a set. 

The basic construction of a K-trivial promptly simple c.e. set can be 
described as follows. The eth requirement wishes to show that the set A we 
construct is not equal to W.. The requirement is given a capital of 2~°. It 
appoints a follower x9, and waits for its realization, that is, for £o to enter 
We. If, upon realization, the cost of changing A(x) is greater than 27°, 
the follower is abandoned, a new one zı is picked, and the process repeats 
itself. 

Suppose now that we want to ensure that A is not 2-c.e. The eth require- 
ment wants to ensure that A is not 2-c.e. via the eth 2-c.e. approximation 
Y.\ Ze (where both Yo and Ze are c.e.). Again the requirement is provided 
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with 27° much capital to spend. A naive strategy would be the following. 
Appoint a follower xp and wait for first realization, that is, for x to enter Xe 
(and not Ye, for now.) Provided the price is not too high, extract xo from 
A (we begin with A = N) and wait for second realization, that is, for x to 
enter Ye. At this point put xo back into A. The problem, of course, is that 
we cannot put xo into A unless the cost of changing A(x) has remained 
small. For this strategy to succeed, the follower xp needs two “permissions” 
from the cost function, and the danger is that we spend some capital on 
the first action (the extraction), but the second action is too expensive and 
the follower has to be abandoned. The amount we spend on extraction is 
nonrefundable, though, so this strategy soon runs into trouble. 

A better strategy is the following. From the initial sum 2~°, we set aside 
a part (say 2~¢+1)), which is kept for the re-enumeration of a follower and 
will not be used for extraction. Of the remaining 2~‘°+!), we apportion 
some amount (say 2~(¢+?)) for the sake of extraction of the first follower 
xo. If the cost of extraction of xo is higher, we then abandon xo (at no cost 
to us) and allot the same amount 2~(¢+?) for the extraction of the next 
follower xı. Suppose, for example, that we do indeed extract x1, but when 
it is realized again and we are ready to re-enumerate it into A, the cost of 
doing so has risen beyond the amount 27+!) we set aside for this task. 
We have to abandon xı, appoint a new follower x2, and start from the 
beginning. We did lose an uncompensated 2~¢+?), though, so we reduce 
the sum that we may spend on extracting xz to 27(°+3), and keep going. 

Between extractions, the sum we may spend on the next extraction is 
kept constant, so the usual argument shows that some follower eventually 
gets extracted (assuming that all followers are realized, of course). Fur- 
thermore, abandoning followers upon second realization can happen only 
finitely often, because the cost threshold 2~‘¢+)) for re-enumeration does 
not change. Each follower is appointed only after the previous one is can- 
celed, and is chosen to be large, so the costs associated with attempts at 
re-enumeration of different followers are due to completely different parts of 
the domain of the universal machine having measure at least 2~ +), Thus 
there cannot be more than 2°! many failed attempts at re-enumeration. 

Note that the same reasoning may be applied to the extraction steps. 
When we abandon a follower at first realization, the next follower is chosen 
to be large. The acceptable cost 2~™ is not changed at that point, so this 
kind of abandonment cannot happen more than 2” many times (until we 
have an abandonment at second realization and decrease the acceptable 
cost to 2~("+1)), Putting together this argument with the previous one al- 
lows us to compute a bound on the total number of possible abandonments, 
which will be relevant below. 

It is straightforward to modify this strategy to satisfy a requirement 
working toward ensuring that A is not n-c.e. for a given n. Instead of two 
levels of realization, we will have n many, but the basic idea remains the 
same. To make A not strongly jump traceable, rather than not n-c.e., we 
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need to change J4(z) on some xz more than h(a) many times, where h is 
some computable order we specify in advance (and x is an number for which 
we can control J4(x)). To change J4(a) we change A below the use of the 
computation that gives the current value of J4(x). Each time we do so, we 
can use a different element of A, so A can be made c.e. However, the main 
feature of the argument outlined above, that the same x receives attention 
several times, remains, so a similar strategy to the one we discussed will 
work here. 

We will define a computable order h shortly. We may assume that 
wer) < h(n) for all n (by stopping elements from entering We if their 
enumeration would cause this condition to be violated). We enumerate a 
set A and define a partial function p = ®4. The requirement Re is that 
{ wW heu is not a trace for p. The requirements act independently of each 
other. Let us discuss the action of a single requirement Re. 

Let Te be the set of all sequences (ko, kı, ..., ki) with i < e + 2 and 
kj < 2(e+2)2” for each j <1. We think of Te as a tree. An element o € Te 
is a leaf of T, if it has length e + 2. Let eg = 27 (+220! 

Each leaf o € Te will correspond to an attempt at meeting Re. Ifi < e+2 
then €¢); is the amount that we are willing to spend on the (e + 2 — i)th 
attack with the follower corresponding to ø, in the sense of the standard 
(K-triviality) cost function. 

The tree Te and the rationals ¢, were chosen so that 

pe = e2; 


H 


2. if o € Te is not a leaf, then it has exactly = many immediate 
successors on Te; and 


3. if o € Te is not a leaf, then £o is the sum of £, over the immediate 
successors T of o on Te. 


Using these facts, we can show by reverse induction on |o| that for each 
o € Te that is not a leaf, the sum of €, as T ranges over all extensions of o 
on Te that are not leaves is (e + 2 —|o|)e>. Thus the sum of £, as T ranges 
over all elements of T, that are not leaves is (e+ 2)2~ (+). This quantity is 
the total amount we will allow Re to spend, so the construction will obey 
the standard cost function, as 7, (e + 2)2~ (+?) is finite. 

We can now define h. Partition N into intervals Ie so that max J, + 1 = 
min /.41, letting the size of Ie be the number of leaves of Te. Index the 
elements of Ie as £o for leaves o of Te. Let h(n) =e+1 for all n € Te. 

If not yet satisfied at a stage s, the requirement Re will have a pointer 
g pointing at some leaf of Te, and will be conducting an attack via £o.. 
This attack will have a level i < e+ 2, which decreases with time, until the 
attack either is abandoned or fully succeeds when we get to the root. 

In the beginning, let ø = 0°+?, the leftmost leaf of Te, and begin an 
attack with x, at level e+ 1. 
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The following are the instructions for an attack at level i < e + 2, ata 
stage s. Let o = o[s]. Recall that the cost of enumerating a number z into 
A at stage s is c(z,s) = > 2a), 


a<ndgs 


1. Define p(x) = pas (£o) = s with use s+ 1. Wait for s to enter wel, 
While waiting, if some other requirement puts a number y < s into 
A, hence making p(x.) undefined, redefine p(a,), again with value s 
and use s+ 1. 


2. Suppose s enters WE"! at stage t. 


(a) If c(s,t) < €ops, then put s into A (making p(x.) undefined). 
Leave o unchanged and attack with it at level ¿į — 1 if i > 0. If 
i = 0 then cease all action for Re. 

(b) If c(s,t) > £st, then abandon £o. Move one step to the right 
of o [i+ 1. That is, if o = (ko,...,ke-1) then let oft + 1] = 
(ko,.--, ki-1, ki +1,0,...,0). Begin an attack with this new ø 
at level e + 1. 


We must argue that when we redefine o in step 2(b), we remain within 
Te, which amounts to showing that ki +1 < =a Let o* = (ko,...,ki-1). 
We know that for all k < ki, some attack was made with some string 
extending o*~(k). Let Tę be the rightmost string extending o*~(k) that 
was ever used for an attack (so that 7, = a). We know that we attacked 
with 7, at level i and this attack was abandoned. Let są be the stage at 
which the attack with 7, at level i began, and let tk > sk be the stage at 
which this attack was abandoned (so that ty, = t). 

Since t,_1 < sx, the intervals (sx, tẹ] are disjoint. At stage tx, the attack 
with 7, was abandoned because c(sk, tk) > Eo*, SO 


1> y EMNE 5y 9- Ki, (n) 


kki Sk <NStk k[ki Sk <NStk 


whence k; +1 < = as required. 

We now verify that the above construction works as intended. For each 
e and each 7 € Te that is not a leaf, there is at most one s enumerated into 
A because of a successful attack with some ø > T at level |r|. Thus the 
total cost due to Re does not exceed (e+2)2-(€+2), and so the construction 
obeys the necessary cost function, which ensures that A is K-trivial. 

Fix e. It cannot be the case that an attack with some x, at level 0 
succeeds, since then we would have were) >e+1=h(a,). Thus there is 
some stage s at which we begin an attack with x,/,) at some level, but s 


never enters Wi"7!, Then p(x) = s ¢ WE”?! so Re is satisfied. o 
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These results suggest a question: Can K-triviality be characterized via h- 
jump traceability for some class of orders h? In investigating this question, 
it is most natural to take the alternate definition that a set A is h-jump 
traceable if every partial A-computable function has a c.e. trace with bound 
h. One suggestion was to consider the class of computable orders h such 
that $n ny < oo. Using the golden run method of Nies discussed in 
Chapter 11, it is not difficult to show that if a c.e. set A is K-trivial 
then A is h-jump traceable for all such h. However, work of Ng [296] and 
Barmpalias, Downey, and Greenberg [20] has shown that there are c.e. sets 
that are h-jump traceable for all such h but are not K-trivial. It remains 
open whether some other reasonably natural class of orders may capture 
K-triviality exactly. One possibility would be the class of all computable 
orders h such that $` 27+ < oo. 

Holzl, Kraling, and Merkle [183] have shown that A is K-trivial iff A 
is O(g(n) — K(n))-jump traceable for all Solovay functions g, and that, 
moreover, there is a single Solovay function f such that A is K-trivial iff 
A is O(f(n) — K(n))-jump traceable. However, the presence of K in this 
result might strike some as unsatisfying. 


14.4 Strong jump traceability and diamond classes 


Recall that for a class S C 2”, we define S° to be the collection of c.e. sets 
computable from every 1-random element of S. In this section, we prove 
theorems of Greenberg and Nies [172] and Greenberg, Hirschfeldt, and Nies 
[169] that show that the class of strongly jump traceable c.e. sets coincides 
with both (w-c.e.)° and superlow®. This result lends evidence to the claim 
that strong jump traceability is a natural notion to study in the context 
of algorithmic randomness, and further demonstrates the usefulness of the 
notion of diamond classes. As we will see, it also provides a useful tool for 
the study of superlowness. 

It is worth noting that, by Theorem 2.19.10 applied to a I? class of 1- 
random sets, for every c.e. set A, there is a low 1-random set that does not 
compute A, so low? (and hence (A$)°) contains only the computable sets. 

We will use a characterization of strong jump traceability in terms of 
certain special cost functions. Recall the general notion of a cost function 
from Definition 11.5.1. Theorems 11.5.3 and 11.10.2 say that K-trivial sets 
have special approximations that change only a few times, and hence have 
low cost. Greenberg and Nies [172] began with these results as a starting 
point and studied the cost functions associated with s.j.t. sets. The follow- 
ing definition isolates an important property of the standard cost function 


c(n, s) = ners I e 


Definition 14.4.1 (Greenberg and Nies [172]). A monotone cost function 
c is benign if there is a computable function g : Q>? — N such that for 
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each positive rational q, if I is a set of pairwise disjoint intervals of natural 
numbers such that e(n, s) > q for all [n, s) € I, then |I| < g(q)." 


Note that benign cost functions always satisfy the limit condition. 
For example, the standard cost function c is benign: If J is as in the 
above definition, then |I| < F, since 


q|I| < 5 e(n, s) < Dy 5 270 < $720 x1. 


[n,s)EI [n,s)EI n<igs i 


Thus the following result implies Theorem 14.3.1 that every s.j.t. c.e. set 
is K-trivial. 


Theorem 14.4.2 (Greenberg and Nies [172]). A c.e. set is strongly jump 
traceable iff it obeys all benign cost functions. 


One direction of this theorem follows from the following lemma, since 
if a c.e. set obeys all benign cost functions then it is K-trivial, and hence 
jump traceable, by Theorem 11.4.8. 


Lemma 14.4.3 (Greenberg and Nies [172]). Let A be a jump traceable c.e. 
set and let h be a computable order with h(0) > 0. There is a benign cost 
function c such that if A obeys c, then JA has a c.e. trace bounded by h.? 


Proof. Let h(n) = h(n) —1 if h(n) > 1, and let h(n) = 1 otherwise. 

Let y(n) be the least stage at which J4(n) converges with an A-correct 
computation, if there is such a stage. Since A is c.e., tracing J4(n) is 
equivalent to tracing the partial function 7. Since A is jump traceable, 
there is a c.e. trace So,51,... for ~ bounded by some computable order g. 

If J4(n)[s] | with use k, then we say that this computation is certified 
if there is some t < s such that A, | k = A; | k and t € S),[s]. We 
want to ensure that the cost of all x < k at stage s is at least Ta’ so 
let c(x,s) be the maximum of all a such that there is some u < s at 
which a computation J4(n)[u] with use greater than z is certified (where 
this maximum is 0 if there is no such n). Note that c is indeed a monotone 
cost function. 

We argue that c is benign. Let q > 0 be a rational and let J be a set 
of pairwise disjoint intervals of natural numbers such that c(x,s) > q for 


all [v,s) € I. Let n* be such that h(n*) > a Let [z,s) € I. Then there is 


1Greenberg and Nies [172] suggested the following way to understand this concept. 
Let q > 0. Let Yg = 0, and if UE is defined and there is some s such that c(y$, s) 2q, 
then let Year be the least such s. If c satisfies the limit condition lim, c(n) = 0, then 
this process has to halt after finitely many iterations. Then c is benign iff there is a 
computable bound on the number of iterations of this process given q. 

?Greenberg and Nies [172] remarked that this lemma can be uniformized to show 
that for each computable order h, there is a benign cost function c such that for all c.e. 
sets A obeying c, there is a trace for J4 bounded by h. 
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some n < n* and u < s such that J4(n)[u] with use k > a is certified. Let 
t < u witness this certification. Then t € (x, s), sincexn<k<t<ucs, 
and so, since the intervals in J are pairwise disjoint and t € Sn, we have 
H| < nens Sal S Encens g(n). Since n* is obtained effectively from q, 
and g is computable, this bound on |I| is computable. 

Now suppose that A obeys c. It is easy to see that there is a computable 
enumeration Ag, Ai,... of A such that, letting ns be the least number in 
As41 \ As, we have >, c(ns,s) < 1. Enumerate a trace To,T},... for J^ 


as follows. Enumerate J^» (n) into Tn if there is some u < s such that 
Â [k= A, | k, where k is the use of the computation J^ (n), and this 
computation is certified at stage u. 


Fix n and let so < 81 < +-+- < s/7,)_1 be the stages at which we enumerate 
numbers into Tp. Say that the computation J As; (n) gets certified at stage 
ui < si. Let k; be the use of that computation. For each i < |T,,| — 1, there 
is some stage v; € [u;, ui+1) such that Ay, ky A rere | ki, since by stage 
5:41, the computation J As; (n) is injured by some number below k; entering 
A. Since c(k; — 1, vi) > e(ki — 1, si) > gtz, we have |Ta| -1 < h(n). Thus, 
by altering finitely many Tn if necessary, we have |T,,| < h(n) for alln. O 


The more difficult direction of Theorem 14.4.2 is the following lemma, 
whose proof we only sketch, since the methodology is quite similar to that 
of the proof of Theorem 14.3.1 that every s.j.t. c.e. set is K-trivial. 


Lemma 14.4.4 (Greenberg and Nies [172]). For each benign cost function 
c, there is a computable order h with h(0) > 0 such that for any c.e. set A, 
if JA has a c.e. trace bounded by h then A obeys c. 


Proof sketch. We define an A-partial computable function U4. Using the 
recursion theorem (or universal traces, as in [172]), we may assume we have 
a trace To, 7),... with a bound A that is sufficiently slow growing to make 
the following box promotion construction work, such that 7To,7),... traces 
WA for all but finitely many values. 

As we have seen, the idea of a box promotion construction is to attempt 
to certify certain approximations to initial segments of A. For example, 
in the proof Theorem 14.3.1, we used certification to decide whether to 
believe a computation of the form U4(c)[s] |. Here we use certification to 
obtain an enumeration of A that obeys c. To attempt to certify A, | u, we 
define U4s(n)[s] = s with use u for various n’s. Certification happens at 
a later stage t if Ay [| u = A, [ u and s € T,,[¢] for all such n. The degree 
of certainty that this certification provides us depends on the bound h(n) 
on the size of the Ta. We know that we cannot make more than h(n) — 1 
many mistakes. If h(n) = 1 and A, | u is certified at stage t, then we know 
that in fact A fu = A, | u, but of course h(n) > 1 for almost all n, so we 
need to develop combinatorial strategies to deal with our mistakes. 
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To build our enumeration Ags Â, ... of A that obeys c, we speed up our 
given enumeration Ao, A4, ... and accept only sufficiently certified approx- 
imations. If £ € As+1 \ As and c(z,s) > 27}, we want A, | x +1 to have 
been certified via some n with h(n) < k. Since certification through such an 
n cannot happen more than k many times, letting 7, be the least number 
in As+1 \ As, we will then have X, c(xs,8) < >>, k27**! < o0. 

The part of the construction dealing with those x’s for which c(x, s) > 
2-*, call it requirement Rg, may ignore those 2’s for which c(x,s) > 
2-(*-)) as these need to be certified by even stronger “boxes” Ta. All 
of these certification processes must work in concert. At a stage s, we have 
uy < U2 < ug < +++ < Um such that A, | u1 has to be certified with 
strength 27! by Ri, while A, | ug has to be certified with strength 27? by 
R2, and so on. The problem is that U4(n) may not be traced by Ty, for 
all n; there may be finitely many exceptions. Hence, for each d € N, we 
have a version of the construction indexed by d, which guesses that Y4(n) 
is traced by Tn for each n such that h(n) > d. Almost all versions will 
be successful. To keep the various versions from interacting, each version 
controls its own infinite collection of boxes Tn. That is, for each n, only one 
version of the construction may attempt to define Y4(n). 

As we have seen, a common feature of all box promotion constructions is 
that each certification takes place along a whole block of boxes Ta, which 
together form a meta-box. To ensure that R, certifies only k — 1 many 
wrong guesses at initial segments of A, we need each failure to correspond 
to an enumeration into the same Tn. On the other hand, if a correct initial 
segment is tested on some Thn, then this n is never again available for testing 
other, longer initial segments of A. The idea is that if a meta-box B used 
by Rk is promoted (by some s that is in Tn for all n € B being found to 
correspond to an incorrect guess at an initial segment of A, which means 
that each Ta can now be thought of as a smaller box), then we break B 
up into several sub-boxes, as in previous constructions. The fact that c is 
benign, witnessed by a computable bound function g, allows us to set in 
advance the size of the necessary meta-boxes, thus making h computable. A 
meta-box for Rp can be broken up at most k many times, so the necessary 
size for an original Rẹ meta-box is g(2~")**?. 

The details of the construction are quite similar to those in the proof of 
Theorem 14.3.1, and may be found in [172]. o 


Establishing a relationship between diamond classes and s.j.t. c.e. sets 
begins with the following basic result. 


Theorem 14.4.5 (Greenberg and Nies [172]). Let Y be a A$ 1-random 
set. Then there is a monotone cost function c satisfying the limit condition 
such that every c.e. set that obeys c is computable from Y. If Y is w-c.e., 
then c can be chosen to be benign. 
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Proof. Let c(n,0) = 27” for all n. For s > 0, let ks be the least k such 
that Y, | k # Y,-1 | k (which we may assume always exists). Let c(n,s) = 
max(c(n,s — 1),2~**) for all n < s and let c(n,s) = c(n,s — 1) for all 
n > s. It is easy to check that c is a monotone cost function satisfying the 
limit condition. If there is a computable function g such that |{s : Y,(m) Æ 
Y,-1(m)}| < g(m) for all k, and I is a set of pairwise disjoint intervals of 
natural numbers such that c(n,s) > 27" for all [n,s) € I, then for each 
[n, s) € I with n > k, there is a t € (n, s] such that Y; | k A Y;-1 | k, and 
hence |I| < (k+1)+)0,,<;,.9(m). Thus, if our approximation to Y is w-c.e. 
then c is benign. 

Suppose that the c.e. set A obeys c, as witnessed by the approximation 
Ao, Ai,.... For each n and t > n, let sn(t) be the least s < t such that 
Y, | n = Y; | n for all r € [s,t]. Without loss of generality, we may 
assume that sn(t) > n for all t > n. At each stage t, if n is least such that 
Ar | Sn(t) A A-1 Ù sn(t), then enumerate [Y; | n — 1] into a Solovay test 
G. It is easy to check that the fact that Ap, A1,... obeys c implies that 
Dyolec 217! < 00. 

Since Y is 1-random, only finitely many initial segments of Y are enu- 
merated into G. Let v be such that no such initial segment is enumerated 
after stage v. We claim that if t > v,n and Y [n—-—1=Y; [ n—1, then 
A [n= A; | n, which implies that A <+ Y. Assume otherwise, and let 
u >t be such that A, | n # Au—-1 Ùn. Then Au | sn(u) Æ Au-1i | Sn(u). 
Let m be the least such that A, [ Smu) Æ Au-1 | Sm(u). Then 
m < n, and we enumerate |Y, | m-— 1] into G. Since u > v, we have 
Yı, fm-1=Y | m-1 ZY, | m—1. But then s,(m—1) >t > n, so 
Au | S8m—1(u) Æ Au-1 | 8m—1(u), contradicting the minimality of m. o 


Combining this result with Theorem 14.4.2, we have the following result. 
(Note that (w-c.e.)° C superlow®, since every superlow set is w-c.e.) 


Corollary 14.4.6 (Greenberg and Nies [172]). Every strongly jump 
© 


traceable c.e. set is in (w-c.e.)°, and hence in superlow®. 

This result has some powerful computability-theoretic consequences. It 
can be used to prove results of Ng [297] and Diamondstone [97] whose direct 
proofs are rather intricate. (These results answer natural questions about 
superlowness stemming from well-known results on lowness. See [97, 297] 
for further discussion.) We need the following version of Corollary 2.19.9, 
whose proof is similar. 


Lemma 14.4.7 (Greenberg and Nies [172]). Let P be a nonempty IT? class. 
For each B there is a Y E€ P such that (Y @ B)’ <,, B’. 


We also use the easily proved fact that if C <r D then C’ <,, D’. 


Theorem 14.4.8 (Ng [297]). There is a c.e. set A such that for every 
superlow c.e. set B, the join A® B is also superlow. 
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Proof. Let A be an s.j.t. c.e. set. If B is superlow, then applying Lemma 
14.4.7 to a nonempty II? class of 1-random sets, we see that there is a 1- 
random set Y such that Y’ <,, (Y 6 BY <, B’ <, W. Then Y is superlow, 
so by Corollary 14.4.6, A <r Y, and hence (A9 BY <, (Y@B) <a V. O 


Note that the above proof in fact proves the stronger result that if A 
is any s.j.t. c.e. set and B is any (not necessarily c.e.) superlow set, then 
A® B is also superlow. Taking A to be a promptly simple s.j.t. c.e. set (as 
given by Theorem 14.1.3), we have the following result. 


Theorem 14.4.9 (Diamondstone [97]). There is a promptly simple c.e. 
set A such that for every superlow c.e. set B, we have A @ B <r Ø. 


As it turns out, Corollary 14.4.6 has a strong converse, which does not re- 
quire the hypothesis of computable enumerability. (It remains open whether 
Corollary 14.4.6 holds beyond the c.e. sets.) 


Theorem 14.4.10 (Greenberg, Hirschfeldt, and Nies [169]). If a set 
is computable in every superlow 1-random set, then it is strongly jump 
traceable. 


Note that it is not difficult to prove that if a set A is computable in every 
superlow 1-random set then it is K-trivial: Let X be a superlow 1-random 
set. By the superlow basis theorem relative to X, there is a superlow set 
Y that is l-random relative to X. By van Lambalgen’s Theorem, X and Y 
are relatively 1-random, so by Corollary 11.7.3, A is K-trivial. 

We will prove Theorem 14.4.10 below. Since (w-c.e.)° C superlow®, 
combining Corollary 14.4.6 and Theorem 14.4.10, we have the following 
result. 


Corollary 14.4.11. The following are equivalent for a c.e. set A. 
(i) A is strongly jump traceable. 

(ii) A € (w-c.e.)®. 

(iii) A € superlow®. 


This result implies Theorem 14.2.1, that the s.j.t. c.e. sets are closed 
under joins, because every diamond class is obviously closed under joins. 

Recall that a set X is superhigh if 0” <,, X’. Greenberg, Hirschfeldt, and 
Nies [169] showed that strong jump traceability of c.e. sets is also equivalent 
to being in superhigh®. 

The proof of Theorem 14.4.10 does not make special use of 1-randomness, 
and in fact establishes the following stronger result. 


Theorem 14.4.12 (Greenberg, Hirschfeldt, and Nies [169]). Let P be a 
nonempty TI? class, and let A be a jump traceable set computable from every 
superlow member of P. Then A is strongly jump traceable. 
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By Corollary 2.19.9, every nonempty IT? class has a superlow member, so 
if A satisfies the hypothesis of Theorem 14.4.12 then it is superlow. Thus, 
by Theorem 11.4.7, the extra hypothesis that A be jump traceable is not 
needed if A is c.e. 

Theorem 14.4.10 follows from Theorem 14.4.12 as follows. Let A € 
superlow®. Let X @ Y be superlow and 1-random. Then both X and Y 
are superlow and 1-random, so A S+ X,Y. But Y is 1-random relative to 
X, and hence relative to A, so A is a base for 1-randomness, and hence 
K-trivial. By Theorem 11.4.8, A is jump traceable, so applying Theorem 
14.4.12 to a nonempty IT? class P all of whose elements are 1-random shows 
that A is s.j.t. 

Another corollary to Theorem 14.4.12 comes from the Scott Basis Theo- 
rem 2.21.2, which implies that every completion of PA computes a l-random 
set. The reduction in the proof of that theorem is clearly a wtt-reduction, 
so it is also the case that every w-c.e. completion of PA computes an w-c.e. 
1-random set. Thus we have the following result. 


Theorem 14.4.13 (Greenberg, Hirschfeldt, and Nies [169]). A c.e. set 
A is strongly jump traceable iff it is computable from every superlow (or 
equivalently, every w-c.e.) completion of PA. 


To prove Theorem 14.4.12, we will not use the jump traceability of A 
directly, but instead will use the existence of certain nice approximations 
to A-partial computable functions. 

We think of a functional Y as a partial computable function p : 2<“”xN — 
N such that for each n, the set of all ø such that (o,n) € domp is prefix- 
free. We have U4(n) = m iff p(o,n) = m for some ø < A, in which case 
the use Y4(n) equals |o|. An enumeration Yo, U,,... of Y is then simply 
a sequence of functionals corresponding to uniformly partial computable 
functions po C pı C --- such that domp, C 2S8 x [0, s] and p= U, ps. 


Definition 14.4.14 (Greenberg, Hirschfeldt, and Nies [169]). Let (As) sew 
be a computable approximation to a AÌ set A, and let (Ys)scw be an 
enumeration of a functional Y. We say that the pair ((As)sew, (Us) sew) 
is a restrained A-approximation of UA if there is a computable function 
g such that for each n, the number of stages s such that U4As(n) | and 
Asa TV2 (n) £ As | W2 (n) is bounded by g(n). 


Theorem 14.4.15 (Greenberg, Hirschfeldt, and Nies [169]). The following 
are equivalent. 


(i) A is superlow and jump traceable. 
(ii) Each A-partial computable function has a restrained A-approzimation. 
Given this fact, Theorem 14.4.12 follows from the following result. 


Theorem 14.4.16 (Greenberg, Hirschfeldt, and Nies [169]). Let P be a 
nonempty II? class, and let A be a set such that every A-partial computable 
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function has a restrained A-approximation. If A is computable from every 
superlow element of P then A is strongly jump traceable. 


Rather than prove Theorem 14.4.15 here, we will show that we can obtain 
Theorem 14.4.10 from Theorem 14.4.16 without it. (See [169] for a proof 
of Theorem 14.4.16, which uses a characterization of sets that are both 
superlow and jump traceable due to Cole and Simpson [72].) 


Lemma 14.4.17. If B is a jump traceable c.e. set, then every B-partial 
computable function has a restrained B-approximation. 


Proof. Let 0 = ©? be a B-partial computable function. Let To, T4, ... be 
a c.e. trace for n ++ B | P(n) with a computable bound h. Define an 
enumeration of a functional Y by letting U7(n) = ®7(n) if T < B, and 
T € Tals]. It is easy to verify that UV? = 0, and there are at most h(n) 
many stages s such that U?s(y)| and Bsyi | YP- (y) A Bs | Y8: (y). O 


Lemma 14.4.18. If A is computable from every superlow 1-random set, 
then every A-partial computable function has a restrained A-approximation. 


Proof. Let A be computable from every superlow 1-random set. As noted 
following Theorem 14.4.10, A is K-trivial. By Theorem 11.5.4, A is com- 
putable from some c.e. K-trivial set B. By Theorem 11.4.8, B is jump 
traceable, so by Lemma 14.4.17, every B-partial computable function has 
a restrained B-approximation, from which it follows easily that every 
A-partial computable function has a restrained A-approximation. O 


Thus Theorem 14.4.10 follows from Theorem 14.4.16, which we now 
prove. 


Proof of Theorem 14.4.16. Let P be a nonempty II? class and let A be 
computable from every superlow element of P and such that every A-partial 
computable function has a restrained A-approximation. Fix a computable 
order h and an A-partial computable function 6. We show that 0 has a 
c.e. trace bounded by n +> 20), which is enough to establish strong jump 
traceability, since h is arbitrary. (Of course, it is enough to do this for the 
single case 0 = J4.) Fix a restrained A-approximation ((As)scw, (Ws)scw) 
to 8. 

The key concept in this proof is that of a golden pair. Recall that in the 
proof of the (super)low basis theorem, we build a sequence of II? classes 
Qo 2 Qi D --: by letting Qni1 = Qn if n € X’ for all X € Qn and 
otherwise letting Qn41 = {X E Qn: n € X'}. Then f, Qn contains a 
single element Z, which is superlow, because to compute Z’(n), we need 
only computably approximate which case of the definition of Qn+1 obtains, 
which we can do recursively, going through at most 2" many versions of 
each Qk. 

We can start this construction by letting Qo = Q for any nonempty IT? 
class Q. Let Qn,s be the stage s guess at Qn, which is defined as follows. 
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First, let Qo,s = Q. If at stage s we see that n € X’ for all X € Qn,sls], 
then let Qn+41,s = Qn,s- Otherwise, let Qn+1,s = {X E Qn,s : n E X'}. As 
mentioned above, the guess Qn,s changes at most 2” many times. Thus, if 
we can guess at O(n) in such a way that we make at most one guess per 
version of Qn,s, we can build a trace for 0 with the appropriate bound. The 
existence of a golden pair is what will allow us to do so. 


Definition 14.4.19 (Greenberg, Hirschfeldt, and Nies [169]). A pair 
(Q, ®), consisting of a nonempty IT? class Q and a functional ®, is a golden 
pair (for Y and h) if for almost all n such that V4(n) | and all X € Qn), 
we have ®* > A } W4(n). 


Lemma 14.4.20. If there is a golden pair then 0 has a c.e. trace bounded 
by n = Qh(n), 


Proof of Lemma 14.4.20. Let Q,® be a golden pair. We enumerate 
To, Ti,... as follows. If at stage s there is a ø such that U2(n) |= k and 
o x ®* for every X € Qhin),s[8], then put k into Ty. 

The T, are uniformly c.e. For each different guess Qha(n),s, at most one 
number k gets enumerated into Tn, so |T,| < 2P), By the definition of 
golden pair, for almost all n € dom9, we have A | y(n) < ©* for all 
X € Qhan); which implies that if s is sufficiently large, then A [| wA(n) < 
®* for all X € Qnin),s[s], so 9 = yalti (7) € Tn. Thus we can make 
finitely many changes to the T, to obtain a c.e. trace for 0 with bound 
n = 220), O 


So we are left with showing that a golden pair exists. We can think of 
a golden pair as arising from a failed attempt at building a superlow set 
Z € P that does not compute A. Such an attempt can be made, starting 
with any Q C P, by interspersing the superlowness classes Qn with ones 
attempting to diagonalize against computations yielding A, that is, classes 
of the form {X € Qm : PŽ Æ T} for some T < A. For each e and n we have 
a strategy S£ that monitors whether this class is empty for T = A | y4(n) 
and m = h(n). As long as the class looks nonempty, so that it appears 
that S£ has succeeded in ensuring that 67 4 A, we start a new superlow 
basis construction with this class, but at level e + 1 now. (We think of 
the procedures at this new level as being called by the procedure S$.) It 
cannot be the case that strategies at all levels succeed, since otherwise Z 
would be a superlow element of P not computing A. The failure at some 
level gives us a golden pair. We will have to be careful in showing that Z 
is in fact superlow, since the superlowness requirements will be distributed 
among constructions corresponding to different levels e. Each S$ works 
with A | w4(n), the value of which can change since A is not computable. 
When this value changes, the strategies at level e + 1 called by S$ must 
be canceled. This action causes the bound witnessing superlowness to be 
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more difficult to compute, but we will be able to show there is one by using 
the fact that ((As)sew, (Ws)sew) is a restrained approximation. 

The construction is a nonuniform argument in the spirit of the golden 
run method, but with a procedure calling structure of unbounded depth, 
as in box promotion arguments. 

For each e, we will have a procedure R°, provided with some IT? subclass 
P® of P as input, which attempts to show that (P*°,®.) is a golden pair. 
For each n such that U4(n) |, we will have a subprocedure S£, which 
attempts to show that the golden pair condition holds at n, that is, that 
BX > A | p4(n) for all X € Pfa Failing that, Sf will try to give 
permanent control to the next level e + 1. 

Construction. We describe the instructions for our procedures. 

A run of the procedure Re has an input P% and a parameter m. If it has 

control at stage s, it looks for the least n such that 


1. h(n) >m, 
2. WA(n) |, and 


3. it is not the case that a previous run of S£ with input A, [ wA(n) 
has returned and not been subsequently canceled, as defined below. 


If there is such an n, then Re calls S$ with input A, | y4 (n), transferring 
control to S$. 

A run of the procedure S£ is provided with a string 7 such that Y7 (n) |. It 
acts as follows. First it calls R°+* with input P°t = {X € Pi, : PX £7} 
and parameter h(n). As long as P.41 appears to be nonempty, it halts all 
activity at level e, allowing R°t! to act. If P.41 is ever found to be empty, 
it cancels the run of R¢+! and any subprocedures that run may have called 
and returns control to Rê. 

A run of S£ with input 7 believes that 7 < A and that the current guess 
at Pirn) is correct. So if at any stage after the beginning of this run we find 


that one of these conditions is not true, then this run, and the run of R¢+! 
it called, are canceled and, if S$ had not yet returned, control is returned 
to R°. 

The construction is started by calling R° with input P° = P and 
parameter 0. 
End of Construction. 


A golden run is a run of some R° that is never canceled and such that 
every S$ called by that run eventually returns or is canceled. 


Lemma 14.4.21. If there is a golden run of Re with input Q, then (Q, ®e) 
is a golden pair. 


Proof. Let m be the parameter with which the golden run is called. We 
claim that if h(n) > m then there is a final call of S£ that is never canceled 
and hence returns. To see that this is the case, assume by induction that 
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there is a stage t such that no runs of Sf for k < n are ever active after stage 
t, our guess at Qj) has stabilized by stage t, and so has the approximation 
to A | W4(n). Any run of Sẹ for k > n that may be active at stage t will 
eventually return or be canceled, so eventually a run of S$ that is never 
canceled will start, and hence return, after which point no further calls to 
S$ will be made. Since this run returns, the golden pair condition for n 
holds of (Q, ®e). Since h(n) > m for almost all n, we see that (Q, ®e) is a 
golden pair. O 


Thus it remains to show that there is a golden run of some R°. We first 
need to do some counting to establish a computable bound on the number 
of times procedures can be called. Let g be the function witnessing the fact 
that ((As)scw, (Us) sew) is a restrained approximation. 


Lemma 14.4.22. For each e, each run of R® calls at most g(n) +2" +1 
many runs of S¢. 


Proof. Fix a run of Re with input P®. Suppose that a run of S$ with input 
T called by this run is canceled at stage s, but the run of Re is not. Then 
either Ea trie x Prn),s—1 or T < Ası but T & As. The first possibility can 
occur at most 2’(") many times, and the second can occur at most g(n) 
many times, because each time it occurs, our restrained approximation to 
W4(n) changes. A new run of S£ cannot be started until the previous run 
is canceled, so the lemma follows. O 


Lemma 14.4.23. There is a computable bound N(n) on the number of 
times procedures S$ are called (over all e). 


Proof. We calculate by recursion on e and n a bound M (e, n) on the number 
of times any R° calls a run of S$. By Lemma 14.4.22, we can let M (e,n) 
be the product of g(n) + 2’( +1 with a bound on the number of runs 
of R° that are called by some S7! with parameter h(m) < h(n). Since h 
is monotone, the number of runs of R° with parameter less than h(n) is 
bounded by 7,2, M (e — 1,m), which completes the inductive definition 
of M. By induction on e we can show that the parameter of any run of R° 
is at least e, so we can let N(n) = } ecnin) M (e,n). o 


Now suppose there is no golden run, so every run of every R® is either 
eventually canceled, or calls a run of some S$ that is never canceled but 
never returns. By induction on e, we can see that for each e there is a 
run of R° that is never canceled, with a final version of P*. For these 
final versions, we have P° D Pt D ---, so there is a Z € N, P®. We will 
show in the next lemma that we can use approximations to the P® and 
the computable bound of the previous lemma to approximate Z’ in an w- 
c.e. way, whence Z is superlow. By our hypothesis on A, there is some e 
such that PZ = A. Consider the run of some S£ that is neither canceled 
nor returns, which defines the last version of P°t'. It defines this class as 
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{X © Fray? PŽ ¥ r} for at < A (since S£ is never canceled). This 
definition contradicts the fact that Z € Pet}. 


Lemma 14.4.24. Z is superlow. 


Proof. Let n > 0, and let e be the least number such that the permanent 
run of R° is started with a parameter greater than n. As mentioned in the 
proof of Lemma 14.4.23, the parameter of any run of R° is at least e, so 
such an e exists. 

Whether n € Z’ depends only on Piri so we can approximate an answer 
to the question of whether n € Z’ by tracking, at each stage, the guess at 
P% at that stage, where d is the greatest number such that the current 
run of R? has parameter no greater than n. 

The guess at P4, can change because of a call to S$, where h(m) < n 
or because of the approximation inherent in the superlow basis theorem 
strategy. Thus the number of times this guess can change is at most 
ah ais ii N(m), which is a computable bound, and hence we have 
an w-c.e. approximation to Z’. Oo 


As argued above, this lemma completes the proof of the theorem. O 


14.5 Strong jump traceability and K-triviality: the 
general case 


In general, s.j.t. sets are not as well understood as the special case of c.e. 
s.j.t. sets. It would be quite helpful if the following analog to Corollary 
11.5.4 were to be established. 


Conjecture 14.5.1 (Downey and Greenberg). Every s.j.t. set is com- 
putable from some c.e. s.j.t. set. 


Downey and Greenberg [105] showed that all s.j.t. sets are A8, and have 
recently improved this result considerably by showing that all s.j.t. sets 
are K-trivial. This result extends Theorem 14.3.1, but its proof is perhaps 
simpler. 


Theorem 14.5.2 (Downey and Greenberg [105]). There is a computable 
order h such that every h-jump traceable set is K-trivial. 


Before proving this result, we note that not all orders h suffice. 


Theorem 14.5.3 (Nies [303]). There are continuum many 2?"*1!-jump 
traceable sets. 


Proof. We build a trace To, T4, ... and a sequence of uniformly computable 
functions fs : 2<“” — 2<” such that f = lim, fs exists. Let folo) = o for 
all ø. At stage s+ 1, look for the length-lexicographically least v such that 
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JI) (|v|) |¢ Te s for some 7 > v with r € 2S*+1. If no such v exists then 
let fs4i(o) = f(a) for all o and proceed to the next stage. Otherwise, 
for every p, let fs4i(vp) = Tp. For every o # v, let feti(o) = fs(c). 
Enumerate J/*(7)(\v|) into Te. 

It is easy to see that for every ø € 2°, the value of f,(c) changes at 
most 2°+! — 1 many times, and causes at most that many elements to 
be put into Te, whence |T.| < 2?°+!. Moreover, the image of 2” under 
f has size continuum, and for every member A of this image, we have 
JA(e)| = JA(e) € Te for all e. Oo 


It is not hard to check that, as shown in [303], the above proof can be 
used to define a perfect II? class of 2?"*'-jump traceable sets. It would be 
interesting to improve the bounds on the levels of jump traceability that 
hold of continuum many sets, given by this result on the one hand, and 
the proof of Theorem 14.5.2 below on the other. This question is of course 
connected with the one mentioned at the end of Section 14.3, as well as 
with the question of what level of jump traceability is needed to ensure 
AS$-ness. 


Proof of Theorem 14.5.2. We build a computable trace h such that if J4 is 
h-traceable then A is K-trivial. By Theorem 11.1.8, there is a computable 
function g such that X, 279 < 1 and if K(X Į n) < g(n) + O(1), then 
X is K-trivial. We wish to build a KC set to ensure that K(A [ n) < 
g(n) + O(1). We have no direct access to A, so for each n, we will need 
to include (g(n),c) in our KC set for several o € 2”. To keep the weight 
of our set finite, we need to limit the number of such ø. As in previous 
constructions in this chapter, we use a functional V as a tester. By not 
believing that a given ø is a possible initial segment of A until it has been 
sufficiently tested, we will be able to limit the number of o’s we consider. 

Suppose that `, 2—9(") were computable. Then there would be a com- 
putable order h such that 57, h(n)2-9™ < 1. We could then let Y° (Jo|) = 
o for all ø (thus testing every c), take a trace {Tn }nen for V4 with bound 
h, and let our KC set be {(g(n),o) : o € Tp}. It is easy to check that this 
definition would ensure that K(A [| n) < g(n) + O(1). Since 7, 2-9™ is 
merely left-c.e., we will need to deal with approximations to this sum, and 
have a more complicated testing procedure. 

Partition N into consecutive intervals J4, I2, ... such that |J,| = 92°" For 
e> landn E Ix, let he(n) = k +e. By Lemma 14.1.2, we can determine a 
computable order h such that, for any A, from a trace for J4 with bound 
h, we can compute, uniformly in e, a trace for oA with bound he. Let J4 
be h-traceable. We show that A is K-trivial. 

We will define a functional Y. By the recursion theorem, we know some 
e such that U* = 6X for all X. Let {Tn }nen be a trace for U4 with bound 
h = he, computed from e as described above. 
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Let b be such that |Z| > 2%+°)2" +2* for all k > b. Our testing procedures 


will happen at levels k > b. For each k > b, let tf,... Rope be the first 


2* many numbers in Ip, and let M* be the next g(kte)2" many numbers in 
Ip. The set M* is split into 2*+® many subsets, which are further split into 
2k+e many subsets, and so on for 2% many levels. We index these subsets as 
follows. Let M*(\) = M*. If v is a sequence of subsets of [0, k+e) of length 
less than or equal to 2* and M*(v) is defined, then split M*(v) evenly into 
2+ many subsets M*(vB) for B C [0, k+e). We will use both the të, and 
the elements of M* as test inputs. 

If m2-* < 52790; then let n*, be the least n such that m27% < 
ee 2-9 Note that the set of all k and m for which nÉ, is defined is 
c.e. For each k > b and m < 2%, if we find that n*, is defined, then we test 
every string of length n*, using the “initial test input” t*,. That is, for each 
o € 2", we let W? (tk,) = o. This step allows us to forget about all but at 
most |T; | < h(tk,) = k + e many strings of length n&,. 


We now proceed by recursion on k > b, and on m < 2} within each level 
k, to define which strings of length n£, are (k,m)-approved, and how our 
testing at level m of M* is conducted. It will be clear from the construction 
that the collection of (k,m)-approved strings is c.e., uniformly in k and m. 

A string o € 2m is (k,m)-preapproved if for every l € [b, k] and j < 2! 
such that either j27} < m27% or both | < k and j27! = m2-*, the string 
o Pons is (l, j)-approved. 

By induction, the collection of (k,m)-preapproved strings is c.e., uni- 
formly in k and m. Let o0(k,m),o1(k,m),... be an effective list of the 
(k,m)-preapproved strings in T; . This list has length at most k + e, since 
[Te | < h(t) =k+e. 

For a sequence v = (Co,...,Cm) of subsets of [0,4 + e), a number i is 
v-appropriate if 


(i) cilk, m) is defined, 
(ii) i € Cm, and 
(iii) for all m’ < m, if oj(k,m') < ci(k,m), then j ¢ Cw. 


For all sequences v as above and all v-appropriate i, let U7") (n) = 
oi(k,m) for all n € M*(v). The idea here is that we test o:(k,m) on 
all inputs in M* except for those where we already tested a substring of 
cilk, m). It is easy to see that the above definition does in fact ensure that 
for all n € M*, the set of all ø for which we define Y(n) = ø is prefix-free, 
as it needs to be. 

We say that o;(k,m) is (k, m)-approved if for every n for which we define 
Yih) (n) = o;(k,m), we have o;(k,m) € Ta. 

We now define our KC set G. For k > b, let Sp be the set of all (k,m)- 
approved strings, over all m < 2". For k > b and ø € Sz, let a; be the 


14.5. Strong jump traceability and K-triviality: the general case 703 


longest initial segment of ø of length ners for some l such that ae is 
defined. For a € Sp, let op = A. Fork > banda € Sx, let 


G(o) = {(g(I71),7) : oe <T 30}. 


Let Gk = Uses, Ga(o) and G = Uks Ge. Then G is c.e. We show that 
the weight of G is bounded. 

To do so, we redefine G in terms of certain subsets of the Gg. For k > b, 
let Lk be the set of maximal elements of Sp (that is, elements of S;, with 
no proper extensions in Sp). Let Ap = Sp. For k > b, let Ay = Lp \ Sp-1. 
The following lemma shows that the A; are small, and hence can be used 
in bounding the weight of G. 


Lemma 14.5.4. |A,| <k+e for allk > b. 


Proof. For m < 2*, let Cm = {i : oi(k,m) € Ak N Pm}, Let v = 
(Co,.--, Cgx_1). It is easy to check that, since A; is an antichain, we test ev- 
ery o € Ay on the inputs in M*(v). Thus, for every o € Ap and n € M*(v), 
we define Y(n) = o. But then o € Tn, since otherwise o would not be in 
Sp. Since |Tn| < h(n) = k + e for all such n, we have |Ay| < k +. Oo 


The next two lemmas will allow us to express G in terms of the Ax. 


Lemma 14.5.5. Let k > b and let o € Sp \ Ly. Then there are a j € |b, k) 
and a p E€ 8S; such that Gk(o) C G;(p). 


Proof. Let T be a proper extension of ø in Sp. Let m be such that |o| = n.. 
Then |r| > n*,,,. Let j = [SH]. Then m2-* < j2--) < (m + 1)2-*, 
so TÌ nim! € Sp_, and o xT} ae Let p be the shortest extension of o 
in Sp_1, and let j > b be least such that p € Sj. 

Then p; < p. Since p € Sk—1, we have p} € Sk-1 (as otherwise p would 
not have been preapproved at the k — 1 level). By the definition of p, we 
have p; < ø, 80 pj 3 ak- 


Thus p; x op =< = p, from which it follows that Gi(g) CG;(p), O 


Lemma 14.5.6. Let k > b and o € Spk. Then there are a j € [b,k] and a 
p E€ A; such that Gk(o) C G;(p). 


Proof. We define sequences of strings and numbers by recursion. Let oo = o 
and ko be least such that o E€ S;,,. Suppose we have defined o; and k; so 
that k; is least such that o; € Sk. If o; E€ Ax, then stop the recursion. 
Otherwise, by the definition of A,,, we have k; > b and c; ¢ Ly,. Thus,by 
Lemma 14.5.5, there are a j < k; and a oj41 E€ S; such that Gz,(ai) C 
G;(ci41). Let ki41 be least such that oj41 € S;,,,. It is easy to see that 
Gj (Fi41) C Griz, (Gi41), 80 Gr, (i) © Gri: (7141). 

Let i be largest such that o; is defined. Then g; € Ax, and, by induction, 
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Let Hg = Usea, G,(o) and H = Uns Hx. Clearly H C G, and it follows 
from Lemma 14.5.6 that G C H, so in fact G = H. We now use this fact 
to bound the weight of G. 


Lemma 14.5.7. Ifo € Ap then 2-910) < 2-0), 


Proof. Suppose that 2-97!) > 2=(¥-1), Then there is an m such that |o| = 
nk~-!_ By the definition of the approval process, 7 € Sk—1, contradicting 
the definition of Ax. o 
Lemma 14.5.8. Let k > b ando € Ax. Then the weight of Gk(o) is 
bounded by 27-2, 

Proof. Let m be such that n£, = |o|. Then SaaS m2-*, Let l= |F]. 

Since o ¢ Sk—1, we w seve nET! > nk, for alli > 1, so |o; | = ns othe 
Zacler 2 sm) > 127(k-1), By the previous lemma, 27900) < 27 . So 
the weight of G;,(c) is 


—g(n) — g(n) g(lo|) g(n) 
Era (Sy ree) arated — am 


loz |<n<lol n<|o| n<lozi 
< m2TE + 270D) ee oo < 27l- 
o 


Thus weight of G = H is bounded by the weight of Gy plus 


Xe |A;|27%72 < 5k + e)27%2) < o. 


k>b k>b 


So G is a KC set, and hence, if op < T x o for o in some Sk, then 
K(r) < g(lrl) + 001). 

Finally, for k > b, let mz be the greatest m < 2% such that m27-* 
279. Let o(b — 1) = 0. For k > b, let o(k) = A | nk, . It is easy i 
see that for each k > b, we have o(k) € S_ and o(k), = o(k — 1). Thus 
K(A În) < g(n) + O(1), and hence A is K-trivial. O 


15 


(2 as an Operator 


15.1 Introduction 


We have already seen that Chaitin’s Q is a natural example of a 1-random 
real. We have also seen that, in algorithmic randomness, prefix-free ma- 
chines are the analogs of partial computable functions, and the measures 
of the domains of prefix-free machines, that is, left computably enumerable 
reals, take the role of the computably enumerable sets. In more detail, we 
have the following: 


1. The domains of partial computable functions are exactly the c.e. sets, 
while the measures of the domains of prefix-free machines are exactly 
the left-c.e. reals. 


2. The canonical example of a noncomputable set is the halting problem 
Ø, i.e., the domain of a universal partial computable function. The 
canonical example of a l-random real is Q, the halting probability of 
a universal prefix-free machine. 


3. 0’ is well-defined up to computable permutation, while Q is well- 
defined up to Solovay equivalence. 


So far in this book we have dodged the “machine-dependence bullet” by 
choosing a fixed standard universal machine when looking at relativized 
halting probabilities and studying properties that do not depend on that 
choice. In this chapter we will look at results of Downey, Hirschfeldt, Miller, 
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and Nies [115] that grapple with versions of Q as operators. Most of the 
results and proofs in this chapter are taken from that paper. 

Relativizing the definition of 0’ gives the jump operator. If A € 2”, then 
A’ is the domain of a universal machine relative to A. Myhill’s Theorem 
2.4.12 relativizes, so A’ is well-defined up to computable permutation. Fur- 
thermore, if A =» B, then A’ and P’ differ by a computable permutation. 
In particular, the jump is well-defined on the Turing degrees. The jump 
operator plays an important role in computability theory; it gives a natu- 
ral, uniform, and degree invariant way to produce, for each A, a c.e. set A’ 
with Turing degree strictly above that of A. 

What happens when the definition of Q is relativized, by defining it 
relative to a particular universal prefix-free oracle machine U? We will 
see that the Kuéera-Slaman Theorem 9.2.3 and Theorem 9.2.2 of Calude, 
Hertling, Khoussainov, and Wang both relativize (with some care, as we 
see below). However, if we wish to look at Q as an analog of the jump, then 
we might hope that OF is well-defined, not just up to Solovay equivalence 
relative to A, but even up to Turing degree. Similarly, we might hope for 
Qu to be a degree invariant operator; that is, if A=, B then OF =r QB. 
Were this the case, Qy would provide a counterexample to a long-standing 
conjecture of Martin: it would induce an operator on the Turing degrees 
that is neither increasing nor constant on any cone. But as we show in 
Theorem 15.7.7, there are oracles A =* B (i.e., A and B agree except on a 
finite set) such that oA and QB are not only Turing incomparable, but even 
relatively random. In particular, by choosing these A and B appropriately, 
we can ensure that OF is a left-c.e. real while making OF as random as we 
like. It follows easily that the Turing degree of oF generally depends on 
the choice of U, and in fact, that the degree of randomness of Qé can vary 
drastically with this choice. 

If U is a universal prefix-free oracle machine, then we call the map taking 
A to ga an Omega operator. In spite of their failure to be Turing degree 
invariant, it turns out that Omega operators are rather interesting, and 
provide the first natural example of interesting c.e. operators that are not 
CEA. For example, in Section 15.4, we show that the range of an Omega 
operator has positive measure, and that every 2-random real is in the range 
of some Omega operator. (This fact is not true of every 1-random real.) In 
Section 15.5, we prove that A is mapped to a left-c.e. real by some Omega 
operator iff Q is 1-random relative to A. (Such A’s are called low for Q.) 

In the final section of this chapter, we consider the analytic behavior of 
Omega operators. We prove that Omega operators are lower semicontinu- 
ous but not continuous, and moreover, that they are continuous exactly at 
the 1-generic reals. We also produce an Omega operator that does not have 
a closed range. On the other hand, we prove that every non-2-random that 
is in the closure of the range of an Omega operator is actually in that range. 
As a consequence, for each U there is an A such that 0A = sup(rng Qu). 

In several proofs below, we think of a binary string o as the rational 0.ø. 
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Let us begin by recalling that a prefix-free oracle machine U is universal if 
for every prefix-free oracle machine M there is a prefix pm € 2<”, called a 
coding string of M in U, such that 


VA € 2° Vo € 25” (U^ (pmo) = MA(o)). 


Note that this condition is stronger than the requirement that U4 be a 
universal A-computable prefix-free machine for all A. The fixed standard 
machine we have been using in this book is of course an example of a 
universal prefix-free oracle machine. For a prefix-free oracle machine M, 
let i be the halting probability of M4. Formally, of = Z maio) z=], 
This definition gives rise to an operator Qm: 2” — [0,1]. As mentioned 
above, if U is a universal prefix-free oracle machine, then we call Qy an 
Omega operator. 

It is of course a straightforward relativization of the fact that Q is 1- 
random that if Qy is an Omega operator then 08 is 1-random relative to 
A. The following is a strengthening of this fact. 


Theorem 15.2.1 (Downey, Hirschfeldt, Miller, and Nies [115]). Let Qu 
be an Omega operator. There is a b such that, for each A, the real oF is 
1-random relative to A with constant b; that is, Yn (KA (Q | n) > n— b). 


Proof. We define a prefix-free oracle machine M as follows. We identify a 
string T with the rational 0.r. For any A € 2” and o € 2“, first calculate 
7 = U4(c). Then wait for a stage s such that Q#[s] > 7 — 27171. If such an 
s is found, then let M4(c) = s + 1. Because M4(c) > s, the convergence 
of M^ (ø) cannot already be taken into account in the calculation of Q6 [s] 
(by the usual assumption on the stage by stage approximation to U), so, 
letting p be a coding string of M in U, in this case NA[s] > OAs] + 271671. 
Thus, either 


2 <r- 27l 
or 
OF > 0A [s] + 2 -leel > r — 27l p 9-leel, 


Assume for a contradiction that there is an A and an n such that 
KAO | n) < n- |p| —1. Letting o be a minimal length program for 
OF | n, we have shown that either 


QG- (QF Pn) < -2-” 


or 


Of — (Qf tn) > 27” + 27141 > 27 4 TH = a, 


708 15. Q as an Operator 


Neither of these possibilities can happen, so we have a contradiction. Hence, 
for every A we have Vn (K4(QA | n) > n— |p| — 1), so we can take 
b= |p| +1. Oo 


Let U and b be as in the theorem. It is clear that if we define K4 using 
U, then there is a c such that VA € 2“ Vo € 2<% (K(c) > K4(o) —0), so all 
reals in the range of Qy are 1-random with constant b+c. In other words, the 
range of Qy is contained in the closed set {X : Vn (K(X | n) >n-—b-—c)}. 
In particular, every real in the closure of the range of Qy is 1-random. We 
will discuss the range of Qy and its closure in more depth in Section 15.10. 

Of course, OF is an A-left-c.e. real, and every A-left-c.e. real is com- 
putable from A’, hence Q <r A’. It is not usually the case that Qf =r A’. 
Indeed, by Theorem 11.7.2, this cannot be the case unless A is K-trivial.! 
On the other hand, the fact that Q =, @’ has a natural relativization in 
the following simple result. 


Proposition 15.2.2. OF @A=, A’. 


Proof. It is clear that NDA <r A’. For the other direction, define a prefix- 
free oracle machine M such that M4(0"1) | iff n € A’, for all A € 2” and 
n € w. Assume that U simulates M by the prefix r € 2<“. To determine 
whether n € A’, search for a stage s such that Nf — NA[s] < 2-(7TI+"+), 
This search can be done computably in Q @ A. Note that U4 cannot 
converge on a string of length |r| + n + 1 after stage s, so n € A’ iff 
MA(0"1) | iff UA(70"1) | iff U4(70"1)[s] |. Therefore, A’ <r Q4 $ A. O 


Recall that B € 2” is generalized low (GL;) if B’ <r BS’. 


Theorem 15.2.3 (Nies and Stephan, see [115]). If a A$ set A is 1-random 
relative to B, then B is GIy. 


Proof. Let f(n) = psVt > s(A; | n = As Ùn), and note that f <> V. 
If PP (e) | then let Ve = [As | e+ 1] for the least s such that 6?(e){s]. 
Otherwise, let Ve = 0. Let U„ = Lee Ve. It is easy to see that {Un}new is 
a Martin-Lof test relative to B. Thus A ¢ „Un, so A is in only finitely 
many V,’s. So for almost all e such that Ë (e) |, we must have f(e) > 
(us) 6? (e)[s] |. Hence B’ <<, BEW. Oo 


Theorem 15.2.3 implies that the class of low 1-random reals is closed 


under the action of any Omega operator. 


Corollary 15.2.4. For each A$ 1-random A, the real Og is GLi. If A is 
also low, then oF is low. 


1The following is a simpler argument: Let A be l-random. By van Lambalgen’s 
Theorem, A is 1-random relative to of, so A kr of. 
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Proof. Let B = OF. Clearly B is 1-random relative to A, so by van Lambal- 
gen’s Theorem, A is 1-random relative to B, and Theorem 15.2.3 applies. 
If A is low, then A is also A9, and hence low. o 


15.3 A-l-random A-left-c.e. reals 


We can relativize Solovay reducibility as follows. For A, X,Y € 2”, we 
write Y xe X to mean that there are a c and a partial A-computable 
yp: 2<¥ — 2<” such that if q < X, then y(q) |< Y and Y—y(q) < c(X—q). 
We say that an A-left-c.e. real X is A-Solovay complete if Y <4 X for every 
A-left-c.e. real Y. 

Some basic facts about Solovay reducibility relativize easily, with 
essentially the same proofs as before. For example: 


Theorem 15.3.1. If Y is 1-random relative to A and Y gá X, then X is 
also 1-random relative to A. 


The relativization of the Kuéera-Slaman Theorem is equally straightfor- 
ward. 


Theorem 15.3.2. If an A-left-c.e. real X is 1-random relative to A then 
X is A-Solovay complete. 


On the other hand, a satisfactory relativization of Theorem 9.2.2, which 
states that each l-random left-c.e. real is a halting probability, presents 
some difficulty. The direct relativization states that if X is an A-left-c.e. 
real and is A-Solovay complete, then there is an oracle prefix-free machine 
M such that M^ is universal for A-computable prefix-free machines and 
X = 04. It is by no means clear, though, that we should be able to 
relativize Theorem 9.2.2 to build a machine that is universal in our strong 
sense. Nevertheless, the relativized theorem is true. 


Theorem 15.3.3 (Downey, Hirschfeldt, Miller, and Nies [115]). Let X be 
an A-left-c.e. real that is A-Solovay complete. Then there is a universal 
prefix-free oracle machine U such that X = OF: 


Proof. Let V be a universal prefix-free oracle machine. Because Qá is an 
A-left-c.e. real, we have Oe <4 X. Choose n and a functional ọ taking 
strings to strings such that 2” and y^ witness this Solovay reduction. In 
other words, if q < Q4 is a string, thought of as a rational by equating q 
with 0.q, then p4(q) |< Q4 and 


OF — v4 (q) < 2"(X — q). (15.1) 


We also require n to be large enough that 27” < X < 1—27”. (Clearly, 
no computable real can be A-Solovay complete, so X Æ 0,1.) 

We now define another universal prefix-free oracle machine U. To make 
U universal, let U?(0"c) = V? (o), for all o € 2<” and oracles B € 2”. 


710 15. Q as an Operator 


For convenience, we preserve the stage of convergence; i.e., UP (0”o)[t] | iff 
V*(c)[t] |. The other strings in the domain of U are used to ensure that 
OF = X. Let w be a functional taking numbers to strings (again thought of 
as rationals) such that {y“(s)},c. is a nondecreasing sequence with limit 
X. Fix an oracle B. We add strings not extending 0” to the domain of U 
in stages. For each s: 


1. Compute qs = Y? (s). 
2. Compute rs = y? (qs). 
3. Search for a ts such that 08 [ts] STs 


4. If possible, add enough strings (not extending 0") to the domain of 
U at stage ts to make QB[ts] = qs. 


Note that (if B # A) this procedure may get stuck in any of the first 
three steps. In this case, U? will converge on only finitely many strings 
not extending 0”. This completes the construction of U, which is clearly a 
universal prefix-free oracle machine. 

It remains to verify that OF = X. By the definition of Y, we have 
ds = w4(s) |< X for each s. Therefore, rs = y4(qs) |< Q4. So there is a 
stage ts, such that OF [ts > rs. Because qs < X < 1—27”, there are enough 
strings available in step (iv) to ensure that Nft] > qs. But lims qs = X, 
so Qf > X. 

Now assume for a contradiction that OF > X. Because the strings ex- 
tending 0” add at most 27” < X to OF, there must be some s that causes 
too many strings to be added to the domain of U in step (iv). In other 
words, there is an s such that OA [ts] = qs and 


QF [ts] +277 (NQF — OF [ts]) > X. 


So Q4 — NA[t,] > 2"(X — qs). But in step (iii), we ensured that Q4[t,] > 
rs = p4(qs). Therefore, Q4 — p4(qs) > 2"(X — qs), contradicting (15.1). 
Thus 04 = X. o 


Combining Theorems 15.2.1, 15.3.1, 15.3.2, and 15.3.3, we have the 
following corollary. 


Corollary 15.3.4 (Downey, Hirschfeldt, Miller, and Nies [115]). For 
A,X € 2”, the following are equivalent. 


(i) X is an A-left-c.e. real and 1-random relative to A. 
(ii) X is an A-left-c.e. real and A-Solovay complete. 


(iii) X = OF for some universal prefix-free oracle machine U. 
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We proved in the last section that X is in the range of some Omega operator 
iff there is an A such that X is both 1-random relative to A and an A-left- 
c.e. real. What restrictions does this place on X? 

The impression we have is that Q is a very special 1-random real, and 
results such as Stephan’s Theorem 8.8.4 that most 1-random reals are com- 
putationally feeble suggest that most 1-random reals do not resemble Q at 
all. However, we will see that this impression is not true in relativized form. 
In this section, we show that every 2-random real is 1-random relative to 
A and an A-left-c.e. real for some A, but that not every 1-random real 
has this property. Furthermore, we prove that the range of every Omega 
operator has positive measure. The following theorem should be compared 
with Theorem 8.21.8, that every 2-random set is CEA. 


Theorem 15.4.1 (Downey, Hirschfeldt, Miller, and Nies [115]). If X is 
2-random, then there is an A such that X is 1-random relative to A and 
an A-left-c.e. real. 


Proof. Let A = G-x+O) Then X = 1 — 2A + Q is an A-left-c.e. real. 
Because X is 2-random, X is 1-random relative to Q, so by van Lambalgen’s 
Theorem, Q is 1-random relative to X. But then A is 1-random relative to 
X (because clearly, Q =% a-X+9), Therefore, applying van Lambalgen’s 


theorem again, X is 1-random relative to A. O 


As was mentioned above, the previous theorem cannot be proved if X is 
assumed only to be 1-random. 


Example 15.4.2 (Downey, Hirschfeldt, Miller, and Nies [115]). 1— is 
not in the range of any Omega operator. 


Proof. The 1-random real X = 1 — Q is a right-c.e. real, i.e., the limit of a 
decreasing computable sequence of rationals. Assume that X is an A-left- 
c.e. real for some A. Then A computes sequences limiting to X from both 
sides, and hence X <r A. Therefore, X is not l-random relative to A. O 


It would not be difficult to prove that 1 — Q cannot even be in the 
closure of the range of an Omega operator, but a direct proof is unnecessary 
because this fact follows from Theorem 15.10.4 below. 

We now consider a fixed Omega operator. Let U be an arbitrary universal 
prefix-free oracle machine. We will use the theorem of Lusin that analytic 
sets (i.e., projections of Borel sets) are measurable. See Sacks [346] for 
details.? We will also use the fact that the image of an analytic set under 


?Sacks actually proves that 5I classes are measurable. However, every analytic subset 
of 2” isa >t class relative to some oracle, so Lusin’s theorem follows by relativization. 
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any Borel operator—for example, Qy—is also analytic. For a class S C 2%, 
we write Qy[S] for the image of S under the operator Qy. 


Theorem 15.4.3 (Downey, Hirschfeldt, Miller, and Nies [115]). The range 
of Qu has positive measure. In fact, if S C 2” is any analytic set whose 
downward closure under <y is all of 2”, then u(Qu[S]) > 0. 


Proof. Let R = Qu([S]. Note that R is an analytic subset of 2” and hence 
is measurable. Assume for a contradiction that u(R) = 0. In particular, the 
outer measure of R is zero, which means that there is a nested sequence 
Up D Ui D U2 D --- of open subsets of 2” such that for each n we have 
R C Un and (Un) < 27”. Take a set B € S that codes {Un}new in 
some effective way. Then {Un}new is a Martin-Léf test relative to B, which 
implies that OB ¢ N, Un. But R C Np, Un, so OB ¢ R = Qy[S], which is a 
contradiction. Thus u(R) > 0. Oo 


This theorem implies that many null classes have Qy-images with 
positive measure, for example {A : Vn (2n ¢ A)}. 
We finish this section with a simple consequence of Theorem 15.4.3. 


Corollary 15.4.4 (Downey, Hirschfeldt, Miller, and Nies [115]). For 
almost every X, there is an A such that X =* OF. 


Proof. Let S = {X : JA(X =* 0A)}. Then S is a Ut class, and hence 
measurable by Lusin’s theorem mentioned above, and is closed under =*. 
But u(S) > u(rngQu) > 0. It follows from Kolmogorov’s 0-1 Law that 


mS) = 1. o 


15.5 Lowness for Q 


We begin this section with the following question: For which oracles A is 
there a universal prefix-free oracle machine U such that OF is a left-c.e. 
real? We will see that this property holds for almost every A. 


Definition 15.5.1 (Nies, Stephan, and Terwijn [308], Downey, Hirschfeldt, 
Miller, and Nies [115]). A set A is low for Q if Q is 1-random relative to A. 


It clearly does not matter in this definition which version of 2 we take, 
since all versions are Solovay equivalent. 


Theorem 15.5.2 (Downey, Hirschfeldt, Miller, and Nies [115]). A € 2” is 
low for Q iff there is a universal prefix-free oracle machine U such that OF 
is a left-c.e. real. 


Proof. First assume that there is a universal prefix-free oracle machine U 
such that X = OF is a left-c.e. real. Every 1-random left-c.e. real is Solovay 
equivalent to Q, so X <s Q, which means that X zi Q. Both X and Q are 
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left-c.e. reals, and hence they are A-left-c.e. reals. Applying Theorem 15.3.1, 
we see that since X is 1-random relative to A, so is 2. 

For the other direction, assume that A is low for Q. Then Q is 1-random 
relative to A and an A-left-c.e. real, so by Corollary 15.3.4, Q = OF for 
some universal prefix-free oracle machine U. O 


It follows from the above proof and Proposition 15.2.2 that if A is low 
for Q, then Q9 A=, A’. Therefore, A’ =, 0’ @ A; that is, A is GL4, a fact 
which also follows from Theorem 15.2.3. 

We now show that almost every set is low for Q. 


Theorem 15.5.3 (Nies, Stephan, and Terwijn [308]). A 1-random set A 
is low for Q iff A is 2-random. 


Proof. Assume that A is 1-random. Since Q =, WỌ, we have that A is 2- 
random iff A is 1-random relative to Q iff Q is 1-random relative to A, 
where the last equivalence follows from van Lambalgen’s Theorem. O 


More evidence for the ubiquity of low for Q sets is the following low 
for Q basis theorem, which we already met as Theorem 8.7.2, and is an 
immediate corollary of Theorem 15.5.2 and Theorem 15.7.1 below. 


Theorem 15.5.4 (Downey, Hirschfeldt, Miller, and Nies [115], Reimann 
and Slaman [327]). Every nonempty II? class contains a '-left-c.e. real 
that is low for Q. 


Every K-trivial set is low for 1-randomness, and hence low for Q. How- 
ever, by the previous result applied to the II? class of completions of Peano 
Arithmetic, there are also sets that are low for Q but neither 1-random nor 
K-trivial. (Suppose that A is low for Q and has PA degree. By Theorem 
8.8.4 and the fact that no 2-random set can compute 9’, as argued for in- 
stance in the paragraph above Theorem 8.5.3, A cannot be 2-random, and 
hence, by Theorem 15.5.3, A cannot be 1-random. As mentioned above 
Theorem 8.8.4, A computes a 1-random set, so by Corollary 11.4.10, A 
cannot be K-trivial.) 


15.6 Weak lowness for K 


In this section we introduce the concept of weak lowness for K, and find 
surprising connections with the previous sections and with 2-randomness, 
culminating in a proof of two results of Miller: that having infinitely often 
maximal K-complexity and being 2-random coincide, and that 2-random 
sets are infinitely often quite trivial as oracles with respect to prefix-free 
complexity. 


Definition 15.6.1 (Miller [277]). We say that A is weakly low for K if 
there are infinitely many n such that K(n) < K4(n) + O(1). 
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15.6.1 Weak lowness for K and lowness for Q 


Like their stronger analogs, lowness for K and lowness for 1-randomness, 
weak lowness for K and lowness for 2 coincide. 


Theorem 15.6.2 (Miller [277]). A is weakly low for K iff A is low for Q. 


Proof. We first prove that if A is weakly low for K then A is low for Q. 
This part of the proof follows Miller [277]. 

We prove the contrapositive. First, we define families of uniformly c.e. 
sets {Wohoco<w and {Do }oc2<w. Fix o € 2<”. Search for the least stage s 
such that ø < Qs. If no such stage is found, then let Ws and D, be empty. 
Otherwise, for any T such that U(r) converges for the first time after stage 
s, enumerate (|r|, U(7)) into Do. Also enumerate (|T|, U(7)) into Ws as long 
as such enumeration preserves the condition that >> (d,n)eW ae ay a 
Note that if K,(n) Æ K(n), then (K(n),n) € Do. 

We claim that if o < Q, then Ws = Do. It follows from our definition 
that Danen, 2.7 < 2— Os. But if o < Q then Q — Ns < 2741, so in 
this case D(dn)eDe Q4< 9-lel, and hence W, = D,. The idea is that we 
have used an approximation of Q to efficiently approximate all but finitely 
many values of K(n). 

Next, consider the A-c.e. set 


W ={(d+ |r| — |øl, n) : UA(r) = o and (d,n) € Wo}. 
By the construction of {W,}cea<e, 


D 9-6 = >D >D g-d-Irl+lol < y pith iy 


(e,n)EW UA(r) =o (d,n)EWo UA(r) 


Thus W is a KC set relative to A, so K4(n) < e+ O(1) for all (e,n) € W. 

Now, assume that Q is not l-random relative to A. Then for any c, there 
are T and ø such that U4(r) = ø, with |o| — |r| > c and o <Q. Let s be 
the least stage such that o < Qs. There is an N such that if n > N, then 
K,(n) 4 K(n) (by the usual conventions on stages, N = s+ 1 is sufficient). 
For all n > N, we have (K(n),n) € Wo, and hence (K(n)+|7|—|o|,n) € W. 
But this means that K4(n) < K(n) + |r| —|o|+ O(1) < K(n) -c+ 0(1), 
for all but finitely many n. But c is arbitrary, so A is not weakly low for 
K. 

The other half of Miller’s proof is much more difficult, but Bienvenu 
[personal communication to Downey] observed that it can be replaced with 
an argument based on the results of Bienvenu and Downey [39] on Solovay 
functions. 

Recall that a Solovay function is a computable function f such that 
5,2740) < 00, whence K(n) < f(n) + O(1), and liminf, f(n) — K(n) < 
oo. Recall also the Bienvenu-Downey characterization of Solovay functions, 
Theorem 9.4.1: A computable function is a Solovay function iff }>,, 277 Ci) 
is 1-random. We apply this result. Suppose that A is not weakly low for K. 
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Then lim, K(n) — K4(n) = œ. Let f be computable and such that Q = 
yo, 2-4. Then f(n) > K(n) — O(1), and hence lim, f(n) — K4(n) = œ. 
Therefore, f is not an A-Solovay function, and so Theorem 9.4.1 relativized 
to A implies that Q = >>, 2-/(™ is not l-random relative to A. o 


As a consequence, we have the following weakly low for K basis theorem. 


Corollary 15.6.3 (Miller [277]). Every nonempty II? class has a member 
that is weakly low for K. 


Proof. Given the above theorem, this result follows from Theorem 15.5.4. 
O 


The following corollary improves an earlier unpublished result of Miller 
that 3-random sets are weakly low for K. It follows from Theorems 15.5.3 
and 15.6.2. 


Corollary 15.6.4 (Nies, Stephan, and Terwijn [308], Miller [277]). A 1- 
random set is weakly low for K iff it is 2-random. 


This is one of several results we have encountered that exhibit various 
ways in which highly random sets are relatively computationally powerless. 
These results point to an interesting phenomenon: in many aspects, highly 
random sets resemble highly nonrandom ones.” One way to look at this 
phenomenon is that while highly random sets have high information, in the 
sense of initial segment complexity, this is “useless information”. It would 
be of great potential interest to develop precise ways to define usefulness 
of information in the context of algorithmic randomness. 


15.6.2 Infinitely often strongly K-random sets 


We recall from Section 6.11 that A is infinitely often strongly K-random 
if K(A [ n) > n+ K(n) — O(1) for infinitely many n, and infinitely often 
C-random if C(A | n) > n—O(1) for infinitely many n. In that section, we 
saw that every 3-random set is infinitely often strongly K-random, that ev- 
ery infinitely often strongly K-random set is infinitely often C-random, and 
that being infinitely often C-random is the same as being 2-random. Thus 
it was a fundamental question whether being infinitely often C-random 
and being infinitely often strongly K-random are equivalent. Miller [277] 
answered this question in the affirmative, using results discussed above. 
Notice that the coincidence of these notions is in contrast with Solovay’s re- 
sult, Corollary 4.3.8, that there are C-random strings that are not strongly 
k-random. 


3This phenomenon is not limited to mathematical objects: in music, for example, it 
is often quite hard to distinguish pieces that make extensive use of chance methods from 
ones written following highly predetermined rules, as in total serialism. 
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Theorem 15.6.5 (Miller [277]). If A is 2-random then it is infinitely often 
strongly K-random. 


Proof. Assume that A is 2-random. By Theorems 15.5.3 and 15.6.2, A is 
weakly low for K. By Corollary 6.6.4, K4(n) < K(A | n) —n + O(1), so 
K(A} n) > n+ KA4(n) — O(1). Because A is weakly low for K, there are 
infinitely many n such that K4(n) > K(n) — O(1). For such n, we have 
K(A [ n) > n+K(n)—O(1), so Ais infinitely often strongly K-random. O 


15.7 When 4 is a left-c.e. real 


In this section, we consider sets A for which OF is a left-c.e. real. Far from 
being a rare property, we will show that u{A : NA is a left-c.e. real} > 0 
for any fixed universal prefix-free oracle machine U. On the other hand, 
we will see that only a left-c.e. real can have an Qyu-preimage with positive 
measure. So left-c.e. reals clearly play an important role in understanding 
Qy. Their main application here is in our proof that no Omega operator 
is degree invariant. Recall from the introduction to this chapter that we 
want to obtain reals A =* B such that OF is a left-c.e. real while QB 
is l-random relative to a given (arbitrarily complex) Z. We show that 
each of these outcomes occurs with positive measure, in Theorems 15.7.4 
and 15.7.5, respectively. Theorem 15.7.5 has no obvious connection to left- 
c.e. reals, but in fact, Theorem 15.7.4—applied to a modification of the 
universal machine U—is used to prove it. 


Theorem 15.7.1 (Downey, Hirschfeldt, Miller, and Nies [115]). Let M be 
a prefix-free oracle machine. If P C 2” is a nonempty II? class, then there 
is a '-left-c.e. real A € P such that Q4, = inf{OX, : X € P}, which is a 
left-c.e. real. 


Proof. Let P C 2” be a nonempty II? class and let X = inf{¢, : A € P}. 
Note that X is a left-c.e. real because it is the limit of the nondecreasing 
computable sequence X, = inf{Q4 [s] : A € P,}. We will prove that there 
is an A € P such that OF = X. Choose a sequence {Bn}new such that 
B, € P and Qr — X < 27” for each n. By compactness, {Bn }new has 
a convergent subsequence {An}new. Note that Gs — X <27". Let A= 
lim, An. Because P is closed, A € P. Therefore, i > X. Assume for 
a contradiction that Q4, is strictly greater than X. Let m be such that 
N4, — X > 27-™. For some s, we have Q4 [s] — X > 27™. Let k be the use 
of Q4 [s] (under the usual assumptions on the use of computations, we can 
take k = s). In particular, if B | k = A | k, then Q4% [s] = 02,[s]. Now take 
n > m large enough so that A, [k= A} k. Then 


2" > RP — XB GP[s] — X = ON [s] — X > 2-™ BI™, 


which is a contradiction, proving that OF =X. 
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Finally, we must prove that A can be a )’-left-c.e. real. Let S = {A € 
P : Q4, = X}. Note that S = {A : Ys (A € P, A Q4 [s] < X)}. The fact 
that X <+ 0’ makes S a To” class. We proved above that S is nonempty, 
so A = min( S) is a Ọ'-left-c.e. real satisfying the theorem. o 


We now consider sets X such that Q3 (X) has positive measure. 


Lemma 15.7.2 (Downey, Hirschfeldt, Miller, and Nies [115]). Let M be 
a prefix-free oracle machine. If {A : Q4, = X} > 0 then X is a left-c.e. 
real. 


Proof. By the Lebesgue Density Theorem, there is a ø such that p{A > 
o: Q4 SAS 2—!¢|-1. In other words, 2,7 maps more than half of the 
extensions of g to X. So X is the limit of the nondecreasing computable 
sequence {Xs }scw, where for each s, we let X, be the largest rational such 
that {A > o : QÅ [s] SX) 2717174, Oo 


For X € 2%, let my(X) = p({A : Q = X}). Define the spectrum of 
Qu to be Spec(Qy) = {X : my(X) > 0}. By the lemma, the spectrum 
is a set of 1-random left-c.e. reals. We prove that it is nonempty. We use 
the fact that every 2-random set is weakly 2-random, and hence cannot be 
contained in a null TI} class. 


Lemma 15.7.3 (Downey, Hirschfeldt, Miller, and Nies [115]). my(X) > 0 
iff there is a 1-random A such that NA = X. 


Proof. If my(X) > 0, then there is clearly a 1-random A such that 04 = X, 
as there are measure 1 many 1-randoms. For the other direction, assume 
that A is 1-random and Q = X. By van Lambalgen’s Theorem, the fact 
that X is l-random relative to A implies that A is 1-random relative to 
X. But X =, 0’, because X is a 1-random left-c.e. real, so A is 2-random. 
But {B : 02 = X} is a I} class containing this 2-random set, and hence 
cannot be null. Thus my(X) > 0. Oo 


Theorem 15.7.4 (Downey, Hirschfeldt, Miller, and Nies [115]). Spec(Qy) 
is nonempty. 


Proof. Apply Theorem 15.7.1 to a nonempty II? class containing only 1- 
random sets to obtain a 1-random A such that X = og is a left-c.e. real. 
By Lemma 15.7.3, X € Spec(Qu). o 


We have proved that Quy maps a set of positive measure to the left-c.e. 
reals. One might speculate that almost every set is mapped to a left-c.e. 
real. We now prove that this is not the case (although we have seen that 
almost every set (in particular, every 2-random set), can be mapped to a 
left-c.e. real by some Omega operator). 


Theorem 15.7.5 (Downey, Hirschfeldt, Miller, and Nies [115]). There is 
an £ > 0 such that u({B : QB is 1-random relative to Z}) > € for all Z. 
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Proof. It is easy to define a prefix-free oracle machine M such that 0%, = B 
for every B. Define a universal prefix-free oracle machine V by V?(0c) = 


UP (o) and V?(1c) = MP (o) for all o. Then QË = orir. Apply Theo- 
rem 15.7.4 to V to get a left-c.e. real X such that S = {B : QË = X} has 
positive measure. Let € = p(S). 

Now fix Z. We may assume without loss of generality that Z >> 9. Let 
B € S be 1-random relative to Z. Then QË = 208 — B = 2X — B must 


also be 1-random relative to X, because X <r Z. Therefore, 


u({B € S : QË is 1-random relative to Z}) 
> u({B eS: Bis l-random relative to Z}) = u(S) = €, 


since there are measure 1 many sets that are 1-random relative to 7.4. O 


These results tell us that the 3 class of sets A such that Qg is left-c.e. 
has intermediate measure. 


Corollary 15.7.6 (Downey, Hirschfeldt, Miller, and Nies [115]). 0 < 
u({A: QË is a left-c.e. real}) < 1. 


The most important consequence of the work in this section is the follow- 
ing resoundingly negative answer to the question of whether Qy is degree 
invariant. 


Theorem 15.7.7 (Downey, Hirschfeldt, Miller, and Nies [115]). 


(i) For all Z, there are A =* B such that Q# is a left-c.e. real and QB 
is 1-random relative to Z. 


ii) There are A =* B such that Q4 |r OB (and, in fact, AA and QB are 
( ) U U 7 U U 
1-random relative to each other). 


Proof. (i) Let S = {A : Qg isa left-c.e. real} and R = {B 
OF is 1-random relative to Z}. By Theorems 15.7.4 and 15.7.5, respec- 
tively, both classes have positive measure. Let R = {A : 3B € R(A =* B)}. 


By Kolmogorov’s 0-1 Law, (B) = 1. Hence, there is an AGC SNR. 
(ii) By part (i), there are A =* B such that QŻ is a left-c.e. real and QB 
is 2-random. Then OF is 1-random relative to OF and, by van Lambalgen’s 


Theorem, 0 is 1-random relative to OB. Thus Nf |r OB. oO 


The following is another corollary of Theorem 15.7.1. 


Corollary 15.7.8 (Downey, Hirschfeldt, Miller, and Nies [115]). There is 
a properly ©} set A such that oA is a left-c.e. real. 


4This simple construction shows more. Because QE = 2X — B for B € S, we know 
that u({Q2 : B € S}) = u({2X — B : B € S}) = u(S) > 0. Therefore, the range of Qy 
has a subset with positive measure. While this fact follows from the most basic case of 
Theorem 15.4.3, this new proof does not resort to Lusin’s theorem on the measurability 
of analytic sets. 
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We close the section with two further observations on the spectrum. 


Proposition 15.7.9 (Downey, Hirschfeldt, Miller, and Nies [115]). We 
have sup(rng Qy) = sup{M# : A is 1-random} = sup(Spec(Qu)). 


Proof. Let X = sup(rng Nu). Given a rational q < X, choose ø such that 
Q7 2 q. By the same proof as Theorem 15.7.4, there is a l-random A > ø 
such that OF is a left-c.e. real. o 


Proposition 15.7.10 (Downey, Hirschfeldt, Miller, and Nies [115]). Zf 
p < q are rationals and C = {A : QÉ € [p,q]} has positive measure, then 
Spec(Qu) N [p,q] # 9. 


Proof. Note that C is the countable union of [o] 9 C over all o such that 
Q7 > p. Because u(C) > 0, for some such o we have pi(o] N C) > 0. But 
lo] NC = {A> o : 04 < q} is a I} class. Let R C 2” be a II? class 
containing only 1-randoms with p(R) > 1— u(lo] NC). Then RN[o] NC is 
a nonempty I? class containing only 1-randoms. Applying Theorem 15.7.1 
to this class, there is a l-random A € C such that X = 7 is a left-c.e. 
real. Then X € Spec(Qy) N [p,q], by Lemma 15.7.3 and the definition of 
C. o 


15.8 OA for K-trivial A 


In previous sections, we considered sets that can be mapped to left-c.e. 
reals by some Omega operator. We now look at sets A such that OF isa 
left-c.e. real for every universal prefix-free oracle machine U. We will see 
that these are exactly the K-trivials. 

Recall Lemma 11.5.5, which states that if A is K-trivial and M is a 
prefix-free oracle machine, then there is a computable sequence of stages 
v(0) < v(1) < --- such that 


Xag, r) : x is minimal s.t. Ayip41)(%) Æ Av(rt2)()} <œ, (15.2) 


where 


Qz, r) = weet : MA(o)fu(r + 1)] 
A z <use(MA4(o)[v(r + 1)]) < v(r)}. 
Informally, ¢(z, r) is the maximum amount that 041, [v(r+1)] can decrease 


because of an A(x) change after stage v(r +1), provided we count only the 
MA4(c) computations with use < u(r). 


Theorem 15.8.1 (Downey, Hirschfeldt, Miller, and Nies [115]). Let U be 
a universal prefiz-free oracle machine. The following are equivalent. 


(i) A is K-trivial. 
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(ii) A is A$ and OA is a left-c.e. real. 
(iii) A <r 04. 
(iv) A’ =r QÊ. 


Proof. (ii) = (iii) follows from the fact that each 1-random left-c.e. real is 
Turing complete. (iii) => (i) follows from Theorem 11.7.2, since (iii) implies 
that A is a base for 1-randomness. (iii) = (iv) by Proposition 15.2.2. So 
we are left with showing that (i) => (ii). 

Let A be K-trivial. By Theorem 11.1.1, A is A3. We show that there is 
an ro € N and an effective sequence {qr }rew of rationals such that OF = 
SUP,>ro Gr; and hence OF is a left-c.e. real. 

Applying Lemma 11.5.5 to U, we obtain a computable sequence of stages 
v(0) < v(1) < --- such that (15.2) holds. The desired sequence of rationals 
is defined by letting 


qr = X {2 : VA(o) [u(r + I] L A use(UA(o)[v(r + 1)]) < v(r)}. 


Thus qr measures the computations existing at stage v(r + 1) whose use is 
at most u(r). We define ro below; first we verify that Q < sup,s,, dr for 
any ro. Given o0, ..., m E€ dom(U4), choose rı so that each computation 
UA(o;) has settled by stage v(r1), with use < v(r1). If r > rı, then qr > 
ar 2-I7l. Therefore, Q < limsup, qr < SUP pyro 4r- 

Now define a Solovay test {I,},c. as follows: if x is minimal such that 
Ay(r+1) (x) Æ Ay(r+2)(2), then let 


I, — [dr a C(x, r), qr]. 


Then 5°, |Z] is finite by (15.2), so {I;-}rew is indeed a Solovay test. Also 
note that, by the comment after the lemma, min J, < max J,.,, for each r. 

Since OF is 1-random, there is an rọ such that OF ¢ I, for all r > ro. 
We show that qr < OF for each r > ro. Fix r > ro. Let t > r be the 
first non-deficiency stage for the enumeration t +> A,(441). That is, if x is 
minimal such that A,(¢+1)(v) Æ Av(e+2)(x), then 


Vel > tVy < z (Aswa (y) = Avaa Y) 


The quantity q — (x, t) measures the computations U4(c)[v(t + 1)] with 
use < x. These computations are stable from v(t + 1) on, so Qf > min K. 
Now OF ¢ I, for u > ro and mint, < max J,41 for any u. Applying this 
fact tou = t—1,...,u = r, we see that OF > max/, = qr. Therefore, 
oF 2 SUPr>ro qr- O 


One consequence of this theorem is that all Omega operators are degree 
invariant on the K-trivials. The next example shows that they need not be 
degree invariant anywhere else. 


Example 15.8.2 (Downey, Hirschfeldt, Miller, and Nies [115]). There is 
an Omega operator that is degree invariant only on K-trivials. 
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Proof. Let M be a prefix-free oracle machine such that 


oa _ JA fA =0 
M= ; 
0 if A(O) =1. 


For any A, define A by A(n) = A(n) iff n 4 0. Define a universal prefix- 
free oracle machine V as follows. For all ø, let V4(00c) = U4(ø), let 


VA(O1c) = UA(o), and let V4(1o) = M4(o). Then |94 — O4| = 4 for 
all A. Assume that oA <p Q4. Then A L+ Q4, so A is a base for 1- 
randomness and hence K-trivial by Theorem 11.7.2. If OF Xr oA, then 
again A is K-trivial. Therefore, if A is not K-trivial, then OY |r Qå, O 


The following corollary summarizes Theorem 15.8.1 and Example 15.8.2. 


Corollary 15.8.3 (Downey, Hirschfeldt, Miller, and Nies [115]). The 
following are equivalent. 


(i) A is K-trivial. 
(ii) Every Omega operator takes A to a left-c.e. real. 
(iii) Every Omega operator is degree invariant on the Turing degree of A. 


We have seen in Theorem 15.7.7 that no Omega operator is degree in- 
variant. We have also seen that if A is not K-trivial, then there are Omega 
operators that are not invariant on the Turing degree of A. Can these two 
results be combined? 


Open Question 15.8.4 (Downey, Hirschfeldt, Miller, and Nies [115]). For 
a universal prefix-free oracle machine U and an A that is not K-trivial, is 
there necessarily a B =, A such that 02 Ær On? 


Finally, the following is a simple but interesting consequence of 
Example 15.8.2. 


Corollary 15.8.5 (Downey, Hirschfeldt, Miller, and Nies [115]). Every 
K-trivial is a left-d.c.e. real. 


Proof. Let V be the machine from the example. Assume that A is K-trivial 
and let A be as in the example. Then Q4 and QÉ are both left-c.e. reals 
by Theorem 15.8.1. Therefore, A = 2|Q — Q4] is a left-d.c.e. real. o 


By Theorem 5.4.7, the left-d.c.e. reals form a real closed field. The corol- 
lary gives us a nontrivial real closed subfield: the K-trivial reals. To see 
this, recall that in Chapter 11 we have seen that the K-trivials form an 
ideal in the Turing degrees. Because a zero of an odd degree polynomial 
can be computed relative to its coefficients, the K-trivial reals also form a 
real closed field. 
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15.9 K-triviality and left-d.c.e. reals 


Having mentioned left-d.c.e. reals in the previous section, we now show that 
they can be used to give a rather surprising characterization of K-triviality, 
which does not mention randomness or initial segment complexity in any 
obvious way. 


Definition 15.9.1. A is low for left-d.c.e. reals if the class of reals that 
are left-d.c.e. relative to A coincides with the class of left-d.c.e. reals. 


Theorem 15.9.2 (Miller [unpublished]). A is K-trivial iff A is low for 
left-d.c.e. reals. 


Proof. First suppose that A is low for left-d.c.e. reals. Then 14 is left-d.c.e. 
and 1-random, so by Rettinger’s Theorem 9.2.4, either 24 or 1 — 04 is a 
left-c.e. real. But 1 — 04 cannot be a left-c.e. real, since that would imply 
OA is A-computable. So 94 is a left-c.e. real, and hence 04 =, 6’. But A 
must be a left-d.c.e. real, since it is low for left-d.c.e. reals and of course 
is a left-d.c.e. real relative to itself. So A is AÌ, and hence A <> 04. By 
Theorem 15.8.1, A is K-trivial. 

Now suppose that A is K-trivial. Let œ be a left-c.e. real relative to A. 
Then 04-+a is a left-c.e. real relative to A and is 1-random, so it is a version 
of Q relative to A. Thus, by Theorem 15.8.1, 24 + a is an unrelativized 
version of Q, and so is a left-c.e. real. Now let 6 = a — 8 be a left-d.c.e. real 
relative to A. Then 6 = (Q4 + a) — (04 + 8), and hence 6 is a left-d.c.e. 
real. O 


15.10 Analytic behavior of Omega operators 


In this section, we examine Omega operators from the perspective of 
analysis. Given a universal prefix-free oracle machine U, we consider two 
questions: 


1. To what extent is Qy continuous? 
2. How complex is the range of Qy? 


To answer the first question, we show that Qy is lower semicontinuous 
but not continuous. Furthermore, we prove that it is continuous exactly 
at 1-generic reals. Together with the semicontinuity, this fact implies that 
Qy can achieve its supremum only at a 1-generic. But must Qu actually 
achieve its supremum? This question relates to the second question above. 
We write S° for the closure of S. Theorem 15.10.4 states that any real 
in rng(Qy)° \ rng(Qu) must be 2-random. Because X = sup(rngQy) is a 
left-c.e. real, and hence not 2-random, there is an A such that Qf = X. 
It is natural to ask whether rng(Qu) is closed. In other words, is Theo- 
rem 15.10.4 vacuous? Example 15.10.6 demonstrates that for some choice 
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of U, the range of Qy is not closed, and indeed, p(rng(Qu)) < u(rng(Qu)°). 
Whether this is the case for all universal prefix-free oracle machines is open. 
Furthermore, we know of no nontrivial upper bound on the complexity of 
rng(Qz), but we do show below that rng(Qy)° is a II§ class. 

A function f : R — R is lower semicontinuous if {a : f(x) > a} is open 
for every a € R. We show that for any prefix-free oracle machine M, the 
function Qm is lower semicontinuous. Note that for any A, 


V5 > 0 Im (24, — Q4)” < ô), (15.3) 
and hence YX > A |Ì m (Q4, — OX, < ô). 


Proposition 15.10.1 (Downey, Hirschfeldt, Miller, and Nies [115]). Qa 
is lower semicontinuous for every prefix-free oracle machine M. 


Proof. Let a € R and let A be such that Q4, > a. Choose a real 6 > 0 
such that OF — ô > a. By the observation above, there is an m such that 
X > A Î m implies that 04, — OX, < ô. Therefore, QX, > 04, — ô > a, so 
[A | m] is an open neighborhood of A contained in {X : QX, > a}. But A 
is an arbitrary element of {X : QX, > a}, proving that this set is open. O 


We next prove that Omega operators are not continuous, and charac- 
terize their points of continuity. An open set S C 2” is dense along A if 
each initial segment of A has an extension in S. It is easy to see that A is 
1-generic iff A is in every £f class that is dense along A. We prove that Qy 
is continuous exactly on the 1-generics, for any universal prefix-free oracle 
machine U. 


Theorem 15.10.2 (Downey, Hirschfeldt, Miller, and Nies [115]). The 
following are equivalent. 


(i) A is 1-generic. 
(ii) If M is a prefix-free oracle machine, then Qm is continuous at A. 


(iii) There is a universal prefix-free oracle machine U such that Qu is 
continuous at A. 


Proof. (i) = (ii). Let M be any prefix-free oracle machine. By (15.3), it 
suffices to show that 


VedInvVX > A |n (QX < 94 +e). 


Suppose this condition fails for a rational e. Take a rational r < Oe such 
that Q4, — r < e. The following £} class is dense along A: 


S={B:An(Q3[n] > r+e)}. 


Thus A € S. But then 04, > r +e > Q4, which is a contradiction. 
(ii) = (iii) is trivial. 
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(iii) > (i). Fix a universal prefix-free oracle machine U. We assume that 
A is not 1-generic and show that there is an € > 0 such that 


YnIB > At n(Q2 >A +6). (15.4) 


Take a Xf class S that is dense along A but such that A ¢ S. Define a 
prefix-free oracle machine L* as follows. When (some initial segment of) 
X enters S, then L* converges on the empty string. Thus L4 is nowhere 
defined. Let c be the length of a coding string for L in U. We prove that 
e =27(c+) satisfies (15.4). 

Choose m as in (15.3) for the given universal machine, where 6 = 2~(¢t+)), 
For each n > m, choose B > A Ìn such that B € S. Since LË converges 
on the empty string, QB > NA — 270+) + 2° = Qf +e. Oo 


Let U be a universal prefix-free oracle machine. 


Corollary 15.10.3 (Downey, Hirschfeldt, Miller, and Nies [115]). fQ = 
sup(rng Qu), then A is 1-generic. 


Proof. By the previous theorem, it suffices to prove that Qu is continuous 
at A. But note that the lower semicontinuity of Qy implies that 


{X : Q -QČ| <e}={X: Q8 SOF el 
is open for every € > 0, so Qy is continuous at A. m 


The above corollary does not guarantee that the supremum is achieved. 
Surprisingly, it is. In fact, we can prove quite a bit more. One way to view 
the proof of the following theorem is that we are trying to prevent any real 
that is not 2-random from being in the closure of the range of Qu. If we 
fail for some X, then it will turn out that X € rng(Qy). Note that this fact 
is a consequence of universality; it is easy to construct a prefix-free oracle 
machine M such that Qm does not achieve its supremum. 


Theorem 15.10.4 (Downey, Hirschfeldt, Miller, and Nies [115]). Jf X € 
rng(Qy)° \rng(Qu), then X is 2-random. 


Proof. Assume that X € rng(Quy)° is not 2-random and let Rx = 
Qg [X] = {A : 04 = X}. For each rational p € [0,1], define Cp = {A: 
QË < p}. Note that every Cp is closed (in fact, a II? class). For every ra- 
tional q € [0,1] such that q < X, we will define a closed set By C 2” such 
that 


Rx = () Ban f) Cr, (15.5) 


q<X p>x 


where q and p range over the rationals. Furthermore, we will prove that 
every finite intersection of sets from {B4 : q < X} and {Cp : p > X} is 
nonempty. By compactness, this property ensures that Rx is nonempty, 
and therefore, that X € rng(Qy). 
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We would like to define B, to be {A : QA > q}, which would obviously 
satisfy (15.5). The problem is that {A : Q > q} is a £} class; By must 
be closed if we are to use compactness. The solution is to let By = {A : 
Qf [k] > q} for some k. Then B; is closed (in fact, clopen) and, by choosing 
k appropriately, we will guarantee that OF is bounded away from X for 
every A ¢ By. 

For each rational q € [0,1], we build a prefix-free oracle machine M,. For 
A€ 2” and o € 2“, define MA(c) as follows. 


1. Wait for a stage s such that Offs] > q. 
2. Compute T = U®: (ø). 
3. Wait for a stage t > s such that NATE] > 7. 


The computation may get stuck in any one of the three steps, in which 
case MA(c) t. Otherwise, let M£ (o) = t + 1. The value to which M;\(o) 
converges is relevant only because it ensures that a U-simulation of M, 
cannot converge before stage t+ 1. 

We are ready to define B4 C 2” for a rational q € [0,1] such that q < X. 
Assume that U simulates M, by the prefix p. Choose ø such that U” (o) = 
T< X and |r| > |po|. Such a ø exists because X is not 2-random. Choose 
kq large enough that U%(c) = 7, for all s > kq. Let Be = {A : OP kal Sat. 

We claim that the definition of B, ensures that Oe is bounded away from 
X for any A ¢ B4. Let lg = min{q, T} and rg =7+27!/7!. Clearly ly < X. 
To see that rg > X, note that X — 7 < 27!7| < 2-l/7l. Now assume that 
A ¢ B; and that Qf > l4. Thus NA > q but NA[kq] < q, which implies that 
the s found in step 1 of the definition of Mọ is greater than kq. Therefore, 
U’: (o) = T. But QÉ > T, so step 3 eventually produces a t > s such that 
OA[t] > 7. Thus M¿ (o) |= t+ 1, so U4(po) | some time after stage t, 
which implies that Qf > OA [t] +2710! > r + 27lel = rq. We have proved 
that 


OA € [la ty) > A € By. (15.6) 


Next we verify (15.5). Assume that A € Rx. We have just proved that 
A € B; for all rationals q < X. Also, it is clear that A € Cp for all 
rationals p > X. Therefore, Rx C fg<x Ba N (psx Cp. For the other 
direction, assume that A € <x BaN [p> x Cp. Then q < X implies that 
OA > NEk] > q, so NA > X. On the other hand, if p > X, then NA < p. 
This fact implies that OF < X, and so 24 = X. Therefore, A € Rx, which 
proves (15.5). 

It remains to prove that Rx is nonempty. Let Q be a finite set of rationals 
less than X and P a finite set of rationals greater than X. Define | = 
max{l, : q E Q} and r = min(PU {rg : q E€ Q}). Note that X e€ (l,r). 
Because X € rng(Qy)°, there is an A such that QA € (l, r). From (15.6) it 
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follows that A € By for all q € Q. Clearly, A € Cp for every p € P. Hence 
N qeq Ba N Npe p Cp is nonempty. By compactness, Rx is nonempty. O 


If X € rng(Qu) is not 2-random, then an examination of the above 
construction gives an upper bound on the complexity of On [xX ]. The TI? 
classes Cp can be computed uniformly. The By are also IT? classes and can 
be found uniformly in X $ 0’. Therefore, Q7'[X] = Nex BaN Np>x Co is 


a nonempty see class. 

The following corollary gives an interesting special case of Theo- 
rem 15.10.4. It is not hard to prove that there is an A such that Q4 = 
inf (rng Quy) (see Theorem 15.7.1). It is much less obvious that Qy achieves 
its supremum. 


Corollary 15.10.5 (Downey, Hirschfeldt, Miller, and Nies [115]). There 
is an A such that Q = sup(rng Qu). 


Proof. Since sup(rngQy) is a left-c.e. real, it is not 2-random, so the 
corollary is immediate from Theorem 15.10.4. O 


By Proposition 8.11.9, no l-generic is l-random, so p({A : Q = 
sup(rng Quy )}) = 0. Therefore, sup(rng Quy) is an example of a left-c.e. real 
in the range of Qy that is not in Spec(Qy). 

One might ask whether Theorem 15.10.4 is vacuous. In other words, 
is the range of Qy actually closed? We can construct a specific universal 
prefix-free oracle machine such that it is not. The construction is somewhat 
similar to the proof of Theorem 15.4.3. In that case, we avoided a measure 
zero set by using an oracle that codes a relativized Martin-Lof test covering 
that set. Now we will avoid a measure zero closed set by using a natural 
number to code a finite open cover with sufficiently small measure. 


Example 15.10.6 (Downey, Hirschfeldt, Miller, and Nies [115]). There is 
a universal prefix-free oracle machine V such that 


a(rng(Qy)) < p(rng(Qy)*). 


Proof. Let U be a universal prefix-free oracle machine. Let M be a prefix- 
free oracle machine such that 


A 1 if|A|>1 
AM = ; 
0 otherwise. 


Define a universal prefix-free oracle machine V by V4(0c) = UA(c) and 
V4(1o) = M4(o) for all ø. This definition ensures that 07 < $ iff |A| < 1. 
Therefore, ju(rng(Qy )M[0, $]) = 0. We will prove that y(rng(Qy)°N 0, $]) > 
0 


Let {Ji}iew be an effective enumeration of all finite unions of open in- 
tervals with dyadic rational endpoints. We construct a prefix-free oracle 
machine N. By the recursion theorem, we may assume that we know a 
coding string p of N in V. Given an oracle A, find the least n such that 
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A(n) = 1. Intuitively, N4 tries to prevent Q4 from being in In. Whenever 
a stage s occurs such that Q4[s] € In and Vo (V4(pc)[s] = N4(c)[s]), then 
N^ acts as follows. Let £ be the least number such that Q[s]+¢ ¢ In and 
note that £ is necessarily a dyadic rational. If possible, M^ converges on ad- 
ditional strings with total measure 2!le, which ensures that 04 > Q4[s]+e. 
If u(In) < 27'!, then N4 cannot run out of room in its domain, and we 
have Q4 ¢ In. 

Assume for the sake of contradiction that ju(rng(Qy )°N [0, $]) = 0. Then 
there is an open cover of rng(Qy )°M (0, 4] with measure less than 27!¢!. We 
may assume that all intervals in this cover have dyadic rational endpoints. 
Because rng(Qy)° N [0, 4] is compact, there is a finite subcover In. But 
ulIn) < 27!?l implies that Q% 10% ¢ I, which is a contradiction. Thus 
w(ng(Qy)° n [0, t) > 0. o 


Note that the proof above shows that if U is a universal prefix-free oracle 
machine and S = {Q8 10" : n € N}, then S° has positive measure and S°\ S 
contains only 2-randoms. 


Proposition 15.10.7 (Downey, Hirschfeldt, Miller, and Nies [115]). 
rng(NQu)® is a I class. 


Proof. It is easy to verify that a € rng(Qy)° iff 


Ve > Odo € 2S” (NF [lol] >a- e 
A Yn > |o|ar > o (|r| =n A QG[n] <a+e)), 


where € ranges over rational numbers. This definition is II} because the 
final existential quantifier is bounded. O 
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Complexity of Computably 
Enumerable Sets 


16.1 Barzdins’ Lemma and Kummer complex sets 


In this section, we look at the initial segment complexity of c.e. sets, in- 
cluding a fascinating gap phenomenon uncovered by Kummer [226]. We 
begin with an old result of Barzdins [29]. 


Theorem 16.1.1 (Barzdins’ Lemma [29]). If A is a c.e. set then C(A | 
n|n) < logn+O(1) and C(A fn) < 2logn + O(1). 


Proof. To describe A [ n given n, it suffices to supply the number kn of 
elements in A f n and an e such that A = We, since we can recover A | n 
from this information by running the enumeration of We until kp many 
elements appear in We [ n. Such a description can be given in logn + O(1) 
many bits. 

For the second part of the lemma, we can encode kn and n as two strings 
o and 7, respectively, each of length log n. We can recover o and T from oT 
because we know the length of each of these two strings is exactly half the 
length of ør. Thus we can describe A [ n in 2logn+ O(1) many bits. O 


Barzdins also constructed an example of a c.e. set A with C(A | n) > 
logn for all n. If C(A [ n) < logn + O(1) for all n then, by the proof 
of Theorem 3.4.4, A is computable. A long-standing open question was 
whether the 2logn is optimal in the second part of Theorem 16.1.1. The 
best we could hope for is a c.e. set A such that C(A | n) > 2logn — O(1) 
infinitely often, since the following is known. 
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Theorem 16.1.2 (Solovay [unpublished]). There is no c.e. set A such that 
C(A \n |n) > logn—O(1) for alln. Similarly, there is no c.e. set A such 
that C(A | n) > 2logn — O(1) for all n. 


More recently, a simple proof of a result stronger than Solovay’s was 
discovered. 


Theorem 16.1.3 (Hölzl, Kraling, and Merkle [183]). For any c.e. set A 
there exist infinitely many m such that C(A [ m | m) = O(1) and C(A f 
m) < C(m) + O(1). 


Proof. We may assume that A is infinite. Let m be such that m enters A at 
stage s and no number less than m enters A after stage s. There must be 
infinitely many such m, and the theorem clearly holds for any of them. O 


Solovay [unpublished] explicitly asked whether there is a c.e. set A such 
that C(A Ìn) > 2logn— O(1) infinitely often. As we will see the answer is 
yes, and there is a precise characterization of the degrees that contain such 
sets. 


Definition 16.1.4. A c.e. set A is Kummer complex if for each d there 
are infinitely many n such that C(A | n) > 2logn — d. 


Theorem 16.1.5 (Kummer [226]). There is a Kummer complez c.e. set. 
Proof. Let to = 0 and tk4}1 = 2%. Let Ip = (tk, tk+1] and 


tk+1 


f(k)= X G-te+). 


i=t,+1 


Note that f(k) asymptotically approaches the +, and hence log f(k) > 
2logtr41 — 2 for sufficiently large k. So it is enough to build a c.e. set 
A such that for each k there is an n € Ip with C(A | n) > log f(k). 

Enumerate A as follows. At stage s + 1, for each k < s, if C(A. | n) < 
log f(k) for all n € I, and I, É As, then put the smallest element of ANI, 
into As+1- 

Now suppose that C(A [ n) < log f(k) for all n € Ik. Then there must 
be a stage s such that A, [ n = A |Ì n and C,(A, | n) < log f(k). We 
must have Ik ¢ As, since otherwise the smallest element of A, Ip would 
enter A, contradicting the assumption that A, [ n = A [| n. Thus, all 
of J, is eventually put into A. So for each n € I; there are stages sọ < 
81 <+ < Sn—t, such that As, Ùn Æ As, | n and Cs,(As,) < log f(k), 
and hence there are at least n — tk + 1 many strings o with |o| = n and 
C(o) < log f(k). Thus, there are at least f(k) many strings ø such that 
C(o) < log f(k), which is a contradiction. Oo 


Kummer also gave an exact characterization of the degrees containing 
Kummer complex c.e. sets, using the notion of array noncomputability 
discussed in Section 2.23. 
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Theorem 16.1.6 (Kummer’s Gap Theorem [226]). 


(i) A ce. degree contains a Kummer complex set iff it is array 
noncomputable. 


(ii) In addition, if A is c.e. and of array computable degree, then for every 
computable order f, 


C(A în) < logn+ f(n) + O(1). 


(iii) Hence the c.e. degrees exhibit the following gap phenomenon: for each 
c.e. degree a, either 


(a) there is a c.e. set A € a such that C(A [ n) > 2logn — O(1) for 
infinitely many n, or 

(b) there is no c.e. set A € a and € > 0 such that C(A | n) 2 
(1 + €)logn — O(1) for infinitely many n. 


Proof. Part (iii) follows immediately from parts (i) and (ii), so we prove 
the latter. 

Part (i): To make A Kummer complex, all we need is to have the con- 
struction from Theorem 16.1.5 work for infinitely many intervals. Let I; 
and f(k) be as in the proof of that theorem, and let Z be the very strong 
array {I,}ren. Let A be an T-a.n.c. c.e. set. 

Define a c.e. set W as follows. At stage s+ 1, for each k < s, if Cs (As | 
n) < log f(k) for all n € I, and I, Z As, then put the smallest element of 
As N Ik into W. 

Since A is Z-a.n.c., there are infinitely many k such that ANI, = WO Ik. 
A similar argument to that in the proof of Theorem 16.1.5 now shows that, 
for any such k, if C(A [ n) < log f(k) for all n € I then I, C A, and 
hence that for each n € Ik, there are at least n — tk + 1 many strings o 
with |o| = n and C(o) < log f(k), which leads to the same contradiction 
as before. Thus A is Kummer complex. 

By Theorem 2.23.4, each array noncomputable c.e. degree contains an 
T-a.n.c. set, so each such degree contains a Kummer complex set. 

Part (ii): Let A be c.e. and of array computable degree, and let f be 
a computable order. Let m(n) = max{i : f(i) < n}. Note that m is a 
computable order, and is defined for almost all n. Let g(n) = A | m(n). 
(If m(n) is undefined then let g(n) = 0.) Since g is computable in A, 
Proposition 2.23.6 implies that there is a total computable approximation 
{gs}sen such that lim, gs(n) = g(n) and |{s : gs(n) Æ gs4i(n)}| < n for all 
n. (Recall that this cardinality is known as the number of mind changes of 
g at n.) 

Suppose that we are given n and, for kn = min{i : m(i) > n}, we are also 
given the exact number pn of mind changes of g at kn. Then we can compute 
g(kn) = A [| m(kn), and hence also compute A [ n, since m(kn) > n. In 
other words, we can describe A [ n given n and pn, so 


C(A | n) < logn + 2logp, + O(1). 
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By the definition of kn, we have m(kn — 1) < n, so by the definition of m, 
we have kn — 1 < f(n). Furthermore, pn < kn, so 


C(A \ n) < logn + 2log f(n) + O(1) < logn + f(n) + O(1), 


as desired. O 


Kummer’s Gap Theorem should be compared with results such as 
Downey and Greenberg’s Theorem 13.14.2 on packing dimension and the 
Barmpalias, Downey, and Greenberg result on cl-degrees, Theorem 9.14.4, 
which also concern array computability. 

It is natural to ask whether there is a classification of, say, all jump 
classes in terms of initial segment complexity. 


16.2 The entropy of computably enumerable sets 


In this section we consider Chaitin’s notion from [59] of the entropy of 
a computably enumerable set, in the spirit of the Coding Theorem 3.9.4, 
and its relationship with the following notion, also taken from [59]. By a 
c.e. operator we mean a function W taking sets X to WX for some e. We 
denote the value of W on X by W4. For a c.e. operator W, the enumeration 
probability Py (A) of a set A relative to W is the measure of the class of 
all X such that W* = A. This probability depends on W, of course, but 
there are optimal c.e. operators V such that for each c.e. operator W there 
is an £ > 0 for which Py(A) > ePw(A) for all A. For example, we can 
list the c.e. operators Wọ, W1,... and let V be a c.e. operator such that 
yolxX — WX, where 0°LX is the sequence 0°1X(0)X(1).... We fix such 
a V and write P(A) for Py(A). More generally, for a class C C 2”, we let 
P(C) = uX: V* €C}). 

If A is c.e., then clearly P(A) > 0. Recall that Theorem 8.12.1 says that 
the converse is also true: If P(A) > 0 then A is c.e. Recall also that the 
proof of Theorem 8.12.1 is the classic use of the “majority vote” technique, 
which uses the Lebesgue Density Theorem to find some string ø such that 
n € A iff a majority (in the sense of measure) of the strings extending o 
believe that n € A. Thus a c.e. index for A is determined by a nonuniform 
argument based on the Lebesgue Density Theorem. Since the application 
of the Lebesgue Density Theorem is to find a o such that the measure 
of the class of X > ø such that V* = A is large, it is not unreasonable 
to imagine that c.e. sets with bigger enumeration probabilities should be 
easier to describe. Thus, the question we address in this section is the 
following: What effect does the enumeration probability of a c.e. set have 
on the difficulty of describing a c.e. index for it? This question leads us to 
the following definitions. 
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Definition 16.2.1 (Chaitin [59]). For a c.e. set A, let H(A) = 
[—log P(A)] and I(A) = min{K(j): A = W;}." 


Chaitin [59] established some of the basic properties of these and re- 
lated notions, while Solovay [371, 372] showed that there is indeed a deep 
relationship between them. 


Theorem 16.2.2 (Solovay [371, 372]). I(A) < 3H(A)+2log H(A)+O(1). 


It is not known to what extent Solovay’s bound may be improved, but 
Vereshchagin [400] showed that a tighter bound can be extracted from 
Solovay’s proof when A is finite. 


Theorem 16.2.3 (Vereshchagin [400]). If A is finite then I(A) < 2H(A)+ 
2log H(A) + O(1). 


We will prove both of these results in this section. Our account of Solo- 
vay’s proof will be along the lines of the one given by Vereshchagin [400]. 
The proof relies on a combinatorial result of Martin (see [371, 372]), so we 
begin by presenting that result. 

Martin’s game is defined as follows. The game has parameters K and N. 
A configuration of the game is an N-tuple (So,...,S—1) of clopen subsets 
of 2”. The initial configuration is (2”,...,2”). There are two players. On 
its turn, player I plays a clopen set Y C 2” with (Y) > Fo If Y is 
disjoint from So,..., S—1 then player I wins. If not, then player II’s move 
is to pick ani < N with S:n Y 4 @ and replace S; by Y. Player II wins if 
it can prevent player I from ever winning. 


Theorem 16.2.4 (Martin, see Solovay [371, 372]). In the game above, 
player II has a computable winning strategy if N = KRY) 2 
Proof. This proof follows Solovay [372]. It uses a property of configura- 
tions called property M. This property is computably checkable, the initial 
configuration has it, and if a configuration has property M, then for any 
move by player I, player II has a move that results in a configuration that 
also has property M. Given such a property, the computable strategy for 
player II is simply to pick the least i so that S; N Y Æ 0 and the resulting 
configuration has property M. 

Suppose that N = EED, Let T = {(j,i) : i < j < K}. Then |T| = 
N. Given a bijection h : T — N and a configuration (Yo,...,¥n-—1), we 


lWe assume that our listing of c.e. sets is given by a reasonable enumeration of 
Turing machines, so that if we have another such listing Wo, Wi, ..., then for each i 
we can effectively find a j such that W; = W; and vice versa. It is then easy to check 
that min{K (j): A = W;} = min{K (j) : A= W;} + O(1), so the definition of I(A) is 
listing-independent up to an additive constant. 

? Ageev [1] has shown that N has to be at least on the order of eK? (for some e > 0) 
for player II to win Martin’s game. 
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write Z;,; for Ypcj,4). We think of this bijection as arranging the Yp into a 
triangular array 


Z0,0 
21,0 Zia 
ZK-1,0 ZK-1,1 Ae ZK-1,K-1- 


We say that (Yo,..., Yn—1) has property M if for some bijection h : T > 
N, the resulting triangular array has the following property: For all j < K, 
if io S i1 S++ Sta <S j, then (Urca Zin) > RA: 

Clearly, the initial configuration has property M, and we can effectively 
check whether a given configuration has property M. (Since a configuration 
is a finite sequence of clopen sets, it can be specified as a finite sequence 
of finite sets of generators.) To complete the proof, we show the following, 
which we state as a separate lemma for future reference. 


Lemma 16.2.5. Let (Yo,...,Yw-1) be a Se ee with property M. 
Let Y be a clopen subset of 2% with u(Y) > ear: Then there is an i < N 
with Yı N Y #90 such that the configuration obtained by replacing Y; by Y 
still has property M. 


Proof. Let h: T > N be a bijection witnessing the fact that (Yọ, .. ., YN—1) 
has property M, and let 2;,; for G: j,i) € T be the corresponding frane gir 
array. Then A es ZK-1,i) > eae so some Zx_~1,; has nonempty inter- 
section with Y. Let j be least such that Z;,,9 Y 4 Ø for some i. Permuting 
the jth row if necessary, we may assume that Z;,; Y #0. We prove that 
if we replace Yaj, j) by Y, the resulting configuration has property M. 

If j = 1 then there is nothing to prove, so suppose that j > 1. 
We build a new array by replacing Zj; by Y and then swapping the 
rest of the jth row with the (j — ae row. That is, let Z}; = Y, let 
Zii = Z;, and Z; = Z;-1, for i < j — 1, and for all other k and 
i, let Zp i= = Ziki: We claim that this new ae witnesses the fact that 
(Yo, r Yni- 1 Y, Yh,j)+1 <- -, YN—1) has property M. 

Sa property M works on a TODON basis, we do not need to worry 
about any rows other than the (j — 1)st and the jth. The (j — 1)st row is 
the same as the jth row of the original array, so we do not need to worry 
about it either. So we need to show only that if if io < --- < tg-1 S J 
then u(Ur<a Zii) > gé If ia-1 < j then all elements involved in the 
union are taken from the (j — 1)st row of the original array, so we are done. 
Thus, we may assume that ig_1 = j, so that Z;, ig_1 = Y. By our choice 


of j, we know that Y N Z;-14 =9 for all i < j — 1. Thus u(Up<a Zii) = 
“(nea Zi-1,ir) + UY) > $ + gh = gh as required. o 


As explained above, this lemma completes the proof of the theorem. O 
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We are now ready to prove Theorem 16.2.2. 


Proof of Theorem 16.2.2. We will show that, for each k, we can enumerate 
O(2?") many c.e. sets such that every set A with P(A) > 27% is among 
them. If this enumeration were uniform in k, then, taking k = H(A), we 
could describe an index for A simply by giving k and the position of A 
in our enumeration, which would require fewer than 2H(A) + 2log H(A) 
many bits. The enumeration will not be uniform in k, however, but there 
will be nonuniformly given strings pp € 2" such that the enumeration for 
k can be done on input px+41. The extra bits needed to describe pz+1 are 
what will drive our bound to 3H(A) + 2 log H(A). 

Fix k. For a string ø, let F, be the finite set determined by ø, that is, 
F, = {n < |o| : o(n) = 1}. Let Si(o) = {X : VŽ [t] € [o]}. The following 


lemma is immediate. 

Lemma 16.2.6. P(A) = lim, P(A [ nJ). 
We will also need the following lemma. 

Lemma 16.2.7. P([o]) = lim: u(S:(c)). 


Proof. Let S} be the class of all X such VŽ [t] D F, and SŽ be the class 
of all X € Sl such that V*[¢] | |o| 2 Fs. Let $1 =, S} and $? = U, $?. 
Then P([o]) = MS? \ S*) = w(S*) — a(S?) = lims(n(S7) — u(S7)) = 
lim, u(.S;(c)). Oo 


It thus makes sense to define P;([o]) = u(S:(c)). 

An approximating sequence for a set A is a sequence 09, 01,... such that 
Fos C Fo, C++ and U; Fo; = A. 

We say that the pair (t, n) is good for o if |o| = n and P,([o]) > 27%. 
We say that a sequence of pairs (to, no), (t1; nı), ... is good for A if there 
is an approximating sequence o9,01,... for A and jo < jı <--- such that 
(tji, nji) is good for o; for each i. 

The proof now boils down to the following two lemmas. 


Lemma 16.2.8. There are strings pp € 2" and an algorithm that, on input 
Pkr+1, computes a sequence of pairs (to, no), (t1,1),... that is good for all 
A such that P(A) > 2-*. 


Lemma 16.2.9. There is an algorithm that, when given a sequence of 
pairs as in Lemma 16.2.8 as an oracle, enumerates O(2?*) many sets 
Co,..-,Cn_1 such that every set A for which the sequence is good coincides 
with some Ci. 


Given these lemmas, the theorem follows easily: Let k = H(A), so that 
P(A) > 2-*. Let pz41 be as in Lemma 16.2.8, and let Co,...,Cy_1 be as in 
Lemma 16.2.9 when the oracle is the sequence computed from pk+1. Then 
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there is ani < N such that A = C;. Given ppk+1 and i, we can determine 
an index j such that A = W;. We can determine k from pk+1, so 


I(A) < K(pr+1)+ K(i | k) < k+ 2logk + 2k + O0(1) 
= 3H (A) + 2log H(A) + O(1). 


So to finish the proof, we need only to establish the two lemmas. We 
begin with the latter. 


Proof of Lemma 16.2.9. Let K = 21t! and N = KED, We are given 
a sequence of pairs (to, no), (t1; nı),... that is good for all A such that 
P(A) > 2-*. We will enumerate sets Co,...,CN—1 using Martin’s game. 
We begin by letting (Xo[0],...,X~—1[0]) be the initial configuration and 
Co[0],..., Cr—1[0] all be empty. 

At the end of stage j of the algorithm, we have a configuration 
(Xoly],---;Xw—1[J]) and finite sets Co[j],...,Cn-—1ilj] with the following 
properties. 


(i) Cilj] € [0, ng). 
(ii) For every o for which (tj, nj) is good, C;[j] = Fo for some i < N. 
(iii) Cilj] C V* [t;] for all X € X;[j]. 


At stage 7 + 1, we proceed as follows. Let o9,...,0, be the strings for 
which (tj+1, nj+1) is good. Play Y = S;(00) for player I. Since u(S:(00)) = 
Pilool) 2 27%! > Peni this move is legal. Let X;[j] be the set that the 
winning strategy for player II replaces by Y and let X;[j + 1] = Y. 

Since X;[j] NY # Ø, there is some X € X;j[j] with V*[tj41] € [øo]. 
By condition (iii), C;[j] C V~* [t;] C V~* [t;41], so by condition (i), Ci[j] € 
VŽ [t541] 9 [0, nj+1) = Fo: So we can let C;[j +1] = Foo. Note that now 
Cilj +1] C V* [tj 41] for all X € X;[j + 1], and hence (iii) remains true for 
this i. 

Now repeat this procedure for o1,...,0) in turn. By definition, the sets 
S:(00),---,S4(o1) are pairwise disjoint, so the strategy for player II always 
picks a new X;[j] to replace. For all 7 such that X;[j] is not picked, let 
Cilj + 1] = Cilj] and X;[j + 1] = X;[j]. Note that (iii) is true for all such 
a, since VŽ [t541] 2 V* [t;] for all X. 

Let C; = U; Cilj]. To see that the algorithm works, and hence complete 
the proof of Lemma 16.2.9, assume that there is an approximating sequence 
To, Tı,- .. for A and jo < jı < +-+- such that (tj, nj) is good for 7. Then 
for each l there is an i < N such that Cj{j:] = Fn. So for some i < N, 
there are infinitely many l such that Cilji] = Fn. Then A = Cj. o 


We finish by proving Lemma 16.2.8. 


Proof of Lemma 16.2.8. Let Ag,..., Ar list all the sets A with P(A) > 27%, 
let p = Yijc, P(Ai), and let pk41 =p [k+1. 
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oO 


w 


We say that (t, m,n) is opportune if m > 2+! and for the list o0,..., 
of all strings in 2” such that P,([o]) > 2-* — +, we have ics Pe(Lol) 
pk+1 — 2~*-1. Note that the first condition implies that P,([o]) > 27%- 
for all i < s, and hence, since the [a] are disjoint, s < 2**1. 

First we will show that for each c there is an opportune triple (t, m,n) 
with t,m,n > c. Since the property of being an opportune triple is com- 
putable given p41, we can then define, computably in pk+1, a sequence 
of opportune triples (to, Mo, no), (t1, M1, 71),-.. that is increasing in each 
component. Then we will show that, for such a sequence and any A such 
that P(A) > 27%, there is an approximating sequence 79,71,... for A and 
jo < jı <--> such that P, ([oi]) > gk — = > 2-*-! for all i. Thus 
(to, no), (t1,1),.-. is the desired sequence that is computable from pk+1 
and good for all A such that P(A) > 2-*. 

We begin by showing that for each c there is an opportune triple (t, m, n) 
with t,m,n >c. 

Fix c. Let m > c, 2Ft1, Let n’ > c be such that the sets A; N [0,n’) for 
i=0,...,r are pairwise distinct. By Lemma 16.2.6, P(A;) = limn P([A; | 
n]), so there is an n > n’ with P(A; [ n]) > P(4:)— Imtrthy for alli <r. 

By Lemma 16.2.7, there is a t > c such that P,([A; | n]) > P(A;) — 
Omtthy > 2-* — Ł for alli <r and Dic, P(A: | n) > p- ae > 
Pr+i — 27*-!. It now follows from the definition of opportune triple that 
(t,m,n) is such a triple. 

As mentioned above, we now have a sequence of opportune triples 
(to, Mo, no), (t1,7mM1,71),... that is increasing in each component, and we 
can finish the proof by taking an A such that P(A) > 2~* and showing 
that there is an approximating sequence 79,7 ,... for A and jo < ji <--> 
such that P,,, ([oi]) > 2-* — T for all i.3 

Without loss of generality, by passing to a subsequence if necessary, we 
may assume that the number s + 1 of strings o € 2% with P,,([o]) > 


Q-* = does not depend on j. Let ae ..., 0% list these strings. 

Let B be the class of all B for which there are jo < jı < =- and 
io i1... < s such that o7°,o/!,... is an approximating sequence for B. 
We want to show that A € B. We do so by showing that P(B) > 2~* for 
all B € B and P(B) > pri1 — 27*7!. These facts imply that A € B, as 
otherwise the sum of P(X) over all X with P(X) > 27" would be greater 
than p. 

We first show that P(B) > 27% for all B € B. Suppose not. Let m 
be such that P(B) < 27: — +. By Lemma 16.2.6, there is an n such 


L 
m 


3Note that, although we showed the existence of an opportune triple by finding 
(t, m,n) such that P;([A; t nj) > 27% — + for all i < r, there is no guarantee that 
the particular computable sequence of opportune triples (to, mo, no), (t1; m1, n1), ... has 
that property. 
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that P([B | n]) < 2-*— +. By Lemma 16.2.7, there is a t such that 
P,((B ft n]) <2-* — + for all t > t. Let j and i be such that of [n < B 
and t; >t’, and also mj > m and nj >n. Then 


Py (loll) <P, (lof tn) =P, (LB tn) <2- = cok, 


contradicting the choice of ol i 

We now show that P(B) > pp41—27*7!. We first need an auxiliary fact. 
Suppose there is an n such that for all j with n; > n, there is an i < s such 
that a! |n Æ B for all B € B. Then we can form a sequence jo < ji <+- 
such that for each jı there is a of such that F s ¢ F iy for all l’ > l. But 

A iy 

then P,,, (Jo? ,nj,)]) > 2-*-? for all l, and any X that contributes to this 
probability for l cannot contribute to it for l’ > l, which is a contradiction. 
So for each n there is a j with nj > n such that for each 7 < s, we have 
oÍ Tn < B for some B € B. 

Since P(B) > 2-* for all B € B, we know that B is finite. Let Bo,..., B 
be its elements. By Lemma 16.2.6, and the fact that if n is large enough 
then the sets |B; | n] are pairwise disjoint, 


P(B) = lim) P({B; ù n]). 


i<l 


By Lemma 16.2.7, 
> PB: tn) = lim $ PIB: I n)). 


i<l i<l 


J 
i 


Let j be such that nj > n and for each 7 < s we have o 
p <l. Then 


| n < Bp for some 


SO R([B: t n]) = P([Bo tn] U- ++ U [Bit n]) 


i<l 
> P(o] U---U fei) = >> Pioi) > paar — 2-87, 
i[s 
by the definition of opportune triple. Thus X< P((Bi | n]) > pry — 
275-1 for all n, and hence P(B) > pp}1 — 27471. o 


As discussed above, the above lemma finishes the proof of Theorem 
16.2.2. m 


Finally, we prove Vereshchagin’s Theorem 16.2.3. 


Proof of Theorem 16.2.3. For a finite set B, let S;(B) = {X : VŽ [t] = B} 
and P;(B) = p(S;(B)). 


Lemma 16.2.10. For all finite sets B, we have P(B) = lim; P,(B). 
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Proof. Let S} be the class of all X such V*[t] 2 B and S$? be the class of 
all X € Sl such that V*[t] 4 B. Now the proof is as in Lemma 16.2.7. O 


Given k, we will enumerate O(2?*) many finite sets Co, ...,Cy—1 so that 
at the end of step t of the enumeration, every finite set B with P;(B) > 
2-*-1 coincides with C;[t] for some i < N. Suppose we can do so. If B is 
finite and P(B) > 2-*, then by Lemma 16.2.10, P;(B) > 2~*~? for almost 
all t, so for some i and infinitely many t, we have Cift] = B. Then B = Cj. 
So to describe B we need to provide only k and i, which requires fewer 
than 2H(A) + 2log H(A) many bits. 

We perform our enumeration using Martin’s game with K = 2” so 
that at the end of each step t, the following two conditions hold, where 
(Xo[t],..., Xn_i[t]) is the configuration of the game at the end of step t. 


(i) If P,(B) > 2-*-! then C;[t] = B for some i < N. 
(ii) For all i < N, we have C;[t] C VŽ [t] for all X € X;ft]. 


As before, we begin with C;[0] = Ø and X;[0] = 2”. At step t+ 1 we let 
Bo,..., Bs be all sets B such that P,4,(B) > 2~-*~! and play Y = S41(Bo) 
for player I in Martin’s game. As before, let i be such that the computable 
winning strategy for player II replaces X;[t] by Y. Let X;[t+ 1] = Y. Since 
Xil OY # 0, there is an X € X;[t] with Bo = V*[t+ 1]. By condition 
(ii), we have C;[t] C V*[t] C V* [t+ 1] = Bo, so we can let Cilt + 1] = Bo. 
As before, we repeat this procedure for each B,,...,B, in turn, and at the 
end, for any i such that X;,[t] is not replaced, let X;[t-+ 1] = X;[t] and 
Cilt + 1] = Cift]. This algorithm clearly has the necessary properties. O 


16.3 The collection of nonrandom strings 


16.3.1 The plain and conditional cases 


Probably the most natural computably enumerable set associated with 
randomness is 


Re = {a : C(a) < |ol},* 


the collection of strings that are nonrandom relative to plain complexity. 
This set has been extensively studied by Kummer, Muchnik, Positselsky, 
Allender, and others. We have already seen in Chapter 3 that Ro is a 
simple c.e. set, and hence is not m-complete. On the other hand, it is easily 
seen to be Turing complete. (This is Exercise 2.63 in Li and Vitányi [248].) 
In this section we will prove the remarkable fact, due to Kummer [227], 


4Strictly speaking, we should be studying {o : C(c) < |o| +d} where d is largest 
such that this set is co-infinite. For ease of notation, we will suppress this constant. This 
simplification does not alter the results we discuss in this section. 
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that Ro is in fact truth table complete, which is by no means obvious. In 
fact, the reduction built in Kummer’s proof is a conjunctive tt-reduction. 
(A conjunctive tt-reduction from A to B is a computable function f such 
that for all n, we have n € A iff Djin) € B.) 

The problem with proving this result, roughly speaking, is as follows. 
Suppose that we are attempting to define a reduction from the halting 
problem 0’ to Re to show that W <,, Ro. 

The most natural idea is to have a collection of strings Fn for each n and 
attempt to ensure that F, C Rc iff n € W. If we choose F, appropriately, 
if n enters @’ then we can lower the complexity of all elements of F, and 
force them into Rc. However, it can also happen that these complexities 
decrease without us doing anything, forcing all of F, into Rc even though 
n ¢ Q’. This possibility is particularly hard to overcome because we need 
to specify the sets Fn ahead of time, since we are trying to build a tt- 
reduction. Furthermore, we cannot make the Fh too large. For example, we 
cannot take Fn to be all the strings of length n, since we cannot force them 
all into Rc if n enters Q. As we will see, Kummer used nonuniformity and 
a clever counting method to overcome this difficulty. His idea is the basis 
for other arguments such as Muchnik’s Theorem 16.3.1 below. 

In fact, we will begin with Muchnik’s result, since the argument is simpler 
and the crucial use of nonuniformity more readily apparent, which should 
help make the ideas underlying Kummer’s proof more transparent. We 
consider the overgraph 


Og = {(0,7,n): Qla | 2) =n} 


for Q equal to K, Km, or C (or other similar complexity measures). 


Theorem 16.3.1 (Muchnik, see [288]). For any choice of Q, the overgraph 
Og is m-complete. 


Proof. We fix Q as C, but the proof works with easy modifications for other 
complexities. Let O = Og, and let Os = {(0,7,n) : Cs(a |T) < n}. 

In the course of our construction, we will build a partial computable 
function f. By the recursion theorem, we assume we know a constant d 
such that if f(T) =o then C(o |T) < d. 

We will build partial functions g; : N— 2<” x 2<* x N for i < 24, For 
the largest į such that g;(m) is defined for infinitely many n, we will be able 
to argue that, for all sufficiently large n, we can find a stage s such that 
either n € 04, or n € Ø iff gi(n) € O. Let ig be this i. 

Let 00,...,@4¢_1 be pairwise distinct strings. The values of g; will be of 
the form (ci, T, d). The basic idea is that we will be able to ensure for io 
that, from some stage on, and for almost all n, the following occurs. First, 
we can find a stage s such that either n € 0, or gi,(n) is permanently 
defined at stage s as (0;,,7,d) for some T. Next, if the latter case occurs 
and n enters 0)’ later on, then f(T) = Sio, SO gi,(n) € O by the choice of d. 
Finally, if n never enters @’, then g;,(n) ¢ O. To ensure this last condition, 
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we design the construction so that, if gi,(n) enters O without n entering 
0’, then we define g;(m) = (0;,7,d) for some j > io, which cannot happen 
more than finitely often by the choice of io. 

We now proceed with the construction. 


Construction. 

Initially, all strings are active. At stage s, proceed as follows. 

For each active r with |r| < s, find the least i < 2% such that (o;i, T, d) ¢ 
Os, which must exist since {ø : (a,7,d) E€ O} < 2%. For the least n ¢ 04 
such that g; is not defined, let g;(n) = (o;,7,d). Undefine g;(m) for all 
j < i and all m such that g;(m) = (oj, T, d). We say that i acts at stage s. 

If n enters @’ at stage s, then for the largest i such that g;(n) is defined 
(if any), let 7 be such that g;(n) = (ci, T, d), declare 7 to be inactive, and 
let f(T) = 0%. 

End of Construction. 

Let i < 2¢ be largest such that i acts at infinitely many stages. Let so be 
a stage after which no j > i ever acts. We describe an m-reduction from 0)’ 
to O. 

Let n be large enough so that g;(n) is not defined at the end of stage 
so and gj(n) is never defined for j > i. Search for a stage s > so such 
that either n € 0, or gi(n) becomes defined at stage s. It is clear from the 
construction that one of these events must occur. If it is the former, then 
we know that n € Ọ'. Otherwise, we claim that gi(n) € O iff n € W. 

If n € 0’, then n enters 0’ at some stage t > s. At that stage, i is largest 
such that gi(n) is defined, so f(T) = ci, and hence C(o; | T) < d, which 
means that gi(n) = (oi, T, d) E€ O. 

Conversely, suppose that g;(n) = (0;,7,d) E€ O. Assume for a contra- 
diction that n ¢ @’. At stage s, we cancel all g;(m) such that j < i and 
g;(m) = (a;,7,d), and no g;(m) ever gets defined as (o,;,7,d) after that 
stage, so T is permanently active. Let t > so be such that (ci, T, d) E€ Or. 
We must have (a;,7, d) € O for j < i, since otherwise g;(n) would not have 
been defined as (0;,7,d). But by the choice of so and t, there cannot be a 
j > i such that (;,7,d) ¢ Oz, since then the least such j would be active 
at t. So in fact (oj, T, d) € O for all j < 2%, which is not possible. o 


We now prove Kummer’s Theorem. The construction has a finite set of 
parameters (the i < 24+! below). We will build our tt-reduction based on 
the largest parameter selected infinitely often during the construction. The 
necessity of knowing this parameter to define the reduction is the source of 
the nonuniformity in the proof. 


Theorem 16.3.2 (Kummer [227]). Ro is truth table complete. 


Proof. We will define a plain machine ® with constant d given by the 
recursion theorem. To do so, we will build uniformly c.e. sets of strings 
Eo, E1, ... such that for each n we have En C 2” and |E,| < 2”~¢-!. Then 
for each n, if o € En we can ensure that ®(7) = o for some r € 2"~4-1. 
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By doing so, we will ensure that for each n and o € En, we have C(a) < 
Ca(c) +d <n, or, in other words, that U,, En € Re. 

To obtain our tt-reduction, for each i < 2¢~!, we will define a possibly 
infinite sequence of finite sets of strings S; 9, 5;,,.... At the end of the proof 
we will argue that there is a largest i such that the corresponding sequence 
is infinite, and such that for almost all 2, we have x € @ iff Sia E Ro. 
Hence, we will have a tt-reduction (indeed, a conjunctive tt-reduction) from 
o to Ro. 

The definition of the Six has stronger priority than that of the Siy 
for j < i. If Sj is defined then all of its elements will have the same 
length, denoted by M; y. At a later stage, some stronger priority S;,. may 
assert control and occupy this length, in which case we will undefine mMj,y- 
(The idea here is that, for this situation to occur, the opponent will have 
had to make more strings of this length be nonrandom, and hence the 
new choice Si will be more likely to succeed. See condition (iii) in the 
construction below.) Finally, if mj, is defined and x enters 0’, then we will 
let Em;, = Six, ensuring that Sis C Rc, since U,, En € Ro. We will then 
declare the value of Mi» to be used, and hence unavailable for future use. 

We will also have to argue that if x never enters @’, then Sis Z Ro. 
The basic idea here is that we work with the largest 2 such that all S;,, are 
defined. We set up our conditions so that if S; s C Rc, then this increase in 
the number of nonrandom strings of a particular length allows some j > i 
to define a new Sj y. So if this situation happens infinitely often, then we 
contradict the maximality of i. 

We now proceed with the formal construction. Let On, = {0 € 2”: 
Clo) < n}. 

Construction. Fix a parameter d. 
Stage 0. Let (i) = 0 for all i. 


tage s+1. eck whether there is an 2 < and an n < s such tha 
Stag 1. Check whether there i i < 291 and h that 
(i) n is unused and n > d4 1, 
(ii) n Am, for all j > i and all x, and 
(iii) i2741 < |On, sl. 


If so, then choose the largest such 7, and for this 7 the least such n, and 
then perform the following actions. 


1. Declare Mj, to be undefined for all j and æ such that Mj gz = n. 


2. Let S; ea) be the set of the least k elements in 2” \ On,s, where k = 
min(2” — |On, s|, 2”7%1). 


3. Let Mili) EN. 


4. Increment ¢(i) by 1. 
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For all j and x such that x € 04,, and mj; is defined and unused, let 
Em; a = Sja and declare that mj, is used. 
End of Construction. 


Clearly, the En are uniformly c.e. Furthermore, at any stage s + 1, if 
Mj x is defined then |S} e| < 272741, so |Ep| < 2"~4 for all n. Thus 
we can define a plain machine ® such that, for each n, if o € En then 
(7) =o for some 7T € 2”74-1, By the recursion theorem, we may assume 
that d is a coding constant of ®, so that for each n and o € En, we have 
C(a) < Co(a) +d < n. In other words, U,, En € Ro. 

Conditions (i)—(iii) in the construction always hold for i = 0 and n = s 
(once s > d+ 1). So at every large enough stage some 7 is chosen. Since 
there are only 2¢+! many relevant i, there is a largest i such that i is chosen 
infinitely often. Let 79 be this i. Let sọ be such that no 7 > iis ever chosen 
at a stage after so. Notice that S;,.. is defined for all x, and if z Æ y then 
the strings in Sio, and Sj, are of different lengths. Furthermore, once 
Mio, is defined at a stage after so, which must happen, then m,,,, is never 
later undefined. So there is an xo such that for all £ > £o, once Mj,” is 
defined, it is never later undefined. 


Lemma 16.3.3. Let x > xo. Ifa € W, then Em, = Sio, while if x ¢ WV, 
then Em; = 9. 


Proof. Let s be the stage at which m,,\~ first becomes defined as a value 
n. Then n is unused at the beginning of stage s, whence EL, = @ at the 
beginning of that stage. Since Migs = n at all later stages, En remains 
empty at all later stages unless x enters @’, in which case it is defined to be 
Sig ,a: Oo 


Corollary 16.3.4. For every x > xo, we have x € 0! iff Sig.2 C Re. 


Proof. As argued above, U,, En € Rc, so by the lemma, if £ > x and 
HE 0, then Sox © Ro. 

For the other direction, assume for a contradiction that there is an x > 
xo such that x ¢ Ø but Sis C Rc. Let s+1 be the stage at which 
Mio,z becomes defined. By construction, we have |On, s| > i92"~4¢~! and 
Siip,e N On,s = 0. By hypothesis, there is a stage t > max(so, s) such that 
Sige © Ont. Now, |Sio z| is either 2” — |O,,,| or 2-471. It cannot be the 
former, since then we would have On, = 2”, which is clearly impossible. 
So |Sig,2| = 2-471, and hence |On, | > (io + 1)2"-471. Since |On t| < 2”, 
we have ig + 1 < 2¢+!. Thus conditions (i)—(iii) in the construction are 
satisfied at stage t + 1 for i = iọ +1 and n = t+ 1, and hence the 7 chosen 
at stage t+ 1 is greater than io, contradicting the fact that t > so. O 


It follows immediately from the corollary that 0’ <,, Re. O 
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With a relatively straightforward modification of the previous proof (us- 
ing suitable sets of strings Ln in place of 2”), Kummer proved the following 
result, which applies to sets like {a : C(a) < log |o|}. 


Theorem 16.3.5 (Kummer [227]). Let f be computable, with f(o) < |o| 
and lim),| f(a) = œ. Then the set {o : C(a) < f(c)} is conjunctive tt- 
complete. 


There has been some exciting work on efficient reductions to Ro, such as 
that of Allender, Buhrman, Koucký, van Melkebeek, and Ronneburger, (see 
e.g. [4]), among others. These authors observed that the Kummer reduc- 
tion, while having computable use, has exponential growth in the number of 
queries used. (It is known that, for instance, a polynomial number of queries 
cannot be achieved.) They asked what sets can be, say, polynomial time 
reduced to Rg, as well as other time- and space-bounded variants of this 
question. Amazingly, these questions seem to have bearing on basic separa- 
tion problems between complexity classes. For instance, PSPACE C pe, 
The methods used in this work are highly nontrivial, and beyond the scope 
of this book. 


16.3.2 The prefix-free case 


As in defining a notion of randomness for strings using prefix-free complex- 
ity (see Section 3.8), we have two reasonable analogs of Rc in the prefix-free 
case. Let 
sstr 
Re = {0 : K(o) <|o|+ K(lo|)} 
(the set of non-strongly K-random strings) and 
Rx = {0 : K(a) < |ol} 


(the set of non-weakly K-random strings). 
Clearly Rx is c.e., but it had been a long-standing open question, going 


back to Solovay [371], whether Re is c.e. This question was answered by 
Miller [271]. 


Theorem 16.3.6 (Miller [271]). Fir c > 0 and let B = {0 : K(a) < 
|o| + K(|o|) — c}. Let AD B be such that |AN2”| < 2"~! for all n. Then 
A is not c.e. 


Before proving this theorem, we point out two consequences. The 
first one, which follows immediately from the theorem, answers Solovay’s 
question. 


Corollary 16.3.7. For all c > 0, the set {0 : K(c) < |o| + K(|o|) —c} is 
not c.e. 


Miller [271] pointed out that Theorem 16.3.6 also gives a weak form 
of Solovay’s theorem that there are strings that are C-random but not 
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strongly K-random, Corollary 4.3.8. While the following result is weaker 
than Solovay’s, its proof is much easier. 


Corollary 16.3.8. Letc >0 andd > 0. There is a string that is C-random 
with constant d but not strongly K-random with constant c. 


Proof. If this is not the case, then the set B in Theorem 16.3.6 is contained 
in A = {o : C(c) < |o| — d}. But A is c.e. and |AN2"| < 2"~4 for all n, 
contradicting the theorem. O 


Proof of Theorem 16.8.6. Assume for a contradiction that A is c.e. We 
build a KC set L to define a prefix-free machine M, with coding con- 
stant k given by the recursion theorem. For any s and n such that 
K,(n) < K.—1ı(n), find 2”7¥-°-2 many strings of length n that are not 
in As, which exist by hypothesis, and for each such string 7, enumerate 
(n+ K,(n) —k—c-—1,7T) into L. It is easy to check that L is indeed a KC 
set. 

If Ks_i(n) # K(n), then our definition of M ensures that at least 
2r—-k-e~2 many strings of length n that are not in A, are each compressed 
by at least c+ 1 many bits. These strings must then eventually be added 
to B, and hence to A, so |AN 2”| > |As N 2”| + 2?-F-e-2. 

Let b be greatest such that |AM2”| > b2"-*-°-? for infinitely many n. 
Define a partial computable function f as follows. If |A,2”| > b2”~*-°-?, 
then let f(n) = K,(n). By the argument above and the choice of b, for 
almost all n, if f(n) is defined then f(n) = K(n). Furthermore, the choice 
of b guarantees that f has infinite domain. Thus, by changing finitely many 
values of f, we have a partial computable function with infinite domain 
that is equal to K(n) wherever is it is defined, contradicting Proposition 
3.5.5. oO 


Let us now turn to Rx. This set is c.e., and it is also clearly Turing 
complete. But is it tt-complete? An. A. Muchnik (see [288]) showed that 
the answer may be negative, depending on the choice of universal machine. 
(We will see later that the answer may also be positive for other choices 


of universal machine.) Thus we will consider the set Re for a particular 
universal prefix-free machine U, which is Rx when K is defined using U. 
Muchnik also considered the overgraph of K, that is, the set 


OF = {(o,n): K(o) <n}, 


where K is defined using U. Of course, Kummer’s Theorem 16.3.2 implies 
that the overgraph of C, that is, the set Oc = {(0,n) : C(a) < n}, is 
tt-complete independent of the choice of universal machine, but Muchnik 
showed that the situation is different for K. Part (ii) of the proof be- 
low has a number of interesting new ideas, especially casting complexity 
considerations in the context of games on finite directed graphs. 
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Theorem 16.3.9 (Muchnik, see [288]). There exist universal prefix-free 
machines? V and U such that 


(i) OX is tt-complete but 
(ii) OY (and hence Ry) is not tt-complete. 


Proof. (i) We define V using our fixed universal prefix-free machine U. Let 
g(k) =k if k is even and g(k) =k +1 is k is odd. Let 


L = {(g(k) +3,0) : Kulo) < k} U {(g(k) +2,0”) : Kul”) <k Ane}. 


Then L is clearly a KC set. Let V be the prefix-free machine corresponding 
to L. Then V is universal, and n € Ọ' iff Ky (0°) is even. If c is such that 
Ky(0") < logn + c for all n, then Ky(0") can be determined by querying 
O¥. on (k,0”) for k < logn + c, and hence 0’ <,, Of. 

(ii) This argument is much more difficult. We will follow Muchnik’s proof, 
which uses strategies for finite games. It may well be possible to remove 
this feature of the proof, but it is an interesting technique in its own right. 

The kind of game we will consider here is determined by 


1. a finite set of positions (vertices), 

2. a set of allowable moves for each of the two players, 

3. two complementary subsets of the positions, Sı and S2, and 
4. an initial position do. 


The set of moves will allow players to stay in the same position, but will 
not allow a position to be returned to once it is left. 

The game begins at position dọ, and the two players play in turns, making 
allowable moves from one position to another. Since positions cannot be 
returned to once left, the game must stabilize at some stage, and if that 
stable position is in $;, then player i wins. 

Clearly this game is determined, and we can effectively find a winning 
strategy for one of the players.® 


5 A minor issue here is that, as built in the following proof, V and U will not necessarily 
be universal by adjunction, as defined in Section 3.1. Fortunately, it is easy to get around 
this problem. Suppose that M is a universal prefix-free machine and c is such that 
Km(o) < K(c) +c for all ø, where K is defined using the standard prefix-free machine 
U. Let r be such that [7] MN dom M = Ø and |r| > c. Let M’ be defined by letting 
M'(rp) =U(p) and M'(v) = M(v) for all other v. Then M” is universal by adjunction 
and OM’ = ow. 

6One procedure for doing so is to consider the set of all positions d # do such that 
(do, d) is an allowable move by player 1, then for each such d consider a separate game 
defined like the original one but starting from d, and with the order of the players 
reversed. We can then continue to define residual games of this kind with fewer and 
fewer positions, and finally work backwards to construct a winning strategy for one of 
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We will construct a =? function F and define H(o) = min{K(c) + 
2, F(c)}. We will show that $, 2-4( < 1, and hence we can use the KC 
Theorem to build a corresponding prefix-free machine U, which will clearly 
be universal. We will also construct a computably enumerable set W such 
that W Leu oL. Let [,, denote the nth partial truth table reduction. We 
will construct the diagonalizing set W as a set of triples (n, i, j), using those 
with first coordinate n to diagonalize against Ty. 

In the construction, we will have numbers i» and jn and a finite game 
Gn associated with n. Each time n is considered, we can either let one of 
the players play the current game Gn, or we can change both Gn and the 
numbers in and jn. The positions of a game Gn will be determined by a 
finite set of strings An, a set of functions A, — N, and a set of pairs of 
rational numbers. 

The idea is the following. We wait until T, provides us with a truth table 
for the input (n, in, jn). This truth table will query OẸ for certain (ø, k). 
We let An be the set of all such ø, except for those already in Am for 
m <n. We now define the game Gn to consist of positions (h, q, p) where 
the h: A, — N are potential values of H on An, and q and p are rationals 
encoding how much making H equal to such an h on An would cost in 
terms of the change to X, 2-Ħ(0), Each h, and hence each position, can 
be used to provide a guess as to the values of OY queried by I» on input 
(n, in, Jn), by assuming that H equals h on An. (More precisely, we need to 
take h together with values corresponding to strings in Am for m < n. We 
assume these values are fixed. If that is not the case, then we will eventually 
cancel our game and start a new one). Thus we can divide such positions 
into sets Xo and X; such that X; consists of those positions that guess that 


TOK (in, in; Jn)) = i. Either player 1 has a winning strategy to eventually 
stabilize the game in a position in Xo, or player 2 has a winning strategy 
to eventually stabilize the game in a position in X1. But in the latter case, 
player 1 can stay in position dp in its first move, and then emulate player 
2’s winning strategy. So for some ¿i = 0,1, player 1 has a winning strategy 
to eventually stabilize the game in a position in X;. Player 1 adopts that 
strategy for its moves in Gn. If i = 0, then we put (n, in, jn) into W. If 
i = 1, then we keep (n,in,jn) out of W. This action will ensure that, if 


player 1 can carry out its strategy, then TOK (In, in, jn)) A W((n, in, Jn))s 
because in that case F will be defined to ensure that H is actually equal 
to h on A, for the value of h such that Gn stabilizes on some (h, q, p). 
Player 1’s moves will determine the value of F (or, more precisely, the 
approximation F, to F) on An, and hence will have to be carefully bounded 
to ensure that >, 2-#( < 1. Player 2’s moves will be determined by the 
value of K, on An. The rational q will code how much has been spent 


the players. See for instance Khoussainov and Nerode [202] for more details on finite 
games. 
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on changing F, and the rational p will code how much of the measure of 
the standard universal prefix-free machine has been spent by player 2 in 
changing K, at strings in An. We place a bound on p and q. If stronger 
priority strategies (those working for Tm with m < n) do not intervene, then 
either player 1 will be able to complete its strategy, or the approximation to 
the values of K on string in An will change so much that player 2 will want 
to violate the rules of the game (by moving to an (h, gq, p) where p is above 
our bound). In that case we cancel the game and start a new one. This 
situation will occur only finitely often, since each time it does, it causes a 
large change in the values of K on Ap. 

We begin with in = jn = 0. Each time we reconsider n, we increase the 
value of in by 1 if there is a number m < n such that either the position of 
Gm changed or Gm itself changed since the last time we considered n. If a 
change in the estimate of K, violates the rules of Gn, as explained below, 
we increase the value of jn by 1. The bound on p and q decreases every 
time in changes, but not when jn changes. 


Construction. Initially, Fo(o) = co for all ø and all games G, and sets 
An are undefined. 


Stage s = (n,e). If e = 0, let in = jn = 0. Otherwise, check whether there 
is an m < n such that either the position of Gm has changed since stage 
(n,e — 1) or Gm has been redefined since that stage. If so, then undefine 
Gn and increase in by 1. 

Case 1. Gn is not defined. Run s many steps in the computation of the table 
Yn((n, in, jn)) for the reduction I’, with argument (n, in, jn). If no table is 
produced, then G'n is undefined and we end the stage, with F,41(0) = F(o) 
for all ø. 

Otherwise, we define the game Gn. The queries made by Yn((n, in, jn)) 
will be of the form (ø, k). Let Bn be the set of first coordinates of such 
queries. Let An = Bn\Umen Am, where we take Am = 0 if Am is undefined. 

Let ho(o) = min{K,(c) + 2,F.(c)} for o € A, and let qo = 
Deen 2-ho(7), Let Sn be the set of all functions h : A, — N such that 
h(a) < ho(o) for all o € Ap and (Xoe, 27) — qo < 2-™*n+3), Note 
that Sn is nonempty and finite. Let R, be the set of all rationals of the form 
eae 2—(7)) — qo for h € Sy. The set of positions of Gy is Sn X Rn X Rn. 
The initial position do is (h,0,0). 

The rules of play are that player 1 can move from position (h, q, p) T po- 
sition (h’, d’ p) if h'(a) < h(o) for allo € An, and d'—q = $ oea, 27 h'(e)— 
DoE A aT h(7) (so a move by player 1 cannot change the third coordi- 
nate) and player 2 can move from position (h,q,p) to position (h’, q’,p) 
if h'(o) < h(a) for all o € An, and p' -p = Joe A, aa er ean oe) 
(so a move by player 1 cannot change the second coordinate). 

Now we split the positions of Gn into two sets Xo and X1. Let h € Sh. For 
a € B,\An, let h(c) = min{ K5(0)+2, Fs (0)}. Let Q = {(0, k) : h(a) < k}. 
Now compute i = rS ((n, in, jn)) and put all positions (h,q,p) into X;. As 


748 16. Complexity of Computably Enumerable Sets 


discussed above, for some i = 0,1, player 1 has a winning strategy to 
eventually stabilize the game in a position in X;. Player 1 adopts that 
strategy for its moves in Gn. If i = 0, then we put (n,in, jn) into W. If 
i = 1, then we keep (n, in, jn) out of W. 

We have now defined Gn, and we end the stage, with F,41(0) = F;(o) 

for all o. 
Case 2. Gn is defined. Then first let player 1 make a move according to its 
strategy. This move will be from a position (h, q,p) to a position (h’, q’, p). 
If h'(a) < h(a), then let Fs+41(0) = h’(o). For all other ø, let Fy4i(o) = 
F(¢). 

Now let player 2 move as follows. Let (h’,q’,p) be the current posi- 
tion. Let h” = min{K,(c) + 2, Fs41(0)} for o € An. If there is a position 
(k”,q', p”) that player 2 can move to, then do so. Otherwise, player 2 has 
violated the rules of the game, so undefine Gn and An. In either case, end 
the stage. 

End of Construction. 


Let Hs(o) = min{K,(c) + 2,F;(c)} and let H(o) = lim, H,(c). Let 
O = {(0,k) : H(o) < k}. 

Assume by induction that there is a least stage t = (n,e) such that in is 
never incremented after stage t, and that for all Am with m < n defined 
at stage t (which by the first hypothesis are all the Am that will ever be 
defined from that stage on), we have Hs(o) = H(o) for all o € Am. 

Suppose that a version of Gn is first defined at stage s > t. If player 
2 never violates the rules of that game, then the game will eventually 
stabilize in a position (h,q, p), say by stage u = (n,e’). By construction, 
for all o € An, we have H(c) = H,,(c) = h(o), since any change in such 
an H-value at stage u or later would correspond to a move by at least one 
of the players in Gn, or cause the game to become undefined. So if we let 
Xo and X, be as defined in the construction at stage u and let i be such 
that (h,q,p) € Xi, then TP ((n, in, jn)) = i. Since in this case we ensured 
that W((n,in, jn)) = 1 — i, we have T? 4 W. 

Let ho and qo be as in the construction at the stage s at which Gn 
was defined. Suppose that at stage v = (n,k) > s we reach position 
(h, q, p) by the end of the stage, and then at stage v’ = (n, k + 1) we reach 
position (h’,q’,p’). Then it is easy to check from the construction that 
P <S Doea, DRE _ ea, 2-K.(0)-2. Thus, if player 2 ever violates 
the rules of Gn at stage w, then Dpc 4, 2-Mwl)-2 — 0g a Kslo)-2 > 
2-("+in+3)_ So this situation can occur only finitely often. 

Thus, either from some point on Gn is permanently undefined, in which 
case I is not total and the inductive hypotheses clearly hold of n, or there 
is a final version of Gn which, as explained above, eventually stabilizes and 
ensures that TO? 4 W. In either case, the induction can continue. 

Thus, all that is left to prove is that $`, 2-47) < 1. Then, using the 
KC Theorem, we get a prefix-free machine U corresponding to H, which 
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is clearly universal by the definition of H. For this U, we have O = OY, 
whence OX is not tt-complete. 
Since >, 27 (K()+2) < 4, it is enough to show that r = >, 2-7 < 3. 
Suppose that o € A, at some stage. Then for the current version of Gn, 
one of three things happens. Either 


1. Gn is eventually canceled by in being increased, or 
2. Gn is eventually canceled by player 2 violating its rules, or 
3. Gn is permanently defined. 


Let sq be the stage at which the current version of Gn was defined. It is 
easy to see by construction that until Gn is canceled (if ever), 277.0) — 
Q-Fso() < Q-("+int3) Thus the amount added to r in cases 1 and 2 is 
at most 2~("+%+3) (and note that these cases cannot occur more than 
once for the same value of in). Furthermore, if case 2 happens at stage s 
then we must have 27 Fs (0) — 2-Fs0(9) < 297 (n+in+3) < ei Q-Ks(7)—2 _ 
eae 2-Kso(7)—?, Since no string can be in two different A,,’s at the 
same stage, we see that the sum of 2~¥:(?) — 2-¥s0(7) over all situations in 
which case 2 occurs is bounded by >, 2~*‘7)-?. Thus we have 


ye < DI NR 2 5+ I _ 7 


oO 


One of the original uses Muchnik made of the construction above was to 
show that for each d there are strings ø and 7 such that K(c) > K(r)+d 
and C(r) > C(o) + d, Theorem 4.4.1. A particularly interesting feature of 
this approach is that it uses a construction that depends on the choice of 
a particular universal machine to prove a fact that is independent of any 
such choice. 

Allender, Buhrman, and Koucky [3] built a universal machine that makes 
the collection of non-C-random strings tt-complete. They noted that their 
proof technique can also be used for prefix-free machines, and indeed it is 
generalizable to other kinds of machines as well. We give a proof due to 
Day [personal communication], though the original proof contained similar 
ideas. This proof covers at once the cases of prefix-free machines, process 
machines (normal and strict), and monotone machines (for Km and for 
KM). 


Theorem 16.3.10 (Allender, Buhrman, and Koucký [3], also Day [per- 
sonal communication]). Let Q be any of the following complexity measures: 
C, K, Km, KM, Kmp, or Kms. There is a universal machine U for Q 


P SU- 
such that set of nonrandom strings Ro is tt-complete. 


Proof. We will do the proof for the case Q = Km, and note at the end that 
it works in the other cases as well. 
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For a monotone machine M, let Kmm = min{|tT| : o < M(r) |} and 
R= {o : Kmmu(c) < |o| — i}. We will use the following lemma. 


Lemma 16.3.11. If M is a monotone machine then uR D <2 * for 
all i. 


Proof. Let M be a monotone machine and fix i. Let A C R“ be the 


set of minimal elements of R” under the x relation. For each o € A let 
o’ be a minimal-length string such that ø < M(o’). Since A is prefix- 


free, so is A’ = {0' : o € A}. Thus u([R; D = MAD = Zoea 27! < 
eye AS en DIO) O 


The idea behind this proof is to construct a universal machine V that 
describes strings symmetrically; that is to say, if o has a description of 
length n, then F has a description of length n as well (where @ is the 
string of length |o| defined by a(n) = 1 — o(n)). Then given V, we will 
build another universal machine U but break the symmetry of the set of 
nonrandom strings in U in order to encode Q. 

Given a universal monotone machine M, first construct another universal 
machine V as follows. Each time a pair (7,0) enters M, add (07,¢) and 
(17,7) to V. This symmetrical construction means that the machine V has 
the property that T € Ry if and only if F € Ry , for all i. 

We will construct another universal machine U from V and a prefix-free 
machine M as follows. We will let U(00c) = V(c) for all ø. We will also 
define M and let U(1c) = M(c) for all ø. The job of the machine M is to 


break the symmetry of U in certain places to encode @’ into Ree To do 
so, we will make use of a computable sequence of natural numbers D and 
the KC Theorem. 

At stage 0, let Mo = 0, and let D be the empty sequence. 

At stage 2s + 1, ensure that for all (7,0) in Vs, we have (007, 7) € U2s41. 

At stage 2s + 2, let 


X, = VN {z : attr Ro is even}. 


Let 20,...,%n be the elements of X,. Let l be the current length of the 
sequence D. For each i < n, extend the sequence D by letting dipi = zti +2. 
For each 7, use the KC Theorem to find a string o+; such that we can define 
M(oi4i) = 1loi41 while keeping M prefix-free. We will argue below that 
we do not run out of room for such strings. Enumerate (loj4;, 11oj4;) into 
U, which ensures that 1101+; is nonrandom with respect to U. Note that 
[Lloi] = 2+ [oi] = 24+ diy; = xi + 4. The idea here is to attempt to 
make petin RY??? | odd by adding a new string to Bee of length z; +4. 

To verify that this construction succeeds, we will show in the following 
lemma that each KC request we make can be honored. This lemma is the 
essence of the proof. The following is the basic reason it holds. Given any 
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x, assume we request some string o of length x + 2. We need to request 
another string of length x + 2 only if Ilo becomes nonrandom. However, 
this situation must be caused by a description coming from V of length 
no greater than |11lo| — 3 (because of how V is coded into U), and we can 
bound the measure of all such descriptions. 


Lemma 16.3.12. X, 27% <1. 


Proof. Let do,...,dn be any initial segment of the sequence D. Let I be 
the set of numbers that occur in do, ...,dn. Note that the elements of I are 
all greater than or equal to 2. For each iz € J, let k; be the index of the last 
occurrence of i in the sequence. Let K = {k; : i € I}. As 0,1 ¢ I, we have 
Deg CA 

Let J = {0,...,n}\ K. If j € J, then dy = dj for some k > j. So at some 
stage after dj is defined, |2%+? AR | is even again. Taking o = 11loj;, this 
situation can happen only if F enters RY. Thus, 7 € Ry and sog € R 
Thus {llo;:j € J} C Re Now, because {llo; : j € J} is a prefix-free 
set, 


= 1 
Oe ame "e N anre] = u([{11o; :4€ J < u(Ry ) < g 
ied ied 
Thus Jez 27% < 3 and so Vien 27% = Vien 2% + Vig 2% < G+ 
$ = 1. Hence X, 27/4! = lim, 57,2, 2-14! < 1. Oo 


Lemma 16.3.13. x € 0 iff |2"*4 NR” | is odd. 


Proof. If x ¢ 0’ then x ¢ X, for all s, so if ø is any string of length x + 4 
in Ri, then ø € Rs, and hence F € Ry and F € Fi. Thus |2*+4 N R | is 
even. 

If x € 0’, then let I = {s : x € Xs}. The set J is finite because X- 27% 


converges, so let sọ = max(J). If t > 289 + 2, then |2*+4 nR | is odd, and 
thus |27+4 n R”| is odd. oO 


Lemma 16.3.11 will still hold if Km is replaced by KM. It will also 
hold if a universal prefix-free machine, a universal strict process machine, 
or a universal process machine is used instead of a universal monotone 
machine (with K, Kmg, or Kmp as the respective complexity measures), 
since prefix-free machines, process machines, and strict process machines 
are all monotone machines. As the machine M built in the above proof 
is a prefix-free machine (and so also a (strict) process machine), the same 
construction can be used to prove all the cases in the statement of the 
theorem. O 
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16.3.3 The overgraphs of universal monotone machines 


In this section, we present results of Day [88] on the overgraph relation for 
monotone and process complexity. The first result answers a question posed 
by Muchnik and Positselsky [288]. As above, for a monotone machine M, 
let Kmy = min{|t| : o x M(r) |} and define the overgraph OY, to be 
{(o,k) : Kmyu(c) < k}. Recall from Theorem 3.16.2 that for a universal 
monotone machine U, the function My defined by My(c) = p([{t : Jo’ = 
a ((7,0’) € U)}]) is an optimal c.e. continuous semimeasure. 


Theorem 16.3.14 (Day [88]). For any universal monotone machine U, 
the overgraph OY,,,, is tt-complete. 


Proof. We will construct a monotone machine M whose index d in U is 
known by the recursion theorem. To give this proof the widest possible 
applicability, we will make M a strict process machine (which recall means 
that if r € dom(M) and 7’ = 7, then 7’ € dom(M) and M(t’) < M(7)). In 
addition to M, we need to build a truth table reduction I. For this proof, 
we will omit the Km subscript and write O” for O}4,,. This notation allows 
us to use the subscript position as follows: For a monotone machine M, let 
OM = {o : (o, k) € OM}. 

Our truth table reduction will work as follows. For each zx, a set of strings 
Sx will be specified. The reduction will determine which strings are in OF ee 
and make a decision as to whether or not x € Ọ' based on this information. 

The simplest thing to do would be to try to encode the fact that x enters 
0’ by adding all of Sz to O ig However, we run against the same problem 
as in proving Kummer’s Theorem 16.3.2, that the opponent could wait 
until Sy is defined, then add all of it to OF and withhold x from W. In 
fact, given any truth table reduction I’, the opponent can choose an x, wait 
until the truth table used by T(x) is defined, and then adopt a winning 
strategy to ensure either that TO” (x) = 0 or that ro” (x) = 1. By adding 
x to 0’ in the first case and keeping it out in the second case, the opponent 
could ensure TO” (x) # Ø (æ). 

We overcome this problem as in the proof of Theorem 16.3.2 by making 
the reduction nonuniform. In this case, we will allow it to be wrong on 
some initial segment of 0’. The reduction will be constructed in such a way 
that the cost to the opponent of making the reduction incorrect for any x 
is so significant that the reduction can be incorrect only a finite number of 
times. 

The strict process machine M we use for adding pairs to the overgraph 
will be constructed as follows. For each r € 2” we will choose some g+, so 
that {o, : T E€ 2°} is a prefix-free set. The pairs (T, ø+) will be candidates 
for addition to our machine. We will make sure that if 7’ < 7, then either 
Or <0, or (T', or) is never added to M. If we decide to add (T, o+) to M, 
then Km(a,) < |r| + d= z + d, and hence a, € OY,- 
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Now, the opponent has the ability to add a, to oe as well. If the 
opponent does this, then it must have increased the measure on g+, i.e., set 
My({o7]) to at least 27472. Provided we have not described any extension 
of o with M, we can now bypass this measure spent by the universal 
machine. Bypassing the measure allows us to ensure the reduction works 
on almost all inputs. We wait until an appropriate stage s when we have 
some lower bound on the measure that we can bypass. When we define Ss, 
we ensure that o, does not extend o, for all v € 2°. Instead we will let 
such o, extend some p, incompatible with o+. 

However, the opponent still has one last trick up its sleeve. Before it 
adds some string o, to OFr it can try to force us to enumerate some 
(T', ox) into M with o, < or. Doing so would prevent us from bypassing 
the measure the opponent spends on g+, because if rT’ < v, then we must 
have o; < or < oy. The following reduction I is designed to minimize the 
problem this situation causes. 

The reduction I will be defined as follows. First ['(0) = 0. If 4 0, then 
at stage x in the construction, a set Sy will be defined. This set will have 
27 many elements and will be indexed by 2” so that for each 7 € 2” there 
is a unique string o+ € S,. Let F be the string of length |r| defined by 
T(k) = 1 — 7(k). To determine whether x € 0’, the reduction [ runs the 
construction until S, is defined and then determines which elements of the 
set Se are in OF... If Ss C OF, ,, then r(x) = 0. Otherwise I’ finds the 
leftmost 7 € 27 such that either 


1. exactly one of c, and ø+ are in OẸ,,„, in which case ['(x) = 1; or 
2. neither o, nor ø> are in OF, in which case T(x) = 0. 


This reduction can be thought of as checking pairs of strings in a certain 
order. For example, consider $3. First the reduction checks whether ooo 
and 011) are in OJ,- If they are not both in then the reduction can give an 
answer immediately. If they are both in, then the reduction checks whether 
0001 and c110 are in, and so on. This process can be described simply by 
looking at the indices of the o’s involved, e.g., first 000 and 111, then 001 
and 110, then 010 and 101, and finally 011 and 100. 

Let us see now how we can act to ensure that this reduction is correct. 
Again consider S3 and assume that 3 ¢ >. Now suppose that at some 


; U, ; ; ; 
stage so, the opponent enumerates oooo into O73. This enumeration will 


cause TO™ = 1. So we add (111,0111) to M at the following stage. If 
a corresponding description appears in the universal machine at stage s1, 
then [O"*! = 0. If at a later stage s3, we have 3 € Ø, then we add 
(001, 0001) to M. If at any later stage the opponent adds o149 to Of, 
then we respond by adding (010, co10) to M, and so on. 

Note that for a given x, the value of the reduction T(x) can be changed 


by adding a single element of Sy to OY, ,, (provided S$; É OY,,). If at some 


754 16. Complexity of Computably Enumerable Sets 


stage s of the construction re (x) = 0, then there are two possible choices 
of string for changing the reduction to 1, while if TO™ (x) = 1 then there is 
only one possible string that can enumerated into the overgraph to change 
T(x) to 0. Also note that if (7,¢,) is enumerated into M, then the only 
reason to enumerate (7,07) into M is to keep M a strict process machine. 

Now, if we get to a stage s where for some x, we have Sz C Ons and 
x € 0, then we no longer have any ability to change the reduction. At this 
point we give up making the reduction work on x, and in fact we go further 
and give up trying to make the reduction work on any value below s + 2. 
We will have a marker that points to a value after which the reduction 
works. We move the marker to point to s+ 1 and call s+1a marker move 
stage. The reason that the marker cannot be moved infinitely often is that 
now when we define S541, we can do it in such a way as to avoid extending 
some of the strings that have been enumerated into the universal machine 
by the opponent. 

In looking for strings that have measure we can bypass, we do not con- 
sider just those strings in Sy. We consider all strings o+, where 7 can have 
any length, such that for any p that occurs no later than 7 in the search 
order of I’, we have a, € Oi (e.g., 000, 111,001,110 all occur no later 
than 110 in the search order). Given this set of strings S, we let T be the 
set of indices describing the strings in S. We use T instead of S' because it 
is easier to deal with. As S, C OF isis it follows that u([T]) = 1. Let T 
be the prefix-free set formed by taking those strings in T that are maxi- 
mal with respect to the x ordering. The way we choose our ø, during the 
construction will allow us to find a lower bound on a([|T]). 

Let B be the set of strings in T that index strings enumerated into 
the overgraph by the opponent and whose corresponding measures we can 
bypass. We will be able to show that we can find a lower bound on su([B]) 
because nearly half the strings in T must be in B. The reason for this fact 
is a little complicated and will be detailed in the proof. Basically, though, 
it is twofold. First, we will show that if 7 € T, then F € T. Second, we are 
unlikely to add both (7,0,) and (7,07) to M. The only reason we would 
do so would be to ensure that M is a strict process machine. Say we add 
(7,07) to M to keep it a strict process machine. Then there is some T’ > T 
with 7’ € dom(M). Since 7’ ¢ T, as otherwise 7 would not be in 7, it 
must be that we add (T', o7) to M to encode some z entering @’. However, 
this scenario can affect only a certain number of elements of T. This fact 
is what we will use to find a lower bound for u(|B]). 

For the verification of the proof, it is useful to formalize the order that 
the reduction uses the strings in S+, which is done by defining a relation 
on 2* as follows: Ti <p 72 if min(71,77) S, min(T2, 72) where the minimum 
is with respect to the lexicographic ordering. While <p is reflexive and 
transitive, it is not an ordering, as antisymmetry fails. However, if 7 <r p 
and p xr T, then either p = T or p = T. The relation <r is total in the 
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sense that for all 7,p € 2*, either T <p p or p xr T. Note that this fact 
implies that if T r p then p <r T. 


Lemma 16.3.15. Let T1, T2,01, U2 with |r| = |72| < |vı| = |v2| be such 
that T1 < vı and Tə < v2. Then Tı <r T2 implies vı <r vz. 


Proof. If Ti <r T2, then 7 Æ A so Ti Æ 7]. Assume that 7, <, 77, the 
other case being symmetric. If 7, <r T2, then 7 <; T2 and 7 <, T2. Now, 
as T1 < vy, and T < vo, it follows that vı <, vg and vı <, Ug. Hence, 
min(v1, 07) <, min(v2, 02), and so vı <p v2. o 


In the construction and verification that follow, we will assume that we 
have sped up our stages sufficiently so that when we enumerate descriptions 
into our machine M, corresponding descriptions appear immediately in U. 
This assumption simplifies notation, as it implies that OM C o, and 
{(o,d +n) : (a,n) € OM:} C OU. 

Construction. 

Stage 0. Let oà = 0 and So = {oy}. The set So is used only to start the 
construction and will not be used by T. Let Mo = {(A, 0) }. Let Ro = {0}. 
The set R, is used to determine the position of the marker at stage s. 


Stage s+1. We assume that M, is a strict process machine. Let the marker 
cs be the largest element in Rs. First we need to define Ss+1. If s+1 cs, 
then s+ 1 is not a marker move stage. In this case, for all r € 2°, choose 
four extensions 079,071, P70, Pr1 Of c+ that are pairwise incompatible and 
not in Oe, which is possible because Oe is finite. Let S,41 = {07 : 
TERHI, 

If cs = s + 1 then s+ 1 is a marker move stage. The construction of 
Ss+1 will be done in such a way as to avoid extending some strings o, that 
have been added to OF, The procedure for finding the a, to avoid is as 
follows. 

For all k with 1 < k <S s, let 


TET! = {r E€ 2} Vr e 2 (7 gr T >or E€ OL 


The set ae is defined this way because this is the order in which the 
reduction I examines the strings in Sp. Let T+! = Uj eres Tork, 


We want to work with a prefix free set, so let TS+! = {r € T8t! : Yr’ > 
T(r’  T5+1)}. Note that this set consists of the maximal elements of TS+! 
while prefix-free sets are usually constructed using minimal elements. 

To gather together those strings whose descriptions we can bypass, let 
B+ = {r e Tet! : Yr > r(r € dom(M,)}. For all v € Bet, 


bi 


let {v0,..., Un} be the set of extensions of v of length s + 1. Choose 
Ovo; Pvor+++>Funs Pv, that are pairwise incompatible, not in OF. 4, and 


extend p,. For all r € 2°+! that do not extend some v € B**+!, choose a 
c, and a p, that are incompatible, not in OV. 4,1, and extend ør, where 
T! =T f (|r| —1). Again let S.41 = {07 : 7 € 2°*1}. 
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Second, we need to determine which descriptions to commit to our ma- 
chine M. Let Xs41 = {£ : cs < £ < s ATO (x) + Ø (£)}. If Xsu1 = 0, 
then let Ms+1 = M, and Rs+41 = Rs and proceed to the next stage. Oth- 
erwise, if for any x € X, we have Sy C Ons then let M,41 = Ms and 
Rs41 = Rs U {s+ 2}, which will cause the marker to be moved at the next 
stage. In this case, proceed to the next stage. 

Otherwise, let x, be the least element of X,, and choose T € 27s such 
that o; ¢ OBa, and oy € OF for all 7’ <p 7. We are going to add 
(7,07) to M,41. However, we want to make M a strict process machine, so 
we need to ensure that dom(Ms+1) is closed under substrings. 

Let v be the longest initial segment of T such that v € dom(M,). Consider 
any T’ < T. If 7’ < v, then r’ € dom(M,) by our assumption that Ms is 
a strict process machine. Now suppose that v < Tr = rT. If |r| < cs, 
then we want to have Ms+ı(T') = M,(v). Otherwise, we want to have 
M+ (T) = or. Thus, let 


Moisi = M: U {(T', Mg(v)): 0 k T XT A |r| < cs} 
U{(T or): uT 3TA |r| > eg}. 


Finally, let Rs+1 = Rs. 
End of Construction. 


First we will show that M is a strict process machine. To do so, we need 
the following lemma. 


Lemma 16.3.16. If 71 < T2 and orn £ onm, then M(T1) 4 0r. 


Proof. If T < T2 and or, A Om, then there must be some marker move 
stage s with || < s < |72| and p,, < Or, for some To € B° with To = 71. 
Thus, 7 ¢ dom(M,), by the definition of B*. However, then for all stages 
t > s, we have Milti) Æ ar, because once the marker has moved, if 7 is 
added to the domain of Mz, then M;(7) = ov for some v ~ 74. o 


Lemma 16.3.17. M is a strict process machine. 


Proof. We proceed by induction on the stages of the construction. Clearly 
Mo is a strict process machine. If M, is a strict process machine then 
the construction ensures that M,+, is at least a function whose domain is 
closed under initial segments, because if Ms+1 4 Ms, then Ms+1 is formed 
by taking some T ¢ dom(M,) and finding the longest v < 7 such that 
v € dom(M,). The strings that we add to the domain of Ms+1 are exactly 
those strings 7’ such that v < T = Tr. 

We also need to show that Ms+1 is a process. In the construction, Ms+1 
is defined to be Ms U {(7', M,(v)) : vu ~ T <7 A |r| < cs} U {(7', 0,7): 
UKT STA |r| > cs}. 

First we show that My; = Ms U {(r/,Ms(v)) :u x T! <7 A |r| < cs} 


—~ 


is a process. Take any 71,72 E€ dom(M,41) with 7 < T2. If T2 E Ms then 
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tı € Ms, so Ms41(11) = Ms(m1) < Ms(T2) = Ms41(72). If 2 € My and 


aa ~ _—S 


Tı E Ms, then | = v, so Ms+1(T1) 3% Ms4i(v) = Ms+1(T2). Finally, if 
neither 7, nor To are in M, then My41(v) = M4111) — My41(t2). 

The set {(7',07/) : V < T! < T A |r| > cs} is also a process: For any 
Ti < T2 in this set, or, < or, because the marker is not moved between the 
definitions of o+, and or. 

To show that the union of these two processes is a process, consider 
M,41(v). By construction it must be that M,41(v) = Ms4i(v’) = ow for 
some v’ x v. From the previous lemma, this fact implies that ow 3 o+, 
and so Ms41(v) N Ms+1(T). 

Now for any Ti < T2 with 7; in the domain of the first process and 72 in 
the domain of the second process, Ms+1(T1) < Ms4i(v) and Ms+1(T2) 3 
Ms41(7). As Ms41(v) x Ms+1(T), it follows that Ms+1(Tı) x Ms+1(T2). 

Therefore Ms+1 is a strict process machine. It follows that M = U, Ms 
is also a strict process machine. O 


Lemma 16.3.18. If there are only a finite number of marker move stages, 
U 
then TO? (x) = Ø (x) for almost all x. 


Proof. Let so be the last marker move stage and assume for a contradiction 
that there is a least £o > so such that TO” (xo) 4 Ø' (x0). Let sı > zo be a 


stage such that 04, [ (£o +1) =0' | (vo +1) and Ss N O¥,, = Sz N o. 


for all x < x. The latter condition implies that TO?™™ (x) = rO” (x) for all 
T X To. 
If zo € Xs,, then it must be the least element of Xs, . Because there are 


no more marker move stages, it must be that Sz, 4 Ou But there is a 


+20° 
(7,0,) with 7 € 2% and o, ¢ OF! 


a+r, added to Ms,41. This enumeration 


adds ø, to Off, ,,, which is not possible because Szo NOY, so = Szo GOs 
U Us 

Hence zo ¢ Xs, and soT? (xo) = TO ™ (ao) = 04(20) = (xo), which is 

a contradiction. Oo 


rE 


Now we need to show that there are only a finite number of marker move 
stages. We will be able to do so because each time the marker is moved, a 
portion of the measure that the universal machine has spent is bypassed by 
the construction, and can no longer be used to affect [. By showing that 
there is a lower bound on the amount of measure that is bypassed each 
time the marker is moved, we will show that the marker can be moved 
only a finite number of times, since the domain of the universal machine 
eventually runs out of measure. For any x there is a direct relation between 
the indices of the strings in Sy and the measure required to be allocated 
to these strings to add them to OY, ,. Hence, to determine a lower bound 
on the amount of measure bypassed, it is useful to find a lower bound on 
uu([B*]). The first step toward achieving this bound will be to find a lower 
bound on p([T°]). 
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For the rest of the verification, fix s to be a particular marker move stage. 
As s is fixed, Tẹ will be used for Tj. 


Lemma 16.3.19. Let T,p € 2" withhl<k<s. Ift € Tk and p Xr 7, 
then p € Ty. 


Proof. If p ¢ Ty then for some v € 2* such that v <p p, we have o, ¢ Os 
However, by the transitivity of the <p relation, v xr 7, and so T É Tẹ. O 


Note that this lemma implies that if r € Tk, then 7 € Tk as well. 
Lemma 16.3.20. If1 <k < j < s then either |T] C [Yj] or [75] c [Tk]. 


Proof. If [Ij] ¢ [Tk], then there is some v € T; such that if 7 = v [ k, 
then 7 ¢ Tp. If r’ € Tk then 7’ <r 7 (because the relation <r is total and if 
T xr T then by definition T’ ¢ Tk). Now let v’ be any extension of T’ such 
that |v'| = j. By Lemma 16.3.15, v’ <r v, and hence v’ € T; by Lemma 
16.3.19. Thus [Tk] c [T;]. o 


Let x be greatest such that Sy C ogy Since s is a marker move stage, 
such an x exists. Additionally, x is greater than the previous marker move 
stage. By the previous lemma, there are j(0) < j(1) < --- < j(n) with 
j(0) = x and j(n) = s — 1, such that [Tjo] 2 --- 2 [Zim] and [TM] E 
[7 +1)] whenever j(i) <1 < j(i+1). 

For i < n, let T;(i) = {r € Tja | V7! € Tyas (T A 7)}. Let Tin) = 
Tiin): 


Lemma 16.3.21. For alli < n, we have ML) > MoMa- 
o-ili)+1, 


Proof. We have [Tja] 2 [Tja+], so let T be an element of Tj) for which 
there is some T < v such that |v] = j(i + 1) and v ¢ Tjū+1), but for all 
T <r 7 and all v’ with 7’ < v’ and |v'| = j(i + 1), we have v’ € Tja+1)- 

Now take any 7’ € Tja) such that 7 <p 7’. For any v’ of length j(i + 1) 
such that 7’ < v’, it follows by Lemma 16.3.15 that v <p v’ and hence 
v' € Tyi41), whence 7’ € Tio: 

Thus for all 7’ € Tja, if T <p T then [r] © [Tju+]. If 7 <r 7’ then 
Ir] Sc [Teal If neither T’ <p T nor T <p 7’, then 7’ must be one of 7 or 
T: 

Thus Tol > (Bol \ Meaty) \ [7 7}]. The lemma follows, as 
ur THI) = 2-942. oO 


The following lemma shows that the T® defined in the construction (now 
referred to as T because s is fixed) is equal to U;<n Tja). 


Lemma 16.3.22. T = U;en Ti): 
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Proof. If 7 € T, then by definition, T A 7’ for all r’ € T. Hence T € Tj) 
for some i and 7’ ¢ T;(;41) for all T < 7’. Thus 7 € T, Ga SO Tc Ucn Dio: 
For the other direction, first note that Diin) = = 7524S T, because any 


maximal-length element must be a maximal element under x. If 7 € T, HO 
for some i < n, then T & T for all 7’ € Ty(¢41). Now, [Ti] € [T Dian] for all 


l> j(i) so T A 7! forall 7’ € T, and hence r € T. Thus U;<n Ty) CT. O 
As j(0) =a and S, C OR, we have ju[T;9)] = 1. We may assume that 


x > 4 because «x is greater than any previous marker move stage, so this 
assumption will be true after at most 3 marker move stages. Then 


H((71) = DME jol 


A Tulle \ Bem — 2-9O**) + wim) 
= MoN- X20 >, 


i<n 
Now we have achieved the first step discussed above by finding a lower 
bound on (ITD). The next step is to find a lower bound on p([B*]). 
Recall that B® was defined in the construction to be {r € T:Yrgr (T ¢ 
dom(Ms-1))}. 


Lemma 16.3.23. If r €T then FET. 


Proof. If T € T, then 7 € Di for some 7. So T € Ty), and thus F € Ty). 
If 7 < vand |U| = j(i+1), then 7 < v, and hence v ¢ Tjț+1) (as T € Tis). 
Thus v ¢ Tj(:41), and so F € Ti). oO 


Lemma 16.3.24. Ifr € T andr,7 ¢ B®, then there exists v € dom(M,_1) 
such that either T < v or T Xv. 


Proof. This lemma follows from the fact that we add descriptions to M for 
only two reasons. The first is to change the reduction and the second is to 
ensure that the domain is closed under substrings. Assume that there is 
no v € dom(M,_1) such that either T < v or F < v. In this case there is 
no need to add 7 or F to the domain of Ms—1ı to close it under substrings. 
So if r € B®, then it must be that r € dom(M,_1). Furthermore, we must 
have added 7 to the domain of M,_; to change the reduction T. In this 
case there is no reason why we should add 7 to change the reduction as 
well. Hence 7 ¢ dom(M,_1), so 7 € B®. o 


Lemma 16.3.25. If Ti, T2 € T are such that \71| = [T2] and Ti <r T2, then 
at least one of T2 and T2 is in Bë. 
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Proof. First we know by Lemma 16.3.23 that 71,72 € T. Assume for a 
contradiction that 72,72 ¢ B®. 

By the previous lemma, if 72,72 ¢ B°, then there must be some v2 € 
dom(M,—1) such that either T2 < v2 or Tz < v2. We will assume without 
loss of generality that T2 < ve. 

Let k = |v2|. Note that k < s. As ve € dom(M,-_1), for all v <p və, 
we have o, € One by the way the construction chooses pairs to add to 
M. Hence v € Ty. Take any vı extending 7 with |v;| = k. As Ti <r T2, 
by Lemma 16.3.15, vı <p v2, and thus vı € Tk by Lemma 16.3.19. Thus 
[71] C Tk and so mı ¢ T , which contradicts our initial assumption. O 


We can use this last lemma to put a lower bound on the measure of B*. 


Lemma 16.3.26. Ifs is a marker move stage then p([B*]) > 4. 


Proof. The previous lemma tells us that for any given length J, there is at 
most a single T € T of length l such that neither 7 nor F is in Bê. For any 
string v of length l such that v Æ T and v ¥7T, either v or v is in B*. Thus 


MB) > ihan- 02-2) > 5 (2-5) =F. 


ilm 


Now for all r € B®, we have o, € OF a and so Km(a,) < d+ |r|. 
Additionally, by construction, as B® is a prefix-free set, so is {07 : T E€ B*}. 


Hence it follows that 


Mu ([{or :7 € BY} = Y Mulje) > So 2-4" 
TEBS TEB 
= 2°49 X ufr) > 2 UBT) > 27. 
TEB 
Lemma 16.3.27. If sı and s2 are both marker move stages and sı Æ 82, 
then the sets [{o, : T E€ B™}] and [{o, : 7 € B*}] are disjoint. 


Proof. Take any r € B®“ and v € B*. By construction, |T| < sı, and the 
length of v is larger than any previous marker move stage, so in particular 
|u| > sı > |r|. Now, if 7 A v, then the construction ensures that o, and o+ 
are incompatible. If 7 < v, then again by construction p+ < oy and hence 
Oy and g, are incompatible. O 


We can now finish the proof of the theorem. By Lemma 16.3.17, M is 
a monotone machine. By Lemma 16.3.18, if there are a finite number of 
marker moves then TO™ (x) = Ø'(x) for all but finitely many x. But there 
can be only a finite number of marker move stages because if R is the set 
of all marker move stages, then by the previous lemma 


Mo (DA) > XC Mullo : 7 € BH) > R27. 
sER 
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Hence |R| < 2¢*?, and in particular R is finite. O 


The proof above still works if OY,, is replaced by OY = {(o,k) : 
—log(Myu(c)) < k}: During the verification of the construction, it is only 
the measure that the universal machine places on elements of Sp that is 
considered, and not the length of their shortest descriptions. Additionally, 
if the construction enumerates some pair (o,n) into M, this enumeration 
adds (o,n + d) to OF, as well as O%,,, because OY,,, C OY. Thus we 
have the following. 


Corollary 16.3.28 (Day [88]). For any universal monotone machine U 
the overgraph OX, is truth table complete. 


Also, a universal process machine is a monotone machine. Hence the lim- 
itations of a universal monotone machine exploited in the proof also apply 
to a universal process machine. Furthermore, the machine M constructed 
in the proof is a strict process machine, so we have the following. 


Corollary 16.3.29 (Day [88]). For any universal process machine U, or 
any universal strict process machine V, the overgraphs emp and Okms 
are truth table complete. 


An interesting point about the above construction is that 0’ can deter- 
mine the correct tt-reduction, because R is finite and enumerated during 
the construction, and hence 0 can determine its size. The construction 
used in the proof of Kummer’s Theorem 16.3.2 is different. It uses a finite 
set of sequences S1,..., Sn, and the key to unraveling the construction is 
determining the maximum 7 such that S; is infinite, which cannot be done 
using a @’ oracle. 


16.3.4 The strict process complexity case 


This section presents Day’s proof from [88] that there are universal strict 
process machines whose set of nonrandom strings is not tt-complete. It is 
open whether this result holds for the case where “strict” is removed. In 
this section, we write R for Rms- 

First we show that it is possible to construct a universal strict process 
machine whose set of nonrandom strings is closed under extensions. 


Theorem 16.3.30 (Day [88]). There exists a universal strict process ma- 

chine V such that R“ is closed under extensions; i.e., ifo € R“ and 
1 1 5V 

o' >o, then d' ER . 

Proof. We build V from a standard universal strict process machine U. 

Let V(A) = à and let V(0r) = U(r) for all r. This definition ensures the 

universality of V. We use strings in the domain of V starting with 1 to 


get the desired closure property. We can effectively enumerate the set S of 
strings 7 such that U(r) |= for some ø such that |r| < |o| — 2. If T € S, 
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we know that U(p) | for all p < T, so we can also effectively enumerate the 
prefix-free set T of strings 7 € S such that p ¢ S for all p < r. For each 
T ET, let V(1rv) = U(r) for all v and let V(1p) = J for all p < 7. 

This definition clearly makes V a universal strict process machine. We 
now verify that R” is closed under extensions. Let o € R and let v 
witness that fact. That is, V(v) =o and |v| < Jol. 

If v is of the form Or, then U(r) = o and |r| < |o| — 2, sor € S. Let 
7’ <7 be in T and let o’ = U(r’). Note that o’ x ø. If v is of the form Ir, 
then, since o Æ A, there must be a7’ € T such that r’ x 7. Let o’ = V(17’), 
and again note that o’ <o. 

In either case, for every p, we have V(17'p) = d'p, and |17’p| < |o'p|, so 


=V g : ar daha 
o'p € R . In particular, every extension of ø isin R . O 


The argument used in the previous proof does not generalize to process 
machines. Day [88] gave the following example. Let U be a universal process 
machine. Suppose that we see that U(00) = 0000 and U(10) = 0001, and so 
far U(A) has not converged. If we try to follow the above construction, we 
set V(100) = 0000 and V(110) = 0001. If now U(A) converges to 00, then 
we would like to set V(1) = 00, and somehow use extensions of 1 to make 
all extensions of 00 nonrandom. However, consider 001. It is not possible 
to set V(10) = 001 or V(11) = 001 and keep V a process machine. 

The definition of V in the proof of Theorem 16.3.30 can be carried out in 
a stage-by-stage manner. That is, whenever U,(7) |= ø and |r| < |o| — 2, 
we can determine the unique T’ =< T such that r’ € T, and immediately 
define V(1r'v) = U(r)v for all v and V(1p) = à for all p < 7’. This action 


ensures that R“ is closed under extensions for all s. 

We use this idea to help build a universal strict process machine whose 
set of nonrandom strings is not tt-complete. This proof is an adaptation of 
Muchnik’s proof of Theorem 16.3.9 (ii), where he constructed a universal 
prefix-free machine whose overgraph is not tt-complete. Recall that that 
proof uses the fact that the outcome of a finite game can be computably 
determined. 

In the proof that follows there will be three roles: the champion, the op- 
ponent, and the arbitrator. The champion and the opponent will be players 
in the game. They will move by adding strings to R”. The arbitrator will 
make sure that the set of all nonrandom strings is closed under extensions. 
The opponent represents a fixed universal strict process machine. The index 
of the opponent in the proof is 000, and the index of the champion is 01. 
We give the champion a shorter index because it will need more measure 
(measure replacing money in these games). The index of the arbitrator will 
be 1. The arbitrator follows the strategy of the proof of Theorem 16.3.30. 
Because the actions of the arbitrator can be determined, both players know 


that once a string ø is in R”, all extensions of ø will also be in that set. 
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: 5V: ; A ; 
Hence, when we consider R `, we will assume that this set is closed under 
extensions. 


Theorem 16.3.31 (Day [88]). There exists a universal strict process 


machine V such that R is not tt-complete. 


Proof. To prove this theorem we build a universal strict process machine V 
—V : : 
and ac.e. set A he R . As discussed above, we assume that the arbitrator 


acts behind the scenes and that RY is closed under extensions for all s. 
Let [9,1 1,... be an enumeration of all truth table reductions. 
Let U be a universal strict process machine. Let Ds = {7 : Us(r) | A|t| < 


|U;(7)| —3}. The construction will ensure that if r € Ds, then Us(T) € R”. 

We will use D, to determine how much the opponent spends in the games. 

We will show that if the opponent plays a move in a game between stages 

so and sı, then we can determine a lower bound for u(|Ds;,]) — a(lDs.]). 
We want to satisfy the following requirements for all n. 


Ra: 31,9 (AiP ALE (Ci): 


The triples (n, i, j} will be used as follows. The number n represents the 
reduction to be diagonalized against. The number 7 is incremented every 
time the requirement is injured by a stronger priority requirement. It also 
provides an upper bound on the measure that can be used by the players 
in the game. The number j provides us with a series of games for each 
diagonalization. It will be incremented if our opponent ever “breaks the 
rules” of the game by using too much measure. 


Construction. 

Stage 0. Let V(A) = V(0) = V(00) = A. Let Ao = 0. 

Stage 2s+1. For all n < s, if Rn does not have a witness, assign (n, 0,0) to 
Ry. For n < s, let (n, in, jn) be the current witness for Rn. If Rn does not 
have a game assigned, run T’,((n, in, jn)) for s many steps to see whether it 
returns a truth table. If it does, let Xn = {o0,...,a%} be the set of strings 
used as variables by this truth table. For the purpose of this game, we will 
assume that stronger priority requirements have stopped acting, i.e., that 
the associated games are finished. We do not want to interrupt any earlier 

pV2s : 

games, so let Yp, = {0 € Xn: Yr € Uien Xi (o X T V TER ”)} Notice 
that o € Xn \ Yn iff adding o to RH would change some variable used 


by a higher priority game (as R*** is closed under extensions). 

The game G(n,,i,,,;,) is defined as follows. We will assume that the strings 
in Xn \ Yn do not change. The vertices in the game correspond to possible 
truth assignments to the variables in Y,,. The vertices are labeled with the 
value of the corresponding line in the truth table (assuming those variables 
in Xn \ Yn retain their current values). An edge exists from vertex vı to 
vertex v2 if it possible to go from the row associated with vı to the row 
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associated with v2 by changing some of the truth table variables from 0 
to 1. If going from vertex vı to vertex vg requires changing exactly the 
variables in © C Yn, then the cost associated with the edge is u([£]). The 
amount of measure each player has to expend on the game is 2~"~*»~®, 
The game Gi, ;,,,;,), though defined, is said to be uninitialized. 

We allow the opponent to move by letting V(0007T) = ø for all r and ø 
such that U;(7) =o. 


Stage 2s + 2. We determine whether there is any game that the champion 
needs to attend to. We find all games assigned to requirements that are 
uninitialized or where the opponent has made a move. The opponent is 


considered to have made a move if some new strings used by the truth 
table reduction have been enumerated into R \ R™. If such games 


exist, let Ginji,,;,) be the strongest priority game (i.e., the game with the 
smallest n) that needs attention. First we reset all weaker priority games: 
For all p such that n < p < s, let (np, ip, jp) be the current witness assigned 
to Rp. Remove this witness and the associated game and let (np, ip + 1,0) 
be the new witness. 

If Gin,in ja) 18 uninitialized, then we set the start position for the game 
to be the vertex that corresponds to assigning o; a truth value of 1 iff 
ai E R=, The champion decides whether to take a winning strategy to 
ensure that [,((n,in,jn)) = 0 or one to ensure that [n((n,in,jn)) = 1. 
Of course, one of these must exist. In the first case we add (n,in, jn) to 
As; in the second case we leave it out. Let X be the set of strings that the 
champion needs to enumerate into R Vae+2 for the first step of this strategy. 
We now say that the game Gn,in jn) has been initialized. 

If Ginj,jn) IS a game in which the opponent has made a move, then let 
2so be the stage at which this game was initialized. If u([Ds])— (Ps ]]) = 
2-”-in—6 then the opponent has exceeded the allocated measure for the 
game G'n ;,,,;,)- In this case, remove (n, in, jn) as a witness for R, and also 
remove the game. Let (n,in, jn +1) be the new witness. Let © = 9. If the 
opponent has not exceeded the allocated measure, then let © be the set 


V2s+2 


of strings that the champion needs to enumerate into R for the next 


move in the predetermined winning strategy. 

Now we need to add 5 to R+? 
move. We know that the arbitrator will ensure that R is closed under 
extensions. So if we take $ = {o0,-.., ox} to be a prefix-free set formed 
by taking the -minimal elements of X, then the champion needs only to 
st . We will use the KC Theorem to find descriptions 


in order to make the champion’s next 
V2s4+2 


enumerate Ñ into R 
for these strings. 

We use the KC Theorem to request a string 7; of length |o;|— 3 for each 
i < k. For each such i, let V(017;) = o; and V(Olr) = J for all T x Ti. 
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Note that the champion decreases the measure available for future re- 
quests by 2%u([£]). However, by scaling, we can regard the champion as 
having 4 much measure to spend, and this move as costing it p([X]). 
End of Construction. 


The first step in verifying this construction is to show that if the opponent 
makes a move then it must pay the cost of that move. 


Lemma 16.3.32. If the opponent enumerates a set of strings & into R 
—V; 3 
R= , then u([Ds,]) — ([Dso]) > 2*u((E])- 


Proof. Form a prefix-free set À = {oo,...o%} from the set of minimal 
elements of © under the ~ relation. For all i < k, there exists some 7; 
with Us (Ti) 3 c; such that |7;| < |Us,(7:)| — 4 and 7; ¢ dom(U,,). Let 
C = {U,,(7;) : i < k}. Now, [C] 2 [£], so we can let C be a minimal 
subset of C such that [C] 2 [£]. Then p([C]) > (J). For all v € C, 
choose an 7 such that U(7;) = v and let I be the set of all such i. The set 
{7; : i € I} is prefix-free, because its image under U is prefix-free and U is 
a strict process machine. It follows that 


mr ie BY) = lI > Fhe al = tÂ > AEN. 
ier icI 
Finally, take any i < k. If 7; < 7, then T ¢ dom(U,,), as the domain of 
a strict process machine is closed under substrings. So T ¢ D,,. ET ~ Ti 


and T € Dsp, then Us, (T) € R’°. Since Uso (T) 3 Us (Ti) 3 0%, it follows 


that c; € R”. But we assumed that c; ¢ R”, and hence [{7 : i < 
ky] A [PDs] = 9. The result follows, since D,, C Ds,. Oo 


Again by scaling, we can regard the opponent as having $ much measure 
to spend, and the cost of the move as being p([=]). 


Lemma 16.3.33. V is a strict process machine. 


Proof. U is by assumption a strict process machine, so to check that V is a 
strict process machine, we need to check only the strings enumerated into 
V by the champion. As the champion is effectively a prefix-free machine, 
we need to show only that the champion does not run out of measure. 

We divide the games into two sorts, those games Gn; j} with j = 0, and 
all other games. We know the champion always keeps within the rules of 
the game. Let C be the cost to the champion of playing those games with 
j = 0. Then C is less than the sum of the measures allocated to each game. 
Hence, C < Se Oo Oy De Pa 

Now, j is incremented only if the opponent exceeds the amount of mea- 
sure allocated to a game. Hence the measure the champion spends on these 
games is always less than the measure the opponent spends overall. As the 
opponent has only 73 to spend, it follows that the champion spends less than 


766 16. Complexity of Computably Enumerable Sets 


C+ $ = z, the amount of measure available to it. Hence the champion is 
a prefix-free machine and thus V is a strict process machine. O 


Lemma 16.3.34. All requirements are met. 


Proof. Take any requirement Rn. Assume that at some stage so all higher 
priority requirements have stopped acting. Let (n, i,j) be the witness as- 
signed to Rn at stage sọ. Because all higher priority requirements have 
stopped acting, 7 is never incremented again. So if the witness is changed, 
it must be because j is increased. This event must in turn be caused by 
the opponent exceeding its allocated measure of 2~"~*~® in the previous 
game, which can happen only finitely often, since otherwise the opponent 
would run out of measure. 

So there is some final witness (n, in, jn) assigned to Ry. If Pn ((n, in, jn)) 
never halts then the requirement is met. If Ta((n, in, jn)) does halt then 
the champion will adopt a winning strategy for the game Gn in j,,), and so 


in either case L ((n, in, jn)) £ A(n, in, Jn))- o 


Together, the previous two lemmas complete the proof of the theorem. 
O 


References 


m 


M. Ageev. Martin’s game: a lower bound for the number of sets. Theoretical 
Computer Science, 289:871-876, 2002. [732] 


2] AIM/ARCC Workshop in Effective Randomness, August 7-11, 2006, Open 
problem list. http: //www.math.dartmouth.edu/~frg/aimRandQsLive. pdf. 
[xiii] 

3] E. Allender, H. Buhrman, and M. Koucky. What can be efficiently re- 
duced to the Kolmogoroy-random strings? Annals of Pure and Applied 
Logic, 138:2-19, 2006. [749] 

4) E. Allender, H. Buhrman, M. Koucký, D. van Melkebeek, and D. Ron- 


neburger. Power from random strings. SIAM Journal on Computing, 
35:1467-1493, 2006. [743] 


5] K. Ambos-Spies. Anti-mitotic recursively enumerable sets. Mathematical 
Logic Quarterly, 31:461—477, 1985. [53] 


6] K. Ambos-Spies. Algorithmic randomness revisited. In B. McGuinness, ed- 
itor, Language, Logic and Formalization of Knowledge. Coimbra Lecture 
and Proceedings of a Symposium held in Siena in September 1997, pages 
33-52. Bibliotheca, 1998. [303, 307] 


[7] K. Ambos-Spies, C. G. Jockusch, Jr., R. A. Shore, and R. I. Soare. An 
algebraic decomposition of the recursively enumerable degrees and the 
coincidence of several degree classes with the promptly simple degrees. 
Transactions of the American Mathematical Society, 281:1089-1104, 1984. 
[15, 91, 92, 215] 


Numbers in brackets after each entry indicate the pages on which the entry is cited. 


R.G. Downey and D. Hirschfeldt, Algorithmic Randomness and Complexity, Theory and 767 
Applications of Computability, DOI 10.1007/978-0-387-68441-3, 
© Springer Science+Business Media, LLC 2010 


768 


[8] 


[9] 


[11] 


[12] 


[13] 


16 


17 


18 


19 


20 


21 


References 


K. Ambos-Spies, B. Kjos-Hanssen, S. Lempp, and T. A. Slaman. Comparing 
DNR and WWKL. The Journal of Symbolic Logic, 69:102-143, 2004. [349] 


K. Ambos-Spies and A. Kučera. Randomness in computability theory. In 
P. A. Cholak, S. Lempp, M. Lerman, and R. A. Shore, editors, Computabil- 
ity Theory and its Applications. Proceedings of the AMS-IMS-SIAM Joint 
Summer Research Conference held at the University of Colorado, Boulder, 
CO, June 13-17, 1999, volume 257 of Contemporary Mathematics, pages 
1-14. American Mathematical Society, Providence, RI, 2000. [277, 554] 


K. Ambos-Spies and E. Mayordomo. Resource-bounded measure and ran- 
domness. In A. Sorbi, editor, Complexity, Logic, and Recursion Theory, 
volume 187 of Lecture Notes in Pure and Applied Mathematics, pages 1—47. 
Marcel Dekker, Inc., New York, 1997. [16, 270, 277] 


K. Ambos-Spies, E. Mayordomo, Y. Wang, and X. Zheng. Resource- 
bounded balanced genericity, stochasticity and weak randomness. In 
C. Puech and R. Reischuk, editors, STACS ’96. Proceedings of the 13th 
Annual Symposium on Theoretical Aspects of Computer Science held in 
Grenoble, February 22-24, 1996, volume 1046 of Lecture Notes in Computer 
Science, pages 63-74. Springer-Verlag, Berlin, 1996. [308] 


K. Ambos-Spies, K. Weihrauch, and X. Zheng. Weakly computable real 
numbers. Journal of Complexity, 16:676-690, 2000. [201, 217, 219] 


M. M. Arslanov. On some generalizations of the fixed-point theorem. Soviet 
Mathematics, 25:1-10, 1981. Translated from Izvestiya Vysshikh Uchebnykh 
Zavedenii. Matematika. [89] 


M. M. Arslanov. Degree structures in local degree theory. In A. Sorbi, 
editor, Complexity, Logic, and Recursion Theory, volume 187 of Lecture 
Notes in Pure and Applied Mathematics, pages 49-74. Marcel Dekker Inc., 
New York, 1997. [27, 89] 


K. B. Athreya, J. M. Hitchcock, J. H. Lutz, and E. Mayordomo. Effective 
strong dimension in algorithmic information and computational complexity. 
SIAM Journal on Computing, 37:671-705, 2007. [636, 637, 638, 639, 641, 
654, 657] 


B. Barak, R. Impagliazzo, and A. Wigderson. Extracting randomness using 
few independent sources. SIAM Journal on Computing, 36:1095-1118, 2006. 
[642] 

G. Barmpalias. Random non-cupping revisited. Journal of Complexity, 
22:850-857, 2006. [536] 


G. Barmpalias. Elementary differences between the degrees of unsolvability 
and degrees of compressibility. Annals of Pure and Applied Logic, 161:923- 
934, 2010. [491, 494] 

G. Barmpalias. Relative randomness and cardinality. Notre Dame Journal 
of Formal Logic, 51:195-205, 2010. [491] 

G. Barmpalias, R. G. Downey, and N. Greenberg. K-trivial degrees and 
the jump traceability hierarchy. Proceedings of the American Mathematical 
Society, 137:2099-2109, 2009. [689] 

G. Barmpalias, R. G. Downey, and N. Greenberg. Working with strong 
reducibilities above totally w-c.e. and array computable degrees. Transac- 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


33 


34 


[35] 


References 769 


tions of the American Mathematical Society, 362:777-813, 2010. [442, 443, 
444, 447, 448, 455] 


G. Barmpalias, R. G. Downey, and K. M. Ng. Jump inversions inside effec- 
tively closed sets and applications to randomness. To appear in the Journal 
of Symbolic Logic. [358, 362] 

G. Barmpalias and A. E. M. Lewis. A c.e. real that cannot be sw-computed 
by any Q-number. Notre Dame Journal of Formal Logic, 47:197—209, 2006. 
[448] 

G. Barmpalias, A. E. M. Lewis, and K. M. Ng. The importance of IT? classes 
in effective randomness. The Journal of Symbolic Logic, 75:387—400, 2010. 
[323, 339, 491, 536] 


G. Barmpalias, A. E. M. Lewis, and M. Soskova. Randomness, lowness and 
degrees. The Journal of Symbolic Logic, 73:559-577, 2008. [489, 490, 491, 
499] 


G. Barmpalias, A. E. M. Lewis, and F. Stephan. II? classes, LR degrees 
and Turing degrees. Annals of Pure and Applied Logic, 156:21-38, 2008. 
[491] 

G. Barmpalias, J. S. Miller, and A. Nies. Randomness notions and partial 
relativization. To appear. [315] 


G. Barmpalias and A. Nies. Upper bounds on ideals in the Turing degrees. 
To appear. [541, 542] 


J. Barzdins. Complexity of programs to determine whether natural num- 
bers not greater than n belong to a recursively enumerable set. Soviet 
Mathematics Doklady, 9:1251-1254, 1968. [122, 728] 


T. Bayes. An essay towards solving a problem in the doctrine of chances, 
by the late Rev. Mr. Bayes, F. R. S. communicated by Mr. Price, in a letter 
to John Canton, A. M., F. R. S. Philosophical Transactions of the Royal 
Society of London, 53:370-418, 1763. [238] 


V. Becher, S. Figueira, S. Grigorieff, and J. S. Miller. Randomness and 
halting probabilities. The Journal of Symbolic Logic, 71:1411-1430, 2006. 
[229] 


V. Becher and S. Grigorieff. Random reals and possibly infinite compu- 
tations. I. Randomness in @’. The Journal of Symbolic Logic, 70:891-913, 
2005. [229] 


V. Becher and S. Grigorieff. From index sets to randomness in 0”: random 
reals and possibly infinite computations. II. The Journal of Symbolic Logic, 
74:124-156, 2009. [257] 


B. R. C. Bedregal and A. Nies. Lowness properties of reals and hyper- 
immunity. In R. de Queiroz, E. Pimentel, and L. Figueiredo, editors, 
WoLLiC ’2008. 10th Workshop on Logic, Language, Information, and 
Computation, Ouro Preto, Minas Gerais, Brazil, 29 July-01 August 2003, 
volume 84 of Electronic Notes in Theoretical Computer Science, pages 
73-79 (electronic). Elsevier, Amsterdam, 2003. [560] 


O. V. Belegradek. On algebraically closed groups. Algebra and Logic, 
13:135-143, 1974. [206] 


770 


36 


37 


38 


39 


[40] 


fat] 


[42] 


43 


44 


45 


46 


47 


References 


M. Bickford and C. Mills. Lowness properties of r.e. sets. Unpublished 
manuscript, 1982, University of Wisconsin—Madison. [530] 


L. Bienvenu. Game-theoretic Characterizations of Randomness: Unpre- 
dictability and Stochasticity. Ph.D. dissertation, University of Provence, 
2008. [327, 330] 


L. Bienvenu, D. Doty, and F. Stephan. Constructive dimension and Turing 
degrees. Theory of Computing Systems, 45:740—-755, 2009. [643] 


L. Bienvenu and R. G. Downey. Kolmogorov complexity and Solovay func- 
tions. In S. Albers and J.-Y. Marion, editors, 26th International Symposium 
on Theoretical Aspects of Computer Science. STACS 2009, February 26-28, 
2009, Freiburg, Germany, volume 3 of Leibniz International Proceedings in 
Informatics, pages 147-158 (electronic). Schloss Dagstuhl—Leibniz Center 
for Informatics, Dagstuhl, Germany, 2009. [138, 327, 329, 412, 413, 484, 
504, 505, 714] 


L. Bienvenu and W. Merkle. Reconciling data compression and Kolmogorov 
complexity. In L. Arge, C. Cachin, T. Jurdziriski, and A. Tarlecki, editors, 
Automata, Languages and Programming. 34th International Colloquium, 
ICALP 2007, Wrocław, Poland, July 9-18, 2007. Proceedings, volume 4596 
of Lecture Notes in Computer Science, pages 643-654. Springer, Berlin, 
2007. Extended version at http: //www.math.uni-heidelberg.de/logic/ 
merkle/ps/icalp-2007.pdf. [138, 139, 298, 299, 300, 301] 


L. Bienvenu and J. S. Miller. Randomness and lowness notions via open 
covers. To appear in the Annals of Pure and Applied Logic. [591] 


L. Bienvenu, An. A. Muchnik, A. Shen, and N. Vereshchagin. Limit com- 
plexities revisited. In S. Albers and P. Weil, editors, 25th International 
Symposium on Theoretical Aspects of Computer Science. STACS 2008, 
February 21-23, 2008, Bordeaux, France, volume 1 of Leibniz International 
Proceedings in Informatics, pages 73-84 (electronic). Schloss Dagstuhl-— 
Leibniz Center for Informatics, Dagstuhl, Germany, 2008. [263, 471, 472, 
473] 


S. Binns, B. Kjos-Hanssen, M. Lerman, and R. Solomon. On a conjecture 
of Dobrinen and Simpson concerning almost everywhere domination. The 
Journal of Symbolic Logic, 71:119-136, 2006. [497] 


P. Brodhead, R. G. Downey, and K. M. Ng. Bounded variations of 
randomness. In preparation. [319] 


J.-Y. Cai and J. Hartmanis. On Hausdorff and topological dimensions of the 
Kolmogorov complexity of the real line. Journal of Computer and System 
Sciences, 49:605-619, 1994. [598] 

W. C. Calhoun. Degrees of monotone complexity. The Journal of Symbolic 
Logic, 71:1327-1341, 2006. [147, 432, 459, 460, 461, 462] 

C. Calude, R. J. Coles, P. H. Hertling, and B. Khoussainov. Degree- 
theoretic aspects of computably enumerable reals. In S. B. Cooper and 
J. K. Truss, editors, Models and Computability. Invited Papers from Logic 
Colloquium ’97 - European Meeting of the Association for Symbolic Logic, 
Leeds, July 1997, volume 259 of London Mathematical Society Lecture Note 
Series. Cambridge University Press, Cambridge, 1999. [203, 204, 205, 405] 


[48] 


[49] 


[50] 


[51] 


[55] 


56 
57 


58 


59 
60 


61 


62 


References 771 


C. S. Calude and G. J. Chaitin. What is a halting probability? Notices of 
the American Mathematical Society, 57:236-237, 2010. [12, 142] 


C. S. Calude and R. J. Coles. Program-size complexity of initial segments 
and domination relation reducibility. In J. Karhumaki, H. Mauer, G. Paun, 
and G. Rozenberg, editors, Jewels are Forever, pages 225-237. Springer- 
Verlag, Berlin, 1999. [501] 

C. S. Calude, P. H. Hertling, B. Khoussainov, and Y. Wang. Recur- 
sively enumerable reals and Chaitin Q numbers. In M. Morvan, C. Meinel, 
and D. Krob, editors, STACS 98. 15th Annual Symposium on Theoret- 
ical Aspects of Computer Science. Paris, France, February 25-27, 1998. 
Proceedings, volume 1373 of Lecture Notes in Computer Science, pages 
596-606. Springer, Berlin, 1998. [200, 409, 413] 

C. S. Calude and A. Nies. Chaitin Q numbers and strong reducibilities. 
Journal of Universal Computer Science, 3:1162-1166 (electronic), 1997. 
[228, 333] 

C. S. Calude, L. Staiger, and S. A. Terwijn. On partial randomness. Annals 
of Pure and Applied Logic, 138:20-30, 2006. [604, 605] 

C. S. Calude and M. Zimand. Algorithmically independent sequences. In 
M. Ito and M. Toyama, editors, Developments in Language Theory. 12th In- 
ternational Conference, DLT 2008. Kyoto, Japan, September 16-19, 2008. 
Proceedings, volume 5257 of Lecture Notes in Computer Science, pages 
183-195. Springer, Berlin, 2008. [627, 628, 635] 

C. Carathéodory. Uber das lineare Mass von Punktmengen, eine Ver- 
allgemeinerung des Langenbegriffs. Nachrichten von der Gesellschaft der 
Wissenschaften zu Göttingen, Mathematisch-Physikalische Klasse, pages 
404-426, 1914. [592] 


D. Cenzer. II? classes in computability theory. In E. R. Griffor, editor, 
Handbook of Computability Theory, volume 140 of Studies in Logic and 
the Foundations of Mathematics, pages 37-85. North-Holland, Amsterdam, 
1999. [74, 373] 

D. Cenzer, G. LaForte, and G. Wu. Pseudojumps and I? classes. Journal 
of Logic and Computation, 19:77-87, 2009. [377] 

D. Cenzer and J. B. Remmel. Effectively Closed Sets. To be published in 
Lecture Notes in Logic. [74] 


G. J. Chaitin. A theory of program size formally identical to information 
theory. Journal of the Association for Computing Machinery, 22:329-340, 
1975. [xiii, 121, 125, 128, 129, 133, 134, 142, 227, 228, 232] 

G. J. Chaitin. Algorithmic entropy of sets. Computers & Mathematics with 
Applications, 2:233-245, 1976. [731, 732] 

G. J. Chaitin. Information-theoretical characterizations of recursive infinite 
strings. Theoretical Computer Science, 2:45-48, 1976. [118, 119, 120] 

G. J. Chaitin. Nonrecursive infinite strings with simple initial segments. 
IBM Journal of Research and Development, 21:350-359, 496, 1977. [456, 
500] 

G. J. Chaitin. Gödel’s theorem and information. International Journal of 
Theoretical Physics, 21:941-954, 1982. [627] 


772 


63 


64 


65 


66 


67 


68 


69 


70 


71 


72 


73 


74 


75 


76 


77 


78 


References 


G. J. Chaitin. Incompleteness theorems for random reals. Advances in 
Applied Mathematics, 8:119-146, 1987. [129, 130, 131, 229, 233, 250] 


J. Chisholm, J. Chubb, V. S. Harizanov, D. R. Hirschfeldt, C. G. Jockusch, 
Jr., T. McNicholl, and S. Pingrey. II? classes and strong degree spectra of 
relations. The Journal of Symbolic Logic, 72:1003-1018, 2007. [368] 


P. A. Cholak, R. G. Downey, and N. Greenberg. Strong-jump traceablilty. 
I. The computably enumerable case. Advances in Mathematics, 217:2045— 
2074, 2008. [668, 669, 670, 673, 680, 685] 


P. A. Cholak, R. G. Downey, and M. Stob. Automorphisms of the lattice 
of recursively enumerable sets: promptly simple sets. Transactions of the 
American Mathematical Society, 332:555-570, 1992. [83] 


P. A. Cholak, N. Greenberg, and J. S. Miller. Uniform almost everywhere 
domination. The Journal of Symbolic Logic, 71:1057-1072, 2006. [496] 


P. A. Cholak and L. A. Harrington. Definable encodings in the computably 
enumerable sets. The Bulletin of Symbolic Logic, 6:185-196, 2000. [83] 


C. T. Chong and R. G. Downey. Degrees bounding minimal degrees. Math- 
ematical Proceedings of the Cambridge Philosophical Society, 105:211—222, 
1989. [386] 


C. T. Chong and R. G. Downey. Minimal degrees recursive in 1-generic 
degrees. Annals of Pure and Applied Logic, 48:215-225, 1990. [386] 


A. Church. On the concept of a random sequence. Bulletin of the American 
Mathematical Society, 46:130-135, 1940. [xviii, 230] 


J. A. Cole and S. G. Simpson. Mass problems and hyperarithmeticity. 
Journal of Mathematical Logic, 7:125-143, 2007. [347, 696] 


R. J. Coles, R. G. Downey, C. G. Jockusch, Jr., and G. LaForte. Completing 
pseudojump operators. Annals of Pure and Applied Logic, 136:297-333, 
2005. [42] 


C. J. Conidis. A real of strictly positive effective packing dimension that 
does not compute a real of effective packing dimension one. To appear. 
[642] 


C. J. Conidis. Effective packing dimension of II{-classes. Proceedings of the 
American Mathematical Society, 136:3655-3662, 2008. [648] 


S. B. Cooper. Degrees of unsolvability complementary between recursively 
enumerable degrees. Annals of Mathematical Logic, 4:31-73, 1972. [72] 


S. B. Cooper. Minimal degrees and the jump operator. The Journal of 
Symbolic Logic, 38:249-271, 1973. [72] 


S. B. Cooper. A characterisation of the jumps of minimal degrees below 
0’. In S. B. Cooper, T. A. Slaman, and S. S. Wainer, editors, Computabil- 
ity, Enumerability, Unsolvability. Directions in Recursion Theory, volume 
224 of London Mathematical Society Lecture Note Series, pages 81-92. 
Cambridge University Press, Cambridge, 1996. [72] 


S. B. Cooper. Computability Theory. Chapman & Hall/CRC, Boca Raton, 
FL, 2004. [xiii, 8] 


80 


81 


82 


83 


84 


85 


86 


87 


88 


89 


90 


91 


92 


93 


94 


95 


96 


97 


References 773 


B. F. Csima. Applications of Computability Theory to Prime Models and 
Differential Geometry. Ph.D. dissertation, The University of Chicago, 2003. 
[420, 421] 


B. F. Csima. The settling time reducibility ordering and A$ sets. Journal 
of Logic and Computation, 19:145-150, 2009. [421] 


B. F. Csima, R. G. Downey, N. Greenberg, D. R. Hirschfeldt, and J. S. 
Miller. Every 1-generic computes a properly 1-generic. The Journal of 
Symbolic Logic, 71:1385-1393, 2006. [379] 


B. F. Csima and A. Montalban. A minimal pair of K-degrees. Proceedings 
of the American Mathematical Society, 134:1499-1502, 2006. [458, 551, 552] 


B. F. Csima and R. A. Shore. The settling-time reducibility ordering. The 
Journal of Symbolic Logic, 72:1055-1071, 2007. [421] 


B. F. Csima and R. I. Soare. Computability results used in differential 
geometry. The Journal of Symbolic Logic, 71:1394-1410, 2006. [421] 


R. P. Daley. Minimal-program complexity of pseudo-recursive and pseudo- 
random sequences. Mathematical Systems Theory, 9:83-94, 1975. [304, 305] 


A. R. Day. Increasing the gap between descriptional complexity and al- 
gorithmic probability. To appear in the Transactions of the American 
Mathematical Society. [151, 153, 169, 170] 


A. R. Day. On the computational power of random strings. Annals of Pure 
and Applied Logic, 160:214—228, 2009. [147, 752, 761, 762, 763] 


A. R. Day. Process complexity and computable randomness. Manuscript, 
June 2009. [282, 283] 


A. R. Day. On process complexity. Chicago Journal of Theoretical Computer 
Science, 2010. Paper number 4 (electronic). [149] 


A. R. Day and A. Fitzgerald. Indifferent sets for 1-generics. In preparation. 
[341] 


K. de Leeuw, E. F. Moore, C. E. Shannon, and N. Shapiro. Computability 
by probabilistic machines. In C. E. Shannon and J. McCarthy, editors, 
Automata Studies, volume 34 of Annals of Mathematics Studies, pages 183- 
212. Princeton University Press, Princeton, NJ, 1956. [323, 358] 


O. Demuth. On constructive pseudonumbers. Commentationes Mathemat- 
icae Universitatis Carolinae, 16:315-331, 1975. In Russian. [199, 231, 409, 
418, 419] 


O. Demuth. On some classes of arithmetical real numbers. Commentationes 
Mathematicae Universitatis Carolinae, 23:453-465, 1982. In Russian. [315] 


O. Demuth. Remarks on the structure of tt-degrees based on constructive 
measure theory. Commentationes Mathematicae Universitatis Carolinae, 
29:233-247, 1988. [315, 316, 333, 364] 


O. Demuth and A. Kuéera. Remarks on 1-genericity, semigenericity, and 
related concepts. Commentationes Mathematicae Universitatis Carolinae, 
28:85-94, 1987. [103, 380] 


D. Diamondstone. Promptness does not imply superlow cuppability. The 
Journal of Symbolic Logic, 74:1264-1272, 2009. [693, 694] 


[103] 


[104] 


[105] 


[106] 


[107] 


[108] 
[109] 


[110] 


References 


N. L. Dobrinen and S. G. Simpson. Almost everywhere domination. The 
Journal of Symbolic Logic, 69:914—922, 2004. [495, 496] 


R. G. Downey. A$ degrees and transfer theorems. Illinois Journal of 
Mathematics, 31:419-427, 1987. [70] 


R. G. Downey. Subsets of hypersimple sets. Pacific Journal of Mathematics, 
127:299-319, 1987. [83] 


R. G. Downey. On the universal splitting property. Mathematical Logic 
Quarterly, 43:311-320, 1997. [205] 


R. G. Downey. Computability, definability, and algebraic structures. In 
R. G. Downey, D. Ding, S. P. Tung, Y. H. Qiu, and M. Yasugi, editors, Pro- 
ceedings of the 7th and 8th Asian Logic Conferences. Held in Hsi-Tou, June 
6-10, 1999 and Chongqing, August 29-September 2, 2002, pages 63-102. 
Singapore University Press and World Scientific, Singapore, 2003. [204] 


R. G. Downey. Some computability-theoretical aspects of reals and ran- 
domness. In P. A. Cholak, editor, The Notre Dame Lectures, volume 18 of 
Lecture Notes in Logic, pages 97-148. Association for Symbolic Logic and 
A K Peters, Ltd., Urbana, IL and Wellesley, MA, 2005. [212, 440] 


R. G. Downey. The sixth lecture on algorithmic randomness. In S. B. 
Cooper, H. Geuvers, A. Pillay, and J. Väänänen, editors, Logic Colloquium 
2006. Proceedings of the Annual European Conference on Logic of the Asso- 
ciation for Symbolic Logic held at the Radboud University, Nijmegen, July 
27-August 2, 2006, volume 32 of Lecture Notes in Logic, pages 103-134. 
Association for Symbolic Logic and Cambridge University Press, Chicago 
and Cambridge, 2009. [511] 


R. G. Downey and N. Greenberg. Strong jump traceability II: K-triviality. 
To appear. [668, 700] 


R. G. Downey and N. Greenberg. Turing degrees of reals of positive effec- 
tive packing dimension. Information Processing Letters, 108:298-303, 2008. 
[618, 642, 645, 649, 650] 


R. G. Downey, N. Greenberg, N. Mihailović, and A. Nies. Lowness for com- 
putable machines. In C. T. Chong, Q. Feng, T. A. Slaman, W. H. Woodin, 
and Y. Yang, editors, Computational Prospects of Infinity: Part II. Pre- 
sented Talks, Lectures from the Workshop Held at the National University 
of Singapore, Singapore, June 20-August 15, 2005, volume 15 of Lecture 
Notes Series. Institute for Mathematical Sciences. National University of 
Singapore, pages 79-86. World Scientific Publishing Company, Singapore, 
2008. [562, 563, 564] 

R. G. Downey, N. Greenberg, and J. S. Miller. The upward closure of a 
perfect thin class. Annals of Pure and Applied Logic, 165:51-58, 2008. [323] 
R. G. Downey and E. J. Griffiths. Schnorr randomness. The Journal of 
Symbolic Logic, 69:533-554, 2004. [275, 277, 294, 350, 462, 562, 564, 658] 
R. G. Downey, E. J. Griffiths, and G. LaForte. On Schnorr and computable 
randomness, martingales, and machines. Mathematical Logic Quarterly, 
50:613-627, 2004. [240, 278, 279, 280, 349, 350, 462, 463, 564, 565, 568, 
569] 


[111] 


[112] 


113 


114 


115 


[116] 


[117] 


118 


119 


120 


[121] 


[129] 


References 775 


R. G. Downey, E. J. Griffiths, and S. Reid. On Kurtz randomness. Theo- 
retical Computer Science, 321:249-270, 2004. [290, 291, 292, 293, 294, 295, 
296, 581] 


R. G. Downey and D. R. Hirschfeldt, editors. Aspects of Complexity (Short 
Courses in Complexity from the New Zealand Mathematical Research In- 
stitute Summer 2000 Meeting, Kaikoura), volume 4 of De Gruyter Series 
in Logic and its Applications. Walter de Gruyter & Co., Berlin, 2001. [xi] 


R. G. Downey, D. R. Hirschfeldt, and G. LaForte. Randomness and re- 
ducibility. Journal of Computer and System Sciences, 68:96—-114, 2004. [406, 
420, 421, 422, 423, 424, 433, 434, 435, 436, 440, 442] 


R. G. Downey, D. R. Hirschfeldt, and G. LaForte. Undecidability of the 
structure of the Solovay degrees of c.e. reals. Journal of Computer and 
System Sciences, 73:769-787, 2007. [419] 


R. G. Downey, D. R. Hirschfeldt, J. S. Miller, and A. Nies. Relativizing 
Chaitin’s halting probability. Journal of Mathematical Logic, 5:167—192, 
2005. [334, 528, 706, 707, 708, 709, 710, 711, 712, 713, 716, 717, 718, 719, 
720, 721, 723, 724, 726, 727] 


R. G. Downey, D. R. Hirschfeldt, and A. Nies. Randomness, computability 
and density. SIAM Journal on Computing, 31:1169-1183, 2002. [xi, 407, 
408, 413, 415, 416, 418, 419, 427, 430, 432] 


R. G. Downey, D. R. Hirschfeldt, A. Nies, and F. Stephan. Trivial reals. 
In R. G. Downey, D. Ding, S. P. Tung, Y. H. Qiu, and M. Yasugi, editors, 
Proceedings of the 7th and 8th Asian Logic Conferences. Held in Hsi-Tou, 
June 6-10, 1999 and Chongqing, August 29-September 2, 2002, pages 103- 
131. Singapore University Press and World Scientific, Singapore, 2003. [426, 
501, 503, 504, 511, 526, 529, 530, 539, 540, 541, 542] 


R. G. Downey, D. R. Hirschfeldt, A. Nies, and S. A. Terwijn. Calibrating 
randomness. The Bulletin of Symbolic Logic, 12:411—-491, 2006. [233, 258, 
517, 600] 


R. G. Downey and C. G. Jockusch, Jr. T-degrees, jump classes, and strong 
reducibilities. Transactions of the American Mathematical Society, 301:103-— 
136, 1987. [82, 207] 


R. G. Downey, C. G. Jockusch, Jr., and M. Stob. Array nonrecursive sets 
and multiple permitting arguments. In K. Ambos-Spies, G. H. Miiller, and 
G. E. Sacks, editors, Recursion Theory Week. Proceedings of the Conference 
Held at the Mathematisches Forschungsinstitut, Oberwolfach, March 19- 
25, 1989, volume 1432 of Lecture Notes in Mathematics, pages 141-174. 
Springer, Berlin, 1990. [93, 94, 95, 96, 98, 530] 

R. G. Downey, C. G. Jockusch, Jr., and M. Stob. Array nonrecursive de- 
grees and genericity. In S. B. Cooper, T. A. Slaman, and S. S. Wainer, 
editors, Computability, Enumerability, Unsolvability. Directions in Recur- 
sion Theory, volume 224 of London Mathematical Society Lecture Notes 
Series, pages 93-104. Cambridge University Press, Cambridge, 1996. [93, 
94, 95, 96, 97, 107, 108, 109] 

R. G. Downey and G. LaForte. Presentations of computably enumerable 
reals. Theoretical Computer Science, 284:539-555, 2002. [206, 208, 210, 215] 


776 


123 


124 


125 


126 


127 


128 


129 


130 


131 


132 


133 


134 


135 


136 


137 


138 


139 


References 


R. G. Downey, G. LaForte, and A. Nies. Computably enumerable sets and 
quasi-reducibility. Annals of Pure and Applied Logic, 95:1-35, 1998. [206] 


R. G. Downey, S. Lempp, and R. A. Shore. Jumps of minimal degrees below 
0’. Journal of the London Mathematical Society. Second Series, 54:417-439, 
1996. [72] 


R. G. Downey, W. Merkle, and J. Reimann. Schnorr dimension. Mathemat- 
ical Structures in Computer Science, 16:789-811, 2006. [655, 656, 658, 659, 
660, 661] 


R. G. Downey and J. S. Miller. A basis theorem for II? classes of positive 
measure and jump inversion for random reals. Proceedings of the American 
Mathematical Society, 134:283-288, 2006. [373] 


R. G. Downey, J. S. Miller, and L. Yu. On the quantity of K-trivial reals. 
In preparation. [505, 506] 


R. G. Downey and K. M. Ng. Lowness for Demuth randomness. In 
K. Ambos-Spies, B. Löwe, and W. Merkle, editors, Mathematical Theory 
and Computational Practice. 5th Conference on Computability in Europe, 
CiE 2009. Heidelberg, Germany, July 19-24, 2009. Proceedings, volume 
5635 of Lecture Notes in Computer Science, pages 154-166. Springer, 
Berlin, 2009. [590] 


R. G. Downey and K. M. Ng. Effective packing dimension and traceability. 
Notre Dame Journal of Formal Logic, 51:279-290, 2010. [650] 


R. G. Downey, A. Nies, R. Weber, and L. Yu. Lowness and II9 nullsets. 
The Journal of Symbolic Logic, 71:1044-1052, 2006. [288, 289, 535, 537] 


R. G. Downey and J. B. Remmel. Classification of degree classes associated 
with r.e. subspaces. Annals of Pure and Applied Logic, 42:105-124, 1989. 
[206] 

R. G. Downey and R. A. Shore. There is no degree invariant half-jump. 
Proceedings of the American Mathematical Society, 125:3033-3037, 1997. 
[42] 

R. G. Downey and M. Stob. Splitting theorems in recursion theory. Annals 
of Pure and Applied Logic, 65:1—-106, 1993. [205] 

R. G. Downey and S. A. Terwijn. Computably enumerable reals and uni- 
formly presentable ideals. Mathematical Logic Quarterly, 48:29-40, 2002. 
[209] 

R. G. Downey and L. V. Welch. Splitting properties of r.e. sets and degrees. 
The Journal of Symbolic Logic, 51:88-109, 1986. [53] 

R. G. Downey, G. Wu, and X. Zheng. Degrees of d.c.e. reals. Mathematical 
Logic Quarterly, 50:345-350, 2004. [218] 

R. G. Downey and L. Yu. Arithmetical Sacks forcing. Archive for 
Mathematical Logic, 45:715-720, 2006. [103] 

B. Durand, L. A. Levin, and A. Shen. Complex tilings. The Journal of 
Symbolic Logic, 73:593-613, 2008. [601] 


H. B. Enderton. A Mathematical Introduction to Logic. Harcourt / Academic 
Press, Burlington, MA, second edition, 2001. [73, 84] 


[140] 


141 
142 
143 
144 
145 


146 


147 


[148] 


[149] 


[150] 


References 777 


R. L. Epstein, R. Haas, and R. L. Kramer. Hierarchies of sets and degrees 
below 0’. In M. Lerman, J. H. Schmerl, and R. I. Soare, editors, Logic Year 
1979-1980, Proceedings of Seminars and of the Conference on Mathemat- 
ical Logic Held at the University of Connecticut, Storrs, Conn., November 
11-18, 1979, volume 859 of Lecture Notes in Mathematics, pages 32-48. 
Springer, Berlin, 1981. [28] 

K. Falconer. Fractal Geometry. Mathematical Foundations and Applica- 
tions. John Wiley & Sons, Ltd., Chichester, 1990. [639] 


H. Federer. Geometric Measure Theory, volume 153 of Die Grundlehren der 
Mathematischen Wissenschaften. Springer-Verlag, New York, 1969. [635] 


S. Feferman. Some applications of the notions of forcing and generic sets. 
Fundamenta Mathematicae, 56:325-345, 1964/1965. [100] 


W. Feller. An Introduction to Probability Theory and its Applications, 
volume I. John Wiley & Sons, Inc., New York, 1950. [241, 250, 629] 


S. Fenner and M. Schaefer. A note on a variant of btt-reducibility, immunity 
and minimal programs. Mathematical Logic Quarterly, 45:3-21, 1999. [454] 


S. Figueira, J. S. Miller, and A. Nies. Indifferent sets. Journal of Logic and 
Computation, 19:425-443, 2009. [340, 341] 


S. Figueira, A. Nies, and F. Stephan. Lowness properties and approxima- 
tions of the jump. In R. de Queiroz, A. Macintyre, and G. Bittencourt, 
editors, Proceedings of the 12th Workshop of Logic, Language, Informa- 
tion and Computation (WoLLIC 2005). Held in Florianópolis, July 19-22, 
2005, volume 143 of Electronic Notes in Theoretical Computer Science, 
pages 45-57. Elsevier Science B.V., Amsterdam, 2006. [120, 523, 668, 669, 
670, 671] 


L. Fortnow. Kolmogorov complexity. In R. G. Downey and D. R. 
Hirschfeldt, editors, Aspects of Complexity (Short Courses in Complexity 
from the New Zealand Mathematical Research Institute Summer 2000 Meet- 
ing, Kaikoura), volume 4 of De Gruyter Series in Logic and its Applications, 
pages 73-86. Walter de Gruyter & Co., Berlin, 2001. [xi, 132] 


L. Fortnow, R. Freivalds, W. I. Gasarch, M. Kummer, S. A. Kurtz, C. H. 
Smith, and F. Stephan. On the relative sizes of learnable sets. Theoretical 
Computer Science, 197:139-156, 1998. [303] 


L. Fortnow, J. M. Hitchcock, A. Pavan, V. Vinochandran, and F. Wang. 
Extracting Kolmogorov complexity with applications to dimension zero- 
one laws. In M. Bugliesi, B. Preneel, V. Sassone, and I. Wegener, editors, 
Automata, Languages and Programming. 33rd International Colloquium, 
ICALP 2006. Venice, Italy, July 10-14, 2006. Proceedings, Part I, vol- 
ume 4051 of Lecture Notes in Computer Science, pages 335-345. Springer, 
Berlin, 2006. [642] 


J. N. Y. Franklin. Aspects of Schnorr Randomness. Ph.D. dissertation, 
University of California, Berkeley, 2007. [564, 575] 

J. N. Y. Franklin. Hyperimmune-free degrees and Schnorr triviality. The 
Journal of Symbolic Logic, 73:999-1008, 2008. [564, 575] 

J. N. Y. Franklin. Schnorr trivial reals: a construction. Archive for 
Mathematical Logic, 46:665-678, 2008. [564] 


778 


References 


[154] J. N. Y. Franklin. Lowness and highness properties for randomness notions. 


155 


156 


157 


158 


159 


160 


161 


162 


163 


164 


165 


166 


167 


168 


169 


170 


In T. Arai, J. Brendle, H. Kikyo, C. T. Chong, R. G. Downey, Q. Feng, 
and H. Ono, editors, Proceedings of the 10th Asian Logic Conference. Kobe, 
Japan, 1-6 September 2008, pages 124-151. World Scientific, Singapore, 
2010. [591] 

J. N. Y. Franklin. Schnorr triviality and genericity. The Journal of Symbolic 
Logic, 75:191-207, 2010. [564] 

J. N. Y. Franklin, N. Greenberg, F. Stephan, and G. Wu. Anti- 
complexity, lowness and highness notions and reducibilities with tiny uses. 
In preparation. [576, 577, 578, 579, 580] 

J. N. Y. Franklin and K. M. Ng. Difference randomness. To appear in the 
Proceedings of the American Mathematical Society. [316, 317, 318, 535] 

J. N. Y. Franklin and F. Stephan. Schnorr trivial sets and truth-table re- 
ducibility. The Journal of Symbolic Logic, 75:501-521, 2010. [273, 570, 571, 
572, 574, 575] 

J. N. Y. Franklin, F. Stephan, and L. Yu. Relativizations of randomness 
and genericity notions. To appear. [534, 591] 


R. M. Friedberg. A criterion for completeness of degrees of unsolvability. 
The Journal of Symbolic Logic, 22:159-160, 1957. [64] 


R. M. Friedberg. Two recursively enumerable sets of incomparable degrees 
of unsolvability. Proceedings of the National Academy of Sciences of the 
United States of America, 43:236—238, 1957. [32, 34, 36] 


R. M. Friedberg and H. Rogers, Jr. Reducibility and completeness for 
sets of integers. Zeitschrift für Mathematische Logik und Grundlagen der 
Mathematik, 5:117-125, 1959. [82] 

P. Gacs. Lecture notes on descriptional complexity and randomness. Boston 
University, 1993-2005, available at 
http://www.cs.bu.edu/faculty/gacs/recent-publ.htm1. [138] 


P. Gacs. On the symmetry of algorithmic information. Soviet Mathematics 
Doklady, 15:1477-1480, 1974. [133, 134, 143, 144] 

P. Gács. Exact expressions for some randomness tests. Zeitschrift für Math- 
ematische Logik und Grundlagen der Mathematik, 26:385-394, 1980. [154, 
252] 

P. Gacs. On the relation between descriptional complexity and algorithmic 
probability. Theoretical Computer Science, 22:71-93, 1983. [147, 153, 169, 
170] 

P. Gacs. Every set is reducible to a random one. Information and Control, 
70:186-192, 1986. [323, 325, 326, 484] 

H. Gaifmann and M. Snir. Probabilities over rich languages, testing and 
randomness. The Journal of Symbolic Logic, 47:495-548, 1982. [287, 361] 
N. Greenberg, D. R. Hirschfeldt, and A. Nies. Characterizing the strongly 
jump traceable sets via randomness. To appear. [689, 694, 695, 696, 697] 


N. Greenberg and J. S. Miller. Diagonally non-recursive functions and 
effective Hausdorff dimension. To appear in the Bulletin of the London 
Mathematical Society. [609, 618, 619, 620, 621, 622, 623, 624, 625, 626, 642] 


171 


172 


173 


174 


175 


176 


177 


178 


179 


180 


181 


182 


183 


[184] 


[185] 


[186] 


References 779 


N. Greenberg and J. S. Miller. Lowness for Kurtz randomness. The Journal 
of Symbolic Logic, 74:665-678, 2009. [348, 584, 591] 


N. Greenberg and A. Nies. Benign cost functions and lowness properties. 
To appear in the Journal of Symbolic Logic. [526, 689, 690, 691, 692, 693] 


M. J. Groszek and T. A. Slaman. II? classes and minimal degrees. Annals 
of Pure and Applied Logic, 87:117-144, 1997. [79] 


W. P. Hanf. The Boolean algebra of logic. Bulletin of the American 
Mathematical Society, 81:587-589, 1975. [84] 


L. A. Harrington, D. Marker, and S. Shelah. Borel orderings. Transactions 
of the American Mathematical Society, 310:293-302, 1988. [478] 


L. A. Harrington and R. I. Soare. Post’s program and incomplete recursively 
enumerable sets. Proceedings of the National Academy of Sciences of the 
United States of America, 88:10242-10246, 1991. [83] 


F. Hausdorff. Dimension und äußeres Maß. Mathematische Annalen, 
79:157-179, 1919. [592] 


D. R. Hirschfeldt, A. Nies, and F. Stephan. Using random sets as oracles. 
Journal of the London Mathematical Society. Second Series, 75:610-622, 
2007. [531, 533, 534] 


J. M. Hitchcock. Gales suffice for constructive dimension. Information 
Processing Letters, 86:9-12, 2003. [597] 


J. M. Hitchcock. Correspondence principles for effective dimensions. Theory 
of Computing Systems, 38:559-571, 2005. [608, 637] 


J. M. Hitchcock and J. H. Lutz. Why computational complexity requires 
stricter martingales. Theory of Computing Systems, 39:277-296, 2006. [242, 
243, 244, 245] 


C.-K. Ho. Relatively recursive reals and real functions. Theoretical 
Computer Science, 210:99-120, 1999. [199] 


R. Holzl, T. Kraling, and W. Merkle. Time bounded Kolmogorov com- 
plexity and Solovay functions. In R. Královič and D. Niwinski, editors, 
Mathematical Foundations of Computer Science 2009. 34th International 
Symposium, MFCS 2009. Novy Smokovec, High Tatras, Slovakia, August 
24-28, 2009. Proceedings, volume 5734 of Lecture Notes in Computer 
Science, pages 392-402. Springer, Berlin, 2009. [139, 689, 729] 


S. Ishmukhametov. Weak recursive degrees and a problem of Spector. In 
M. M. Arslanov and S. Lempp, editors, Recursion Theory and Complexity. 
Proceedings of the International Workshop on Recursion Theory and Com- 
plexity Theory (WORCT’97) held at Kazan State University, Kazan, July 
14-19, 1997, volume 2 of De Gruyter Series in Logic and its Applications, 
pages 81-88. Walter de Gruyter & Co., Berlin, 1999. [98, 99, 100, 650] 


T. Jech. Set Theory. Springer Monographs in Mathematics. Springer- 
Verlag, Berlin, third millennium edition, 2003. [297] 


C. G. Jockusch, Jr. The degrees of bi-immune sets. Zeitschrift für 
Mathematische Logik und Grundlagen der Mathematik, 15:135-140, 1969. 
[295] 


780 
[187] 


[188] 


[189] 


[190] 


[191] 


192 


193 


194 


195 


196 


197 
198 


199 


200 


201 


References 


C. G. Jockusch, Jr. Relationships between reducibilities. Transactions of 
the American Mathematical Society, 142:229-237, 1969. [70] 


C. G. Jockusch, Jr. Degrees of generic sets. In F. R. Drake and S. S. 
Wainer, editors, Recursion Theory: its Generalisations and Applications, 
volume 45 of London Mathematical Society Lecture Note Series, pages 
110-139. Cambridge University Press, Cambridge, 1980. [101, 102, 104, 
401] 


C. G. Jockusch, Jr. Fine degrees of word problems in cancellation 
semigroups. Zeitschrift für Mathematische Logik und Grundlagen der 
Mathematik, 26:93-95, 1980. [206] 


C. G. Jockusch, Jr. Three easy constructions of recursively enumerable 
sets. In M. Lerman, J. H. Schmerl, and R. I. Soare, editors, Logic Year 
1979-1980, Proceedings of Seminars and of the Conference on Mathemat- 
ical Logic Held at the University of Connecticut, Storrs, Conn., November 
11-13, 1979, volume 859 of Lecture Notes in Mathematics, pages 83-91. 
Springer, Berlin, 1981. [414] 


C. G. Jockusch, Jr., M. Lerman, R. I. Soare, and R. M. Solovay. Recur- 
sively enumerable sets modulo iterated jumps and extensions of Arslanov’s 
completeness criterion. The Journal of Symbolic Logic, 54:1288-1323, 1989. 
[87, 370, 534] 


C. G. Jockusch, Jr. and D. Posner. Double jumps of minimal degrees. The 
Journal of Symbolic Logic, 43:715-724, 1978. [72] 


C. G. Jockusch, Jr. and R. A. Shore. Pseudojump operators I: The r.e. case. 
Transactions of the American Mathematical Society, 275:599-609, 1983. [41, 
42, 376] 


C. G. Jockusch, Jr. and R. A. Shore. Pseudojump operators II: Transfinite 
iterations, hierarchies, and minimal covers. The Journal of Symbolic Logic, 
49:1205-1236, 1984. [42, 64, 376] 


C. G. Jockusch, Jr. and R. I. Soare. Degrees of members of II? classes. 
Pacific Journal of Mathematics, 40:605-616, 1972. [77, 81, 84, 87, 89, 374] 


C. G. Jockusch, Jr. and R. I. Soare. TI? classes and degrees of theories. 
Transactions of the American Mathematical Society, 173:33-56, 1972. [77, 
78, 79, 81, 82, 84, 86, 87] 

M. I. Kanovich. On the decision complexity of algorithms. Soviet Mathe- 
matics Doklady, 10:700—701, 1969. [366, 368] 


M. I. Kanovich. On the decision and enumeration complexity of predicates. 
Soviet Mathematics Doklady, 11:17-20, 1970. [366, 368] 


B. Kastermans and S. Lempp. Comparing notions of randomness. Theoret- 
ical Computer Science, 411:602-616, 2010. [311, 319, 320, 321] 


S. M. Kautz. Degrees of Random Sets. Ph.D. dissertation, Cornell Univer- 
sity, 1991. [xiii, 79, 255, 256, 257, 259, 265, 266, 267, 268, 287, 297, 298, 
330, 333, 359, 361, 362, 363, 364, 382, 385, 386] 


S. M. Kautz. An improved zero-one law for algorithmically random 
sequences. Theoretical Computer Science, 191:185-192, 1998. [259] 


202 


203 


204 


205 


206 


207 


208 


209 


210 


211 


212 


213 


214 


215 


[216] 


References 781 


B. Khoussainov and A. Nerode. Automata Theory and Its Applications. 
Progress in Computer Science and Applied Logic, 21. Birkhäuser Boston, 
Inc., Boston, 2001. [746] 


B. Kjos-Hanssen. Low for random reals and positive-measure domination. 
Proceedings of the American Mathematical Society, 135:3703-3709, 2007. 
[489, 490] 


B. Kjos-Hanssen. Infinite subsets of random sets of integers. Mathematics 
Research Letters, 16:103-110, 2009. [348] 


B. Kjos-Hanssen, W. Merkle, and F. Stephan. Kolmogorov complexity and 
the recursion theorem. In B. Durand and W. Thomas, editors, STACS 2006. 
Proceedings of the 23rd Annual Symposium on Theoretical Aspects of Com- 
puter Science, Marseille, France, February 23-25, 2006, volume 3884 of 
Lecture Notes in Computer Science, pages 149-161. Springer-Verlag, Berlin, 
2006. [366, 367, 368, 369, 576, 581] 


B. Kjos-Hanssen, J. S. Miller, and R. Solomon. Lowness notions, measure 
and domination. To appear. [494, 497, 499, 538] 


B. Kjos-Hanssen, A. Nies, and F. Stephan. Lowness for the class of Schnorr 
random sets. SIAM Journal on Computing, 35:647-657, 2005. [537, 554, 
559, 560, 561, 591] 


S. C. Kleene. General recursive functions of natural numbers. Mathematis- 
che Annalen, 112:727—742, 1936. [23] 


S. C. Kleene. On notation for ordinal numbers. The Journal of Symbolic 
Logic, 3:150-155, 1938. [13, 14] 

S. C. Kleene and E. L. Post. The upper semi-lattice of degrees of recursive 
unsolvability. Annals of Mathematics. Second Series, 59:379-407, 1954. [17, 
32] 

A. N. Kolmogorov. Three approaches to the quantitative definition of infor- 


mation. Problems of Information Transmission, 1:1-7, 1965. [xiii, xx, 111, 
112, 115, 637] 


A. N. Kolmogorov. Logical basis for information theory and probability 
theory. IEEE Transactions on Information Theory, 14:662—-664, 1968. [113] 


L. G. Kraft. A Device for Quantizing, Grouping, and Coding Amplitude 
Modulated Pulses. M.Sc. thesis, MIT, 1949. [125] 


S. A. Kripke. “Flexible” predicates in formal number theory. Proceedings 
of the American Mathematical Society, 13:647-650, 1962. [93] 


A. Kučera. Measure, I? classes, and complete extensions of PA. In H.-D. 
Ebbinghaus, G. H. Müller, and G. E. Sacks, editors, Recursion The- 
ory Week. Proceedings of the Conference Held at the Mathematisches 
Forschungsinstitut in Oberwolfach, April 15-21, 1984, volume 1141 of Lec- 
ture Notes in Mathematics, pages 245-259. Springer, Berlin, 1985. [259, 
323, 324, 325, 326, 330, 336, 337, 338, 347, 609] 


A. Kučera. An alternative priority-free solution to Post’s problem. In 
J. Gruska, B. Rovan, and J. Wiederman, editors, Mathematical Foun- 
dations of Computer Science 1986. Proceedings of the 12th Symposium. 
Bratislava, Czechoslovakia. August 25-29, 1986, volume 233 of Lecture 


782 


[217] 


[218] 


219 
220 
221 
222 


223 


224 
225 


226 


227 


[228] 


[229] 
[230] 


[231] 


References 


Notes in Computer Science, pages 493-500. Springer, Berlin, 1986. [90, 
91, 92, 337] 

A. Kučera. On the use of diagonally nonrecursive functions. In H.-D. 
Ebbinghaus, J. Fernandez-Prida, M. Garrido, D. Lascar, and M. Rodríquez 
Artalejo, editors, Logic Colloquium ’87. Proceedings of the Colloquium Held 
at the University of Granada, Granada, July 20-25, 1987, volume 129 
of Studies in Logic and the Foundations of Mathematics, pages 219-239. 
North-Holland, Amsterdam, 1989. [92, 93, 373] 

A. Kuéera. Randomness and generalizations of fixed point free functions. 
In K. Ambos-Spies, G. H. Miiller, and G. E. Sacks, editors, Recursion 
Theory Week. Proceedings of the Conference Held at the Mathematis- 
ches Forschungsinstitut, Oberwolfach, March 19-25, 1989, volume 1432 of 
Lecture Notes in Mathematics, pages 245-254. Springer, Berlin, 1990. [371] 
A. Kuéera. On relative randomness. Annals of Pure and Applied Logic, 
63:61-67, 1993. [531] 

A. Kuéera and A. Nies. Demuth randomness and computational complexity. 
To appear in the Annals of Pure and Applied Logic. [315] 

A. Kuéera and T. A. Slaman. Randomness and recursive enumerability. 
SIAM Journal on Computing, 31:199-211, 2001. [231, 409, 410, 418] 

A. Kuéera and T. A. Slaman. Low upper bounds for ideals. The Journal of 
Symbolic Logic, 74:517-534, 2009. [93, 550] 

A. Kuéera and S. A. Terwijn. Lowness for the class of random sets. The 
Journal of Symbolic Logic, 64:1396-1402, 1999. [489, 508, 509, 510, 524, 
526] 

M. Kumabe. On the Turing Degrees of Generic Sets. Ph.D. dissertation, 
University of Chicago, 1990. [102] 

M. Kumabe and A. E. M. Lewis. A fixed-point-free minimal degree. Journal 
of the London Mathematical Society, 80:785—797, 2009. [349, 618] 

M. Kummer. Kolmogorov complexity and instance complexity of recur- 
sively enumerable sets. SIAM Journal on Computing, 25:1123-1143, 1996. 
649, 728, 729, 730] 

M. Kummer. On the complexity of random strings. In C. Puech and R. Reis- 
chuk, editors, STACS ’96. Proceedings of the 18th Annual Symposium on 
Theoretical Aspects of Computer Science held in Grenoble, February 22- 
24, 1996, volume 1046 of Lecture Notes in Computer Science, pages 25-36. 
Springer-Verlag, Berlin, 1996. [738, 740, 743] 

S. A. Kurtz. Randomness and Genericity in the Degrees of Unsolvability. 
Ph.D. dissertation, University of Illinois at Urbana-Champaign, 1981. [xii, 
105, 107, 254, 255, 256, 259, 269, 285, 286, 287, 288, 295, 315, 323, 356, 
360, 361, 362, 380, 381, 382, 383, 385, 386, 392, 394, 401, 496] 

S. A. Kurtz. Notions of weak genericity. The Journal of Symbolic Logic, 
48:764—-770, 1983. [105, 107] 

A. V. Kuznecov. On primitive recursive functions of large oscillation. 
Doklady Akademii Nauk SSSR (N.S.), 71:233-236, 1950. In Russian. [69] 


A. H. Lachlan. Lower bounds for pairs of recursively enumerable degrees. 
Proceedings of the London Mathematical Society, 16:537-569, 1966. [47] 


232 


233 


234 


235 


236 


237 


238 


239 


240 


241 


242 


243 


244 


245 


246 


247 


248 


References 783 


A. H. Lachlan. Distributive initial segments of the degrees of unsolvabil- 
ity. Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, 
14:457—472, 1968. [364] 


A. H. Lachlan. Wtt-complete sets are not necessarily tt-complete. Pro- 
ceedings of the American Mathematical Society, 48:429-434, 1975. [333, 
334] 


R. E. Ladner. A completely mitotic nonrecursive r. e. degree. Transactions 
of the American Mathematical Society, 184:479-507, 1973. [207] 


R. E. Ladner and L. P. Sasso, Jr. The weak truth table degrees of recursively 
enumerable sets. Annals of Mathematical Logic, 8:429-448, 1975. [207] 


J. I. Lathrop and J. H. Lutz. Recursive computational depth. Information 
and Computation, 153:139-172, 1999. [304, 305] 


H. Lebesgue. Leçons sur L’intégration et la Recherche des Fonctions 
Primitives. Gauthier-Villars, Paris, 1904. [592] 


S. Lempp and M. Lerman. Priority arguments using iterated trees of 
strategies. In K. Ambos-Spies, G. H. Miiller, and G. E. Sacks, editors, 
Recursion Theory Week. Proceedings of the Conference Held at the Math- 
ematisches Forschungsinstitut, Oberwolfach, March 19-25, 1989, volume 
1432 of Lecture Notes in Mathematics, pages 277—296. Springer, Berlin, 
1990. [67] 


S. Lempp and M. Lerman. The decidability of the existential theory of the 
poset of recursively enumerable degrees with jump relations. Advances in 
Mathematics, 120:1—-142, 1996. [67] 


M. Lerman. Degrees of Unsolvability. Local and Global theory. Perspectives 
in Mathematical Logic. Springer-Verlag, Berlin, 1983. [72, 475] 


L. A. Levin. Some Theorems on the Algorithmic Approach to Probabil- 
ity Theory and Information Theory. Dissertation in Mathematics, Moscow 
University, 1971. In Russian. [xiii, 121, 125, 133, 145, 146, 154] 


L. A. Levin. On the notion of a random sequence. Soviet Mathematics 
Doklady, 14:1413-1416, 1973. [xiii, 145, 146, 169, 227, 232, 239, 240] 


L. A. Levin. Laws of information conservation (non-growth) and as- 
pects of the foundation of probability theory. Problems of Information 
Transmission, 10:206—210, 1974. [xiii, 121, 125, 129, 133, 227] 

P. Lévy. Théorie de l’Addition des Variables Aléatoires. Gauthier-Villars, 
Paris, 1937. [235] 

A. E. M. Lewis. A single minimal complement for the c. e. degrees. 
Transactions of the American Mathematical Society, 359:5817-5865, 2007. 
[93] 

A. E. M. Lewis and G. Barmpalias. Random reals and Lipschitz continuity. 
Mathematical Structures in Computer Science, 16:737-749, 2006. [442] 


A. E. M. Lewis and G. Barmpalias. Randomness and the linear degrees of 
computability. Annals of Pure and Applied Logic, 145:252-257, 2007. [420] 


M. Li and P. Vitanyi. An Introduction to Kolmogorov Complexity and Its 
Applications. Texts and Monographs in Computer Science. Springer-Verlag, 


784 


249 


250 


251 


252 


253 


254 


255 


256 


257 


258 


259 


260 


261 


262 


263 


264 


References 


Berlin, 1993. [xi, xx, 110, 113, 114, 116, 122, 132, 136, 137, 150, 227, 238, 
260, 265, 304, 738] 


E. H. Lieb, D. Osherson, and S. Weinstein. Elementary proof of a theorem of 
Jean Ville. Unpublished manuscript: arXiv:cs/0607054v1, July 2006. [246, 
249] 


D. W. Loveland. A variant of the Kolmogorov concept of complexity. 
Information and Control, 15:510-526, 1969. [117, 118, 122] 


J. H. Lutz. Category and measure in complexity classes. SIAM Journal on 
Computing, 19:1100-1131, 1990. [270] 


J. H. Lutz. Gales and the constructive dimension of individual sequences. In 
U. Montanari, J. D. P. Rolim, and E. Welzl, editors, Automata, Languages 
and Programming. 27th International Colloquium, ICALP 2000. Geneva, 
Switzerland, July 9-15, 2000. Proceedings, volume 1853 of Lecture Notes 
in Computer Science, pages 902-913. Springer, Berlin, 2000. [xiii, 594, 596, 
597, 599, 603, 654] 


J. H. Lutz. Dimension in complexity classes. SIAM Journal on Computing, 
32:1236-1259, 2003. [594, 596] 


J. H. Lutz. The dimensions of individual strings and sequences. Information 
and Computation, 187:49-79, 2003. [xiii, 594, 596, 597, 598, 599, 603, 654, 
658, 662, 663, 664, 665, 666] 


J. H. Lutz. Effective fractal dimensions. Mathematical Logic Quarterly, 
51:62-72, 2005. [596] 


W. Maass. Characterization of the recursively enumerable sets with super- 
sets effectively isomorphic to all recursively enumerable sets. Transactions 
of the American Mathematical Society, 279:311-336, 1983. [90, 215] 


A. Macintyre. Omitting quantifier free types in generic structures. The 
Journal of Symbolic Logic, 37:512-520, 1972. [206] 


D. A. Martin. Classes of recursively enumerable sets and degrees of 
unsolvability. Zeitschrift fiir Mathematische Logik und Grundlagen der 
Mathematik, 12:295-310, 1966. [80, 97, 575] 


P. Martin-Lof. The definition of random sequences. Information and 
Control, 9:602-619, 1966. [xiii, xix, 231, 233, 234] 


P. Martin-Lof. Complexity oscillations in infinite binary sequences. Zeit- 
schrift für Wahrscheinlichkettstheorie und Verwandte Gebiete, 19:225—230, 
1971. [136, 260] 


Y. V. Matijasevic. The Diophantineness of enumerable sets. Soviet 
Mathematics Doklady, 11:354-358, 1970. [101] 


E. Mayordomo. A Kolmogorov complexity characterization of constructive 
Hausdorff dimension. Information Processing Letters, 84:1-3, 2002. [598] 


Y. T. Medvedev. Degrees of difficulty of the mass problem. Doklady 
Akademii Nauk SSSR (N.S.), 104:501-504, 1955. In Russian. [344] 


Y. T. Medvedev. On nonisomorphic recursively enumerable sets. Doklady 
Akademii Nauk SSSR (N.S.), 102:211—-214, 1955. In Russian. [69] 


[265] 


[266] 


[267] 


268 


269 


270 


271 


272 


273 


274 


275 


276 


277 


278 


279 


280 


References 785 


W. Merkle. The Kolmogorov-Loveland stochastic sequences are not closed 
under selecting subsequences. The Journal of Symbolic Logic, 68:1362-1376, 
2003. [310] 


W. Merkle. The complexity of stochastic sequences. Journal of Computer 
and System Sciences, 74:350-357, 2008. [304, 305, 306] 


W. Merkle and N. Mihailović. On the construction of effective random sets. 
In K. Diks and W. Rytter, editors, Mathematical Foundations of Com- 
puter Science 2002. 27th International Symposium, MFCS 2002, Warsaw, 
Poland, August 26-30, 2002. Proceedings, volume 2420 of Lecture Notes in 
Computer Science, pages 568-580. Springer, Berlin, 2002. [325, 326, 484] 


W. Merkle, N. Mihailović, and T. A. Slaman. Some results on effective 
randomness. Theory of Computing Systems, 39:707-721, 2006. [243, 244, 
279, 280] 


W. Merkle, J. S. Miller, A. Nies, J. Reimann, and F. Stephan. Kolmogorov- 
Loveland randomness and stochasticity. Annals of Pure and Applied Logic, 
138:183-210, 2006. [276, 309, 311, 312, 313, 314, 328, 330, 357] 


W. Merkle and F. Stephan. On C-degrees, H-degrees and T-degrees. In 
Twenty-Second Annual IEEE Conference on Computational Complexity 
(CCC 2007), pages 60-69. IEEE Computer Society Press, San Diego, CA, 
2007. [120, 437, 456, 457, 458, 500] 


J. S. Miller. Contrasting plain and prefix-free Kolmogorov complexity. To 
appear. [743] 


J. S. Miller. Deriving Muchnik’s Theorem from Solovay’s manuscript. 
Unpublished notes. [155, 168] 


J. S. Miller. Extracting information is hard: a Turing degree of non-integral 
effective Hausdorff dimension. To appear in Advances in Mathematics. [610, 
612, 615] 


J. S. Miller. Two notes on subshifts. Unpublished notes. [601] 


J. S. Miller. II? Classes in Computable Analysis and Topology. Ph.D. 
dissertation, Cornell University, 2002. [368] 


J. S. Miller. Kolmogorov random reals are 2-random. The Journal of 
Symbolic Logic, 69:907-913, 2004. [261, 262] 


J. S. Miller. The K-degrees, low for K-degrees, and weakly low for K sets. 
Notre Dame Journal of Formal Logic, 50:381-391, 2010. [263, 713, 714, 715, 
716] 


J. S. Miller and A. Nies. Randomness and computability: open questions. 
The Bulletin of Symbolic Logic, 12:390-410, 2006. [xiii, 319] 


J. S. Miller and L. Yu. Oscillation in the initial segment complexity of 
random reals. To appear in Advances in Mathematics. [131, 329, 481, 484, 
485, 486, 487] 


J. S. Miller and L. Yu. On initial segment complexity and degrees 
of randomness. Transactions of the American Mathematical Society, 
360:3193-3210, 2008. [229, 250, 251, 252, 332, 465, 466, 473, 474, 475, 476, 
477, 478, 479, 480, 481, 487] 


786 


281 


282 


283 


284 


285 


286 


287 


288 


289 


290 


291 


292 


293 


294 


295 


296 


297 


298 
299 


References 


R. Miller. The A$-spectrum of a linear order. The Journal of Symbolic 
Logic, 66:470-486, 2001. [43] 

W. Miller and D. A. Martin. The degrees of hyperimmune sets. Zeitschrift 
fiir Mathematische Logik und Grundlagen der Mathematik, 14:159-166, 
1968. [67, 68, 69, 100] 


A. Mostowski. A generalization of the incompleteness theorem. Fundamenta 
Mathematicae, 49:205-232, 1960/1961. [93] 


A. A. Muchnik. On the unsolvability of the problem of reducibility in the 
theory of algorithms. Doklady Akademii Nauk SSSR (N.S.), 108:194—-197, 
1956. In Russian. [32, 34, 36] 


A. A. Muchnik. Isomorphism of systems of recursively enumerable sets with 
effective properties. Trudy Moskovskogo Matematicheskogo Obshchestva, 
7:407-412, 1958. In Russian. [86] 


A. A. Muchnik. On strong and weak reducibilities of algorithmic problems. 
Sibirskii Matematicheskit Zhurnal, 4:1328-1341, 1963. In Russian. [344] 


An. A. Muchnik. Lower limits of frequencies in computable sequences and 
relativized a priori probability. Theory of Probability and its Applications, 
32:513-514, 1987. [472] 

An. A. Muchnik and S. P. Positselsky. Kolmogorov entropy in the context 
of computability theory. Theoretical Computer Science, 271:15-35, 2002. 
[155, 168, 739, 744, 745, 752] 

An. A. Muchnik, A. L. Semenov, and V. A. Uspensky. Mathematical meta- 
physics of randomness. Theoretical Computer Science, 207:263-317, 1998. 
[304, 305, 309, 310, 311, 312, 313] 

J. Mycielski. Algebraic independence and measure. Fundamenta Mathemat- 
icae, 61:165-169, 1967. [478] 

J. Myhill. Creative sets. Zeitschrift für Mathematische Logik und Grundla- 
gen der Mathematik, 1:97-108, 1955. [21, 22] 

A. Nabutovsky and S. Weinberger. The fractal nature of Riem/Diff. I. 
Geometrica Dedicata, 101:1—-54, 2003. [420] 

A. Nerode. General topology and partial recursive functionals. In Sum- 
maries of Talks Presented at the Summer Institute for Symbolic Logic, pages 
247-251. Cornell University, 1957. [21] 

K. M. Ng. Beyond strong jump traceability. To appear in the Proceedings 
of the London Mathematical Society. [672] 

K. M. Ng. Some Properties of D.C.E. Reals and their Degrees. M.Sc. thesis, 
National University of Singapore, 2006. [219] 

K. M. Ng. On strongly jump traceable reals. Annals of Pure and Applied 
Logic, 154:51-69, 2008. [672, 689] 

K. M. Ng. Computability, Traceability and Beyond. Ph.D. dissertation, 
Victoria University of Wellington, 2009. [672, 693] 

A. Nies. Calculus of cost functions. To appear. [528] 


A. Nies. Low for random reals: the story. Unpublished manuscript, 
http://www.cs.auckland.ac.nz/~nies/papers/LRpreprint.pdf. [510] 


300 


301 


302 


303 


[304] 


[305] 


[306] 


[307] 


308 


309 


310 


References 787 


A. Nies. Lowness for computable and partial computable randomness. To 
appear, preprint available at http: //www.cs.auckland.ac.nz/CDMTCS/ 
researchreports/363andre.pdf. [586, 590] 


A. Nies. Intervals of the lattice of computably enumerable sets and effec- 
tive Boolean algebras. The Bulletin of the London Mathematical Society, 
29:683-692, 1997. [419] 


A. Nies. Lowness properties and randomness. Advances in Mathematics, 
197:274-305, 2005. [473, 508, 518, 523, 524, 525, 527, 528, 529, 530, 586, 
591 


A. Nies. Reals which compute little. In Z. Chatzidakis, P. Koepke, and 
W. Pohlers, editors, Logic Colloquium ’02. Joint Proceedings of the An- 
nual European Summer Meeting of the Association for Symbolic Logic and 
the Biannual Meeting of the German Association for Mathematical Logic 
and the Foundations of Exact Sciences (the Colloquium Logicum) Held in 
Münster, August 8-11, 2002., volume 27 of Lecture Notes in Logic, pages 
261-275. Association for Symbolic Logic and A K Peters, Ltd., La Jolla, 
CA and Wellesley, MA, 2006. [504, 523, 530, 700, 701] 


A. Nies. Non-cupping and randomness. Proceedings of the American 
Mathematical Society, 135:837-844, 2007. [534, 535] 


A. Nies. Eliminating concepts. In C. T. Chong, Q. Feng, T. A. Slaman, 
W. H. Woodin, and Y. Yang, editors, Computational Prospects of Infinity: 
Part II. Presented Talks, National University of Singapore, Institute for 
Mathematical Sciences, volume 15 of Lecture Notes Series. Institute for 
Mathematical Sciences. National University of Singapore, pages 225-248. 
World Scientific Publishing Company, Singapore, 2008. [536] 


A. Nies. Computability and Randomness, volume 51 of Ozford Logic Guides. 
Oxford University Press, Oxford, 2009. [251, 316, 364, 376, 377, 504, 526, 
533, 535, 538, 586, 591, 669] 


A. Nies and J. Reimann. A lower cone in the wtt degrees of non-integral ef- 
fective dimension. In C. T. Chong, Q. Feng, T. A. Slaman, W. H. Woodin, 
and Y. Yang, editors, Computational Prospects of Infinity: Part II. Pre- 
sented Talks, National University of Singapore, Institute for Mathematical 
Sciences, volume 15 of Lecture Notes Series. Institute for Mathematical 
Sciences. National University of Singapore, pages 249-260. World Scientific 
Publishing Company, Singapore, 2008. [611] 


A. Nies, F. Stephan, and S. A. Terwijn. Randomness, relativization, and 
Turing degrees. The Journal of Symbolic Logic, 70:515-535, 2005. [136, 229, 
260, 261, 262, 349, 350, 351, 356, 382, 712, 713, 715] 


D. Nitzpon. Lowness Properties and Randomness. Doctoraal examens, 
University of Amsterdam, 2002. [586] 


P. Odifreddi. Classical Recursion Theory. The Theory of Functions and Sets 
of Natural Numbers, volume 125 of Studies in Logic and the Foundations of 
Mathematics. North-Holland Publishing Company, Amsterdam, 1990. [xiii, 
xix, 8, 28, 85] 


788 


311 


312 


313 


314 


315 


316 


317 


318 


319 


320 


321 


322 


323 


324 


325 


326 


References 


P. Odifreddi. Classical Recursion Theory. Vol. II, volume 143 of Studies 
in Logic and the Foundations of Mathematics. North-Holland Publishing 
Company, Amsterdam, 1999. [xiii, xix, 8, 28, 72, 208, 209] 


J. C. Owings, Jr. Diagonalization and the recursion theorem. Notre Dame 
Journal of Formal Logic, 14:95-99, 1973. [14] 


J. C. Oxtoby. Measure and Category. A Survey of the Analogies Be- 
tween Topological and Measure Spaces, volume 2 of Graduate Texts in 
Mathematics. Springer-Verlag, New York, second edition, 1980. [4] 


J. B. Paris. Measure and minimal degrees. Annals of Mathematical Logic, 
11:203-216, 1977. [381, 401] 


D. B. Posner and R. W. Robinson. Degrees joining to 0’. The Journal of 
Symbolic Logic, 46:714-722, 1981. [64, 65] 


E. L. Post. Recursively enumerable sets of positive integers and their deci- 
sion problems. Bulletin of the American Mathematical Society, 50:284—316, 
1944. [22, 32, 82] 


E. L. Post. Degrees of recursive unsolvability. Bulletin of the American 
Mathematical Society, 54:641-642, 1948. [25] 


M. Pour-El and J. I. Richards. Computability in Analysis and Physics. 


Perspectives in Mathematical Logic. Springer-Verlag, Berlin, 1989. [199, 
224] 


A. Raichev. Relative randomness and real closed fields. The Journal of 
Symbolic Logic, 70:319-330, 2005. [219, 224, 424] 


A. Raichev. Relative Randomness via rK-reducibility. Ph.D. dissertation, 
University of Wisconsin-Madison, 2005. [219, 224, 424] 


A. Raichev and F. Stephan. A minimal rK-degree. In C. T. Chong, 
Q. Feng, T. A. Slaman, W. H. Woodin, and Y. Yang, editors, Compu- 
tational Prospects of Infinity: Part II. Presented Talks, National University 
of Singapore, Institute for Mathematical Sciences, volume 15 of Lecture 
Notes Series. Institute for Mathematical Sciences. National University of 
Singapore, pages 261-270. World Scientific Publishing Company, Singapore, 
2008. [437, 439] 


J. Raisonnier. A mathematical proof of S. Shelah’s theorem on the measure 
problem and related results. Israel Journal of Mathematics, 48:48-56, 1984. 
[555] 

S. Reid. A Class of Algorithmically Random Reals. M.Sc. thesis, Victoria 
University, Wellington, 2004. [606] 


J. Reimann. Computability and Fractal Dimension. Doctoral dissertation, 
University of Heidelberg, 2004. [330, 604, 605, 609, 611, 636, 637, 638, 641] 


J. Reimann. Effectively closed classes of measures and randomness. Annals 
of Pure and Applied Logic, 156:170-182, 2008. [335] 


J. Reimann. Randomness—beyond Lebesgue measure. In Logic Colloquium 
2006, volume 32 of Lecture Notes in Logic, pages 247—279. Association for 
Symbolic Logic, Chicago, IL, 2009. [264, 265] 


327 


328 


329 


330 


[331] 


332 


333 


334 
335 


336 


337 


338 


339 


340 


341 


References 789 


J. Reimann and T. A. Slaman. Measures and their random reals. To appear 
in the Transactions of the American Mathematical Society. [7, 21, 265, 331, 
334, 335, 336, 713] 


J. Reimann and T. A. Slaman. Probability measures and effective 
randomness. To appear. [21, 336] 


J. Reimann and T. A. Slaman. Randomness for continuous measures. To 
appear. [21, 336] 


J. Reimann and F. Stephan. Hierarchies of randomness tests. In S. S. Gon- 
charov, R. G. Downey, and H. Ono, editors, Mathematical Logic in Asia. 
Proceedings of the 9th Asian Logic Conference Held in Novosibirsk, Au- 
gust 16-19, 2005, pages 215-232. World Scientific Publishing Company, 
Singapore, 2006. [465, 605] 

R. Rettinger, X. Zheng, R. Gengler, and B. von Braunmihl. Weakly com- 
putable real numbers and total computable real functions. In J. Wang, 
editor, Computing and Combinatorics. 7th Annual International Confer- 
ence (COCOON 2001). Guilin, China, August 20-23, 2001. Proceedings, 
volume 2108 of Lecture Notes in Computer Science, pages 586-595. 
Springer, Berlin, 2001. [217] 

H. G. Rice. Classes of recursively enumerable sets and their decision prob- 
lems. Transactions of the American Mathematical Society, 74:358-366, 
1953. [13] 


R. W. Robinson. Jump restricted interpolation in the recursively enu- 
merable degrees. Annals of Mathematics. Second Series, 93:586-596, 1971. 
[67] 

H. Rogers, Jr. Theory of Recursive Functions and Effective Computability. 
McGraw-Hill Book Company, New York, 1967. [xiii, 8, 28] 


H. L. Royden. Real Analysis. The Macmillan Company, New York, 1963. 
[264, 365, 400, 639] 

W. Rudin. Principles of Mathematical Analysis. International Series in Pure 
and Applied Mathematics. McGraw-Hill Book Co., New York, third edition, 
1976. [219] 


A. Y. Rumyantsev and M. A. Ushakov. Forbidden substrings, Kolmogorov 
complexity and almost periodic sequences. In B. Durand and W. Thomas, 
editors, STACS 2006. Proceedings of the 23rd Annual Symposium on The- 
oretical Aspects of Computer Science, Marseille, France, February 239-25, 
2006, volume 3884 of Lecture Notes in Computer Science, pages 396-407. 
Springer-Verlag, Berlin, 2006. [601] 

B. Y. Ryabko. Coding of combinatorial sources and Hausdorff dimension. 
Soviet Mathematics Doklady, 30:219-222, 1984. [598] 


B. Y. Ryabko. Noiseless coding of combinatorial sources. Problems of 
Information Transmission, 22:170-179, 1986. [598] 

B. Y. Ryabko. The complexity and effectiveness of prediction algorithms. 
Journal of Complexity, 10:281-295, 1994. [598] 


G. E. Sacks. Degrees of Unsolvability. Princeton University Press, Prince- 
ton, NJ, 1963. [65, 66, 323, 358, 363] 


790 


342 


343 


344 


345 


346 


347 


348 


349 


350 


351 


352 


[353] 
[354] 


[355] 


[356] 


References 


G. E. Sacks. On the degrees less than 0’. Annals of Mathematics. Second 
Series, 77:211—-231, 1963. [39, 40, 58, 72, 373, 534] 

G. E. Sacks. A maximal set which is not complete. Michigan Mathematical 
Journal, 11:193-205, 1964. [83] 


G. E. Sacks. The recursively enumerable degrees are dense. Annals of 
Mathematics Second Series, 80:300-312, 1964. [58] 


G. E. Sacks. Forcing with perfect closed sets. In D. S. Scott, editor, Ax- 
tomatic Set Theory. Proceedings of the Symposium in Pure Mathematics 
of the American Mathematical Society held at the University of Califor- 
nia, Los Angeles, Calif., July 10-August 5, 1967., volume XIII, part I of 
Proceedings of Symposia on Pure Mathematics, pages 331-355. American 
Mathematical Society, Providence, RI, 1971. [645] 


G. E. Sacks. Higher Recursion Theory. Perspectives in Mathematical Logic. 
Springer-Verlag, Berlin, 1990. [711] 

A. Salomaa. Computation and Automata, volume 25 of Encyclopedia of 
Mathematics and Its Applications. Cambridge University Press, Cambridge, 
1985. [8] 


C.-P. Schnorr. A unified approach to the definition of a random sequence. 
Mathematical Systems Theory, 5:246-258, 1971. [xiii, 236, 237, 257, 269, 
270, 271, 273, 276, 280, 350, 594] 


C.-P. Schnorr. Zufdlligkeit und Wahrscheinlichkeit. Eine algorithmische 
Begrtindung der Wahrscheinlichkeitstheorie, volume 218 of Lecture Notes 
in Mathematics. Springer-Verlag, Berlin-New York, 1971. [xiii, 146, 236, 
237, 257, 269, 270, 271, 272, 273, 276, 280, 303, 594, 599, 654] 


C.-P. Schnorr. Process complexity and effective random tests. Journal of 
Computer and System Sciences, 7:376-388, 1973. [xiii, 125, 145, 146, 227, 
232, 239] 


D. Scott and S. Tennenbaum. On the degrees of complete extensions of 
arithmetic. Notices of the American Mathematical Society, 7:242—243, 1960. 
[87] 

D. S. Scott. Algebras of sets binumerable in complete extensions of arith- 
metic. In Proceedings of the Symposium on Pure and Applied Mathematics, 
volume V, pages 117-121. American Mathematical Society, Providence, RI, 
1962. [84] 

A. Shen. On relations between different algorithmic definitions of random- 
ness. Soviet Mathematics Doklady, 38:316-319, 1989. [303] 

J. R. Shoenfield. On degrees of unsolvability. Annals of Mathematics. 
Second Series, 69:644-653, 1959. [24, 25, 65] 

J. R. Shoenfield. Applications of model theory to degrees of unsolvability. 
In J. W. Addison, L. Henkin, and A. Tarski, editors, Theory of Models 
(Proceedings of the 1963 International Symposium, Berkeley), pages 359- 
363. North-Holland, Amsterdam, 1965. [54, 56] 

J. R. Shoenfield. Degrees of Unsolvability, volume 2 of North-Holland Math- 
ematics Studies. North-Holland Publishing Company, Amsterdam-London, 
1971. [71] 


357 


366 


367 


368 


369 


370 


371 


[372] 


References 791 


J. H. Silver. Counting the number of equivalence classes of Borel and coan- 
alytic equivalence relations. Annals of Mathematical Logic, 18:1-28, 1980. 
[478] 


S. G. Simpson. First-order theory of the degrees of recursive unsolvability. 
Annals of Mathematics. Second Series, 105:121-139, 1977. [364] 


S. G. Simpson. Mass problems and randomness. The Bulletin of Symbolic 
Logic, 11:1-27, 2005. [345, 346, 347] 

S. G. Simpson. An extension of the recursively enumerable Turing degrees. 
Journal of the London Mathematical Society. Second Series, '75:287—297, 
2007. [346, 347] 


S. G. Simpson. Mass problems and almost everywhere domination. 
Mathematical Logic Quarterly, 53:483-492, 2007. [347] 


R. M. Smullyan. Theory of Formal Systems. Princeton University Press, 
Princeton, NJ, revised edition, 1961. [86] 


R. I. Soare. Cohesive sets and recursively enumerable Dedekind cuts. Pacific 
Journal of Mathematics, 31:215-231, 1969. [199, 201] 


R. I. Soare. Recursion theory and Dedekind cuts. Transactions of the 
American Mathematical Society, 140:271-294, 1969. [198, 204] 


R. I. Soare. Automorphisms of the lattice of recursively enumerable sets. 
I. Maximal sets. Annals of Mathematics. Second Series, 100:80—-120, 1974. 
[83] 

R. I. Soare. Recursively Enumerable Sets and Degrees: A Study of 
Computable Functions and Computably Generated Sets. Perspectives in 
Mathematical Logic. Springer, Berlin, 1987. [xiii, xix, 8, 10, 14, 27, 29, 
36, 43, 44, 57, 58, 65, 503, 517] 


R. I. Soare. Computability and recursion. The Bulletin of Symbolic Logic, 
2:284-321, 1996. [8] 


R. I. Soare. Computability theory and differential geometry. The Bulletin 
of Symbolic Logic, 10:457-486, 2004. [420, 421] 

R. J. Solomonoff. A formal theory of inductive inference, I and II. Infor- 
mation and Control, 7:1-22 and 224-254, 1964. [xiii, xx, 111, 112, 133, 145, 
146] 


R. M. Solovay. A model of set theory in which every set of reals is Lebesgue 
measurable. Annals of Mathematics, 92:1-56, 1970. [296, 555] 


R. M. Solovay. Draft of paper (or series of papers) on Chaitin’s work. Un- 
published notes, May 1975. 215 pages. [xi, xii, 137, 138, 139, 140, 141, 142, 
143, 144, 155, 156, 160, 161, 162, 163, 164, 166, 167, 234, 251, 262, 288, 
404, 405, 408, 409, 413, 466, 467, 468, 469, 470, 501, 732, 743] 


R. M. Solovay. On random r.e. sets. In A. I. Arruda, N. C. A. da Costa, and 
R. Chuaqui, editors, Non-Classical Logics, Model Theory and Computabil- 
ity. Proceedings of the Third Latin-American Symposium on Mathematical 
Logic, Campinas, July 11-17, 1976, volume 89 of Studies in Logic and the 
Foundations of Mathematics, pages 283-307. North Holland, Amsterdam, 
1977. [732] 


792 


[373] 


374 
375 
376 


377 


378 


379 


[380] 


[381] 


382 
383 


384 


385 


References 


A. Sorbi. The Medvedev lattice of degrees of difficulty. In S. B. Cooper, 
T. A. Slaman, and S. S. Wainer, editors, Computability, Enumerability, 
Unsolvability. Directions in Recursion Theory, volume 224 of London Math- 
ematical Society Lecture Note Series, pages 289-312. Cambridge University 
Press, Cambridge, 1996. [347] 


C. Spector. On degrees of recursive unsolvability. Annals of Mathematics, 
64:581-592, 1956. [70] 


C. Spector. Measure-theoretic construction of incomparable hyperdegrees. 
The Journal of Symbolic Logic, 23:280-288, 1958. [358] 


L. Staiger. Kolmogorov complexity and Hausdorff dimension. Information 
and Computation, 103:159-194, 1993. [136, 598] 


L. Staiger. A tight upper bound on Kolmogorov complexity and uniformly 
optimal prediction. Theory of Computing Systems, 31:215-229, 1998. [598, 
636, 637] 


L. Staiger. Constructive dimension equals Kolmogorov complexity. Infor- 
mation Processing Letters, 93:149-153, 2005. [598, 636] 


F. Stephan. Martin-Löf random sets and PA-complete sets. In Z. Chatzi- 
dakis, P. Koepke, and W. Pohlers, editors, Logic Colloquium ’02. Joint 
Proceedings of the Annual European Summer Meeting of the Association for 
Symbolic Logic and the Biannual Meeting of the German Association for 
Mathematical Logic and the Foundations of Exact Sciences (the Colloquium 
Logicum) Held in Münster, August 3-11, 2002., volume 27 of Lecture Notes 
in Logic, pages 342-348. Association for Symbolic Logic and A K Peters, 
Ltd., La Jolla, CA and Wellesley, MA, 2006. [337, 339] 


F. Stephan and G. Wu. Presentations of K-trivial reals and Kolmogorov 
complexity. In S. B. Cooper, B. Lowe, and L. Torenvliet, editors, New Com- 
putational Paradigms. First Conference on Computability in Europe, CiE 
2005. Amsterdam, The Netherlands, June 8-12, 2005. Proceedings, vol- 
ume 3526 of Lecture Notes in Computer Science, pages 461-469. Springer, 
Berlin, 2005. [411] 


F. Stephan and L. Yu. Lowness for weakly 1-generic and Kurtz-random. 
In J.-Y. Cai, S. B. Cooper, and A. Li, editors, Theory and Applications of 
Models of Computation. Third International Conference, TAMC 2006. Bei- 
jing, China, May 15-20, 2006. Proceedings, volume 3959 of Lecture Notes 
in Computer Science, pages 756-764. Springer, Berlin, 2006. [582, 583, 584, 
585] 

J. Stillwell. Decidability of the “almost all” theory of degrees. The Journal 
of Symbolic Logic, 37:501-506, 1972. [323, 359, 360, 363, 365] 

M. Stob. Index sets and degrees of unsolvability. The Journal of Symbolic 
Logic, 47:241-248, 1982. [83] 

D. Sullivan. Entropy, Hausdorff measures old and new, and limit sets of 
geometrically finite Kleinian groups. Acta Mathematica, 153:259-277, 1984. 
[639] 

K. Tadaki. A generalization of Chaitin’s halting probability Q and halting 
self-similar sets. Hokkaido Mathematical Journal, 31:219-253, 2002. [602, 
603] 


386 


387 


388 


389 


390 


391 


392 


[393] 


[394] 


395 


396 


397 
398 
399 


400 


401 


402 


References 793 


S. A. Terwijn. Computability and Measure. Ph.D. dissertation, The In- 
stitute for Logic, Language and Computation (ILLC), University of 
Amsterdam, 1998. [98, 303] 


S. A. Terwijn. Complexity and randomness. Rendiconti del Seminario 
Matematico di Torino, 62:1-38, 2004. Notes for a course given at the 
University of Auckland, March 2003. [5, 610, 611] 


S. A. Terwijn. The Medvedev lattice of computably closed sets. Archive for 
Mathematical Logic, 45:179-190, 2006. [345] 


S. A. Terwijn and D. Zambella. Algorithmic randomness and lowness. The 
Journal of Symbolic Logic, 66:1199-1205, 2001. [99, 100, 554, 555, 559] 


B. Trakhtenbrot. On autoreducibility. Soviet Mathematics Doklady, 11:814- 
817, 1970. [340] 


C. Tricot, Jr. Two definitions of fractional dimension. Mathematical Pro- 
ceedings of the Cambridge Philosophical Society, 91:57-74, 1982. [639, 
657] 


A. M. Turing. On computable numbers with an application to the 
Entscheidungsproblem. Proceedings of the London Mathematical Society, 
42:230-265, 1936. Correction in Proceedings of the London Mathematical 
Society 43: 544-546, 1937. [198] 


V. A. Uspensky. Some remarks on r.e. sets. Zeitschrift für Mathematische 
Logik und Grundlagen der Mathematik, 3:157-170, 1957. [69] 


V. A. Uspensky. Complexity and entropy: an introduction to the theory 
of Kolmogorov complexity. In O. Watanabe, editor, Kolmogorov Complex- 
ity and Computational Complexity, EATCS Monographs on Theoretical 
Computer Science, pages 85-102. Springer-Verlag, New York, 1992. [238] 
V. A. Uspensky, A. L. Semenov, and A. Kh. Shen. Can an individual 
sequence of zeros and ones be random? Russian Mathematical Surveys, 
45:121-189, 1990. [246] 

V. A. Uspensky and A. Shen. Relations between varieties of Kolmogorov 
complexities. Mathematical Systems Theory, 29:271-292, 1996. [122, 147, 
170] 

M. van Lambalgen. Random Sequences. Ph.D. dissertation, University of 
Amsterdam, 1987. [xix, 110, 227, 265] 

M. van Lambalgen. The axiomatization of randomness. The Journal of 
Symbolic Logic, 55:1143-1167, 1990. [110, 257, 258] 

N. Vereshchagin. Kolmogorov complexity conditional to large integers. 
Theoretical Computer Science, 271:59-67, 2002. [263, 471] 

N. Vereshchagin. Kolmogorov complexity of enumerating finite sets. 
Information Processing Letters, 103:34—39, 2007. [732] 


J. Ville. Etude Critique de la Notion de Collectif. Monographies des Proba- 
bilités. Calcul des Probabilités et ses Applications. Gauthier-Villars, Paris, 
1939. [xviii, 230, 235, 246] 

R. von Mises. Grundlagen der Wahrscheinlichkeitsrechnung. Mathematische 
Zeitschrift, 5:52-99, 1919. [xviii, 229] 


794 


403 


404 


405 


406 


407 


408 


409 


410 


411 


412 


413 


414 


415 


416 


417 


418 


419 


420 


References 


A. Wald. Sur la notion de collectif dans la calcul des probabilités. Comptes 
Rendus des Seances de l’Académie des Sciences, 202:180-183, 1936. [xviii, 
230] 


A. Wald. Die Wiederspruchsfreiheit des Kollektivbegriffes der Wahrschein- 
lichkeitsrechnung. Ergebnisse eines Mathematischen Kolloquiums, 8:38-72, 
1937. [xviii, 230] 

Y. Wang. Randomness and Complexity. Ph.D. dissertation, University of 
Heidelberg, 1996. [275, 286, 287, 290, 303, 349, 350] 


Y. Wang. A separation of two randomness concepts. Information Processing 
Letters, 69:115-118, 1999. [349, 350] 


G. Wu. Prefix-free languages and initial segments of computably enumer- 
able degrees. In J. Wang, editor, Computing and Combinatorics. 7th Annual 
International Conference (COCOON 2001). Guilin, China, August 20-23, 
2001. Proceedings, volume 2108 of Lecture Notes in Computer Science, 
pages 576-585. Springer, Berlin, 2001. [206] 


C. E. M. Yates. A minimal pair of recursively enumerable degrees. The 
Journal of Symbolic Logic, 31:159-168, 1966. [47] 


C. E. M. Yates. On the degrees of index sets II. Transactions of the 
American Mathematical Society, 135:249-266, 1969. [210] 


C. E. M. Yates. Initial segments of the degrees of unsolvability, II. Minimal 
degrees. The Journal of Symbolic Logic, 35:243-266, 1970. [72] 


L. Yu. Lowness for genericity. Archive for Mathematical Logic, 45:233-238, 
2006. [378, 586] 


L. Yu. When van Lambalgen’s theorem fails. Proceedings of the American 
Mathematical Society, 135:861-864, 2007. [276, 357] 


L. Yu and D. Ding. There are 2®° many H-degrees in the random reals. 
Proceedings of the American Mathematical Society, 132:2461—2464, 2004. 
[465, 478] 


L. Yu and D. Ding. There is no sw-complete c.e. real. The Journal of 
Symbolic Logic, 69:1163-1170, 2004. [442] 


L. Yu, D. Ding, and R. G. Downey. The Kolmogorov complexity of random 
reals. Annals of Pure and Applied Logic, 129:163-180, 2004. [262, 464, 465, 
475, 478] 


D. Zambella. On sequences with simple initial segments. Technical Report 
ML-1990-05, The Institute for Logic, Language and Computation (ILLC), 
University of Amsterdam, 1990. [98, 501, 508] 


X. Zheng. On the Turing degrees of weakly computable real numbers. 
Journal of Logic and Computation, 13:159-172, 2003. [218] 

X. Zheng. Computability Theory of Real Numbers. Habilitationsschrift, 
BTU Cottbus, Germany, 2005. [217] 

X. Zheng. Classification of computably approximable real numbers. Theory 
of Computing Systems, 43:603-624, 2008. [217] 


X. Zheng and R. Rettinger. Weak computability and representation of reals. 
Mathematical Logic Quarterly, 50:431—442, 2004. [217] 


[421] 


[429] 


[423] 


[424] 


[425] 


References 795 


M. Ziegler. Algebraisch abgeschlossen Gruppen. In S. I. Adian, W. W. 
Boone, and G. Higman, editors, Word Problems IT. The Oxford Book, Out- 
growth of a Conference on Decision Problems in Algebra Held in Ozford, 
Summer 1976, pages 449-576. North Holland, Amsterdam, 1980. [206] 


M. Zimand. Extracting the Kolmogorov complexity of strings and sequences 
from sources with limited independence. In S. Albers and J.-Y. Marion, 
editors, 26th International Symposium on Theoretical Aspects of Com- 
puter Science. STACS 2009, February 26-28, 2009, Freiburg, Germany, 
volume 3 of Leibniz International Proceedings in Informatics, pages 697-708 
(electronic). Schloss Dagstuhl—Leibniz Center for Informatics, Dagstuhl, 
Germany, 2009. [635] 


M. Zimand. On generating independent random strings. In K. Ambos-Spies, 
B. Lowe, and W. Merkle, editors, Mathematical Theory and Computational 
Practice. 5th Conference on Computability in Europe, CiE 2009. Heidelberg, 
Germany, July 19-24, 2009. Proceedings, volume 5635 of Lecture Notes in 
Computer Science, pages 499-508. Springer, Berlin, 2009. [635] 

M. Zimand. Two sources are better than one for increasing the Kolmogorov 
complexity of infinite sequences. Theory of Computing Systems, 46:707—722, 
2010. [627, 628, 629, 635] 

A. K. Zvonkin and L. A. Levin. The complexity of finite objects and the 
development of the concepts of information and randomness by means of 
the theory of algorithms. Russian Mathematical Surveys, 25:83-124, 1970. 
[xiii, 116, 146, 150, 151, 237, 238, 265, 266, 267, 282, 598] 


Index 


Ax f(@,Yo,---, Yn), 4 

pn R(n), 4 

xrVy,4 

rAy,4 

[o], 4, 618 

[A], 4, 618 

u(A), 5, 618 

#0) 8 

®., 9, 17 

O(n) |, 9 

P(n)t, 9 

0’,11 

®.(x)[s], 11 

&.(x)(s] |, 11 

&.(x)(s]T, 11 

We, 11 

W-[s], 11 

Wes, 11 

X[s], 13 

=p (for a reducibility <r), 15 
<r (for a reducibility <r), 16 
|r (for a reducibility <r), 16 
<r, 16 


798 Index 


deg, 16 F* (for a finite set F), 141 
a<b, 16 Q, 142 
6, 16 Qs, 142 
aVb,17 M, 146 
@, 17 D, 146 
0,17 Km(o), 146 
p4, 17 Kmp(c), 146 
f (n)[s], 17 Kms(c), 146 
p^ (for an oracle machine ®), 17 KM (0), 150 
A’, 18 Mz (for a monotone machine L), 151 
A™ 18 Y, 154 
a’, 18 In, 157 
a™, 18 mo(c), 161 
0). 18 mx(o), 161 
<m,19 <xm, 169 
<., 20 <km, 169 
F (for truth tables), 20 L(a), 197 
<n, 20 T(a), 208 
<i 21 Ras 219 
no Q, 229 
AIK, 58 S[d], 235, 243, 594 
T), 73 E|X], 242 
+ 100 E[X | A], 242 
<a, 107 ssla, n), 246 
C;(o), 111 S;(a,n), 246 
C(o), 111 S(a,n), 246 
á G(n), 252 
C(n), 112 X 
QX, 257 
Clo, T), 112 Dx., 259 
OC, 112 
C9, 261 
C(o |T), 114 * 
\ ux, 264 
C* (a), 115 
Lip, 264 
Ic(o : T), 116 (c),, 266 
Kd, 122 (o),.«, 266 
U, 123 seq, (a), 266 
K(o), 124 Sp[d], 271 
Kio | T), 124 S7, 281 
K (o), 124 Pr, 297 
Km(o), 124 AFE ọ (for a sentence of arithmetic), 
o*, 124 I- (in effective Solovay forcing), 297 
Ks(øo), 124 =;7, 340 
R(o), 129 <., 344 
Qm(c), 133 <w, 344 
Q(0), 133 Pw, 345 
Ig(o : T), 134 rı, 345 
I(o : 7), 134 r3, 346 
K* (o), 139 AST, 358 


Dn, 141 <x, 404 


<c—Og (for a complexity measure Q) 


<c, 405 
<s, 405 
<a, 420 
<ivr, 420 
<x, 421 
A® f, 461 
o& f, 461 
<Sscn, 462 
Sstt, 463 
a(n), 467 
a* (n), 467 
s(n), 467 
qr, 472 
<u, 473 
Sır, 473 
<kno, 473 
&, 477 
KK, 486 
y(n), 487 

F (n), 488 
Sır, 494 
KT(c), 505 
G(c), 506 
KT (c, n), 506 
J^, 523 

Ca, 528 

S° (for a class S), 535 
MLR, 537 
W2R, 537 
K, 538 
Low(C, D), 537 
Low(C), 537 
SuT(tu), 577 
<r(tu); 577 
gA, 578 

A*, 578 
ML2R, 591 
CompR, 591 
SchR, 591 
WIR, 591 
HE, 592 
H°, 593 
dims, 593 
AY, 598 
He, 598 
95, 603 
Q*, 606 
h”, 618 

h”, 618 


Index 


h<”, 618 
u”, 618 
dim”, 619 
dim!) 620 
Q}, 623 

PS, 624 
dim, 635 
dimp, 635 
dimms, 636 
dimms, 636 
dimms, 636 
DI"! (for D C 2<”), 637 
dimy, 637 
dim}, 637 
Ha, 637 
Abe 637 
Ate, 637 
Hı, 637 

Hi" (C), 637 
Ps, 638 

Ps, 638 

P*, 639 
dimp, 639 
Dim, 641 
dim, 597 
dimcomp, 654 
Dimgomp, 654 
dims, 656 
Dims, 657 
Lg, 657 

, 663 

d[m], 664 
im? (o), 664 
dg, 665 
dim(c) (for a string o), 665 
24, 707 
Qm, 707 
<4, 709 
Qu[S], 712 
Spec(Qy), 717 
S°, 722 
Pw(A), 731 
P(A), 731 
H(A), 732 
I(A), 732 
Rc, 738 


e7 


799 


Og (for a complexity measure Q), 


739 


800 Index 


sstr 


Rk , 743 
Rr, 743 
Ri, 744 
O%, 744 
Ro (for a complexity measure Q), 
749 
Kmm, 750 
T; , 750 
OM, 752 
OĮ{m, 761 
Okmp> 761 
Omg, 761 


a priori 
entropy, 150 
probability, 238 
a.n.c., see array noncomputability 
Ackermann’s function, 29 
adaptive selection function, see 
selection, function, adaptive 
Ageev, M., 732 
algorithm, 7 
Allender, E., xv, 738, 743, 749 
“almost all” theory of the Turing 
degrees, 365 
almost computably enumerable set, 
200 
and computable enumerability, 201 
and left-c.e. reals, 200 
“almost everywhere” behavior, xxii 
and CEA sets, 386 
and density, 385 
and hyperimmunity, 381 
and initial segments of the degrees, 
401 
and minimal degrees, 401 
and minimal pairs, 359 
and nth jumps, 363 
and 1-genericity, 383, 385 
and randomness, see randomness, 
and “almost everywhere” 
behavior 
and Turing degrees, 360 
and 2-randomness, 394 
and weak 2-genericity, 380 
almost everywhere domination, see 
domination, almost everywhere 


=r 
Rx -array 


almost recursive degree, see 
hyperimmune-freeness 
almost simple 
martingale, see gale, martingale, 
almost simple 
randomness, see randomness, 
almost simple 
a function, 467 
and initial segment complexity, 489 
and Q, 469-470 
and relativized complexity, 469 
and the s function, 468 
and 2-randomness, 470 
growth rate, 467 
a-computably enumerable set, 28 
Ambos-Spies, K., xv, 15, 16, 53, 
91-92, 201, 215, 217, 219, 270, 
277, 303, 307-308, 349, 554 
Ample Excess Lemma, xxi, 250 
analytic set, 711 
Anderson, B., xv 
Andrews, U., xv 
anti-complex set, 576 
and c.e. traceability, 576, 578 
and domination, 579 
and minimal programs, 579 
and plain complexity, 579 
and Schnorr triviality, 576, 580 
and (uniform) reducibility with 
tiny use, 579 
and wtt-reducibility, 576, 578, 580 
approximation, 24 
and the halting problem, 24-25 
notation, 13 
restrained, 695 
to a c.e. set, 12-13 
to a A$ set, 24-26 
to a left-c.e. real, see real, left 
computably enumerable, 
approximation 
to a real, see real, approximation 
arithmetic 
genericity, see genericity, arithmetic 
hierarchy, 23 
and index sets, 26 
randomness, see randomness, 
arithmetic 
set, 23 
array 


array computability—basis theorem 


strong, see strong, array 
very strong, see very strong array 
array computability, xxiv, 94, see 
also array noncomputability 
and c.e. traceability, 99 
and cl-reducibility, 444, 447, 448 
and definability, 99 
and effective packing dimension, 
649-650 
and GLgness, 97 
and hyperimmune-freeness, 98 
and ibT-reducibility, 444, 447 
and initial segment complexity, 730 
and Kummer complex sets, 730 
and lowness, 98 
and lowe2ness, 97 
and pb-genericity, 107—108 
and strong minimal covers, 100 
and superlowness, 98 
array noncomputability, 94, see also 
array computability 
and identity-bounded reductions, 
96 
and permitting, 94, 445 
and separating sets, 94 
and the halting problem, 94 
and very strong arrays, 94-96 
relative to a very strong array, 94 
Arslanov’s Completeness Criterion, 
89 
Arslanov, A., xv 
Arslanov, M., 27, 89 
asymptotically equal, 4 
Athreya, K., 636-641, 654 
atom 
of a computable measure, 266 
of a measure, 265 
atomic measure, see measure, atomic 
autocomplex set, 366 
and diagonal noncomputability, 
367, 369 
and extending partial functions, 
585 
and Kolmogorov complexity, 366 
and 1-randomness, 368 
and Turing completeness, 368 
and weak computable traceability, 
369 
automorphism machinery, 83 


Index 801 


autoreducibility, 340 
and indifferent sets, 341 
and nonmonotonic randomness, 
341 
and 1-randomness, 340 
avoiding 
a class, 101 
a string, 601 
power, see randomness, and 
computational strength, 
avoiding power 


Barak, B., 642 
Barmpalias, G., xiv-xv, xxii—xxiii, 
69, 315, 323, 339, 358, 362, 
377, 420, 442, 444, 447—448, 
489-491, 499, 536, 541-542, 
689, 731 
Barzdins’ Lemma, 728 
Barzdins, J., 122, 728 
base 
for a notion of randomness, 531 
for computable randomness, 534 
for difference randomness, 535 
for 1-randomness, 531 
and K-triviality, 531 
and lowness for K, 533 
and lowness for 1-randomness, 
531 
for Schnorr randomness, 534 
for weak 1-randomness, 359 
for weak 2-randomness, 359, 531 
basic open set, see set, open, basic 
basis for the II? classes, 77 
and PA degrees, 86 


nonexistence of a minimal basis, 80 


basis theorem, 77 
computably enumerable, 77 
hyperimmune-free, 78 
jump inversion, 81-82 
for classes of positive measure, 
373 
Kreisel, 77 
low, 77 
with cone-avoidance, 78 
low for a given 1-random, 334 
low for Q, 713 
non-CEA, 79 
pseudo-jump inversion, 376-377 


802 Index 


Scott, 84 
superlow, 78 
weakly low for K, 715 
Bayes’ rule, 238 
Bayes, T., 238 
Becher, V., xv, 229, 257 
Bedregal, B., 560 
benign cost function, see cost 
function, benign 
Bernoulli measure, see measure, 
Bernoulli 
betting strategy, 235, 269 
nonmonotonic, 309 
and computable enumerability, 
313 
c.e., 311 
capital function, 309 
payoff function, 310 
scan rule, 309 
scan rule, oblivious, 319 
stake function, 309 
success, 310 
bi-immunity, 295 
Bickford, M., 530 
Bienvenu, L., xiv-xv, 138-139, 254, 
263, 298-301, 327, 329-330, 
333, 412-413, 471-473, 484, 
504-505, 591, 642, 643, 714 
Binns, S., 497 
boolean algebra 
effectively dense, 419 
Borel 
Determinacy, 7, 336 
o-algebra, see o-algebra, Borel 
Borel, E., 5, 12, 592 
Borel-Cantelli Lemma, 5 
bound, see traceability, bound 
bounded 
injury, see priority, method, 
bounded injury 
machine, see machine, bounded 
Martin-Lof test, see test, bounded 
Martin-Lof 
request set, see KC set 
Bounded Request Theorem, see KC 
Theorem 
bounding, 72 
Bounding Lemma, 481 
box, 674 


Bayes’ rule-CEA set 


amplification, see box, promotion 
k-, 674 
meta-, 674 
promotion, 673-674 
box counting dimension, see 
dimension, box counting 
branching degree, 458 
Brodhead, P., xv, 319 
broken dimension question, 610, 612 
for m-degrees, 611 
for wtt-degrees, 611 
Buhrman, H., 743, 749 


C-complexity, see complexity, plain 
Kolmogorov 
C-degrees, see degrees, C- 
C-independence, see independence, 
C- 
C-randomness, see randomness, C- 
C-reducibility, see reducibility, C- 
C-triviality, 504 
Cai, J., 598 
calculus of cost functions, see cost 
function, calculus 
Calhoun, W., 147, 432, 459-462 
Calude, C., xi, xv, 12, 142, 200, 
203-204, 228, 333, 405, 409, 
413, 501, 604-605, 627-628, 
706 
Cantelli, F., 5 
Cantor space, 3, 4 
and [0, 1], 265-266 
as a continuous sample space, 145 
basic open set, see set, open, basic 
measure, see measure 
Cantor’s diagonalization argument, 
see diagonalization argument 
Cantor, G., 31 
Cantor-Bendixson derivative, see 
class, II, Cantor-Bendixson 
derivative 
capital function, see betting strategy, 
nonmonotonic, capital function 
cappable degree, 91 
and prompt simplicity, 92 
Carathéodory, C., 400, 592, 635, 639 
Cauchy sequence, 198 
c.e., see computably enumerable 
CEA set, xxii, 79 


CEA(X)-class 


and “almost everywhere” behavior, 
386 

and hyperimmune-freeness, 103 

and 1-genericity, 104, 392 

and II? classes, 79 

and 2-randomness, 386 

and weak 2-randomness, 393 
CEA(X), see computably 


enumerable, in and above a set 


Cenzer, D., xv, 74-76, 373, 377 

Chaitin’s Q, see Q 

Chaitin, G., xiii, xv, xxi, 12, 118-121, 
125, 128-131, 133-134, 142, 
145, 148, 227-229, 233, 250, 
456, 467, 500, 504, 627, 705, 
731-732 

characteristic function, 2, 11 

Chernoff bounds, 629, 633 

Chisholm, J., 368 

Cholak, P., xv, 83, 496, 668-670, 673, 


680, 685 
Chong, C., xv, 386 
Chubb, J., 368 


Church stochasticity, see 
stochasticity, Church 
Church, A., xviii-xix, 8, 230 
Church-Turing Thesis, 8, 29, 358 
cl-degrees, see degrees, computable 
Lipschitz 
cl-reducibility, see reducibility, 
computable Lipschitz 
class 
A$, 74 
uniformly, 74 
diamond, see diamond class 
of positive measure 
and mass problem reducibilities, 
344 
I, 75 
and open /°_, classes, 255 
and a classes, 287 
and relativized II? classes, 255 
closed, 255 
index, see index, for a IT° class 
null, and (n — 1)-randomness, 
260 
of positive measure, 297 


Index 803 


of positive measure, and 
n-randomness, 259 

of positive measure, and weak 
n-randomness, 382 

relativized, 76 

uniformly, 76 

0-1 law, see 0-1-law, for TI? 
classes 


H?, 73, 201 


and CEA sets, 79 

and complete extensions of a 
theory, 84 

and Hausdorff dimension, 608 

and hyperimmune-freeness, 
78-79 

and hyperimmunity, 81 

and incomplete c.e. degrees, 81 

and intersections, 73 

and jump inversion, 81-82, 373 

and low sets, 77-78 

and minimal degrees, 79 

and pseudo-jump operators, 
376-377 

and superlow sets, 78 

and unions, 73 

approximation, 74 

as an effectively closed set, 74 

basis, see basis for the II? classes 

basis theorem, see basis theorem 

basis, and PA degrees, 84 

Cantor-Bendixson derivative, 75 

countable, and effective packing 
dimension, 648-649 

countable, and never 
continuously random sets, 336 

finite, 75 

forcing, see forcing, with TI? 
classes 

in w”, 73 

in w”, computably bounded, 73 

index, see index, for a II}, class 

of complete extensions of PA, 84 

of 1-random sets, 234, 324 

of positive measure, 347 

of positive measure, and jump 
inversion, 373 

of positive measure, and 
1-randomness, 259 


804 Index 


of positive measure, mass 
problem, see mass problem, of 
a II? class of positive measure 
rank, 75 
rank, of an element, 75 
relativized, and LR-reducibility, 
497 
special, 81 
special, and jump inversion, 81 
special, cardinality, 75 
strong degrees, see degrees, 
strong, of II? classes 
thin perfect, 373 
uniformly, 74 
universal, 84 
weak degrees, see degrees, weak, 
of II? classes 
with upwards closure of positive 
measure, mass problem, see 
mass problem, of a II? class 
with upwards closure of 
positive measure 
I 
and almost everywhere 
domination, 496 
and Hausdorff dimension, 608 
as an intersection of uniformly 
£? classes, 77 
closed, 76 
IIX* , see class, II? , relativized 
E? 76 
and closed II°_, classes, 255 
and relativized £f classes, 255 


and se classes, 286 


0,072) 
and Xy classes, 287 
index, see index, for a ©? class 
null, and (n — 1)-randomness, 
260 
open, 255 
relativized, 76 
relativized, generators, 76 
uniformly, 76 
0-1 law, see 0-1-law, for X9, 
classes 
£?, 269 
X9, 73, 201 
and diagonal noncomputability, 
582-583 


clumpy tree-Coding Theorem 


and hyperimmune-freeness, 
582-583 
approximation, 74 
as an effectively open set, 74 
generators, c.e., 74, 76 
generators, computable, 74 
index, see index, for a ©}, class 
relativization and density, 
582-583 
relativization and having 
measure 1, 582 
relativized, and LR-reducibility, 
489 
uniformly, 74 
uniformly, and prefix-free 
complexity, 127 
X$, 289 
and mass problems, 346 
2$ 
and Hausdorff dimension, 608 
as a union of uniformly IT? 
classes, 77 
of 1-random sets, 324 
relativized, and LR-reducibility, 
497 
uo | see class, X? , relativized 
clumpy tree, see tree, e-clumpy 
co-c.e. 
function, see function, real-valued, 
co-C.e. 
set, 11 
coding 
constant 
for plain complexity, 111 
for prefix-free complexity, 122 
effective, 8 
Gács, 326 
into the natural numbers, 8 
Kuéera, 332, 374 
marker, see marker, coding 
method, 42-43 
string 
for plain complexity, 111 
for prefix-free complexity, 122 
the halting problem, 10 
Coding Theorem, xx, 133, 731 
for continuous measures, 151 
for continuous semimeasures, 
150-153 


Cof-complexity 


Cof, see index set, Cof 
Cohen forcing, see forcing, Cohen 
Cohen, P., 297 
Cole, J., 347, 696 
Coles, R., xi, xiv-xv, 42, 203-204, 
405, 501 
collection of nonrandom strings, see 
nonrandom strings 
column of a set, 3 
and n-randomness, 259 
comparable strings, see string, 
comparability 
completeness, 12 
computable Lipschitz, 442 
criterion 
Arslanov’s, see Arslanov’s 
Completeness Criterion 
Friedberg, see Friedberg 
Completeness Criterion 
many-one, 20 
and creative sets, 22 
relative to a class of sets, 25 
NP-, 19 
1-, 20 
and creative sets, 22 
relative to a class of sets, 25 
Solovay, xxii, 408 
and halting probabilities, 
409-410 
and initial segment complexity, 
410 
completeness, and 1-randomness, 
409-410 
relative to an oracle, 709 
truth table, 89 
and wtt-completeness, 334 
Turing 
and effective immunity, 80 
and fixed-point freeness, 89 
and II? classes, 81 
weak truth table 
and fixed-point freeness, 89 
and tt-completeness, 334 
completions of PA 
mass problem, see mass problem, 
of completions of PA 
complex set, 366 
and C-degrees, 457 
and cl-reducibility, 441 


Index 805 


and diagonal noncomputability, 367 
and effective dimension, 599 
and hyperavoidable sets, 368 
and hyperimmunity, 368 
and K-degrees, 457 
and Kolmogorov complexity, 367 
and 1-randomness, 368 
and wtt-completeness, 368 
Kummer, see Kummer complex set 
relative to a function, 366 
shift, see shift complex set 
complexity 
bounds 
for computable measure 
machines, see machine, 
computable measure, 
complexity bounds 
C-, see complexity, plain 
Kolmogorov 
decision, 122 
extraction, 608, 629, 635 
and polynomial time Turing 
reducibility, 642 
for effective dimension, 609 
for effective packing dimension, 
642 
for Hausdorff dimension, 643 
K-, see complexity, prefix-free 
Kolmogorov 
KM-, 150 
and fast-growing functions, 238 
and monotone complexity, 153, 
169-170 
and 1-randomness, 239 
and optimal c.e. su- 
permartingales, 
238 
and strong s-Martin-Lof 
randomness, 605 
and universal monotone 
machines, 151 
collection of nonrandom strings, 
see nonrandom strings, for 
KM-complexity 
overgraph, see overgraph, of 
kKM-complexity 
relativized and limit, 473 
Kolmogorov, xi, xx—xxi 
applications, 114 


806 


Index 


foundations, 110 

notation, xii, 110 

plain, see complexity, plain 
Kolmogorov 

prefix-free, see complexity, 
prefix-free Kolmogorov 

with respect to a function, 111 


monotone, 122, 146 


and computability, 148 

and concatenation, 148 

and KM-complexity, 153, 
169-170 

and 1-randomness, 227, 239, 460 

and prefix-free complexity, 
147-148, 459 

and process complexity, 147 

collection of nonrandom strings, 
see nonrandom strings, for 
monotone complexity 

failure of subadditivity, 148 

overgraph, see overgraph, of 
monotone complexity 

relativized and limit, 473 


plain Kolmogorov, xii, xx, 111 


and addition, 425 

and c.e. sets, 115 

and cl-reducibility, 440 

and complexity of minimal 
C-programs, 112, 115 

and computability, 117-120 

and computable functions, 112 

and concatenation, 113, 136 

and effective dimension, 598 

and effective upper box counting 
dimension, 638 

and finite sets, 115 

and immunity, 114 

and 1-randomness, 252-254 

and packing dimension, 641 

and prefix-free complexity, 136, 
154-156, 160-169 

and process complexity, 147 

and Turing reducibility, 120 

and wtt-reducibility, 440 

collection of nonrandom strings, 
see nonrandom strings, for 
plain complexity 

conditional, 114 


complexity 


counting strings of low 
complexity, 117, 119-120 

critique, 121 

failure of subadditivity, 113 

information content, see 
information content, plain 

lack of computable lower bounds, 
124 

monotone approximation, 578 

of a number, 112 

oscillations, 137 

overgraph, see overgraph, of 
plain complexity 

relativized, 115 

relativized and limit, 471 

relativized, and Turing 
reducibility, 115 

symmetry of information, see 
Symmetry of Information, for 
plain complexity 

time-bounded, 261 

time-bounded, and 2- 
randomness, 261-262 

upper bound, 112 

upper bound for initial segments 
of sets, 136-137 


prefix Kolmogorov, see complexity, 


prefix-free Kolmogorov 


prefix-free Kolmogorov, xii, xix—xx, 


124 

and addition, 425 

and cl-reducibility, 440 

and computable functions, 124 

and concatenation, 132, 135 

and dimension of strings, 665 

and effective dimension, 598 

and effective upper box counting 
dimension, 638 

and KC sets, 126 

and Martin-Lof tests, 232-233 

and maximal c.e. discrete 
semimeasures, 133 

and monotone complexity, 
147-148, 459 

and 1-randomness, 229, 250-252 

and packing dimension, 641 

and plain complexity, 136, 
154-156, 160-169 


compression function—computable 


and presentations of left-c.e. 
reals, 411 

and process complexity, 147 

and Turing reducibility, 456 

and universal prefix-free machine 
output probabilities, 133 

and wtt-reducibility, 440 

approximation, 124 

collection of nonrandom strings, 
see nonrandom strings, for 
prefix-free complexity 

computable upper bound, 
138-139 

conditional, 124 

counting strings of a given 
complexity, 140 

counting strings of low 
complexity, 129, 131, 140 

Counting Theorem, see Counting 
Theorem 

information content, see 
information content, prefix-free 

lack of computable lower bounds, 
124 

lowness, see lowness, for K 

minimality as an information 
content measure, 129-130 

monotone approximation, 467 

of a finite set, 141 

of a number, 124 

overgraph, see overgraph, of 
prefix-free complexity 

quadratic time version, 139 

relativized, 124 

relativized and limit, 472 

relativized, and n-randomness, 
257 

subadditivity, 132 

symmetry of information, see 
Symmetry of Information, for 
prefix-free complexity 

time-bounded, 139 

time-bounded, and Solovay 
functions, 139 

upper bound, 127-129, 131 

upper bound for initial segments 
of sets, 137 

process, 122, 146 
and computability, 148 
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and monotone complexity, 147 
and 1-randomness, 227, 239 
and plain complexity, 147 
and prefix-free complexity, 147 
collection of nonrandom strings, 
see nonrandom strings, for 
process complexity 
failure of subadditivity, 149 
overgraph, see overgraph, of 
process complexity 
strict, 146 
strict process 
collection of nonrandom strings, 
see nonrandom strings, for 
strict process complexity 
overgraph, see overgraph, of 
strict process complexity 
theory, xxv, 19, 114, 743 
uniform, 122 
compression function, 261 
low, 261 
computable 
analysis, 231 
approximation, see approximation 
function, 8 
and continuity, 31 
and primitive recursive functions, 
28-29 
partial, see computable, partial 
function 
rational-valued, see function, 
rational-valued, computable 
real-valued, see function, 
real-valued, computable 
relative to an oracle, 16 
uniformly, 11 
Hausdorff dimension, see 
dimension, Hausdorff, 
computable 
index set, see index, set, 
computable 
Lipschitz degrees, see degrees, 
computable Lipschitz 
Lipschitz reducibility, see 
reducibility, computable 
Lipschitz 
martingale, see gale, martingale, 
computable 
measure, see measure, computable 
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measure machine, see machine, 
computable measure 
model theory, 368 
packing dimension, see dimension, 
packing, computable 
partial function, 9 
domain emptiness problem, 10 
enumeration, 9 
index, see index, for a partial 
computable function 
uniformly, 11 
universal, 9, 111 
universal by adjunction, 111 
permutation, 21—22 
randomness, see randomness, 
computable 
rational probability distribution, 
279 
real, see real, computable 
set, 11, 16 
and fast-growing functions, 504 
and monotone complexity, 148 
and plain complexity, 117-120 
and process complexity, 148 
and the arithmetic hierarchy, 23 
relative to an oracle, 16 
relativization and measure, 358 
uniformly, 12 
stochasticity, see stochasticity, 
Church 
traceability, see traceability, 
computable 
weak, see traceability, weak 
computable 
computably bounded TI? class, see 
class, H?, in w“, computably 
bounded 


computably dominated degree, see 


hyperimmune-freeness 


computably enumerable 


continuous semimeasure, see 
semimeasure, continuous, 
computably enumerable 
degree, see degrees, Turing, 
computably enumerable 
discrete semimeasure, see 
semimeasure, discrete, 
computably enumerable 
function 


computably bounded I? class-computably enumerable 


real-valued, see function, 
real-valued, computably 
enumerable 
in and above a set, 65, see also 
CEA set 
martingale, see gale, martingale, 
computably enumerable 
operator, 731 
optimal, 731 
permitting, see permitting, c.e. 
real, see real, left computably 
enumerable 
set, 11 
almost, see almost computably 
enumerable set 
and cl-reducibility, 435—436 
and effective dimension, 611 
and effective immunity, 80 
and ibT-reducibility, 447 
and initial segment complexity, 
440 
and minimal degrees, 72 
and II? classes, 81 
and plain complexity, 115 
and rk-reducibility, 436 
and Schnorr Hausdorff 
dimension, 660 
and Schnorr packing dimension, 
661 
and Schnorr randomness, 660 
and settling times, 18 
and Solovay reducibility, 435 
approximation, see ap- 
proximation, to a c.e. 
set 
as a X} set, 23 
entropy, 731 
enumeration probability, xxv, 
731 
gap phenomenon, see gap 
phenomenon, for c.e. sets 
high, see high set, c.e. 
index, see index, for a c.e. set 
initial segment complexity, xxv, 
728-730 
lattice of c.e. sets, 83 
low, see low set, c.e. 
minimal pair of C-degrees, 457 
modulus function, 421 


Computably Enumerable Basis Theorem—cover 


pair of incomparable degrees, 36 
relative to an oracle, 18 
relativization and measure, 358 
splitting, see splitting, c.e. 
superhigh, see superhigh set, c.e. 
thick subset, see thick subset, of 
a c.e. set 
Turing completeness, 89 
uniformly, 12 
uniformly, and prefix-free 
complexity, 127 
wtt-completeness, 89 
splitting, see splitting, c.e. 
supermartingale, see gale, 
supermartingale, computably 
enumerable 
traceability, see traceability, 
computably enumerable 
Computably Enumerable Basis 
Theorem, see basis theorem, 
computably enumerable 
computably finite 
Martin-Löf test, see test, 
computably finite Martin-Löf 
randomness, see randomness, 
computably finite 
computably graded test, see test, 
computably graded 
computably layered machine, see 
machine, computably layered 
computational paradigm, see 
randomness, paradigm, 
computational 
Conder, M., xiv 
condition, see forcing, condition 
conditional 
expectation, see expectation, 
conditional 
plain complexity, see complexity, 
plain Kolmogorov, conditional 
prefix-free complexity, see 
complexity, prefix-free 
Kolmogorov, conditional 
Conidis, C., xv, 642, 648 
conjunctive truth table reducibility, 
see reducibility, truth table, 
conjunctive 
constant of K-triviality, see 
K-triviality, via a constant 
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constructive 
Hausdorff dimension, see 
dimension, Hausdorff, effective 
termgale, see gale, termgale, X 
continuity and computability, 31 
continuous 
measure, see measure, continuous 
semimeasure, see semimeasure, 
continuous 
convention 
hat, see hat, convention 
on logarithms, see logarithm 
conventions 
on reals, see real, convention on 
reals 
on uses, see use, conventions 
Cook, S., 19 
Cooper, S., xiii, xv—xvi, 8, 72 
correspondence principle 
for effective dimension, 608 
for packing dimension, 648 
for Schnorr Hausdorff dimension, 
608 
cost function, xxiii, 492, 502, 508, 
526, 672 
and A$ 1-random sets, 692 
and K-triviality, 527-528 
benign, 689 
and w-c.e. 1-random sets, 692 
and jump traceability, 690-691 
and strong jump traceability, 690 
calculus, 528 
for lowness for K, 526 
limit condition, 526 
monotone, 526 
obeying, 526 
standard, 526, 689 
and K-triviality, 527 
countable predecessor property, 464 
Counting Theorem, xx, 129 
Improved, 131 
tightness, 131 


cover, 5 
effective box, 637 
n-, 592 
effective, 598 
D9-, 386 
proper, 386 
tight, 386 
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tight, and 1-genericity, 386 
coverability, Martin-Lof, see 
Martin-L6f, coverability 
creative set, 22 
and completeness, 22 
Csima, B., xv, 379, 420-421, 458, 
551-552 
cuppability 
Martin-Lof, see Martin-Lof, 
cuppability 
wtt-, see wtt-cuppability 


d-minimal program, see program, 
d-minimal 
d-shift complex set 
d-shift complex set, see shift 
complex set 


d.c.e. 
real, see real, left-d.c.e. 
set, 27 


and effective reals, 201 
test, see test, d.c.e. 
Daley, R., 304, 305 
Damle, V., xvi 
Day, A., xiv-xv, xx, 146-147, 149, 
151, 153, 169-170, 282-283, 
341, 749, 752, 761-763 
de Leeuw, K., 323, 358 
decanter method, 511, 517-518 
decidable machine, see machine, 
decidable 
decision complexity, see complexity, 
decision 
Dedekind cut, see real, left cut 
deficiency set, 503 
degrees, 16, 21, see also reducibility 
C-, 426 
and complex sets, 457 
and joins, 479 
and Turing degrees, 457 
branching, 458 
cardinality, 465 
density, 426 
minimal, see minimal, degree, C- 
minimal pair, see minimal, pair, 
of C-degrees 
nonsplitting, 426 
splitting, 426 
computable Lipschitz 


coverability, Martin-Lof-degrees 


and array computability, 444, 
447 
and ibT-degrees, 443 
and joins, 444 
computably random 
and upwards closure, 340 
discrete monotone, 460 
identity bounded Turing 
and array computability, 444, 
447 
and cl-degrees, 443 
and joins, 444 
K-, 426 
and complex sets, 457 
and joins, 477 
and Turing degrees, 457—458 
branching, 458 
cardinality, 465, 478, 495 
density, 426 
minimal, see minimal, degree, K- 
minimal pair, see minimal, pair, 
of K-degrees 
nonsplitting, 426 
splitting, 426 
LR-, 489 
and c.e. sets, 491 
minimal pair, see minimal, pair, 
of LR-degrees 
many-one 
and effective dimension, 611 
and the broken dimension 
question, 611 
monotone, 432 
antichains, 460 
density, 432-433 
minimal pair, see minimal, pair, 
of monotone degrees 
uncountable, 461—462 
l-random 
and upwards closure, 338-339 
relative K-, 424 
and infima, 424 
density, 424 
minimal, see minimal, degree, 
rK- 
nonsplitting, 424 
splitting, 424 
Schnorr random 
and upwards closure, 340 


Dekker deficiency set-Demuth’s Theorem 


Solovay, xi, 413 
and infima, 414 
density, 415 
minimal pair, see minimal, pair, 
of Solovay degrees 
nonsplitting, 415 
splitting, 415, 419 
theory, 419 
undecidability, 419 
strong, 344-345 
of II? classes, 345 
strong weak truth table, see 
degrees, computable Lipschitz 
truth table 
computable traceability, see 
traceability, computable, of a 
tt-degree 
Turing, 16 
and “almost everywhere” 
behavior, 360 
and C-degrees, 457 
and effective dimension, 612 
and infima, 17 
and K-degrees, 457—458 
and second order arithmetic, 364 
and the broken dimension 
question, 612 
cardinality, 17 
computably enumerable, 16 
computably enumerable, density, 
58, 66 
decidability of the “almost all” 
theory, 365 
effective dimension, 610 
incomparable, 32 
incomparable, c.e., 36 
initial segments and “almost 
everywhere” behavior, 401 
join, 17 
jump, see jump 
minimal, see minimal, degree 
minimal pair, see minimal, pair 
notation, 16 
theory, 364-365 
undecidability, 364 
upper bounds, 58 
van Lambalgen, 473 
and decidability, 474 
and joins, 474 
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maximal, 474 
minimal, see minimal, degree, 
van Lambalgen 
theory, 474 
weak, 344-345 
of TI? classes, 345 
weak truth table 
and effective dimension, 611 
and the broken dimension 
question, 611 
c.e. traceability, see traceability, 
computably enumerable, of a 
wtt-degree 
weakly 1-random, 290 
and upwards closure, 340 
Dekker deficiency set, see deficiency 
set 
Dekker, J., 503 
Delahaye, J., xv 
delayed permitting, see permitting, 
delayed 
ra 
set, 23 
and the (n — 1)st jump, 25 
test, see test, AS 
A$ class, see class, A? 
A$ method, 542 
A5 
dimension, see dimension, 
Hausdorff, A$ 
permitting, see permitting, A$ 
randomness, see randomness, A$ 
real, see real, A$ 
set 
and computable approximability, 
26 
and hyperimmunity, 67 
and the halting problem, 26 
relativization and measure, 358 
splitting, see splitting, A$ sets 
(A$)°, see diamond class, (A8)? 
Demuth 
randomness, see randomness, 
Demuth 
weak, see randomness, weak 
Demuth 
test, see test, Demuth 
strict, see test, strict Demuth 
Demuth’s Theorem, xxii, 21, 333 
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Demuth, O., xxii, 21, 103, 199, 231, 
265, 315-316, 333, 364, 380, 
409, 418-419 
dense simple set, 574 
and highness, 575 
and Schnorr triviality, 574 
density, xxii, 385 
along a set, 723 
and 2-randomness, 385 
and “almost everywhere” behavior, 
385 
in a partial ordering, 645 
of a set, 5 
of a set of strings, 104 
pb-, 108 
uniform wtt-, 108 
Density Theorem, 57, 58 
description, see program 
system, xx, 111 
descriptive set theory, xxv 
diagonal noncomputability 
and autocomplex sets, 367, 369 
and c.e. traceability, 584 
and complex sets, 367 
and effective dimension, 610, 
624-625 
and fixed-point freeness, 87 
and hyperimmune-freeness, 369, 
582-584 
and lowness for computable 
randomness / weak 
1-randomness, 591 
and lowness for Kurtz null tests, 
583-584 
and lowness for 1-randomness / 
weak 1-randomness, 591 
and lowness for Schnorr randomness 
/ weak 1-randomness, 591 
and lowness for weak 1-genericity, 
583-584 
and lowness for weak 1-randomness, 
584 
and minimal degrees, 618 
and 1-genericity, 103 
and 1-randomness, 336, 347-349 
and £? classes, 582-583 
mass problem, see mass problem, 
of DNC functions 
of a degree, 87 


Demuth, O.—dimension 


of a function, 87 
{0, 1}-valued 
and PA degrees, 89 
diagonalization argument, 31 
diamond class, 289, 535, 689 
and jump traceability, 689, 693-694 
(AS)°, 689 
low®, 689 
(w-c.e.)°, 689, 693, 694 
superhigh® , 694 
superlow?, 689, 693-694 
0’ -trivializing® , 536 
Diamondstone, D., xv, 693-694 
difference 
hierarchy, 27 
randomness, see randomness, 
difference 
differential geometry, 420 
dimension 
box counting, 635 
and countable stability, 636 
and Hausdorff dimension, 636 
effective, and effective Hausdorff 
dimension, 637 
lower, 635 
lower, effective, 637 
modified, 636 
modified, and countable stability, 
636 
modified, lower, 636 
modified, upper, 636 
modified, upper, and packing 
dimension, 639 
upper, 635 
upper, effective, 637 
upper, effective, and effective 
packing dimension, 641 
upper, effective, and entropy 
rates, 637 
upper, effective, and initial 
segment complexity, 638 
effective, see dimension, Hausdorff, 
effective 
Hausdorff, xiii, xxiii, 593, 596 
and box counting dimension, 636 
and effective dimension, 608 
and measure, 593 
and packing dimension, 638 
and TI9 classes, 608 


dimension 


and s-(super)gales, 594 

and Schnorr Hausdorff 
dimension, 608 

and X9 classes, 608 

and (super)martingales, 594 

and unions of IH? classes, 608 

computable, 654, see also 
dimension, Hausdorff, Schnorr 

computable, and Schnorr 
Hausdorff dimension, 656 

computable, correspondence 
principle, see correspondence 
principle, for computable 
Hausdorff dimension 

constructive, see dimension, 
Hausdorff, effective 

countable stability, 593 

AS, 600 

effective, xiii, xxiii, 597, 598-600 

effective, and C-independence, 
629 

effective, and c.e. sets, 611 

effective, and c.e. su- 
permartingales, 
598 

effective, and complex sets, 599 

effective, and complexity 
extraction, 643 

effective, and diagonal 
noncomputability, 610, 
624-625 

effective, and dimension of 
strings, 666 

effective, and DNC}, 625 

effective, and DNC,,, 624-625 

effective, and effective box 
counting dimension, 637 

effective, and effective packing 
dimension, 641, 648, 649 

effective, and entropy rates, 637 

effective, and Hausdorff 
dimension, 608 

effective, and initial segment 
complexity, 598 

effective, and m-reducibility, 609, 
611 

effective, and 1-randomness, 599, 
601, 609 

effective, and I$ classes, 608 
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effective, and shift complexity, 
601 

effective, and the halting 
problem, 609 

effective, and Turing reducibility, 
612 

effective, and unions of I? 
classes, 608 

effective, and weak s-randomness, 
603 

effective, and wtt-reducibility, 
611 

effective, correspondence 
principle, see correspondence 
principle, for effective 
dimension 

effective, in h-spaces, 619 

effective, in h-spaces / in [0,1], 
620-622 

effective, in h-spaces / in Cantor 
space, 623 

effective, in [0,1], 620 

effective, of Turing degrees, 610 

effective, stability, 598 

monotonicity, 593 

relative to a complexity class, 
596 

Schnorr, xxiv, 600, 656, 657 

Schnorr, and c.e. sets, 660 

Schnorr, and computable 
Hausdorff dimension, 656 

Schnorr, and computable 
measure machines, 659 

Schnorr, and Hausdorff 
dimension, 608 

Schnorr, and left-c.e. reals, 660 

Schnorr, and Schnorr 
randomness, 657 

Schnorr, and X$ classes, 608 

Schnorr, and stability, 661 

x°, see dimension, Hausdorff, 
effective 


of a string, xxiv, 665 


and prefix-free complexity, 665 
relative to a termgale, 664 
upper bound, 665 


packing, 638, 639 


and Hausdorff dimension, 638 
and martingales, 639 
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and upper modified box counting 
dimension, 639 
computable, 654, see also 
dimension, packing, Schnorr 
correspondence principle, see 
correspondence principle, for 
packing dimension 
countable stability, 639 
effective, xxiv, 636, 641 
effective, and array 
computability, 649-650 
effective, and c.e. traceability, 
649-650 
effective, and complexity 
extraction, 642-643 
effective, and countable II? 
classes, 648-649 
effective, and dimension of 
strings, 666 
effective, and effective Hausdorff 
dimension, 641, 643, 649 
effective, and effective upper box 
counting dimension, 641 
effective, and genericity, 641 
effective, and initial segment 
complexity, 641 
effective, and left-c.e. reals, 649 
effective, and Schnorr packing 
dimension, 662 
effective, and Turing reducibility, 
642 
effective, 0-1 law, see 0-1 law, for 
effective packing dimension 
Schnorr, xxiv, 657 
Schnorr, and c.e. sets, 661 
Schnorr, and computable 
measure machines, 659 
Schnorr, and effective packing 
dimension, 662 
Schnorr, and hyperimmunity, 661 
Ding, D., xv, 262, 442, 464-465, 475, 
478 
discrete 
machine, see machine, discrete 
monotone degrees, see degrees, 
discrete monotone 
semimeasure, see semimeasure, 
discrete 
DNC, see diagonal noncomputability 


Ding, D.—drip-feed strategy 


DNC, 618 
and effective dimension, 625 
and minimal degrees, 618 
DNC,,, 618 
and effective dimension, 624—625 
Dobrinen, N., 495-496 
domain 
of a finite assignment, see selection, 
domain 
of a set of pairs, 3 
dominant function, 97 
and highness, 97 
domination, 19 
almost everywhere, xxiii, 315, 380, 
495, 509-510 
and highness, 496 
and lowness for 2-randomness / 
1-randomness, 496, 591 
and LR-reducibility, 496—497, 
499 
and TI9 classes, 496 
and 0’, 496-497, 499 
uniform, 496, 509-510 
and GLz sets, 97 
and highness, 97 
settling time, 421 
Doty, D., 643 
Downey, R., xi, xiv-xv, xxiv, 42, 
53, 70, 72, 82-83, 93-98, 
103, 107-109, 138, 204-210, 
212, 215, 218, 240, 262, 
275, 277-280, 288-295, 
319, 321, 323, 327, 329, 
334, 340, 349-350, 357-358, 
360-362, 373, 379, 386, 
406-408, 412-416, 418-427, 
430, 432-436, 440-442, 444, 
447-448, 462—465, 475, 478, 
484, 501, 503-506, 511, 
526, 528-530, 537, 539-542, 
562-565, 568-569, 581, 586, 
590, 606, 618, 642, 645, 
649-650, 655-656, 658-661, 
668-670, 673, 680, 685, 
689, 700, 705, 707, 709-714, 
716-721, 723-724, 726-727, 
731 
downward density, 394 
drip-feed strategy, 212 


dump set-finitary independence 


dump set, 503 

Durand, B., 601 

dynamic definition, see reduction, 
dynamic definition 

dynamical systems, xxv 

Dzhafarov, D., xv 


e-splitting tree, see tree, e-splitting 
e-state, 384 
effective 
box cover, see cover, effective box 
coding, see coding, effective 
dimension, see dimension, 
Hausdorff, effective 
Hausdorff dimension, see 
dimension, Hausdorff, effective 
immunity, see immunity, effective 
lower box counting dimension, 
see dimension, box counting, 
lower, effective 
n-cover, see cover, n-, effective 
packing dimension, see dimension, 
packing, effective 
s-dimensional outer Hausdorff 
measure, see measure, 
s-dimensional outer Hausdorff, 
effective 
upper box counting dimension, 
see dimension, box counting, 
upper, effective 
effectively 
dense boolean algebra, see boolean 
algebra, effectively dense 
inseparable pair, 73 
and PA degrees, 86 
separating set, 86 
0-1-valued formula, 365 
Embedding Lemma, 346 
Enderton, H., 84 
entropy 
a priori, see a priori, entropy 
of a c.e. set, see computably 
enumerable, set, entropy 
rate, 637 
and effective Hausdorff 
dimension, 637 
and effective upper box counting 
dimension, 637 
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enumeration probability, see 
computably enumerable, set, 
enumeration probability 
Enumeration Theorem, 9 
for oracle machines, 17 
e-clumpy tree, see tree, e-clumpy 
Epstein, R., 28 
equivalence under a notion of 
reducibility, 16 
Ershov hierarchy, 27 
expectation, 242 
conditional, 242 
exponential order, see order, 
exponential 
extended monotone reducibility, 
see reducibility, extended 
monotone 
extendible element of a tree, 75 
extension, see forcing, condition, 
extension 
extraction 
complexity, see complexity, 
extraction 
randomness, see randomness, 
extraction 
extractor, 632, 642 


Fo set, 77 
f.a., see finite assignment 
Falconer, K., 639 
Federer, H., 635 
Feferman, S., 100 
Feller, W., 250, 629 
Fenner, S., 454 
field 
of left-d.c.e. reals, 219 
real closed, 219 
and rK-reducibility, 424 
of computable reals, 224 
of A$ reals, 224 
of K-trivial reals, 721 
of left-d.c.e. reals, 219 
Figueira, S., xv, 120, 229, 340-341, 
523, 668-671 
filter, 645 
generic, 645 
Fin, see index set, Fin 
finitary independence, see 
independence, C- 
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finite 
assignment, 309 
domain, see selection, domain 
extension method, 32 
game, 745, 746, 762 
injury, see priority, method, finite 
injury 
Martin-Lof test, see test, finite 
Martin-Lof 
randomness, see randomness, finite 
computably, see randomness, 
computably finite 
Solovay test, see test, Solovay, 
finite 
total Solovay test, see test, Solovay, 
finite total 
Fitzgerald, A., xiv-xv, 341 
fixed point, 13 
Fixed Point Theorem, see Recursion 
Theorem 
fixed-point freeness, xxii, 87 
and DNC functions, 87 
and joining to 0’, 93 
and minimal pairs, 92 
and prompt simplicity, 90 
and Turing completeness, 89 
and wtt-completeness, 89 
n-, 371 
and (n + 1)-randomness, 371 
flexible formula, 93 
fluctuation about the mean, 249 
follower, see priority, method, follower 
forcing, 7, 100 
Cohen, 297 
condition, 645 
extension, 645 
Gandy, 478 
notion, 645 
Solovay, 296-297 
with II? classes, 374 
with computable perfect trees, 68, 
645 
Fortnow, L., xi, xiv-xv, 132, 229, 303, 
642 
FPF, see fixed-point freeness 
Franklin, J., xv, xxiii, 273, 316-317, 
534, 535, 564, 570-572, 
574-580, 591 
Freivalds, R., 303 


finite-gale 


fresh large number, 37 
Friedberg Completeness Criterion, 64 
Friedberg, R., 32, 34-36, 38, 42, 64, 
82 
Friedberg-Muchnik Theorem, 36, 44 
Fubini’s Theorem, 365 
full approximation, 384 
method, 72 
function 
computable, see computable, 
function 
partial, 8 
partial computable, see 
computable, partial function 
polynomial time computable, 16 
primitive recursive, see primitive 
recursive function 
rational-valued 
computable, 203 
real-valued, 202 
co-c.e., 203 
computable, 203 
computably enumerable, 203 
x9, see function, real-valued, 
computably enumerable 
total, 8 
tree, see tree, function 
perfect, see tree, perfect function 
functional 
truth table, 21 
Turing, 17 
weak truth table, 21 


Gs set, 77 
Gödel number, 8 
Gédel’s Incompleteness Theorem, 73, 
84, 93 
Godel, K., 8 
Gaifman, H., 287, 361 
gale 
Hitchgale, 321 
Kastergale, 321 
martingale, xiii, xxi, xxiii, 235 
additivity, 235 
almost simple, 308 
almost simple, and simple 
martingales, 308 
and Hausdorff dimension, 594 
and null sets, 235 


gale 


and packing dimension, 639 

and s-gales, 594 

co-c.e., and computable 
martingales, 280 

computable, 236, 270 

computable, and bounded 
Martin-Lof tests, 280 

computable, and computable 
randomness, 270 

computable, and computably 
graded tests, 280 

computable, and enumerations, 
276 

computable, and rational-valued 
martingales, 270 

computable, and Schnorr 
randomness, 273 

computable, and weak 
1-randomness, 290 

computably enumerable, xix, 
236 

computably enumerable, and 
1-randomness, 236 

computably enumerable, and 
Martin-Lof tests, 236 

computably enumerable, and 
optimality, 240 

computably enumerable, 
nonexistence of enumerations, 
240 

computably enumerable, 
universal, 237 

condition, 235 

etymology, 321 

h-success, 271 

h-success set, 271 

in probability theory, 242 

in probability theory, and 
martingales / martingale 
processes, 243 

Kolmogorov’s Inequality, see 
Kolmogorov’s Inequality 

multiplication by a constant, 235 

operator, 587 

partial computable, 303 

process, see gale, martingale 
process 

rational-valued, 270 
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s-randomness, see randomness, 
martingale s- 
s-success, 597 
savings property, 238, 273 
savings trick, 237, 273 
uo, 257 
X?, and n-randomness, 257 
vu? see gale, martingale, 
computably enumerable 
simple, 308 
simple, and almost simple 
martingales, 308 
simple, and von Mises- 
Wald-Church stochasticity, 
308 
Space Lemma, see Space Lemma 
strong s-success, 639 
success, 235 
success set, 235 
success, relative to an order, see 
gale, martingale, h-success 
martingale process, 242 
and 1-randomness, 244 
and Schnorr’s critique, 269 
Kolmogorov’s Inequality, see 
Kolmogorov’s Inequality, for 
martingale processes 
rational-valued, 245 
success, 243 
nonmonotonic, see betting strategy, 
nonmonotonic 
s-gale, 594 
and s-supergales, 597 
and Hausdorff dimension, 594 
and martingales, 594 
s-supergale, 594 
and s-gales, 597 
and Hausdorff dimension, 594 
and supermartingales, 594 
supermartingale, xiii, 150, 235 
additivity, 235 
and continuous semimeasures, 
238 
and Hausdorff dimension, 594 
and null sets, 235 
and s-supergales, 594 
computably enumerable, 236 
computably enumerable, and 
1-randomness, 236 
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computably enumerable, and 
effective dimension, 598 
computably enumerable, and 
Martin-Lof tests, 236 
computably enumerable, optimal, 
237 
computably enumerable, optimal, 
and KM-complexity, 238 
computably enumerable, optimal, 
and optimal c.e. continuous 
semimeasures, 238 
for h-spaces, 619 
h-success, 271 
h-success set, 271 
Kolmogorov’s Inequality, see 
Kolmogorov’s Inequality 
multiplication by a constant, 235 
partial computable, 303 
rational-valued, computable, and 
enumerations, 276 
s-randomness, see randomness, 
supermartingale s- 
s-success, 597 
savings property, 238 
savings trick, 237 
uo 257 
X?, and n-randomness, 257 
X, see gale, supermartingale, 
computably enumerable 
success, 235 
success set, 235 
success, relative to an order, 
see gale, supermartingale, 
h-success 
termgale, 662, 664 
constructive, see gale, termgale, 
xy 
induced by a semimeasure, 664 
optimal, 664 
optimal, and semimeasures, 664 
s-, 663 
X?, 664 
terminology, 321 
game 
finite, see finite game 
y function, 487 
and the s function, 487 
and 2-randomness, 488 
Gandy, R., 478 


game-genericity 


gap phenomenon 
for c.e. sets, 730 
for K-triviality, 551 
for 1-randomness, 250 
lack 
for Church stochasticity, 327 
for 1-randomness, 327-329, 484 
Gasarch, W., 69, 303 
Gauld, D., xiv 
generalized high, set, 19 
generalized low2 set 
and array computability, 97 
and domination, 97 
generalized lown set, 19 
generalized Martin-Lof test, see test, 
generalized Martin-Lof 
generally noncomputable function, 92 
{0, 1}-valued, 92-93 
generators of an open set, 4 
genericity, xxii 
arithmetic, 101 
and initial segments of the 
degrees, 102 
of degrees, 102 
Cohen, 378 
for a filter, see filter, generic 
n-, 101 
and effective packing dimension, 
641 
and existence results, 102 
and finite extension arguments, 
102-103 
and jumps, 102 
and Turing reducibility, 379 
and van Lambalgen’s Theorem, 
see van Lambalgen’s Theorem, 
for n-genericity 
and weak (n + 1)-genericity, 105 
and weak n-genericity, 105, 107 
forcing definition, 101 
of degrees, 102 
1-, 101 
and “almost everywhere” 
behavior, 383, 385 
and CEA sets, 104, 392 
and diagonal noncomputability, 
103 
and generalized lowness, 102 
and hyperimmune-freeness, 103 


Gengler, R.—-halting problem 


and initial segments of the 
degrees, 401 
and jump inversion, 103 
and Omega operators, 723—724 
and 1-randomness, 380 
and PA degrees, 103 
and pb-genericity, 108-109 
and tight D{-covers, 386 
and 2-randomness, 385, 393 
and weak 2-genericity, 379 
and weak 2-randomness, 385 
and weak 1-genericity, lowness, 
see lowness, for 1-genericity / 
weak 1-genericity 
lowness, see lowness, for 
1-genericity 
relative, and Turing reducibility, 
379 
pb-, 108 
and array computability, 107-108 
and effective packing dimension, 
650 
and 1-genericity, 108-109 
and 2-genericity, 108-109 
Solovay n-, 297 
and weak n-randomness, 298 
2- 
and effective packing dimension, 
641 
and pb-genericity, 108-109 
and Turing reducibility, 379 
weak n-, 105 
and (n — 1)-genericity, 105 
and n-genericity, 105, 107 
and relative hyperimmunity, 105 
weak 1- 
and hyperimmunity, 107 
and 1-genericity, lowness, see 
lowness, for 1-genericity / 
weak 1-genericity 
and Schnorr randomness, 356 
and weak 1-randomness, 356 
lowness, see lowness, for weak 
1-genericity 
weak 2- 
and “almost everywhere” 
behavior, 380 
and 1-genericity, 379 
Gengler, R., 217 
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GH., see generalized high, set 

GLn, see generalized low, set 

global independence, see 
independence, global 

GNC function, see generally 
noncomputable function 

golden 

pair, 697 
run, 520, 698 
method, 511, 518 

graph of a function, 3 

Greenberg, N., xiv-xv, xxiv, 323, 
348, 379, 442, 444, 447—448, 
496, 526, 562-564, 576-580, 
584-586, 591, 609, 618-626, 
642, 645, 649-650, 668-670, 
673, 680, 685, 689-695, 700, 
731 

Griffiths, E., xiv-xv, 240, 275, 
277-280, 290-295, 349-350, 
462-463, 562, 564-565, 
568-569, 581, 658 

Grigorieff, S., 229, 257 

Groszek, M., 79 

guess, see priority method, guess 

Gács, P., xv, xx-xxi, 133-134, 
138, 1438-144, 147, 153-154, 
169-170, 172, 174, 252, 323, 
325-326, 484 

Gacs coding, see coding, Gacs 


h-space, 618 
and [0,1], 620 
h-success, see gale, (super)martingale, 
h-success 
Holzl, R., 139, 689, 729 
Haas, R., 28 
halting probability, 142, 201 
and initial segment complexity, 410 
and Solovay completeness, 409-410 
relativized, see Omega operator 
and Q, relativized 
halting problem, 9, 11, 21 
and computable approximations, 
24 
and A$ questions, 33 
and A9 sets, 26 
and effective dimension, 609 
and finiteness of trees, 75 


820 Index 


and index sets, 15 
and Q, 228 
coding, see coding, the halting 
problem 
completeness, 20 
computable enumerability, 12 
relative to an oracle, 18 
unsolvability, 9, 31 
Hanf, W., 84 
Harizanov, V., 368 
Harrington’s golden rule, 36 
Harrington, L., 83, 478 
Harrington-Silver Theorem, 478 
Hartmanis, J., 598 
hashing, 632 
hat 
convention, 57 
trick, 57 
Hausdorff dimension, see dimension, 
Hausdorff 
Hausdorff, F., 592, 635 
Hertling, P., 200, 203-204, 405, 409, 
413, 706 
high set, xxii, 19 
and domination, 97 
and lowness for computable 
randomness / weak 
1-randomness, 591 
and lowness for Schnorr randomness 
/ weak 1-randomness, 591 
c.e., 42 
and computable randomness, 349 
incomplete, 53-54 
measure of the class, 535 
high, set, 19 
highness for a notion of randomness, 
591 
Hirschfeldt, D., xiii-xv, xxiv, 96, 207, 
289, 334, 340, 357, 360-361, 
368, 379, 406-408, 413-416, 
418-427, 430, 432-436, 
440-442, 447, 501, 503-504, 
511, 524, 526, 528-531, 
533-536, 539-542, 689, 
694-695, 705, 707, 709-713, 
716-721, 723-724, 726-727 
Hitchcock randomness, see 
randomness, Hitchcock 
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Hitchcock, J., xv, 242-245, 321, 597, 
608, 636-642, 654 
Hitchgale, see gale, Hitchgale 
hitting power, see randomness, 
and computational strength, 
hitting power 
Ho, C., 199 
Hofstadter’s Law, xii 
hungry sets construction, 531 
hyperavoidable set, 368 
and complex sets, 368 
hyperdegree, 358 
Hyperimmune-Free Basis Theorem, 
see basis theorem, 
hyperimmune-free 
hyperimmune-freeness, 67, see also 
hyperimmunity 
and array computability, 98 
and CEA sets, 103 
and computable traceability, 100, 
555, 559 
and diagonal noncomputability, 
369, 582-584 
and lowness for Kurtz null tests, 
583-584 
and lowness for weak 1-genericity, 
583-584 
and lowness for weak 1-randomness, 
584 
and 1-genericity, 103 
and 1-randomness, 356 
and II? classes, 78-79 
and Xf classes, 582-583 
and tt-reducibility, 69 
and Turing reducibility, 69 
and weak 1-randomness, 356-357 
and weak 2-randomness, 357 
cardinality of the class, 68 
hyperimmunity, see also 
hyperimmune-freeness 
and “almost everywhere” behavior, 
381 
and complex sets, 368 
and II? classes, 81 
and principal functions, 69 
and 2-randomness, 382 
and weak 1-genericity, 107 
and weak 1-randomness, 356 
and weak 2-randomness, 382 


hypersimplicity—injective randomness 


of degrees, 67 
and of sets, 69 
of noncomputable AÌ degrees, 67 
of sets, 69 
and of degrees, 69 
relative to Ø’ 
and weak 2-randomness, 362 
relativized 
and weak n-genericity, 105 
hypersimplicity, 69 
and c.e. splittings, 83 
and wtt-cuppability, 82 


ideal, 4 
generated by a set, 530 
principal, 531 
£9, 541 
tt-, 574 
Turing 
low upper bound, 550 
low2 upper bound, 541 
wtt-, 208 
X9, 208-210 
identity bounded Turing 
degrees, see degrees, identity 
bounded Turing 
reducibility, see reducibility, 
identity bounded Turing 
ignorance test, 229 
immunity, 12 
and plain complexity, 114 
bi-, see bi-immunity 
effective, 80 
and Turing completeness, 80 
k-, 454 
and (weak) 1-randomness, 455 
Impagliazzo, R., 642 
incomparable strings, see string, 
incomparability 
Incompleteness Theorem, see Gédel’s 
Incompleteness Theorem 
independence 
C-, 627 
and effective Hausdorff 
dimension, 629 
and global independence, 628 
and initial segment complexity, 
628 
and left-c.e. reals, 628 
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and relative 1-randomness, 628 
finitary, see independence, C- 
global, 627 

and C-independence, 628 

and initial segment complexity, 

628 

and K-triviality, 628 

and relative 1-randomness, 628 
of sources, xxiv, 627 
of strings, 635 

index 

for a c.e. set, 12 

for a partial computable function, 
9 

for a II? class, 76 

for a £, class, 76 

set, 13 

and levels of the arithmetic 

hierarchy, 26 

and 0’, 16 

Cof, 26 

computable, 13 

Fin, 26 

Inf, 26 

Tot, 26 

uniformly X}, 541 

indifferent set, 341 
and autoreducibility, 341 
for a member of a I? class, 341 
for a l-random set, 340 
for genericity, 341 
Inf, see index set, Inf 
infinite injury, see priority, method, 
infinite injury 
infinitely often 
C-randomness, see randomness, 
infinitely often C- 
strong K-randomness, see 
randomness, infinitely often 
strong K- 
information content 
measure, 129, 133 

minimal, 129 
plain, 116 
prefix-free, 134 

initialization, see priority, method, 
initialization 

injective randomness, see randomness, 
injective 
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injury, see priority, method, injury 
bounded, see priority, method, 
bounded injury 
finite, see priority, method, finite 
injury 
infinite, see priority, method, 
infinite injury 
set, 57 
unbounded, see priority, method, 
unbounded injury 
injury-free solution to Post’s Problem, 
see Post’s Problem, injury-free 
solution 
inner measure, see measure, inner 
interval determined by a string 
relative to a measure, 266 
interval Solovay s-test, see test, 
Solovay s-, interval 
investment adviser method, 428 
Ishmukhametov, S., 98-100, 650 
isolated path, see path, isolated 


Jech, T., 297 
Jockusch, C., xv, 15, 41—42, 64, 69, 
72, 77-79, 81-82, 84, 86-89, 
91-98, 101-102, 104-105, 
107-109, 207, 215, 295, 368, 
370, 374, 376, 401, 414, 530, 
534 
join, 4 
Jones, V., xiv 
jump, 18 
class, 19, 731 
inversion, xxii, 64—66 
and c.e. sets, 65 
and A$ sets, 65 
and 1-genericity, 103 
and 1-randomness, 373 
and IT? classes, 81-82 
basis theorem, see basis theorem, 
jump inversion 
for higher jumps, 66-67 
Sacks, see Sacks, Jump Inversion 
Theorem 
Shoenfield, see Shoenfield Jump 
Inversion Theorem 
nth, 18 
and “almost everywhere” 
behavior, 363 
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w-, 18 
operator, 18, 38, 64-66 
and 1-genericity, 103 
traceability, see traceability, jump 
strong, see traceability, strong 
jump 
ultra, see traceability, ultra jump 
well-approximability, see 
well-approximability, jump 
strong, see well-approximability, 
strong jump 


K-complexity, see complexity, 
prefix-free Kolmogorov 
K-degrees, see degrees, K- 
k-immune, see immune, k- 
K-reducibility, see reducibility, K- 
k-set, 514 
weight, see weight, of a k-set 
K-triviality, xxiii-xxiv, 305, 359, 
425, 501, 668 
and addition, 529 
and array computability, 510 
and bases for 1-randomness, 531 
and computable enumerability, 527, 
530 
and cost functions, 527-528 
and A}-ness, 456, 500 
and difference randomness, 533, 
550 
and downward closure, 525 
and global independence, 628 
and joins, 530 
and jump traceability, 523, 680, 
685, 689, 700 
and left-d.c.e. reals, 721-722 
and lowness for generalized 
Martin-Lof tests, 538 
and lowness for K, 508, 524, 525, 
541 
and lowness for left-d.c.e. reals, 722 
and lowness for 1-randomness, 510, 
525, 533 
and lowness for 1-randomness / 
computable randomness, 591 
and lowness for weak 2-randomness, 
537-538 
and lowness for weak 2-randomness 
/ computable randomness, 591 
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and lowness for weak 2-randomness 
/ 1-randomness, 537 
and Omega operators, 719-721 
and w-c.e.-ness, 523 
and real closed fields, 721 
and Solovay functions, 505, 689 
and strong jump traceability, 680, 
685, 700 
and superlowness, 518, 530 
and the standard cost function, 527 
and Turing incompleteness, 511 
and wtt-incompleteness, 512 
cost function, see cost function, 
standard 
counting, see K-triviality, via a 
constant, number of K-trivials 
gap phenomenon, see gap 
phenomenon, for K-triviality 
incomplete upper bound, 542 
listing the K-trivials, 538-540 
low upper bound, 550 
low2 upper bound, 542 
X$} ideal of K-trivial c.e. degrees, 
529 
X9 ideal of K-trivial degrees, 530 
via a constant, 539 
number of K-trivials, 501, 
506-507 
Kach, A., xv, 658 
Kallibekov, S., 209 
Kanovich, M., 366, 368 
Karp, R., 19 
Kastergale, see gale, Kastergale 
Kastermans randomness, see 
randomness, Kastermans 
Kastermans, B., 311, 319-321 
Kautz, S., xiii, xxii, 79, 255-257, 
259, 265-268, 287, 297-298, 
330, 333, 359, 361-364, 382, 
385-386, 393 
KC request, see KC Theorem, request 
KC set, 126 
and prefix-free complexity, 126 
weight, see weight, of a set of KC 
requests 
KC Theorem, 125 
and the recursion theorem, 127—128 
request, 125 
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weight, see weight, of a KC 
request 
Khoussainov, B., xv, 200, 203-204, 
405, 409, 413, 706, 746 
Kjos-Hanssen, B., xv, xxiii, 335-336, 
348-349, 366-369, 489-490, 
494, 497, 499, 537, 554, 
559-560, 576, 581, 591 
Kleene, S., 13-14, 17, 23, 28, 32, 34 
Kleene-Post 
method, see finite extension 
method 
Theorem, 32 
KM-complexity, see complexity, KM- 
KM-reducibility, see reducibility, 
KM 
Km-reducibility, see reducibility, 
monotone 
Knight, J., xv 
Kolmogorov complexity, see 
complexity, Kolmogorov 
Kolmogorov’s 0-1 Law, see 0-1 law, 
Kolmogorov’s 
Kolmogorov’s Inequality, 235 
for martingale processes, 243 
in h-spaces, 620 
Kolmogorov, A., xiii, xx, 6, 111-113, 
115-116, 637 
Kolmogorov-Loveland 
null set, see null set, 
Kolmogorov-Loveland 
randomness, see randomness, 
nonmonotonic 
Koucký, M., 743, 749 
Kräling, T., 139, 689, 729 
Kraft’s Inequality, 125 
computable version, see KC 
Theorem 
Kraft, L., 125 
Kraft-Chaitin Theorem, see KC 
Theorem 
Kramer, R., 28 
Kreisel Basis Theorem, see basis 
theorem, Kreisel 
Kreisel, G., 77 
Kripke, S., 93 
Kučera, A., xiii, xv, xxi-xxii, 
89-93, 103, 231, 234, 259, 
277, 315, 323-326, 330-331, 
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336-338, 346-347, 364, 367, 
371, 373-374, 376-377, 380, 
409-410, 418, 474, 489, 
508-510, 524, 526, 531, 
533-534, 550, 554, 609 
Kučera coding, see coding, Kučera 
Kuéera’s universal Martin-Lof test, 
see test, Martin-Lof, universal, 
Kuéera’s 
Kuéera-Gacs Theorem, xxi, 326, 330, 
332 
bound on the use, 326, 441 
Kuéera-Slaman Theorem, xxii, 410, 
444 
and cl-reducibility, 454—455 
relativized, 709 
Kumabe, M., 102, 349, 618 
Kummer complex set, 366, 729 
and array computability, 730 
Kummer’s Gap Theorem, 730 
Kummer, M., xxv, 303, 501, 649, 
728-730, 738-740, 743-744, 
761 


Kurtz 
array, 294 
and Schnorr randomness, 294 
n-randomness, see randomness, 
weak n- 
null test, see test, Kurtz null 
randomness, see randomness, weak 
L 
Kurtz, S., xii-xiii, xxi—xxii, 105-107, 
254-256, 259, 269, 285-288, 
295, 303, 315, 323, 356, 
360-362, 380-383, 385-387, 
394, 401, 496 
Kurtz-Solovay test, see test, 
Kurtz-Solovay 
Kuznecov, A., 69 


Lachlan, A., 47, 58, 333-334, 364 

Ladner, R., 207 

LaForte, G., xiv—xv, 42, 206, 208, 210, 
215, 240, 278-280, 349-350, 
377, 406, 419-424, 433-436, 
440, 442, 462—463, 564-565, 
568-569 

Lathrop, J., 304-305 

lattice, 4 
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of c.e. sets, see computably 
enumerable, set, lattice of c.e. 
sets 
law of iterated logarithms, 230 
law of large numbers, xviii, 230, 232, 
303 
Lebesgue Density Theorem, 5 
Lebesgue measure, see measure, 
uniform 
Lebesgue, H., 5, 592 
left computable real, see real, left 
computably enumerable 
left computably enumerable real, 
see real, left computably 
enumerable 
left cut, see real, left cut 
left semicomputable real, see real, left 
computably enumerable 
left-c.e. real, see real, left computably 
enumerable 
left-d.c.e. real, see real, left-d.c.e. 
Lempp, S., xv, 67, 72, 311, 319-321, 
349 
length of agreement, 39 
maximum, 48 
length-lexicographic ordering, 2 
Lerman, M., 67, 72, 87, 370, 475, 497, 
517, 534 
Levin, L., xiii, xv, 116, 121, 125, 129, 
133-134, 145-147, 150-151, 
154, 169, 227, 232, 237-240, 
265-267, 598, 601 
Levy, P., 235 
Lewis, A., xv, xxii, 93, 323, 339, 349, 
420, 442, 448, 489-491, 499, 
618 
Li, M., xi-xii, xx, 110, 113, 116, 122, 
132, 136-137, 150, 227, 238, 
260, 265, 304, 738 
Lieb, E., 246, 249-250 
limit condition, see cost function, 
limit condition 
limit frequency, 472 
and discrete semimeasures, 472 
Limit Lemma, 24, 29-30 
strong form, 25 
limit randomness, see randomness, 
limit 
limited dependence, 635 
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Lipschitz transformation, 420 
Lk-reducibility, see reducibility, LK- 
loading measure, 513 
logarithm 
conventions, 3 
factor, 627 
Loveland, D., 117-118, 122, 305 
Low Basis Theorem, see basis 
theorem, low 
low cuppable degree, 92 
and prompt simplicity, 92 
lown set, 19 
low set, 19, 507 
and II? classes, 77-78 
and array computability, 98 
and joins, 93 
c.e., 38 
lowe set 
and array computability, 97 
low®, see diamond class, low? 
lower 
box counting dimension, see 
dimension, box counting, lower 
modified box counting dimension, 
see dimension, box counting, 
modified, lower 
semicomputable real, see real, left 
computably enumerable 
semicontinuity, 723 
lowersemilattice, 4 
lowness 
for a class, 507 
for a notion of randomness, 507 
for a pair of classes, 537, 590 
for a test notion, 507 
for computable measure machines, 
562 
and computable traceability, 562 
and lowness for Schnorr 
randomness, 563 
for computable randomness, xxiii 
and computability, 586 
and hyperimmune-freeness, 560 
for computable randomness / 
Schnorr randomness, 591 
for computable randomness / weak 
1-randomness, 591 
for Demuth randomness, 590 
for difference randomness, 535 
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for generalized Martin-Lof tests, 
537 
and K-triviality, 538 
and lowness for weak 
2-randomness, 537, 538 
for K, xxiii, 507 
and bases for 1-randomness, 533 
and jump traceability, 680 
and K-triviality, 508 
and K-triviality, 524, 525, 541 
and LkK-reducibility, 508 
and lowness, 541 
and lowness for 1-randomness, 
508, 525, 533 
and strong jump traceability, 680 
cost function, see cost function, 
for lowness for K 
reducibility, see reducibility, LK- 
via a constant, 541 
weak, 713 
weak, and lowness for Q, 714 
weak, and 2-randomness, 715 
weak, basis theorem, see basis 
theorem, weakly low for K 
for Kurtz null tests 
and computable traceability, 581, 
584 
and diagonal noncomputability, 
583-584 
and hyperimmune-freeness, 
583-584 
and lowness for weak 1-genericity, 
584 
and lowness for weak 
1-randomness, 584 
for left-d.c.e. reals, 722 
and K-triviality, 722 
for Martin-Lof tests, 507 
for Q, 712 
and Omega operators, 712 
and 2-randomness, 713 
and weak lowness for K, 714 
basis theorem, see basis theorem, 
low for Q 
for 1-genericity, 586 
for 1-genericity / weak 1-genericity, 
583 
for 1-randomness, xxiii, 473, 
507-510 
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and bases for 1-randomness, 531 
and computable traceability, 555 
and K-triviality, 510, 525, 533 
and lowness for K, 508, 525, 533 
and LR-reducibility, 508 
reducibility, see reducibility, LR- 
relativized, 509 
for 1-randomness / computable 
randomness, 591 
for 1-randomness / Schnorr 
randomness, 591 
for 1-randomness / weak 
1-randomness, 347, 591 
for partial computable randomness 
/ computable randomness, 590 
for Schnorr randomness, xxiii, 554 
and computable traceability, 561 
and hyperimmune-freeness, 560 
and lowness for computable 
measure machines, 563 
and lowness for Schnorr tests, 
561 
and lowness for weak 
1-randomness, 584 
and Schnorr triviality, 564 
truth table, 570 
truth table, and computable 
traceability, 572 
truth table, and Schnorr 
triviality, 572 
for Schnorr randomness / weak 
1-randomness, 591 
for Schnorr tests, 554 
and computable traceability, 555 
and lowness for Schnorr 
randomness, 561 
for 2-randomness / 1-randomness, 
591 
for weak 1-genericity, 581, 586 
and diagonal noncomputability, 
583-584 
and hyperimmune-freeness, 
583-584 
and lowness for Kurtz null tests, 
584 
and lowness for weak 
1-randomness, 584 
for weak 1-randomness 


LR-degrees—machine 


and diagonal noncomputability, 
584 
and hyperimmune-freeness, 581, 
584 
and lowness for Kurtz null tests, 
584 
and lowness for Schnorr 
randomness, 584 
and lowness for weak 1-genericity, 
584 
for weak 2-randomness 
and K-triviality, 537-538 
and lowness for generalized 
Martin-Lof tests, 537, 538 
for weak 2-randomness / 
computable randomness, 591 
for weak 2-randomness / 
1-randomness, 537 
for weak 2-randomness / Schnorr 
randomness 
and c.e. traceability, 591 
for weak 2-randomness / weak 
1-randomness, 591 
truth table for Schnorr randomness, 
see lowness, for Schnorr 
randomness, truth table 
LR-degrees, see degrees, LR- 
LR-reducibility, see reducibility, LR- 
Lusin, N., 711-712, 718 
Lutz, J., xiii, xv, xxiii, 242-245, 
270, 304-305, 594-598, 603, 
636-641, 654, 658, 662-666 


m-completeness, see completeness, 
many-one 
M-pullback, see pullback 
m-reducibility, see reducibility, 
many-one 
Maass, W., 90, 215 
machine 
bounded, 282 
and computable randomness, 282 
as a decidable machine, 298 
computable measure, 277, 292 
and Schnorr Hausdorff 
dimension, 659 
and Schnorr packing dimension, 
659 
and Schnorr randomness, 277 


majority vote—Martin-Lof 


and weak 1-randomness, 292 
as a decidable machine, 298 
complexity bounds, 278 
lowness, see lowness, for 
computable measure machines 
relativized, 562 
subadditivity, 278, see 
subadditivity, for computable 
measure machines 
with domain of measure 1, 
278-279 
computably layered, 291 
and weak 1-randomness, 291 
decidable, 298 
and 1-randomness, 298 
and Schnorr randomness, 299 
and weak 1-randomness, 300-301 
dependence, 21, 112, 124, 140, 142, 
228, 408-409, 507, 705, 744, 
749 
discrete, 145 
monotone, 145 
and c.e. continuous 
semimeasures, 151 
discrete, see machine, process 
universal, 146 
universal, and KM-complexity, 
151 
universal, and optimal c.e. 
continuous semimeasures, 151 
universal, output probability, 257 
oracle, see machine, Turing, oracle 
pinball, see pinball machine 
plain, see machine, Turing 
prefix-free, 122, 705 
and measure, 232 
KC Theorem, see KC Theorem 
universal, 122 
universal by adjunction, 122 
universal oracle, 123 
universal oracle, U, 123 
universal, and Solovay 
completeness, 409 
universal, counting programs of 
a given length, 140 
universal, counting short 
programs, 140 
universal, fixed points, 139 
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universal, halting probability, see 


halting probability 
universal, output probability, 
133, 229, 409 


universal, output probability of a 


set, 229 
universal, output probability, 
and maximal c.e. discrete 

semimeasures, 133 
universal, output probability, 
and prefix-free Kolmogorov 
complexity, 133 
universal, set of short halting 
programs, and Q, 142 
universal, set of short halting 


programs, complexity, 141-142 


process, 146 
quick, 282 
universal, 146 
s-measurable, 606 
and strong s-Martin-Löf 
randomness, 606 


and tests for strong s-Martin-Löf 


randomness, 606 
self-delimiting, 122 
strict process, 146 
Turing, xix, 8 
oracle, 16 
universal, 9, 111 
universal by adjunction, 111 
universal oracle, 17, 114 
with infinite outputs, 145 
majority vote, 358 
majorization, 67 
Mandelbrot set, 636 
many-one reducibility, see 
reducibility, many-one 
marker, 59 
Marker, D., 478 
Martin’s Conjecture, xxiv, 706 
Martin, D., xxiv, 67-69, 80, 97-98, 
100, 104, 288, 381, 496, 555, 
575, 578, 706, 732, 735, 738 
Martin, G., xiv 
Martin-Lof 
coverability, 534 
and 0’-trivialization, 536 
cuppability, 534 
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and (strong) jump traceability, 
685 
and @’-trivialization, 536 
weak, 534 
null set, see null set, Martin-Lof 
randomness, see randomness, 
Martin-Lof 
test, see test, Martin-Lof 
bounded, see test, bounded 
Martin-Lof 
computably finite, see test, 
computably finite Martin-Lof 
finite, see test, finite Martin-Lof 
generalized, see test, generalized 
Martin-Lof 
Martin-Lof, P., xiii, xvii, xix—xxi, 113, 
136, 227, 231, 233-234, 254, 
260, 269, 378 
martingale, see gale, martingale 
mass problem, 344 
and classes of positive measure, 344 
and Turing reducibility, 344 
of a II? class of positive measure, 
345 
of a II? class with upwards closure 
of positive measure, 346 
of completions of PA, 345 
of DNC functions, 347 
of 1-random sets, 345-347 
of sets that are 2-random or 
completions of PA, 346-347 
reducibilities, see reducibility, weak 
and reducibility, strong 
Matijacevic, Y., 101 
maximal 
computably enumerable discrete 
semimeasure, see semimeasure, 
discrete, computably 
enumerable, maximal 
set, 83 
maximum length of agreement, see 
length of agreement, maximum 
Mayordomo, E., xv—xvi, 16, 270, 277, 
308, 598, 636-641, 654 
MecNicholl, T., 368 
measurable function, 242 
measure 
and computability, 358 
and computable enumerability, 358 


Martin-Lof, P.—Medvedev, Y. 


and A$-ness, 358 
and Turing reducibility, 360 
atom, see atom, of a measure 
atomic, 265 
Bernoulli, 657 
computable, 264 
atom, see atom, of a computable 
measure 
computable rational probability, 
see computable, rational 
probability distribution 
continuous, 265 
induced by a premeasure, 264 
information content, see 
information content measure 
inner, 5 
interval determined by a string, see 
interval determined by a string 
relative to a measure 
Lebesgue, see measure, uniform 
loading, see loading measure 
of relative randomness, xxii, see 
randomness, measure 
outer, 5 
probability 
representation in a II? class, 335 
representation of a real by a 
sequence, see representation, 
of a real by a sequence relative 
to a measure 
resource-bounded, 270 
risking, see risking measure 
s-, 592 
s-dimensional, 592 
s-dimensional outer Hausdorff, 593 
effective, 598 
s-dimensional packing, 639 
theory, xix, xxiii, 495, 592 
trivial, 265 
uniform, 5 
and Hausdorff dimension, 593 
for h-spaces, 618 
measure-theoretic paradigm, see 
randomness, paradigm, 
measure-theoretic 
Medvedev 
degrees, see degrees, strong 
reducibility, see reducibility, strong 
Medvedev, Y., 69, 344 


meet—monotone 


meet, 4 

meet-irreducibility, 346 

meeting a class, 100 

Merkle, W., xv, 120, 138-139, 
243-244, 251, 254, 276, 
279-280, 298-301, 304-306, 
309-314, 325-326, 328, 330, 
357, 366-369, 437, 456-458, 
484, 500, 505, 576, 581, 
655-656, 658-661, 689, 729 

meta-box, see box, meta- 

Mihailović, N., 243-244, 279-280, 
282, 325-326, 484, 562-564 

Mileti, J., xv 

Miller, J., xiii-xv, xx—xxiv, 121, 


125, 131, 155, 166, 168-169, 


229, 250-252, 261-263, 276, 


289, 309, 311-316, 319, 323, 


327-330, 332, 334, 340-341, 
348, 357, 368, 373, 379, 
465—466, 473-481, 484-489, 
494—497, 499, 505-506, 528, 
535, 537-538, 584-586, 591, 
601, 609-612, 615, 618-627, 
635, 642, 651, 705, 707, 
709-724, 726-727, 743 

Miller, R., 43 

Miller, W., 67—69, 100, 555 

Mills, C., 530 

mind-change function, see real, 


left computably enumerable, 


mind-change function 
minimal 


C-program, see program, minimal 


C- 
degree, 70 
and II? classes, 79 
and “almost everywhere” 
behavior, 401 
and c.e. sets, 72 
and c.e. traceability, 650 


and diagonal noncomputability, 


618 
and DNC}, 618 
and GLo-ness, 72 
and joins, 93 
and jump inversion, 72 
and lowness, 72 
and 1-randomness, 259 
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C-, 458-459 

K-, 459 

of effective dimension 1, 626 

of effective packing dimension 1, 
645 

rK-, 437, 459 

rK-, and 1-randomness, 439 

rK-, and initial segment 
complexity, 439 

rK-, cardinality of the class, 439 

van Lambalgen, 474 


information content measure, see 


information content measure, 
minimal 


K-program, see program, minimal 


K- 


pair, 47 


and “almost everywhere” 
behavior, 359 

and fixed-point freeness, 92 

of C-degrees, 457 

of K-degrees, 458, 550-553 

of c.e. degrees, 47 

of c.e. degrees, and c.e. splittings, 
53 

of high c.e. degrees, 56 

of K-trivial degrees, 504 

of LR-degrees, 491 

of monotone degrees, 460 

of Solovay degrees, 415 


Minimal Pair Theorem, 44 
Minkowski dimension, see dimension, 


box counting 


modified box counting dimension, 


see dimension, box counting, 
modified 


modulus function, see computably 


enumerable, set, modulus 
function 


monotone 
complexity, see complexity, 


monotone 


cost function, see cost function, 


monotone 


degrees, see degrees, monotone 
machine, see machine, monotone 
reducibility, see reducibility, 


monotone 
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Montalban, A., xiv-xv, 335-336, 458, 

551-552 

Moore, E., 323, 358 

Moscow school of algorithmic 

information theory, 120 

Mostowski, A., 93 

Muchnik degrees, see degrees, weak 

Muchnik reducibility, see reducibility, 

weak 

Muchnik, A., 32, 34-36, 86, 344 

Muchnik, An., xx, 155, 168, 263, 
304, 305, 309-313, 471-473, 
507-508, 738-739, 744-745, 
749, 752, 762 

multiple permitting, see permitting, 
multiple 

music, 715 

Mycielski, J., 478 

Myhill Isomorphism Theorem, 21 

Myhill’s Theorem, 22 

randomness-theoretic version, 410 
Myhill, J., 21-22 


n-c.e. 
randomness, see randomness, n-c.e. 
test, see test, n-c.e. 

n-computably enumerable set, 27 

n-cover, see cover, n- 

n-fixed-point freeness, see fixed-point 

freeness, n- 

n-FPF, see fixed-point freeness, n- 

n-genericity, see genericity, n- 

n-packing, see packing, n- 

n-randomness, see randomness, n- 

Nabutovsky, A., 420 

NCR, 336 

NCRn, 336 

Nerode, A., 21, 121, 746 

never continuously random set, 7, 

335-336 
and countable TI} classes, 336 
Newton’s Method, 222 
Ng, K., xiv-xvi, xxii, 219, 316-317, 
319, 323, 339, 358, 362, 377, 
535, 590, 650, 672-673, 689, 
693 

Nies, A., xi, xili-xv, xxi-xxiv, 

69, 120, 125, 228-229, 254, 
258, 260-262, 276, 288-289, 
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309, 311-316, 319, 328, 
330, 333-334, 340-341, 
349-351, 356-357, 376-377, 
382, 407-408, 413, 415-416, 
418-419, 425-427, 430, 
432, 473, 501, 503-505, 
508, 510-511, 518, 523-531, 
533-542, 554, 559-560, 
562-564, 586, 590-591, 
611, 668-671, 689-695, 700, 
706-713, 715-721, 723-724, 
726-727 

Nitzpon, D., 586 

Niveaufunktion, 600 

nonascending path trick, 586 

noncappable degree, 91 

and prompt simplicity, 91 

nonmonotonic betting strategy, see 
betting strategy, nonmonotonic 

nonmonotonic randomness, see 
randomness, nonmonotonic 


nonrandom strings, xxv 
for KM-complexity, 749 
for monotone complexity, 749 
for plain complexity, 738, 740, 743, 
749 
for prefix-free complexity, 743-745, 
749 
for process complexity, 749 
for strict process complexity, 749, 
761-763 
nontrivial pseudo-jump operator, 
see pseudo-jump operator, 
nontrivial 
notion of forcing, see forcing, notion 
NP-completeness, see completeness, 
NP- 
nth jump, see jump, nth 
Nugent. R., xvi 
null set, xix, 5, 231 
and (super)martingales, 235 
Kolmogorov-Loveland, 310 
and finite unions, 313 
Martin-Löf, 231 
relative to a measure, 264 
Martin-Löf v-, see null set, 
Martin-Löf, relative to a 
measure 
II? , see class, II? , null 


O-notation—optimal 


TIS, 537 
Schnorr, 272 

and Schnorr tests, 272 
Schnorr s-, 654 

and total Solovay s-tests, 655 
E? see class, X? , null 


O-notation, 3 

obeying a cost function, see cost 
function, obeying 

oblivious scan rule, see scan rule, 


oblivious 

Odifreddi, P., xiii, xix, 8, 28, 72, 85, 
208-209 

Q, xxi-xxii, 12, 142, 227-229, 
408-410, 705 


and Demuth randomness, 315 
and initial segment complexity, 410 
and K-reducibility, 469-470 
and sets of short halting programs, 
142 
and Solovay reducibility, 408, 415 
and the a function, 469-470 
and tt-incompleteness, 333 
and 2-randomness, 469—470 
and vL-reducibility, 475 
and Ø’, 228 
approximation, 142, 228 
as an operator, see Omega operator 
initial segment complexity, 469-470 
left computable enumerability, 228 
1-randomness, 228 
rate of convergence, 467—468 
relativized, 257, see also halting 
probability, relativized 
and C-reducibility, 479 
and K-reducibility, 477 
and vL-reducibility, 475 
Solovay completeness, 408 
wtt-completeness, 228 
Omega operator, xxiv, 386, 706 
and continuity, 723 
and K-triviality, 719-721 
and left-c.e. reals, 716-719, 721 
and lower semicontinuity, 723 
and lowness, 708 
and lowness for Q, 712 
and 1-genericity, 723-724 
and 2-randomness, 711, 724 
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failure of degree invariance, 718 
range, 712, 724-727 
spectrum, 717, 719, 726 
and 1-randomness, 717 
(w-c.e.)°, see diamond class, (w-c.e.)° 
w-computably enumerable set, xxiv, 
25, 27 
and identity-bounded mind-change 
functions, 27 
totally, see totally w-c.e. degree 
w-jump, see jump, w- 

Q-like real, 409, see also 
completeness, Solovay 
1-completeness, see completeness, 1- 

1-genericity, see genericity, 1- 
1-randomness, see randomness, 1- 
and Solovay functions, 254 
1-reducibility, see reducibility, 1- 
only computably presentable real, 
see real, left computably 
enumerable, only computably 
presentable 
open 
set, see set, open 
X? test, see test, X}, open 
open question, xxi, 19, 122, 140, 145, 
147, 150, 205, 263, 290, 311, 
322, 333, 341, 357, 362, 394, 
424, 426, 432, 433, 459, 462, 
473, 486, 488, 507, 534, 535, 
541, 550, 553, 590, 591, 597, 
604, 606, 627, 628, 650, 670, 
672, 680, 689, 694, 700, 701, 
715, 721, 723, 731, 732, 743, 
761 
operator 
computably enumerable, see 
computably enumerable, 
operator 
martingale, see gale, martingale, 
operator 
Omega, see Omega operator 
pseudo-jump, see pseudo-jump 
operator 
opponent, 31 
optimal 
computably enumerable 
continuous semimeasure, see 
semimeasure, continuous, 
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computably enumerable, 
optimal 
operator, see computably 
enumerable, operator, optimal 
supermartingale, see gale, 
supermartingale, computably 
enumerable, optimal 
termgale, see gale, termgale, 
optimal 
oracle, 16 
machine, see machine, Turing, 
oracle 
prefix-free machine, see machine, 
prefix-free, oracle 
Turing machine, see machine, 
Turing, oracle 
order, xiii, 271 
complex set, see complex set 
exponential, 599-600 
ordinal notation, 27 
Ordnungsfunktion, 271 
Osherson, D., 246, 249-250 
outcome, see priority method, 
outcome 
outer measure, see measure, outer 
output probability, see machine, 
prefix-free, universal, output 
probability and machine, 
monotone, universal, output 
probability 
overgraph, 739 
of KM-complexity, 761 
of monotone complexity, 752 
of plain complexity, 744 
of prefix-free complexity, 744-745 
of process complexity, 761 
of strict process complexity, 761 
Owings, J., 14 
Oxtoby, J., 4 


PA, see Peano Arithmetic 
PA degree, xxii, 84 
above a low degree, 93 
and bases for II? classes, 84, 86 
and c.e. degrees, 87 
and computable trees, 86 
and effectively inseparable pairs, 86 
and jump classes, 93 
and lowness, 87 


oracle—II? 


and minimal degrees, 87 
and 1-genericity, 103 
and 1-randomness, 337-340 
and separating sets, 86 
and {0, 1}-valued DNC functions, 
89 
upwards closure, 85 
packing, 638 
dimension, see dimension, packing 
n-, 638 
Paris, J., 381, 401 
partial 
function, see function, partial 
randomness, see randomness, weak 
s- and randomness, strong s- 
partial computable 
function, see computable, partial 
function 
randomness, see randomness, 
partial computable 
path, 72 
isolated, 74 
computability, 74 
Pavan, A., 642 
payoff function, see betting strategy, 
nonmonotonic, payoff function 
pb-density, see density, pb- 
pb-genericity, see genericity, pb- 
pb-reducibility, see reducibility, pb- 
Peano Arithmetic, 73, 84 
mass problem of completions, see 
mass problem, of completions 
of PA 
perfect function tree, see tree, perfect 
function 
permitting 
and array noncomputability, 94, 
445 
c.e., 43 
delayed, 61 
AS, 43 
multiple, 94, 445 
simple, see permitting, c.e. 
permutation 
computable, see computable, 
permutation 
randomness, see randomness, 
permutation 
I, 
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class, see class, II? 
set, 23 
test, see test, TI? 
II? class, see class, II? 
IIS null set, see null set, IIS 
piecewise 
computable set, 56 
trivial set, 53 
thick subsets, 54 
thick subsets, and highness, 53 
pinball machine, 517 
Pingrey, S., 368 
Pippinger, N., 125 
plain 
information content, see 
information content, plain 
Kolmogorov complexity, see 
complexity, plain Kolmogorov 
machine, see machine, Turing 
symmetry of information, see 
Symmetry of Information, for 
plain complexity 
polynomial time 
computable function, see function, 
polynomial time computable 


Turing reducibility, see reducibility, 


polynomial time Turing 
Porter, C., xvi, 333 
Positselsky, S., 738, 752 
Posner’s trick, 48 
Posner, D., 48, 64-65, 72, 101 
Post’s Problem, 32, 34, 36, 82-83, 
501, 511 
injury-free solution, 502 
priority-free solution, 91, 502 
Post’s Program, 83 
Post’s Theorem, 25 
Post, E., 17, 22, 24-25, 32, 34, 80, 
82-83, 90 
prefix Kolmogorov complexity, 
see complexity, prefix-free 
Kolmogorov 
prefix-free 
function, 122 
computable, universal, 122 
computable, universal by 
adjunction, 122 
information content, see 


information content, prefix-free 
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Kolmogorov complexity, see 
complexity, prefix-free 
Kolmogorov 

machine, see machine, prefix-free 

set, 74, 121-122 

weight, see weight, of a 
prefix-free set 

symmetry of information, see 
Symmetry of Information, for 
prefix-free complexity 


premeasure, 264 


rational representation, 264 


presentation, see real, left computably 


enumerable, presentation 


preservation 


of the use, see use, preservation 
strategy, see Sacks, preservation 
strategy 


primitive recursive function, 28 


and computable functions, 28-29 


principal 


function, 69 
and hyperimmunity, 69 
ideal, see ideal, principal 


priority 


method, 34-36 
bounded injury, 38 
finite injury, 34-36 
follower, 36 
guess, 44 
infinite injury, 47 
initialization, 35 
injury, 35 
outcome, 44 
priority tree, 44, 55 
protecting a set, 37 
requiring attention, 36 
restraint, 37 
restraint function, 41 
strategy, 44 
true outcome, 46 
true path, 46-47 
unbounded injury, 39—40 
visiting a node, 46 
ordering, 35 
tree, see priority, method, priority 
tree 
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priority-free solution to Post’s 
Problem, see Post’s Problem, 
priority-free solution 
probabilistic method, 632 
probability 
a priori, see a priori, probability 
halting, see halting probability 
measure, see measure, probability 
output, see machine, prefix-free, 
universal, output probability 
and machine, monotone, 
universal, output probability 
theory, xxv 
process 
complexity, see complexity, process 
machine, see machine, process 
productive set, 22 
program, 118 
counting programs, 118 
d-minimal, 141 
counting, 141 
minimal C-, 112, 578 
complexity, 115 
minimal K-, 124 
complexity, 143-145 
for a finite set, 141 
prompt simplicity, 90, 215 
and cappability, 92 
and fixed-point freeness, 90 
and low cuppability, 92 
and noncappability, 91 
and superlowness, 694 
proper D$-cover, see cover, =}, proper 
protecting a set, see priority, method, 
protecting a set 
pseudo-jump inversion, see 
pseudo-jump operator, 
inversion 
pseudo-jump operator, 41 
inversion, 41 
basis theorem, see basis theorem, 
pseudo-jump inversion 
for 1-random sets, 376 
for wtt-reducibility, 377 
nontrivial, 41 
pullback, 606 


quick process 


priority-free solution to Post’s Problem—randomness 


machine, see machine, process, 
quick 

randomness, see randomness, quick 
process 


Raichev, A., xvi, 219, 224, 424, 437, 
439 
Raisonnier, J., 555 
random variable, 242 
randomness 
almost simple, 308 
and simple randomness, 308 
and “almost everywhere” behavior, 
xxv, 359, 381 
and computational power, xxiii, 
228-229, 288-289, 317, 326, 
332, 339, 360, 363, 370-371, 
533, 713, 715 
avoiding power, 370 
hitting power, 370 
and stochasticity, 303 
arithmetic, 256 
and 0“)-computability, 324 
C-, 112, 743 
and strong K-randomness, 


161-164, 715 
and weak K-randomness, 133, 
251 


computable, xxi, 270, 600 

and bounded machines, 282 

and bounded Martin-Lof tests, 
280 

and Church stochasticity, 303 

and computably graded tests, 
280 

and existence of limits for 
computable martingales, 270 

and highness, 349-351 

and initial segment complexity, 
304-305 

and left-c.e. reals, 351 

and nonmonotonic randomness, 
311 

and 1-randomness, 275, 351 

and 1-randomness, lowness, see 
lowness, for 1-randomness / 
computable randomness 

and partial computable 
randomness, lowness, see 


randomness 


lowness, for partial computable 
randomness / computable 
randomness 
and quick process randomness, 
283 
and relative tt-Schnorr 
randomness, 571 
and Schnorr randomness, 275, 
351 
and Schnorr randomness, 
lowness, see lowness, for 
computable randomness / 
Schnorr randomness 
and ultracompressibility, 305 
and upwards closure, 340 
and van Lambalgen’s Theorem, 
see van Lambalgen’s Theorem, 
for computable randomness 
and von Mises-Wald-Church 
stochasticity, 307 
and weak 1-randomness, 
lowness, see lowness, for 
computable randomness / 
weak 1-randomness 
and weak 2-randomness, 
lowness, see lowness, for weak 
2-randomness / computable 
randomness 
base, see base, for computable 
randomness 
lowness, see lowness, for 
computable randomness 
computably finite, 318 
and total w-c.e.-ness, 319 
AS, 600 
Demuth, 315 
and A$-ness, 316 
and difference randomness, 318 
and generalized lowness, 316, 364 
and hyperimmunity, 316 
and Q, 315 
and w-c.e.-ness, 315 
and 1-randomness, 315 
and 2-randomness, 315 
and weak 2-randomness, 316 
lowness, see lowness, for Demuth 
randomness 
difference, 316, 339, 534-535 
and K-triviality, 533, 550 
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and Demuth randomness, 318 
and martingales, 318 
and 1-randomness, 317-318 
and strict Demuth tests, 317 
and the halting problem, 317 
and weak 2-randomness, 318 
base, see base, for difference 
randomness 
lowness, see lowness, for 
difference randomness 
extraction, xxiv, 608, 609, 618, 627 
for strings, 635 
extractor, see extractor 
finite, 318 
and 1-randomness, 318 
Hitchcock, 322 
infinitely often C-, 260 
and infinitely often strong 
K-randomness, 262-263, 715 
and 1-randomness, 260 
and 2-randomness, 261-262 
infinitely often strong K-, xxiv, 
262 
and 2-randomness, 716 
and infinitely often C- 
randomness, 262-263, 
715 
and 3-randomness, 262 
and 2-randomness, 262-263 
injective, 319 
and 1-randomness, 319 
Kastermans, 321 
Kolmogorov-Loveland, see 
randomness, nonmonotonic 
Kurtz, see randomness, weak 1- 
Kurtz n-, see randomness, weak n- 
limit, 315 
Martin-Lof, xix, 231, see also 
randomness, 1- 
and 1-randomness, 232 
martingale s-, 604 
measure, 404, 464 
n-, xxi, 256 
and C-reducibility, 479 
and columns of a set, 259 
and initial segment complexity, 
257 
and jumps, 324 
and K-reducibility, 477 
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and (n — 1)st jumps, 363-364 

and (n — 1)-fixed-point freeness, 
371 

and (n + 1)-randomness, 257 

and nth jumps, 364 

and 1-randomness relative to 
g=), 256 

and open ©? classes, 254 

and open X2 tests, 256 

and II® classes of positive 
measure, 259 

and T° 41 null classes, 260 

and plain complexity, 263 

and prefix-free complexity, 263 

and X? classes, 254 

and ey null classes, 260 


and ae classes, 254 

and (super)martingales, 257 

and Turing reducibility, 332, 475 

and vL-reducibility, 474 

and weak (n + 1)-randomness, 
360 

and weak n-randomness, 288, 
361-362 

and @)-computability, 324 

and 0-1 laws, 259 

relative, 257-258 

relative to a continuous measure, 
336 

relative to a measure, 264 

relative, and joins, 257-258 

single gap characterization, 487 


n-c.e., 316 
n-v-, see randomness, n-, relative 


to a measure 


nonmonotonic, xxi, 310, 319 


and autoreducibility, 341 

and initial segment complexity, 
312 

and 1-randomness, 311, 314 

and (partial) computable 
randomness, 311 

and total betting strategies, 310 

and van Lambalgen’s Theorem, 
see van Lambalgen’s Theorem, 
for nonmonotonic randomness 


of a closed set, xxv 
of a continuous function, xxv 


randomness 


of a degree, 227 
of a string, xx, 110-112, 132-133 
collection of nonrandom strings, 
see nonrandom strings 
relative to a function, 111 
l-, xix, xxi, 227, 600 
and addition, 419 
and approximations to left-c.e. 
reals, 416 
and autocomplex sets, 368 
and autoreducibility, 340 
and C-reducibility, 425 
and c.e. degrees, 337 
and cardinality of K-degrees, 495 
and Church stochasticity, 232 
and cl-reducibility, 441, 448, 455 
and complex sets, 368 
and computable enumerability, 
324-325 
and computable functions, 299 
and computable randomness, 
275, 351 
and computable randomness, 
lowness, see lowness, for 
1-randomness / computable 
randomness 
and computing c.e. sets, 289 
and decidable machines, 298 
and degrees computing 0’, 330 
and Demuth randomness, 315 
and diagonal noncomputability, 
336, 347-349 
and difference randomness, 
317-318 
and downward closure, 333 
and downward closure under 
strong reducibilities, 333 
and effective dimension, 599, 
601, 609 
and finite randomness, 318 
and hyperimmune-freeness, 324, 
356 
and hyperimmunity, 455 
and ibT-reducibility, 447 
and indifferent sets, 341 
and infinitely often 
C-randomness, 260 


randomness 


and initial segment complexity, 
229, 250-254, 466, 477, 479, 
481, 484-485 

and initial segments of the 
degrees, 333 

and injective randomness, 319 

and joins, 339 

and jump inversion, 373 

and K-comparability, 486 

and k-immunity, 455 

and K-incomparability, 480-481 

and K-reducibility, 425 

and Kastermans / Hitchcock 
randomness, 322 

and KM-complexity, 239 

and left-d.c.e. reals, 410 

and lowness, 324 

and Martin-Lof randomness, 232 

and martingale processes, 244 

and measure, 234 

and minimal degrees, 259 

and minimal pairs, 359 

and minimal rK-degrees, 439 

and monotone complexity, 227, 
239, 460 

and nonmonotonic randomness, 
311, 314 

and 1-genericity, 380 

and 1-randomness relative to a 
measure, 267 

and PA degrees, 337-340 

and partial computable 
randomness, 304 

and II classes, 234, 324 

and II? classes of positive 
measure, 259 

and plain complexity, 252-254 

and presentations of left-c.e. 
reals, 411 

and process complexity, 227, 239 

and pseudo-jump operators, 376 

and rK-reducibility, 424-425 

and Schnorr randomness, 
349-351 

and Schnorr randomness, 
lowness, see lowness, for 
1-randomness / Schnorr 
randomness 

and shift complexity, 601 
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and Solovay completeness, 
409-410 

and Solovay functions, 412 

and Solovay randomness, 234 

and Solovay reducibility, 419 

and strong K-belowness, 486-487 

and (super)martingales, 236 

and the law of large numbers, 
232 

and tt-reducibility, 333 

and Turing reducibility, 259, 326, 
332, 475-476 

and 2-randomness, lowness, see 
lowness, for 2-randomness / 
1-randomness 

and upwards closure, 338-339 

and vL-reducibility, 474 

and von Mises-Wald-Church 
stochasticity, 303 

and weak K-randomness, 227, 
251 

and weak 1-randomness, 290, 356 

and weak 1-randomness, lowness, 
see lowness, for 1-randomness 
/ weak 1-randomness 

and weak 2-randomness, 
lowness, see lowness, for weak 
2-randomness / 1-randomness 

and wtt-reducibility, 326 

as a X9 class, 324 

base, see base, for 1-randomness 

computable characterization, 243 

gap phenomenon, see gap 
phenomenon, for 1-randomness 

lowness, see lowness, for 
1-randomness 

mass problem, see mass problem, 
of 1-random sets 

no gap phenomenon, see 
gap phenomenon, lack, for 
1-randomness 

plain complexity 
characterization, 252-254 

plain complexity characteriza- 
tion, and Solovay functions, 
327 

relative to a computable 
measure, 264 
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relative to a continuous measure, 
335-336 
relative to a measure, 264 
relative to a measure, and 
1-randomness, 267 
relative to a measure, and 
noncomputability, 334 
relative to a measure, for atomic 
measures, 268 
relative, and C-independence, 
628 
relative, and global 
independence, 628 
relative, and minimal pairs, 337, 
533 
relativized, 245 
relativized, and generalized 
lowness, 708 
relativized, and n-randomness, 
256 
relativized, and Turing 
reducibility, 475 
Schnorr’s critique, see Schnorr’s 
critique 
subsets, 347-349 
1-v-, see randomness, 1-, relative 
to a measure 
paradigm 
computational, xx, 226-227 
measure-theoretic, xx, 226, 
229-231 
stochastic, 226, 229-231 
unpredictability, xx, 226, 
234-236 
partial, see randomness, weak s- 
and randomness, strong s- 
partial computable, 303 
and computable randomness, 
lowness, see lowness, for partial 
computable randomness / 
computable randomness 
and initial segment complexity, 
304-305 
and nonmonotonic randomness, 
311 
and 1-randomness, 304 
and von Mises-Wald-Church 
stochasticity, 303 


randomness 


lowness, see lowness, for partial 
computable randomness 
permutation, 319 
quick process, 282 
and computable randomness, 283 
relative, 257 
measure, see randomness, 
measure 
relative to a measure, xxi, XXV 
Schnorr, xxi, 271, 600 
and c.e. degrees, 350 
and c.e. sets, 660 
and Church stochasticity, 330 
and computable martingales, 273 
and computable measure 
machines, 277 
and computable randomness, 
275, 351 
and computable randomness, 
lowness, see lowness, for 
computable randomness / 
Schnorr randomness 
and decidable machines, 299 
and finite total Solovay tests, 294 
and highness, 349-351 
and initial segment complexity, 
658 
and Kurtz arrays, 294 
and Kurtz null tests, 294 
and left-c.e. reals, 350-351 
and 1-randomness, 349-351 
and 1-randomness, lowness, see 
lowness, for 1-randomness / 
Schnorr randomness 
and Schnorr Hausdorff 
dimension, 657 
and Schnorr tests, 272 
and total Solovay tests, 275 
and upwards closure, 340 
and van Lambalgen’s Theorem, 
see van Lambalgen’s Theorem, 
for Schnorr randomness 
and weak 1-genericity, 356 
and weak 1-randomness, 286, 
290, 356 
and weak 1-randomness, 
lowness, see lowness, for 
Schnorr randomness / weak 
1-randomness 


randomness 


and weak 2-randomness, 
lowness, see lowness, for 
weak 2-randomness / Schnorr 
randomness 
base, see base, for Schnorr 
randomness 
lowness, see lowness, for Schnorr 
randomness 
relative to a computable 
measure, 658 
relative to 0’, 315 
truth table lowness, see lowness, 
for Schnorr randomness, truth 
table 
Schnorr A$, 600 
set-theoretic, 297 
simple, 308 
and almost simple randomness, 
308 
and Church stochasticity, 308 
Solovay, 234 
and 1-randomness, 234 
strong K-, 132, 744 
and C-randomness, 161-164, 715 
strong s-Martin-Lof, 605 
and kKM-complexity, 605 
and s-measurable machines, 606 
and supermartingale 
s-randomness, 605 
and weak s-randomness, 605 
in h-spaces, 619 
supermartingale s-, 604 
and strong s-Martin-Lof 
randomness, 605 
3. 
and infinitely often strong 
K-randomness, 262 
truth table Schnorr relative, 570 
and computable randomness, 571 
2-, Xxi, Xxiv 
and “almost everywhere” 
behavior, 394 
and CEA sets, 386 
and Demuth randomness, 315 
and density, 385 
and generalized lowness, 363 
and hyperimmunity, 382 
and infinitely often 
C-randomness, 261-262 
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and infinitely often strong 
K-randomness, 262-263, 716 
and initial segment complexity, 
470, 478, 487—488 
and K-reducibility, 469-470 
and lowness for Q, 713 
and mass problems, 346-347 
and Q, 469-470, 478 
and Omega operators, 711, 724 
and 1-genericity, 385, 393 
and 1-randomness, lowness, see 
lowness, for 2-randomness / 
1-randomness 
and the a function, 470 
and the y function, 488 
and the s function, 487 
and time-bounded plain 
complexity, 261-262 
and Turing reducibility, 475 
and 2-randomness relative to a 
measure, 268 
and vL-reducibility, 475 
and weak lowness for K, 715 
relative to a measure, 268 
single gap characterization, 
487-488 
2-v-, see randomness, 2-, relative 
to a measure 
weak, 308 
weak Demuth, 315 
weak K-, 132 
and C-randomness, 133, 251 
and 1-randomness, 227, 251 
weak n-, xxi, 286 
and (n — 1)-randomness, 360 
and n-randomness, 288, 361-362 
and II® classes of positive 
measure, 382 


and oe classes, 287 
and X? Kurtz null tests, 287 
and ©? _; classes, 287 


and ee classes, 287 

and Solovay n-genericity, 298 

and weak 1-randomness relative 
to Ø), 286 

and 0-computability, 360 

and 0("-)-c.e. degrees, 361 
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as strong (n — 1)-randomness, 

288 
weak 1-, 271, 285 

and bi-immunity, 295 

and c.e. degrees, 295 

and computable martingales, 290 

and computable measure 
machines, 292 

and computable randomness, 
lowness, see lowness, for 
computable randomness / 
weak 1-randomness 

and computably layered 
machines, 291 

and decidable machines, 300-301 

and hyperimmune-freeness, 
356-357 

and hyperimmunity, 289-290, 
356 

and k-immunity, 455 

and Kurtz null tests, 286 

and Kurtz-Solovay tests, 293 

and left-c.e. reals, 295 

and 1-randomness, 290, 356 

and 1-randomness, lowness, see 
lowness, for 1-randomness / 
weak 1-randomness 

and only computably presentable 
left-c.e. reals, 411 

and Schnorr randomness, 286, 
290, 356 

and Schnorr randomness, 
lowness, see lowness, for 
Schnorr randomness / weak 
1-randomness 

and upwards closure, 340 

and weak 1-genericity, 356 

and weak 2-randomness, 357 

and weak 2-randomness, 
lowness, see lowness, for 
weak 2-randomness / weak 
1-randomness 

lowness, see lowness, for weak 
1-randomness 

weak s-, 602 

and effective dimension, 603 

and Solovay s-tests, 603 

and strong s-Martin-Lof 
randomness, 605 


rank 


and (super)martingales, 604 

and weak s-Martin-Lof 
randomness, 602 

Martin-Lof, 602 

Martin-Lof, and weak 
s-randomness, 602 

Martin-Lof, in h-spaces, 619 

weak 2-, 232, 287-288 

and CEA sets, 393 

and computable randomness, 
lowness, see lowness, for weak 
2-randomness / computable 
randomness 

and computing c.e. sets, 289 

and A$-ness, 288 

and Demuth randomness, 316 

and difference randomness, 318 

and generalized Martin-Lof tests, 
287 

and hyperimmune-freeness, 357 

and hyperimmunity, 382 

and initial segments of the 
degrees, 357 

and 1-genericity, 385 

and 1-randomness, lowness, 
see lowness, for weak 
2-randomness / 1-randomness 

and Schnorr randomness, 
lowness, see lowness, for 
weak 2-randomness / Schnorr 
randomness 

and the halting problem, 288-289 

and van Lambalgen’s Theorem, 
see van Lambalgen’s Theorem, 
for weak 2- randomness 

and weak 1-randomness, 357 

and weak 1-randomness, 
lowness, see lowness, for 
weak 2-randomness / weak 
1-randomness 

and 0’-hyperimmunity, 362 

base, see base, for weak 
2-randomness 

lowness, see lowness, for weak 
2-randomness 

relative, and minimal pairs, 337, 
359 


rank, see class, II}, rank 


rational representation—real 


rational representation, see 


premeasure, rational 
representation 


rational-valued 


function, see function, 
rational-valued 

martingale, see gale, martingale, 
rational-valued 


r.e., see computably enumerable 
real, 2, 197 


approximation, 198-199, 217 
rate of convergence, 198 
computable, 31, 197, 198 
as a real closed field, 224 
uniformly, 202 
convention on reals, 3 
AS, 199 
as a real closed field, 224 
left computably enumerable, 
xxi-xxii, 197, 199, 201-202, 
705 
and addition, 202, 419 
and almost c.e. sets, 200 
and C-independence, 628 
and C-reducibility, 425 
and cl-completeness, 442 
and cl-reducibility, 448, 455 
and cl-upper bounds, 442, 444 


and computable randomness, 351 


and effective packing dimension, 
649 

and ibT-reducibility, 447 

and initial segment complexity, 
440 

and multiplication, 202 

and Omega operators, 716-719, 
721 

and 1-randomness, 448 

and Schnorr Hausdorff 
dimension, 660 

and Schnorr randomness, 
350-351 

and Solovay completeness, 
408-410 

and strongly computably 
enumerable reals, 201 

and von Mises-Wald-Church 
stochasticity, 328 

and weak 1-randomness, 295 
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approximation, 199-200, 203, 
206 

approximation, and monotone 
reducibility, 432 

approximation, and 
1-randomness, 416 

approximation, and 
rK-reducibility, 422 

approximation, and Solovay 
reducibility, 405, 407—408, 
415-416 

C-degree, see degrees, C- 

cl-degree, see degrees, 
computable Lipschitz 

ibT-degree, see degrees, identity 
bounded Turing 

initial segment complexity and 
addition, 425 

K-degree, see degrees, K- 

mind-change function, 422 

minimal pair of Solovay degrees, 
415 

monotone degree, see degrees, 
monotone 

1-randomness and initial segment 
complexity, 410 

only computably presentable, 
206, 210 

only computably presentable, 
and 1-randomness, 411 

only computably presentable, 
and weak 1-randomness, 411 

presentation, 206 

presentation, and initial segment 
complexity, 411 

presentation, and prompt 
simplicity, 215 

presentation, and wtt-ideals, 
208-209 

representation, 203 

rK-degree, see degrees, relative 
K 

settling time, 422 

Solovay degree, see degrees, 
Solovay 

standard reducibility, see 
reducibility, standard 

uniformly, 202 


left cut, 197 
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left-c.e., see real, left computably 
enumerable 
left-d.c.e., 217 
and K-triviality, 721-722 
and 1-randomness, 410 
as a field, 219 
as a real closed field, 219 
lowness, see lowness, for 
left-d.c.e. reals 
right computably enumerable, 199 
and Solovay reducibility, 420 
uniformly, 203 
strongly computably enumerable, 
200 
and left computably enumerable 
reals, 201 
real closed field, see field, real closed 
real-valued function, see function, 
real-valued 
Recursion Theorem, 13 
and the KC Theorem, 127-128 
for prefix-free machines, 123 
with parameters, 14 
recursive, see computable 
primitive, see primitive recursive 
function 
recursively enumerable, see 
computably enumerable 
reducibility, 15, 404, see also degrees 
C-, xxii, 405, 427 
and addition, 426 
and cl-reducibility, 420 
and n-randomness, 479 
and 1-randomness, 425 
and rk-reducibility, 421 
and Solovay reducibility, 405 
and the countable predecessor 
property, 465 
and Turing reducibility, 425, 456 
and vL-reducibility, 479, 480 
cl-, see reducibility, computable 
Lipschitz 
computable Lipschitz, xxii, 420, 
427 
and array computability, 444, 
447 
and C-reducibility, 420 
and c.e. sets, 435, 436 
and complex sets, 441 


real closed field—reducibility 


and ibT-reducibility, 443 
and initial segment complexity, 
440 
and joins, 442, 444 
and K-reducibility, 420 
and 1-randomness, 441, 448, 455 
and rK-reducibility, 422, 435-436 
and Schnorr reducibility, 462 
and Solovay reducibility, 433—435 
and the Kuéera-Slaman 
Theorem, 454—455 
and tt-reducibility, 436 
completeness, see completeness, 
computable Lipschitz 
equivalence, see equivalence under 
a notion of reducibility 
extended monotone, 473 
ibT-, see reducibility, identity 
bounded Turing 
identity bounded Turing, 420 
and array computability, 444, 
447 
and cl-reducibility, 443 
and differential geometry, 420 
and joins, 444 
and 1-randomness, 447 
K-, xxii, 404, 427 
and addition, 426 
and cl-reducibility, 420 
and m-degrees, 464 
and n-randomness, 477 
and 1-randomness, 425, 480-481, 
486 
and rK-reducibility, 421 
and Solovay reducibility, 405 
and strongly K-belowness, 486 
and the countable predecessor 
property, 464 
and Turing reducibility, 456 
and vL-reducibility, 477, 480 
measure of lower cones, 478 
Km-, see reducibility, monotone 
KM-, 169 
LK-, xxiii, 494 
and lowness for K, 508 
and LR-reducibility, 494 
low for K, see reducibility, LK- 
low for 1-randomness, see 
reducibility, LR- 


reducibility 


LR-, xxii, 473, 509 
and LK-reducibility, 494 
and lowness for 1-randomness, 
508 
and non-GL2-ness, 491 
and II? classes, 497 
and relative A$-ness, 495 
and relativized X classes, 489 
and 58 classes, 497 
and the countable predecessor 
property, 491 
and Turing reducibility, 491 
and (uniform) almost everywhere 
domination, 496-497, 499 
and universal Martin-Lof tests, 
489 
and van Lambalgen reducibility, 
473 
m-, see reducibility, many-one 
many-one, 19 
and effective dimension, 611 
and the broken dimension 
question, 611 
and Turing reducibility, 20 
completeness, see completeness, 
many-one 
polynomial time, 19 
Medvedev, see reducibility, strong 
monotone, 169, 432 
and approximations, 432 
Muchnik, see reducibility, weak 
1-,19 
pb-, 107 
polynomial time, see reducibility, 
many-one, polynomial time 
and reducibility, Turing, 
polynomial time 
relative K-, xxii, 421, 427 
and addition, 424 
and approximations, 421—422 
and C-reducibility, 421 
and cl-reducibility, 422, 435—436 
and computing with advice, 421 
and K-reducibility, 421 
and 1-randomness, 424—425 
and plain complexity, 421 
and real closed fields, 424 
and settling times, 422 
and Solovay reducibility, 422, 435 
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and Turing reducibility, 423 
rK-, see reducibility, relative K- 
S-, see reducibility, Solovay 
Schnorr, 462, 564 

and cl-reducibility, 462 

and strong truth table 

reducibility, 463 
Xl, 427 
Solovay, xxii, 405, 427 
and addition, 408, 413 
and approximations, 405, 
407-408, 415-416 

and C-reducibility, 405 

and c.e. sets, 435, 436 

and cl-reducibility, 433-435 

and K-reducibility, 405 

and multiplication, 414 

and 1-randomness, 419 

and right-c.e. reals, 420 

and rK-reducibility, 422, 435 

and Turing reducibility, 406 

and wtt-reducibility, 406 

completeness, see completeness, 

Solovay 
relativized, 709 
standard, 427 
and density, 427, 430, 432 
and splitting, 427 
strong, 206, 344 
and weak reducibility, 345 
strong truth table, 463 
and Schnorr reducibility, 463 
strong weak truth table, see 
reducibility, computable 
Lipschitz 

sw-, see reducibility, computable 
Lipschitz 

truth table, 20 

and cl-reducibility, 436 

and hyperimmune-freeness, 69 

and 1-randomness, 333 

and totality, 21 

and Turing reducibility, 69 

and weak notions of randomness, 

570 

and wtt-reducibility, 334 

completeness, see completeness, 

truth table 

conjunctive, 739 
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tt-, see reducibility, truth table 
Turing, 16 
and C-reducibility, 425, 456 
and effective dimension, 612 
and hyperimmune-freeness, 69 
and K-reducibility, 456 
and LR-reducibility, 491 
and m-reducibility, 20 
and mass problem reducibilities, 
344 
and 1-randomness, 259 
and rK-reducibility, 423 
and Solovay reducibility, 406 
and the broken dimension 
question, 612 
and the countable predecessor 
property, 17 
and tt-reducibility, 69 
and vL-reducibility, 474 
and wtt-reducibility, 70 
completeness, see completeness, 
Turing 
measure of upper cones, 358 
polynomial time, 16, 19 
polynomial time, and complexity 
extraction, 642 
relativization and measure, 360 
uniform Schnorr, 462 
van Lambalgen, xxii, 473 
and C-reducibility, 479, 480 
and joins, 474 
and K-reducibility, 477, 480 
and LR-reducibility, 473 
and n-randomness, 474 
and 1-randomness, 473, 474 
and Turing reducibility, 474 
vL-, see reducibility, van 
Lambalgen 
weak, 344 
and strong reducibility, 345 
weak truth table, 21 
and effective dimension, 611 
and initial segment complexity, 
440 
and Solovay reducibility, 406 
and the broken dimension 
question, 611 
and tt-reducibility, 334 
and Turing reducibility, 70 


reduction-relativized 


completeness, see completeness, 
weak truth table 
with tiny use, 577 
and anti-complex sets, 579 
and bounding orders, 577 
and computability, 577 
and wtt-reducibility, 577 
uniform, 577 
uniform, and anti-complex sets, 
579 
uniform, and computability, 577 
uniform, and domination, 577 
uniform, and highness, 578 
wtt-, see reducibility, weak truth 
table 
reduction, 15, 29-30 
dynamic definition, 29 
rules, 30 
static definition, 29 
regularity, Schnorr, 657 
Reid, S., xv, 290-295, 581, 606 
Reimann, J., xv—xvi, 7, 21, 265-266, 
276, 309, 311-314, 328, 
330-331, 334-336, 357, 465, 
603-605, 609-611, 636-638, 
641, 655-656, 658-661, 713 
relative K- 
degrees, see degrees, relative K- 


reducibility, see reducibility, 
relative K- 
relative randomness, see randomness, 
relative 
relativization, 18, 245 
relativized 
computable measure machine, see 
machine, computable measure, 
relativized 
hyperimmunity, see hyperimmunity, 
relativized 
KM-complexity, see complexity, 
KM, relativized 
Kuéera-Slaman Theorem, see 
Kuéera-Slaman Theorem, 
relativized 
lowness for 1-randomness, see 
lowness, for 1-randomness, 
relativized 


Remmel, J._Salomaa, A. 


monotone complexity, see 
complexity, monotone, 
relativized 
1-randomness, see randomness, 1-, 
relativized 
II? class, see class, II? , relativized 
II? class, see class, II, relativized 
plain complexity, see complexity, 
plain Kolmogorov, relativized 
prefix-free complexity, see 
complexity, prefix-free 
Kolmogorov, relativized 
E? class, see class, U2, relativized 
E? class, see class, 9, relativized 
E$ class, see class, U9, relativized 
Solovay reducibility, see 
reducibility, Solovay, 
relativized 
Remmel, J., xvi, 74 
representation 
of a left-c.e. real, see real, left 
computably enumerable, 
representation 
of a real by a sequence relative to a 
measure, 266 
and continuous measures, 267 
request, see KC Theorem, request 
requirement, 31-32 
requiring attention, see priority, 
method, requiring attention 
resource-bounded measure, see 
measure, resource-bounded 
restrained approximation, see 
approximation, restrained 
restraint, see priority, method, 
restraint 
function, see priority method, 
restraint function 
hatted, 57 
Rettinger, R., 217, 410, 722 
reverse mathematics, xxiii, xxv, 349, 


495, 499 
Rice’s Theorem, 13 
Rice, H., 13 


right computably enumerable real, 
see real, right computably 
enumerable 

risking measure, 323, 381, 401 

rK-degrees, see degrees, relative K- 
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rK-reducibility, see reducibility, 
relative K- 

Robinson, R., 58, 64-66 

Rogers, H., xiii, 8, 28, 82, 209 

Ronneburger, D., 743 

Royden, H., 264, 400 

Rumyantsev, A., 601 

Rupprecht, N., 294 

Ryabko, B., 598 


s function, 467 
and the a function, 468 
and the y function, 487 
and 2-randomness, 487 
S-degrees, see degrees, Solovay 
s-dimensional 
measure, see measure, 
s-dimensional 
outer Hausdorff measure, see 
measure, s-dimensional outer 
Hausdorff 
packing measure, see measure, 
s-dimensional packing 
s-gale, see gale, s-gale 
s-supergale, see gale, s-supergale 
s-m-n Theorem, 10 
s-measurable machine, see machine, 
s-measurable 
s-measure, see measure, s- 
s-randomness, see randomness, weak 
s- and randomness, strong s- 
S-reducibility, see reducibility, 
Solovay 
s-success, see gale, (super)martingale, 
S-SUCCeSS 
s-termgale, see gale, termgale, s- 
s.j.t., see traceability, strong jump 
Sacks 
Density Theorem, see Density 
Theorem 
Jump Inversion Theorem, 65 
uniformity, 66 
preservation strategy, 40 
Splitting Theorem, 39 
Sacks’ Theorem, 358, 531 
Sacks, G., 39-40, 58, 65-66, 72, 83, 
209, 323, 358, 363, 373, 534, 
645, 711 
Salomaa, A., 8 
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Sasso, R., 207 
savings 


property, see gale, (su- 
per)martingale, savings 
property 
trick, see gale, (super)martingale, 
savings trick 
scan rule, see betting strategy, 
nonmonotonic, scan rule 
Schaefer, M., 77, 454 
Schnorr 
A$ randomness, see randomness, 
Schnorr A$ 
Hausdorff dimension, see 
dimension, Hausdorff, Schnorr 
null set, see null set, Schnorr 
packing dimension, see dimension, 
packing, Schnorr 
randomness, see randomness, 
Schnorr 
reducibility, see reducibility, 
Schnorr 
uniform, see reducibility, uniform 
Schnorr 
regularity, see regularity, Schnorr 
s-null, see null set, Schnorr s- 
s-test, see test, Schnorr s- 
test, see test, Schnorr 
triviality, xxiii, 564 
and anti-complex sets, 576, 580 
and bases for randomness, 575 
and computable enumerability, 
565 
and computable traceability, 572 
and dense simple sets, 574 
and highness, 564, 575 
and joins, 574 
and lowness for Schnorr 
randomness, 564 
and plain complexity, 580 
and tt-lowness for Schnorr 
randomness, 572 
and Turing completeness, 564 
and wtt-completeness, 568 
and wtt-reducibility, 574 
as a tt-ideal, 574 
size of the class, 575 
tt-downward closure, 569 
Schnorr’s critique, xxi, 243, 269 


Sasso, R.-semimeasure 


and martingale processes, 269 
Schnorr, C., xiii, xxi, 125, 145-147, 
227, 232, 236-240, 243, 257, 
269-273, 276, 280, 303, 321, 
350, 587, 594, 599, 604-605, 
654 
Scott Basis Theorem, see basis 
theorem, Scott 
Scott, D., 84, 87 
selection, 302 
domain, 309 
function, 230, 246, 301 
adaptive, 230 
and martingales, 302 
rule, see selection, function 
self-delimiting machine, see machine, 
self-delimiting 
Semenov, A., 246, 309-311 
semicontinuity, lower, see lower 
semicontinuity 
semimeasure 
continuous, xiii, 150, 264 
and discrete semimeasures, 150 
and supermartingales, 238 
computably enumerable, 150, 
170 
computably enumerable, and 
monotone machines, 151 
computably enumerable, optimal, 
150 
computably enumerable, optimal, 
and Bayes’ rule, 238 
computably enumerable, 
optimal, and optimal c.e. 
supermartingales, 238 
computably enumerable, optimal, 
and universal monotone 
machines, 151 
subadditivity, 150 
discrete, xiii, 133 
and continuous semimeasures, 
150 
and limit frequencies, 472 
computably enumerable, 129, 
133 
computably enumerable, 
maximal, 133 


separating set-simple 


computably enumerable, 
maximal, and prefix-free 
Kolmogorov complexity, 133 
computably enumerable, 
maximal, and universal 
prefix-free machine output 
probabilities, 133 
separating set, 73 
and PA degrees, 86 
for an effectively inseparable pair, 
86 
sequence, 2 
set, 2, see also computable, set; 
computably enumerable, set; 
etc. 
cover, see cover, of a set 
density, see density of a set 
domain, see domain, of a set of 
pairs 
eth column, see column of a set 
k-, see k-set 
of generators, see generators of an 
open set 
of nonrandom strings, see 
nonrandom strings 
open 
basic, 4 
generators, see generators of an 
open set 
theory, 297, 555, 613 
settling time 
domination, see domination, 
settling time 
function, see computably 
enumerable, set, modulus 
function 
of left-c.e. reals, see real, left 
computably enumerable, 
settling time 
Shannon, C., 323, 358 
Shannon-Fano codes, 125 
Shapiro, N., 323, 358 
Shelah, S., 478, 555 
Shen, A., xvi, 122, 147, 170, 246, 263, 
303, 471-473, 601 
shift complex set, 601 
and 1-randomness, 601 
and effective dimension, 601 
and prefix-free complexity, 601 
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1-, 601 
Shoenfield Jump Inversion Theorem, 
65 
Shoenfield’s Limit Lemma, see Limit 
Lemma 
Shoenfield, J., 24-25, 29, 54, 56, 58, 
65, 71 


Shore, R., xvi, 15, 41-42, 64, 72, 
91-92, 215, 376, 392, 421, 650 
o-algebra, 241 
Borel, 242 
generated by a class, 242 
rn 
class, see class, X° 
Kurtz null test, see test, 52 Kurtz 
null 
(Martin-Léf) test, see test, X? 
randomness, see randomness, n- 
set, 23 
and m-completeness, 25 
and relative computable 
enumerability, 25 
and the (n — 1)st jump, 25 
DI 
class, see class, U9 
cover, see cover, X9- 
function, see function, real-valued, 
computably enumerable 
Hausdorff dimension, see 
dimension, Hausdorff, effective 
martingale, see gale, martingale, 
computably enumerable 
set, and computable enumerability, 
23 
supermartingale, see gale, 
supermartingale, computably 
enumerable 
termgale, see gale, termgale, ©? 
25 
class, see class, X9 
ideal, see ideal, X$ 
reducibility, see reducibility, X9 
wtt-ideal, see ideal, wtt-, 53 
Silver’s Theorem, 478 
Silver, J., 478 
simple 
martingale, see gale, martingale, 
simple 
permitting, see permitting, c.e. 
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randomness, see randomness, 
simple 
simplicity, 12, 43 
and c.e. supersets, 83 
prompt, see prompt simplicity 
Simpson, S., 69, 345-347, 364, 
495-496, 696 
Slaman, T., xv—xvi, xxii, 7, 21, 
79, 93, 231, 243-244, 265, 
279-280, 331, 334-336, 345, 
349, 409-410, 550, 713 
Slowdown Lemma, 15 
Smith, C., 303 
Smullyan, R., 86 
Snir, M., 287, 361 
Soare, R., xiii, xvi, xix, 8, 14-15, 27, 
29, 36, 43, 44, 57-58, 65, 69, 
77-79, 81-84, 86-89, 91-92, 
198-199, 201, 204, 215, 370, 
374, 420-421, 503, 534 
Solomon, R., xxiii, 494, 497, 499 
Solomonoff, R., xiii, xx, 111-112, 133, 
145-146 
Solovay 
completeness, see completeness, 
Solovay 
degrees, see degrees, Solovay 
forcing, see forcing, Solovay 
function, 139 
and K-triviality, 505, 689 
and Q, 412 
and 1-randomness, 254, 412 
and plain complexity 
characterizations of 
1-randomness, 327 
nondecreasing, 413 
Solovay’s, 139, 252, 505 
n-generic, see generic, Solovay n- 
randomness, see randomness, 
Solovay 
reducibility, see reducibility, 
Solovay 
test, see test, Solovay 
total, see test, total Solovay 
Solovay, R., xi-xiii, xvi, xx, xxii, xxv, 
85-89, 137-145, 147, 155-156, 
160-164, 166-168, 229, 234, 
251, 262, 275, 288, 296, 340, 
370, 404-405, 408-409, 413, 


simplicity—Stillwell, J. 


466, 468-471, 487, 501, 503, 
505, 534, 555, 715, 728-729, 
732, 743-744 
Sorbi, A., 347 
Soskova, M., 489-491, 499 
Space Lemma, 325, 331, 350 
sparsity, 437, 456 
special II? class, see class, II}, special 
Spector, C., 70-71, 358 
spectrum of an Omega operator, see 
Omega operator, spectrum 
splitting 
c.e., 39 
and cone avoidance, 40 
and minimal pairs, 53 
of the left cut of a real, 203-205 
AS sets, 40 
theorem, see Sacks, Splitting 
Theorem 
tree, see tree, e-splitting 
Staiger, L., 136, 598, 604-605, 
636-637 
stake function, see betting strategy, 
nonmonotonic, stake function 
standard 
cost function, see cost function, 
standard 
reducibility, see reducibility, 
standard 
static definition, see reduction, static 
definition 
statistical test, see test, statistical 
Stephan, F., xvi, xxi-xxiii, 120, 229, 
260-262, 273, 276, 303, 309, 
311-814, 328, 330, 337-339, 
349-351, 356-357, 366-369, 
382, 411, 425-426, 437, 
439-440, 455-458, 465, 491, 
500-501, 503-504, 510, 511, 
523, 526, 529-531, 533-534, 
537, 539-542, 554, 559-560, 
570-572, 574-585, 591, 605, 
628, 643, 668-671, 708, 
711-718, 715 
Stephenson, J., xvi 
Stillwell’s Theorem, xxii, 365 
Stillwell, J., xxii, 323, 359-360, 363, 
365 


Stob, M.—success 


Stob, M., 83, 93-98, 107-109, 205, 
530 
stochastic paradigm, see randomness, 
paradigm, stochastic 
stochasticity, xxi 
and randomness, 303 
Church, xviii, 230, 302 
and computable randomness, 303 
and 1-randomness, 232 
and Schnorr randomness, 330 
and simple randomness, 308 
no gap phenomenon, see gap 
phenomenon, lack, for Church 
stochasticity 
computable, see stochasticity, 
Church 
for a class, 302 
time-bounded, 308 
von Mises-Wald-Church, 230, 302 
and computable enumerability, 
305 
and computable randomness, 307 
and initial segment complexity, 
306, 328 
and 1-randomness, 303 
and partial computable 
randomness, 303 
and simple martingales, 308 
strategy, see priority method, 
strategy 
strict Demuth test, see test, strict 
Demuth 
strict process 
complexity, see complexity, process, 
strict 
machine, see machine, process, 
strict 
string, 2 
as an oracle, 16 
comparability, 170 
incomparability, 170 
nonrandom, see nonrandom strings 
random, see randomness, of a 
string 
terminated binary, 663 
strong 
array, 69 
very, see very strong array 
degrees, see degrees, strong 
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jump traceability, see traceability, 
strong jump 
jump well-approximability, see 
well-approximability, strong 
jump 
K-randomness, see randomness, 
strong K- 
minimal cover, 100 
and array computability, 100 
reducibility, see reducibility, strong 
s-Martin-Lof randomness, 
see randomness, strong 
s-Martin-L6f 
s-success, see gale, martingale, 
strong s-success 
truth table reducibility, see 
reducibility, strong truth table 
weak truth table degrees, see 
degrees, computable Lipschitz 
weak truth table reducibility, 
see reducibility, computable 
Lipschitz 
Strong Thickness Lemma, see 
Thickness Lemma, Strong 
strongly K-below, 486 
and K-reducibility, 486 
and 1-randomness, 486—487 
strongly computably enumerable real, 
see real, strongly computably 
enumerable 
subaddivity, 132 
success 
of a martingale process, see gale, 
martingale process, success 
of a nonmonotonic betting 
strategy, see betting strategy, 
nonmonotonic, success 
of a (super)martingale, see gale, 
(super)martingale, success 
relative to an order, see gale, 
(super)martingale, h-success 
s-, see gale, (super)martingale, 
8-SuCCess 
set 
of a (super)martingale, see gale, 
(super)martingale, success set 
of a (super)martingale relative 
to an order, see gale, 
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(super)martingale, h-success 
set 
strong s-, see gale, (su- 
per)martingale, strong 
s-success 
Sullivan, D., 639 
superhigh set, 42, 694 
c.e., 42 
superhigh?, see diamond class, 
superhigh? 
Superlow Basis Theorem, see basis 
theorem, superlow 
superlow set, xxiv, 21, 693-694 
and array computability, 98 
and joins, 530 
and jump traceability, 523 
and II? classes, 78 
and prompt simplicity, 694 
and strong jump traceability, 694 
c.e., 39 
superlow®, see diamond class, 
superlow® 
supermartingale, see gale, 
supermartingale 
svelte tree, see tree, svelte 
sw-degrees, see degrees, computable 
Lipschitz 
sw-reducibility, see reducibility, 
computable Lipschitz 
Symmetry of Information, xx 
for plain complexity, 116 
for prefix-free complexity, 134 


Tadaki, K., 602-603 

tailset, 6 

Tennenbaum, S., 87 

termgale, see gale, termgale 

terminated binary string, see string, 
terminated binary 

termination symbol, 121, 663 

Terwijn, S., xv, xxi-xxiii, 5, 99-100, 
209, 229, 260-262, 303, 345, 
349-351, 356, 382, 474, 489, 
508-510, 524, 526, 554-555, 
559, 599, 604-606, 610-611, 
712, 713, 715 

test 

bounded Martin-Lof, 279 
and computable martingales, 280 


Sullivan, D.—test 


and computable randomness, 280 
and computably graded tests, 
280 
computably finite Martin-Lof, 318 
computably graded, 279 
and bounded Martin-Lof tests, 
280 
and computable martingales, 280 
and computable randomness, 280 
d.c.e., 316 
A? , 256 
Demuth, 315 
strict, see test, strict Demuth 
finite Martin-Löf, 318 
finite total Solovay, see test, 
Solovay, finite total 
for strong s-Martin-Löf 
randomness, 605 
and s-measurable machines, 606 
in h-spaces, 619 
for weak s-Martin-Löf randomness, 
602 
in h-spaces, 619 
generalized Martin-Löf, 231, 287 
and weak 2-randomness, 287 
lack of a universal test, 289 
lowness, see lowness, for 
generalized Martin-Löf tests 
ignorance, see ignorance test 
Kurtz null, 286, 294 
and Schnorr randomness, 294 
and weak 1-randomness, 286 
lowness, see lowness, for Kurtz 
null tests 
Kurtz-Solovay, 293 
and weak 1-randomness, 293 
Martin-Löf, xxi, 231, 269 
and prefix-free complexity, 
232-233 
and (super)martingales, 236 
bounded, see test, bounded 
Martin-Löf 
computably finite, see test, 
computably finite Martin-Löf 
finite, see test, finite Martin-Löf 
generalized, see test, generalized 
Martin-Löf 
lowness, see lowness, for 
Martin-Löf tests 


theory—traceability 


nested, 231 
v-, see test, Martin-Lof, relative 
to a measure 
relative to a measure, 264 
ao, see test, X? 
universal, 233, 409 
universal oracle, 245, 489 
universal, and LR-reducibility, 
489 
universal, Kučera’s, 331 
n-c.e., 316 
IIo, 256 
Schnorr, 272 
and Schnorr null sets, 272 
and Schnorr randomness, 272 
lack of a universal test, 276 
Schnorr s-, 654 
E? , 256 
open, 256 
open, and n-randomness, 256 
E? Kurtz null, 287 
and weak n-randomness, 287 
Solovay, 234, 256 
finite total, 294 
finite total, and Schnorr 
randomness, 294 
total, 275, 294 
total, and Schnorr randomness, 
275 
Solovay s-, 603 
and weak s-randomness, 603 
in h-spaces, 619 
interval, 604 
total, 655 
total, and Schnorr s-null sets, 
655 
statistical, xix, 231, 233 
strict Demuth, 317 
and difference randomness, 317 
total Solovay, see test, Solovay, 
total 
theory 
”almost all”, see “almost all” 
theory of the Turing degrees 
complete extensions, see class, TÌ, 
and complete extensions of a 
theory 
of the Solovay degrees, see degrees, 
Solovay, theory 
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of the Turing degrees, see degrees, 
Turing, theory 
of the vL-degrees, see degrees, van 
Lambalgen, theory 
thick subset, 53 
of a c.e. set, 56, 58 
of a piecewise trivial set, 54 
and highness, 53 
Thickness Lemma, 56, 57 
Strong, 58 
weak form, 54 
tight X9-cover, see cover, XÈ, tight 
time-bounded 
prefix-free Kolmogorov complexity, 
see complexity, prefix-free 
Kolmogorov, time-bounded 
stochasticity, see stochasticity, 
time-bounded 
tiny use, see reducibility, with tiny 
use 
Tot, see index set, Tot 
total 
function, see function, total 
Solovay s-test, see test, Solovay s-, 
total 
Solovay test, see test, total Solovay 
totally w-c.e. degree, 319 
and computably finite randomness, 
319 
trace, see traceability, trace 
traceability 
bound, 98 
computable, 100, 555 
and c.e. traceability, 560 
and diagonal noncomputability, 
584 
and hyperimmune-freeness, 100, 
555, 559, 560 
and lowness for computable 
measure machines, 562 
and lowness for Kurtz null tests, 
584 
and lowness for 1-randomness / 
Schnorr randomness, 591 
and lowness for Schnorr 
randomness, 561 
and lowness for Schnorr tests, 
555 
bound independence, 100, 555 


Index 


of a tt-degree, 572 

of a tt-degree, and c.e. 
traceability of wtt-degrees, 576 

weak, see traceability, weak 
computable 


computably enumerable, 98 


and array computability, 99 

and computable measure 
machines, 563 

and computable traceability, 560 

and effective packing dimension, 
649-650 

and extending partial functions, 
585 

and hyperimmune-freeness, 560 

and initial segment complexity, 
649 

and lowness for 1-randomness / 
Schnorr randomness, 591 

and lowness for weak 
2-randomness / Schnorr 
randomness, 591 

and minimal degrees, 650 

and null sets, 559 

bound independence, 99 

of a wtt-degree, 576 

of a wtt-degree, and anti-complex 
sets, 578 

of a wtt-degree, and computable 
traceability of tt-degrees, 576 


jump, 523, 669, 700-701 


and benign cost functions, 
690-691 

and joins, 673 

and K-triviality, 523, 680, 685, 
689, 700 

and lowness for K, 680 

and ML-cuppability, 685 

and IT? classes, 694 

and superlowness, 523 

for an order, 523 


strong jump, xxiv, 669 


and benign cost functions, 690 

and completions of PA, 695 

and computable enumerability, 
700 

and joins, 673 

and jump well-approximability, 
670-671 


Trakhtenbrot, B.truth table 


and K-triviality, 680, 685, 700 
and lowness for K, 680 
and ML-cuppability, 685 
and (w-c.e.)°, 689, 693, 694 
and II? classes, 694 
and strong jump well- 
approximability, 670 
and superhigh®, 694 
and superlow®, 689, 693-694 
and superlowness, 694 
downward closure, 670 
ideal of s.j.t. c.e. sets, 672 
index set, 672 
plain complexity 
characterization, 671 
trace, 98 
universal, 99, 691 
ultra jump, 672 
weak computable, 369 
and autocomplex sets, 369 
Trakhtenbrot, B., 340 
trash quota, 513 
tree, 72 
e-splitting, 71 
e-clumpy, 646 
function, 68 
perfect function, 646 
svelte, 584 
Tricot, P., 639 
trivial measure, see measure, trivial 
triviality 
K-, see K-triviality 
Schnorr, see Schnorr, triviality 
trivialization, 535 
0’-trivializing set, 535-536 
and LR-reducibility, 535 
and ML-coverability, 536 
and ML-cuppability, 536 
and (uniform) almost everywhere 
domination, 535 
@’-trivializing® , see diamond class, 
0’ -trivializing® 
true 
outcome, see priority method, true 
outcome 
path, see priority method, true 
path 
truth table, 20 


tt-completeness—universal 


functional, see functional, truth 
table 
ideal, see ideal, tt- 
lowness for Schnorr randomness, 
see lowness, for Schnorr 
randomness, truth table 
reducibility, see reducibility, truth 
table 
strong, see reducibility, strong 
truth table 
Schnorr relative randomness, 
see randomness, truth table 
Schnorr relative 
tt-completeness, see completeness, 
truth table 
tt-ideal, see ideal, tt- 
tt-lowness for Schnorr randomness, 
see lowness, for Schnorr 
randomness, truth table 
tt-reducibility, see reducibility, truth 
table 
tt-Schnorr relative randomness, 
see randomness, truth table 
Schnorr relative 
Turetsky, D., xvi 
Turing 
completeness, see completeness, 
Turing 
degree, see degrees, Turing 
functional, see functional, Turing 
jump, see jump 
machine, see machine, Turing 


reducibility, see reducibility, Turing 


Turing, A., 8, 198 

Turing-Church Thesis, see 
Church-Turing Thesis 

2-genericity, see genericity, 2- 

2-randomness, see randomness, 2- 


ultra jump traceability, see 
traceability, ultra jump 
ultracompressibility, 305 
and computable randomness, 305 
unbounded injury, see priority, 
method, unbounded injury 
uniform 
almost everywhere domination, 
see domination, almost 
everywhere, uniform 
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complexity, see complexity, uniform 

measure, see measure, uniform 

reducibility with tiny use, see 
reducibility, with tiny use, 
uniform 

Schnorr reducibility, see 
reducibility, uniform Schnorr 

wtt-density, see density, uniform 
wtt- 


uniformly 


computable 
functions, see computable, 
function, uniformly 
reals, see real, computable, 
uniformly 
sets, see computable, set, 
uniformly 
computably enumerable sets, see 
computably enumerable, set, 
uniformly 
A? classes, see class, AÌ, uniformly 
left-c.e. reals, see real, left 
computably enumerable, 
uniformly 
partial computable functions, see 
computable, partial function, 
uniformly 
TI? classes, see class, TI? , uniformly 
I? classes, see class, IT), uniformly 
right-c.e. reals, see real, right 
computably enumerable, 
uniformly 
X? classes, see class, X}, uniformly 
X? classes, see class, £9, uniformly 
X} index set, see index set, 
uniformly 53 


universal 


by adjunction, see machine, prefix- 
free, universal by adjunction 
and machine, Turing, universal 
by adjunction 

c.e. martingale, see gale, 
martingale, computably 
enumerable, universal 

computable prefix-free function, 
see prefix-free, function, 
computable, universal 

generalized Martin-Lof test 
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nonexistence, see test, 
generalized Martin-Lof, lack of 
a universal test 
Martin-Lof test, see test, 
Martin-Lof, universal 
monotone machine, see machine, 
monotone, universal 
oracle 
Martin-Lof test, see test, 
Martin-Lof, universal oracle 
prefix-free machine, see machine, 
prefix-free, universal oracle 
Turing machine, see machine, 
Turing, universal oracle 
partial computable function, see 
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